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SORTING AND SEARCHING IN MULTISETS*

IAN MUNRO," AND PHILIP M. SPIRA:

Abstract. In this paper the problem of sorting multisets is considered. An information theoretic
lower bound on the number of three branch comparisons is obtained, and it is shown that this bound
is asymptotically attainable. It is shown that the multiplicities of a set can only be obtained by com-
parisons if the total order is discovered in the process. A lower bound on finding the mode of a multiset
as a function of the actual multiplicity is given, and it is demonstrated that the bound can be achieved
to within a multiplicative constant. The determination of the intersection of two multisets is also
discussed, and partial results, including a generalization of Reingold’s result for determining whether
or not two sets have a nonempty intersection, are obtained.
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1. Introduction. For many years sorting has been extensively studied by
numerous investigat)rs. This work is well-documented by Knuth I4]. In this
paper we consider the problem of sorting a multiset. In this case, the familiar
n log n information theory lower bound no longer is valid, and is replaced by a
bound which depends upon the multiplicities of the numbers in the set being
sorted. We show that this bound is attainable to within at most O(n log log n),
where the set has cardinality n. We also study the problem ofobtaining the multipli-
cities-or spectrum--of a set, and show that the set must effectively be sorted to do
this. Related results concerned with obtaining the mode of a set are also given. We
also discuss the problem of determining whether two sets have an element in
common.

2. Definitions and preliminaries. Let S- {x1,"-, x,} be a set of not
necessarily distinct real numbers. Knuth [4] and others call such a set a multiset.
Assume the values occurring are y < Y2 < Yk" Then we say that
M {ml,..., mk} is the multiplicity set of S where each Yi occurs m times,

<__ <__ k, and of course,
k

Z /T/i /2.

i-1

We shall be interested in sorting and in determining the multiplicity set of a
multiset. We shall also study the complexity of finding the mode--or most frequent
value--of such a set. A number of related questions will be addressed as well.
We will make no attempt to perform stable sorts; that is, in the case that xi xj
it shall be immaterial which occurs first in the sorted sequence. Our unit operation
will be a three-branch comparison, i.e., two elements x and y will be compared
yielding x > y, x y, or x < y as an answer.
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3. The results. It is well known that, to lower order terms, a set
S {xl, ..., x,} requires n log n comparisons to sort and this number is sufficient.
We obtain different bounds for multisets which follow from the fact that in general
there are no longer n! possible orderings, but some smaller number dependent
upon the mi. Paterson [5 has observed that any sorting algorithm can be applied
to a multiset to save comparisons.

THEOREM 3.1 Paterson]. Let a sorting algorithm be given which uses F(n)
comparisons on a set of size n. Then it can sort a multiset having cardinality n, in

F(n) , mi log mi + O(n)
i=1

three-branch comparisons.
Proof. Consider a class of mi equal elements. It is obvious that only mi

comparisons need be made between these elements in order to establish their
equality. Indeed the use of any more such comparisons is necessarily redundant.
Now consider the case in which all elements of such a class are adjusted slightly
so as to be all distinct, yet still lying in the same positions relative to the rest of
the list. Any comparisons made between elements in the class and those outside
contribute nothing to our knowledge of the internal order of this class. Therefore
log (mi !) comparisons must be made between such elements. This implies a savings
of mi log mi O(mi) comparisons may be made over the case in which all elements
of the given class are distinct. Considering all such classes, we see the sort can be
performed in

k

F(n) , m log mi + O(n)
i=1

three-branch comparisons. Q.E.D.
COROLLARY 3.2. A multiset S {xl,..., x,} with multiplicities M {m,
ink} can be sorted in

n log n mi log mi + O(n)

three-branch comparisons.
It does not follow from this that any n log n sort algorithm can be adapted

easily to sort a multiset in the above upper bound without incurring excessive
"administrative costs" in "avoiding unnecessary comparisons". In the cases of
treesort and mergesort, however, reasonable modifications can be made, as we
now outline.

(An adaptation of mergesort). Suppose S {xl, "., x,} has multiplicities
M {ml, ..., mk}. Then divide S into sets of size Ln/2J and In/2] (S and S2

of multiplicities M {m, ..., ml} and M2 {m2, ..., m2} respectively,
where mj + mj2 mj, <= j <__ k, noting that some of the mj can be 0). We sort
S and S2 recursively, and then merge the two sorted lists. Whenever two equal
elements are found, one is thrown away, and a record of the number of occurrences
of the item is kept with the remaining copy. Again, we observe that n k "col-
lapsings", or "equal comparisons" will be encountered in sorting the entire list.
We now determine an upper bound on the number of "not equal" comparisons.
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Suppose Sx is sortable in

log mix logmi-
i=1

"not equal" comparisons and that $2 is sortable in the corresponding time
("0 log 0" means 0). To merge the two sorted lists requires at most k comparisons.
Indeed, if is the number of items present in both lists, at most k compari-
sons resulting in a not equal relation are used, giving a bound of

nlogn-n- mij log mij + k -1
j=l i=1

not equal comparisons. Assume, without loss of generality, that the "shared"
items are those whose multiplicities are given by {m:i 1,..., l}. That is,
either mx or m is 0 for > l, hence

2 k

2 2 milogmi= 2 milogmi.
j= i=l+ i=l+

If both m and mi are greater than 0, mx log mx + m logm is minimized
(worst case) subject to rn + rn m when rn m m/2. Hence

2

E mijlog mij >= E mi(log m 1).
j=l i=1 i=1

This yields a bound on the number of not equal comparisons as

n logn-n-i=x m10gm,+ =x m-
since

n> mi+k-1.
i=1

We now show that a treesort type algorithm also is easily adapted to multisets.
The terms "treesort" and "heapsort" (see Floyd [2] or [3] or Williams [9])

refer to sorting algorithms, which are of the following general’form"
1. Arrange the elements of the list into a (presumably implicit) balanced

binary tree with an ordering such that if x is the father of y, then x => y (i.e. form
a heap). This can be done in O(n) comparisons, and furthermore, the maximal
element is at the root of the tree.

2. Repeat the following section until the heap is empty"
(i) Remove the element at the root, it is the "next largest" element. This

leaves the root "empty".
(ii) While there is an "empty node" which is not a leaf promote to its position

the larger of its sons.
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We observe that each iteration through step 2 will use at most log n (the height
of the heap) comparisons and in fact n log n + O(n) comparisons are used in the
entire procedure. Treesort is usually phrased so that it can be performed in place.
Since this causes an increase in the number of comparisons required we will
confine our attention to the method outlined above which uses an "output
buffer".

We adapt this algorithm to sorting multisets with three-way branching by
saying that whenever equality is discovered, promote a copy of the duplicated
element together with the number of times it is known to occur. That is, if x has
been found times and y, j times, on discovering x y we promote x (or y) together
with its "cardinality", + j. We then initiate 2 of the algorithm which promotes
elements up to the positions x and y had held. An inspection of this procedure and
comparison with the usual (previously described) treesort indicates that exactly
the same comparisons are performed between unequal pairs of elements in the
two cases; however, no "redundant" comparisons are made between equal
elements. It follows from the proofofTheorem 3.1 that only n log2 n mi log2 mi
+ O(n) comparisons are used.

These algorithms have the interesting property of approaching a bound
which is not known at the commencement of the computation. Furthermore,
note that sorting a list of length n having k distinct classes takes longest when all
multiplicities are approximately the same.

We next give a lower bound on the number of three-branch comparisons to
sort a multiset. To lower order terms it is the same as the upper bound.

THEOREM 3.3. Let S be a multiset whose multiplicities are m1,"’, rag. Then
to perform a multisort on S using three way comparisons requires at least

k

nlogn- mi log mi (n k) log log k O(n)
i=1

comparisons on the average.
Proof. The sequence of answers can be viewed as a word over the ternary

alphabet >, =, < in which there are exactly n k occurrences of in the
word (since any additional =’s are redundant). There are (ml... mk) ways to
place the elements of S into classes. Hence, letting s n k, we obtain

2r-s > m ink

where T is the minimum average time for the multisort over all sets with such
multiplicities. Taking logarithms we see that

k T
T _>_ n log n m log m S log-- O(n).

i=1 S

log/m .n..mkl + O(n), and that the multinomial co-Using the fact that T <
efficient is maximal when all the m are as nearly equal as possible we get

T>__ nlogn- milogmi-sloglogk-slog-
i=1

and the result follows, since s log n/s <= n/2. Q.E.D.

S
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Next we consider a related problem. We are given a multiset S and wish to
determine its set of multiplicities M. We know that if we are given M, it does not
help much in sorting S; nevertheless we have the following theorem.

THEOREM 3.4. To find the spectrum M of a multiset using ternary comparisons
requires that the total order of S be known.

Proof. To be able to say that mi M by ternary comparisons we must establish
that some subset of S consists of equal elements and has cardinality mi. Similarly
in finding that two classes are distinct using comparisons, one will also find
which one contains the larger elements. Thus a sort must be performed. Q.E.D.

Note that this result does not imply that some other method for finding the
spectrum would necessarily entail sorting or that it would even find out which
particular members of S were in which class.

We now turn our attention to computing the mode of a multiset. We show
that on the average any algorithm using only comparisons to do this takes at
least n log (n/m) comparisons to within lower order terms.

THEOREM 3.5. Let S be a multiset with cardinality n containing k distinct elements
and in which the mode occurs m times. Then any algorithm tofind the mode ofS using
only ternary comparisons takes at least

n log (n/m) O(n k) log log k O(n)

comparisons on the average.
Proof. The method of proof is to show that, given that the mode has been

found, the set can be sorted from this point without too much additional work.
Suppose tha.t the mode of S has been found and occurs with multiplicity m.
This means that given any m + elements of S we already know of an x and y
in this subset such that x < y. In particular, there are at most m items which have
lost no comparisons in the finding of the mode. Place them at the leaves of a
balanced binary tree of height [log m], and run a tournament to find the maximum.
Then remove all the maxima from the tree replacing them by items which lost to
only those maxima in the process of finding the mode. The tree now contains at
most m items, and among them are all the second maxima. So extract them and
replace them by the items not on the tree that only they or the maxima beat in
finding the mode. Again there are at most m items on the tree among which are
all the third maxima. Proceed in this way until the sort is complete. We see that

mi log mi O(n)
i=1

("equal") comparisons are "saved" as in the proof of Theorem 3.1. The tree has
height [log m] so an additional

k

nlogm- mi log mi + O(n)
i=1

comparisons suffice to sort S. Subtracting this from the lower bound to sort given
by Theorem 3.3 we obtain the result. Q.E.D.

This theorem shows that in certain asymptotic situations the mode is
essentially as difficult to find as sorting the set. For example, if m n l/p, then the
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additional work to sort will be only (n log n)(1/p). If m r for some constant r,
then the additional work to sort is linear in n, hence to tell if a set has an element
of multiplicity r requires n log (n/r) O(n) comparisons.

We now attempt to achieve this lower bound on finding the mode.
THEOREM 3.6. The mode of a multiset S can befound in

3n [log2 n/m

three-branch comparisons where S has cardinality n and m max {mi}.
Proof. The basic idea is to find the mode by finding the median of appropriate

subsets of S. We shall say a subset of S is homogeneous if all its elements are known
to be equal. Otherwise, it is called heterogeneous. The key step is to take a subset
S’ ofS and determine its median. By doing so we partition S’ into two heterogeneous
sets, S and S <, and one homogeneous set, S =. Let5 be maintained as a set of
disjoint heterogeneous subsets of S. Initially, let5 {S} and let m (initially 0)
denote the cardinality of the largest "class" (homogeneous subset) found thus far.
The algorithm is as follows:
While a member of 0c (call it S’) is of cardinality >m do

begin

Find the median, ed, of S’ and so partition S’ into S
(those elements less than ed), S (those greater) and S
(those equal to ed);
Remove S’ fromS and add S and S
if cardinality (S =) > m then begin

m +- cardinality (S =)

end
end

On termination of this algorithm, d will contain a value discovered m
times in the list. Furthermore, no element will have been discovered more times,
and no heterogeneous subsets of size greater than m will remain. From the nature
of the partitioning scheme, it follows that de is indeed the mode of S.

Paterson, Pippenger, and Sch6nhage [6] have shown that the median of
elements can be found in 31 comparisons. Since we repeatedly subdivide the
original list until no piece is ofsize larger than m, it follows that at most 3n [log (n/m)
comparisons are used. Q.E.D.

At the cost of considerable complication, this constant can be reduced from
3 to 6 6 log 6 5 log 5 - 1.54. Since this algorithm, which is again based on
"requested medians", is complicated and not (provably) optimal, we will not
present it, but only suggest the key ideas. The Blum et al. 1] algorithm for deter-
mining the median is based on dividing the list into a large number of short
sorted lists (in their case of constant length). They then find the median of the
medians of these lists, which will lie in the middle half of the original list, and so
can be considered a reasonable approximation of the true median from which to
continue. Using this idea we can take a set of elements in sorted lists of lengths
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Xk roughly l/6 elements are
below the median of medians

2r

FIG. 1. In the worst case at least 1/6 of the elements lie on either side the median ofmedians

between say r and 2r and find the "median of medians" in O(l/r) comparisons.
Sorted lists lying entirely above, below or equal to this median and lengths between
r and 2r can be reconstituted in roughly more comparisons. This median of
medians can be seen to lie in the middle 2/3 of the entire set of elements (see Fig. 1).

If I/r o(1) then + o(1) comparisons are used in this basic step. The constant,
1.54, comes from the fact that we are not necessarily splitting the subset at the
true median. The choice of r is clearly one of "optimizing", indeed it will "grow"
as the process continues and contribute to a lower order term in the "runtime".

Pratt and Yao [7] have shown that at least 1.75 comparisons are necessary
to find the median of numbers. Our technique is, then, better than any naive
application of a median algorithm to compute the mode by finding successive
medians.

THEOREM 3.7. Let A and B be multisets of cardinality na and nB and spectra

MA {mA1, mak} and MB {mB, mBjl where k <= j. Then to determine
whether or not A VI B requires at least

r/A logz nA 2 mAi log2 mAi + J logz k O(rlA log log k + nn)
i=1

comparisons in the worst case.

Proof. Assume we know that A has k classes and that between any two of
them is ordered at least one element of B.

Assume our algorithm eventually determines that A f) B . Then when
the algorithm has terminated we shall know the ordering of A and between which
classes of A each element ofB lies. There are (mA ..A. mak) ways to choose elements
of A for its classes. If we are given k 1 elements of B which separate the classes
of A, there are (k 1)! such separations, and there are then j k + classes of
B that are not represented by these k- elements. So there are (k + 1)"-k+

places to put these elements relative to the classes of A. The bound follows by an
argument similar to that in the proof of Theorem 3.3. Q.E.D.
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The next corollary generalizes Reingold’s result [8[.
COROLLARY 3.8. Let A and B be sets having cardinality nA and nz respectively

with n <= n. Then to tell if A B requires at least

(nA + nn) log2 nA O(n)

comparisons.
This number is sufficient, for we merely have to sort A and insert elements

of B.
In closing, we note that the bound of Theorem 3.7 is probably weak, and we

do not have a good algorithm for this problem. In particular, there is no way to
know in advance which set has fewer classes.
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OPTIMAL ALPHABETIC TREES*

ALON ITAIf

Abstract. An algorithm of Knuth for finding an optimal binary tree is extended in several
directions to solve related problems. The first case considered is restricting the depth of the tree by
some predetermined integer K, and a Kn algorithm is given. Next, for trees of degree tr, rather than
binary trees, Kn log tr and n log tr algorithms are found for the restricted and nonrestricted cases,
respectively. For alphabetic trees with letters of unequal cost, a tr2n algorithm is proposed. We
conclude with a comparison of alphabetic and nonalphabetic trees and their respective complexities.

Key words, algorithms, alphabetic trees, binary trees, optimal trees, probabilistic search, variable-
length codes

1. Introduction. When constructing a code, it is often necessary to minimize
the average message length. There is a natural correspondence between a binary
prefix code and a binary tree, associating with every leaf a codeword. Assuming
that every source word has a fixed probability of occurring, the length of an
average message corresponds to the weighted path length of the tree. Let
(wl, , wn) denote the weights of the codewords and l(wi) the length of the path
from the root to the weight wi. The weighted path length (cost) is defined as
WT E7=1 w,l(w,).

In real time applications, it may be desirable to restrict the length of every
codeword. In the tree representation, this restriction is expressed by limiting the
length of any path from the root of the tree to a leaf by some integer K.

Similar problems arise when organizing files. Each entry of the file has a
certain probability of being requested. There is an order between the entries of the
file which must be conserved. No search can take longer than a prespecified
maximum. Our aim is to construct a file which fulfills all the requirements and
minimizes average search time.

The file is represented as a binary tree with the entries at the nodes. Our aim is
to find, among all trees which satisfy the restriction that no path is longer than a
given integer K and which preserve the order of the file entries, one with minimum
cost.

In the paper, we show that an algorithm of Garey [ 1], which is an extension of
an algorithm of Knuth [4], can be used to solve several problems of this nature.

The running time is of order Kn-, where n is the number of nodes, K the
maximal depth.

In 7 we show how to extend the results from binary trees to r-ary trees (i.e.,
trees in which each node may have up to r sons). For this problem, we give
n2K log tr and n2 log tr algorithms for the restricted and nonrestricted cases,
respectively.

* Received by the editors July 30, 1974, and in revised form December 30, 1974.
t Department of Applied Mathematics, Weizmann Institute of Science, Rehovot, Israel.
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Section 8 deals with alphabetic trees with letter of unequal cost. For this
problem a rn algorithm is proposed. Finally, in the last section, we compare the
problem of alphabetic and nonalphabetic trees and their respective complexities.

2. Definitions. A binary tree consists of a distinguished node, called root, and
right and left subtrees of the root. A binary Cull tree consists of a root and left and
right subtrees, either both empty or both binary full trees. Nodes occurring in the
two subtrees are called descendants of the root. All nodes having a given node as a
descendant are ancestors of that node. If j is the root of a subtree of i, then is the
lather of ] and j is i’s son. Nodes which have no descendants are called leaves.
Nodes which are not leaves are called internal nodes. From the root there is a
unique path to every node i. The length of that path is the number of nodes in the
path minus 1 and is called the depth o[ node i, denoted by l.

Traversing a tree in postorder (symmetric order) [3] (visit the left subtree,
visit the root, visit the right subtree), imposes a full order relation on the nodes.
We say that node i’is left of node ] (i < ]) if precedes ] in that order.

An alphabetic tree for the sequence of nonnegative weights (w, , w,) is a
binary tree with n leaves, each of which is associated with a weight, such that the
leaf of w is left of the leaf of Wi+ for 1,. ., n- 1.

The weighted path length or cost of an alphabetic tree T is given by

WT= i w,l,,
i=1

where l is the depth of the leaf associated with the weight w.
Given a positive integer K a K restricted alphabetic tree is an alphabetic tree in

which no node has depth greater than K. A K restricted alphabetic tree is optimal
if it has minimum cost. In the sequel, we shall use the phrase optimal tree in lieu of
the cumbersome optimal K restricted alphabetic tree.

3. A dynamic programming solution. We first notice that an optimal tree is a
binary full tree (each internal node has exactly two sons), except perhaps when
zero weights are involved. However, in this case, there exists an optimal tree
which is a full binary tree. Henceforth, we shall assume that all optimal trees are
full binary trees.

Let T be an optimal tree, v an internal node of T of depth l; then the subtree
of T with root v is an optimal (K-l) restricted alphabetic tree for its own
sequence of weights.

Let [i, j, k], 1 _-< _-_ j _-< n and 0 _-< k -< K, denote the subproblem of finding an
optimal tree of depth at most k for (w,, w,-1, , w). If k < [log (j- + 1)], then
no solution exists, and we may set WT[i, j, k] oo. Otherwise set

WT[i, i, k]= 0, i= 1,..., n,

() wr[i, i, k] 2 Wr + min {wr[i, b, k 1]+ Wr[b + 1, ], k ]},
r=i

i=l,.. .,n-l,j=i+l,...,n.

The value bo, for which (1) produces the minimum, is the last node (in postorder)
of the left subtree and is called the breakpoint. If bo is a breakpoint for [i, j, k], we
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can construct an optimal tree for [i, j, k] by constructing an optimal tree for
[i, bo, k 1] and [bo+ 1, j, k 1] and combining these two trees. Solving[i, j, k]for
all k, i, j (looping first on k 1,. ., K, then on p j- 1 I,. ., n- 1, then on

1,. , n- p) results in an optimal tree for [1, n, K] the original problem.
After finding the minimum cost, we may reconstruct the tree had we saved

the breakpoints b0 for every [i, j, k].
The resulting algorithm requires execution time proportional to Kn3. Gilbert

and Moore [2] proposed a similar algorithm for trees with no restriction on
maximal depth. See that paper for further description and analysis of the
algorithm.

4. An improved algorithm. We may improve the previous algorithm by
observing the following phenomena.

THEOREM 1. Let bo be the breakpoint ofan optimal tree for 1, n, k ]. Then there
exists an optimal tree for [1, n + 1, k] whose breakpoint b’o satisfies b’o >- bo.

Let b[i, j, k] denote a breakpoint of the subproblem [i, j, k] and b[i, j, k] the
breakpoint of the optimal tree with the smallest breakpoint leftmost tree.

THEOREM 2. There exist optimal trees such that:
(a) b[i, j- 1, k]=< b[i, j, k] <- b[i + 1, j, k]. Moreover, the leftmost trees satisfy

(a); in other words,
(b) b’[i, j- 1, k]_-< b’[i, j, k]<= b’[i + 1, j, k].
We shall prove the theorems in the next section. Let us first see how we can

use these results to obtain an improved algorithm. For fixed k and fixed p j- 1,
the smallest breakpoint of [i, j, k]-b’[i, j, k] lies between b’[i, j- 1, k] and
b[i+ l, j, k] (Theorem 2(b)). Therefore, we need only consider b[i+ l, j, k]
-b[i, j, k] possible breakpoints. Summing over and substituting j i+p, we
find that

n--p

Y. (l+b’[i+l,i+p,k]-b’[i,i-l+p,k])
i=1

=(n-p)+bt[n-p+ 1, n, k]-b[1,p, k]<-2n.

The improved algorithm determines b[i, j, k] and WT[i, j, k] using previously
obtained values. The outer loops on k and p introduce a factor of nK. The whole
algorithm takes time proportional to n2K.

Note that the results of Theorem 2(a) are not sufficient since there may be
optimal trees which satisfy b[i, j- 1, k]> b[i + 1, j, k]. We overcome this diffi-
culty by insisting on the smallest breakpoint. This refinement does not increase the
difficulty of implementing the algorithm and is usually incorporated for the sake of
programming convenience [4, p. 22].

Knuth [4] first proposed this algorithm for the unrestricted case. Garey [1]
extended it to the restricted case when w _-< w2 _-< _-< w,. Here we show that this
additional requirement is superfluous.

5. Proof ot Theorems 1 anti 2. Let T, T’ be trees of depth not exceeding K.
Let a be a node of T, a’ a node of T’. Both T and T’ are subgraphs of a binary full
tree and can be compared by the "left of" relation; i.e., a left of a’ (a < a’), a a’
or a right of a’ (a’ < a). Let x denote the position of weight w in the tree T, x the



12 ALON ITAI

position of w, in T’. In what follows, we shall assume k => log2 (n + 1). First we
notice that by adding to the right a new node of weight w,+l 0 w, moves to the
left.

LEMMA 3. Let T= T[1, n, k] be an optimal tree for weights (wl,. w,).
There exists an optimal tree T’= T’[1, n + 1, k] for weights (w, , w., O) such
that x’, < x,.

Proof. Case 1. x, is of maximal depth. (i.e., I, k). In this case, x’,+ <= x, since
x’. < x,+i’ by transitivity x, < x,.

Case 2. x, is not of maximal depth (i.e., I, < k). In this case, we may obtain an
optimal tree by replacing w, by a node whose two sons are w,, w,+. The resulting
tree T’ satisfies WT’= WT+ w,. To show that T’ is optimal, assume the existence
of a tree T T[1, n + 1, k] which costs less than T’, WT < WT’. We may
construct a tree T T3[1, n, k] by deleting W,+l from T. This would enable us to
decrease the depth of w,. We then have

WT <= WT w. < WT+ w.) w, WT,

which contradicts the optimality of T. Q.E.D.
Next we note that w. does not have to move right when w.+ increases.
LEMMA 4. Let T=T[1, n+l,k] be an optimal tree for weights

(wl,"’, w., w.+). There exists an optimal tree T’= T’[1, n + 1, k] for weights
), w.+ > w,+, such that x’ <(W Wn Wn+ n---Xn.

Proof. If the tree T remains optimal for weights (w,..., w,, w,+l), we are
done since we can choose T’--T. Otherwise, let T’ be any optimal tree for
(Wl,"’, w’,+). Consider the cost of T and T’ as functions of the (n + 1)st
weight, w" WT(w)= Wll + + w.l. + wl,+ C+ 1.+,w, WZ’(w) =wll] +
+w.l’,+wl.+=C’+l’.+w. The difference in cost D(w)=WT’(w)-WT(w)
C’-C+(l’,+-l.+)w is a linear function of w, and we know that D(w’.+) < 0

<=D(w.+,).
It follows that l’,+ < 1,+1. In particular, the father z of x,+ is a node of the

right subtree of the father z’ of x’.+. Since x’. is in the left subtree of z’ and x. is a
descendant of z, we have x. < x.. In both cases we find that x.= x.. Q.E.D.

If we add a new weight w.+l to the right, the weight w. moves left, because we
can do this in two stages: First add a node of weight w,+l 0. This enables us to
move w. to the left. Then increase the weight of the node. This may be done
without moving w, to the right. Thus we have the following corollary.

COROLLARY 5. If T= T[1, n, k] is an optimal tree for (w,. ., w,), there
exists an optimal tree T’= T’[1, n + 1, k] for (w, w,+) such that x’,<x,.

We wish to show that by adding a new node, we form a tree in which none
of the previous weights moves right. It has already been shown that we can
construct an optimal tree in which w, moves left. We shall now show that this
requirement may be extended, and we can find an optimal tree in which no weight
moves to the right.

Some notation follows: For Q a binary tree, let SQ denote the set consisting
of all indices of the weights of Q. WQ as before denotes the cost of Q.

LEMMA 6. Let T= T[1, n, k] be an optimal tree for (w1,..., w,). There
exists an optimal tree T’= T’[1, n+ 1, k] for (wa,..., w,+a) such that
i- 1,... ,n.
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Proof. Assuming to the contrary that no such optimal tree exists, let T’ be an
optimal tree for weights (wl," , w,+l) in which some weights move right. Let
wj_ be the last weight which moves right. (xj-1 < x-i but xl =< xi for j,..., n.)
By Corollary 5, we may assume j-< n. Let z be the deepest common ancestor of
xj-1 and xj (i.e., a node z which is an ancestor of both x_ and x, and no
descendant of z has this property).

Comparing x_ and x to z, there are three possibilities:
(a) w_l and w do not pass z (x_ < x_l’ < z < x’<= xj),"

’<x)"(b) w_l passes z to the right (x_ < z < x_ <x
(c) wi passes z to the left (xi_ < x_ <x < z < x).
(We cannot have x;_l (or x;) equal to z since this would force x; to move right

of xj (or x_ to move left of xi_,).) z must be a node of T’, since otherwise
would be forced right of z, and so would all its descendants, in particular x < x_.
This contradicts the hypothesis that x;_ < x-< x.

Let L(z) be the partial tree containing all the nodes left of z in T and the
paths connecting them to the root of T. Define R(z) in the same fashion on the
nodes right of z in T. L’(z) and R’(z) are the analogous partial trees of T’.

Case (a). wi_l and wi do not pass z. SL(z) {1,. , j- 1} SL’(z) (the leaves
of L(z)). Construct T from L(z) and R’(z). The leaves of T are {1,-.., n + 1}
the same as of T’.

WTe WL(z) + WR’(z) >- WT’ WL’(z) + WR’(z).

If WT2 WT’ we have constructed, contrary to the hypothesis, an optimal tree for
(w, , w, w/) in which no weights move right.

Therefore WL(z)> WL’(z). Construct T from L’(z) and R(z). WT
WL’(z)-t- WR(2;)(WE(z) nu WR (z)= wr. r consists of the same weights as

T, so the last inequality contradicts the optimality of T.
Case (b). wj_ passes z to the right. In this case,

SL(z) {1, , j- 1}, SL’(z) {1,..., i- 1},
i<j.

SR(z)={j, hi, SR’(z)={i, n + l},

Let M’ be a tree partial to T’, which consists of all the leaves SL f3 SR’ and the
paths connecting them to the root of T. (SM’= SL f’l SR’= {i, , j- 1} is the set
of indices of weights which have moved to the right of z.)

When w_ moves right it must stay left of x; -< x. x x since we must make
space for w_. Consequently, wj moves down left. x, the old position of w, is an
internal node of T’; and as it is an ancestor of x;_,, it is an internal node of M’ with
all members of SM’ belonging to its left subtree.

Construct a partial tree T consisting of L(z) and R’(z) from which we have
deleted the elements of SM’. This enables us to bring w up one level. Possibly
can be raised by more than that. However, for simplicity we shall raise it by exactly
one level.

WT WL(z) + WR’(z)- w wm’>- WT’ WL’(z) + WR’(z).

The inequality arises from the fact that T and T’ are built on the same weights
(ST’= ST {1, , n + 1}) and T’ is optimal.
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In case of equality, T2 is an optimal tree in which no weight has moved right.
Otherwise, WT > WT’. Construct the tree T from L’(z) and R(z). The elements
of SM’ are still missing. M’ is a partial tree whose root is the root of T’. We may
insert M’ such that its internal nodes above xj coincide with the corresponding
nodes of R(z). Node xj of R(z) can be moved down-right one level. This makes
space for inserting the rest of M’ (which includes all of its leaves).

WT3- WL’(z)+(WM’+ w)+ WR(z)< WL(z)+ WR(z)= WT.

As T and T have the same set of weights, this contradicts the optimality of T.
Case (c). % moves left of z. This case is analogous to (b), and the proof goes

along the same lines. Q.E.D.
Theorem 1 is now an easy consequence of Lemma 6, since the optimal tree

found in Lemma 6 fulfills all the requirements of Theorem 1.
Now instead of adding a weight let us consider deleting one. The following

lemma will enable us to prove Theorem 2.
LEMMA 7. Let T[1, n, k] be an optimal tree. There exists an optimal tree

T’[2, n, k] such that x ’<,=x, for 2,. n.
The proof is similar and, in some respects, simpler than that of Lemma 6 and,

therefore, will not be pursued here.
We are now ready to prove Theorem 2. The first inequality of part (a),

b[i, j- 1, k] <- b[i, j, k], is just Theorem 1. The second inequality, b[i, j, k]
<= b[i + 1, j, k], follows from Lemma 7 just as Theorem 1 from Lemma 6.

Part (b), b[i,j-1, k]<-_b[i,j, k], is true since if b’[i,j, k]<b[i,
j-1, k], then by the second inequality of part (a) and symmetry there exists an
optimal tree T’[i, j- 1, k] such that

b’[i, j-1, k]_-< b’[i, j, k]< b’[i, j-1, k].

This contradicts the definition of T[i, j- 1, k as an optimal tree with the smallest
breakpoint. The second inequality follows similarly and concludes the proof of
Theorem 2.

6. Applications and related problems. The results of the previous sections
lend themselves to several applications. First consider the K restricted Huffman
problem [1]. Given n source words, each with a predetermined frequency of
occurrence, construct a code with minimum average message length satisfying the
restriction that no codeword has length greater than K. Just as in Huffman’s
original problem, we consider the order between the source words immaterial.
The following lemma enables us to use the previous results to solve this problem.

LEMMA 8. If K>--_ [1ogz n] and w >-... >-w,, there exists an optimal K
restricted tree for (w1," ", w,) such that the leaves associated with the weights
preserve the order (i.e., x is left of x+, 1,..., n- 1). The proof is well known
[3].

As a consequence of this lemma, we obtain an algorithm for the K-restricted
Huffman problem"

(a) Sort the weights such that w => w2 -> w,.
(b) Apply the algorithm of 4 to the new sequence. This is the algorithm

which was proposed by Garey [1].
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As previously mentioned, a nonrestricted version of the algorithm was first
suggested by Knuth [4]. He used the algorithm to find an optimal alphabetic tree
in which information may be stored in the internal nodes as well as in the leaves.

The extended algorithm may be applied to the K restricted version of
Knuth’s problem; i.e., find a tree of minimum cost in which weights are associated
with all nodes, the order of the weights is preserved and no path has depth greater
than K. The proof is essentially similar to that of 5 and will not be presented.

Note that Knuth’s original problem may be viewed as a special case of the
K-restricted problem when K is sufficiently large (K-> n).

7. Alphabetic trees of degree tr>2. Up to now, all algorithms heavily
depended on the fact that we dealt with binary trees. Even though binary codes
are of greatest importance, it is worthwhile to consider codes over an alphabet of
more than two letters. Similarly, there are applications of o--ary search trees for
o->2.

Define a tree ofdegree cr (cr-ary tree) as consisting of a distinguished node, root
and at most r subtrees (the subtrees are ordered). Alphabetic r-ary trees are
defined similarly to alphabetic binary trees. Our object is to find optimal alpha-
betic r-ary trees, i.e., such trees of minimum cost. We shall outline how to find
optimal trees of nonrestricted depth. The extension to trees of restricted depth is
straightforward.

Let an s-forest be a sequence of s trees. The cost of an s-forest is the sum of
the costs of all its trees. Denote an optimal s-forest on weights (w,, , w) by
F[i, j]. Note that Fl[i, j] T[i, ]]. The cost of the s-forest, s > 1, is

WF[i, j] min {WF,[i, b]+ WF_,[b + 1, j]}
i<=b<j

for any s’ 1 -<_ s’ < s. The cost of a r-ary trees is

WT[i, j] Wq + WF[i, j], where Wq Y wr.

Using these equations we may extend the dynamic programming solutions of the
previous sections to find optimal trees and optimal forests. When -]-i __-> o,
there is always an optimal r-ary tree for (wi, ", wj) with exactly o- subtrees.

For each 6- 1,..., n-1, we shall find optimal o--trees and s-forests for
weights (w,,..., w), ] i+ . The values of s for which we shall find optimal
s-forests will depend on o- as follows: First, include the numbers
2, 4, 8,’" ,2 tg2J’, next include the sequence (So,’" s,,), where So=O,S,+l

si- 2 t’g2s’j and s,, is the last number which is not a power of 2. From the
construction, it is clear that a forest of s trees can be constructed by combining a
forest of S,+l trees and a forest of 2 t’g2s’j trees. As m <- [log2 cr], we conclude that
we need to consider at most 2 [log2 o-] values of s.

Applying this extension to Gilbert and Moore’s [2] algorithm yields an
n log o- algorithm.

Given a forest Fs[i, j], let s be constructed as s- s’+(s-s’) in the above
sequence; define the breakpoint as the index of the rightmost weight of the s’th
tree.
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Using this definition, we notice that Theorems 1, 2 hold also for s-forests and
tr-ary trees. This enables us to take advantage of Knuth’s observation and cut the
running time down to n,‘ log,.

8. Alphabetic trees with letters of unequal cost. An interesting problem
arises when we consider constructing an optimal alphabetic tree with letters of
unequal cost. Specifically, for an alphabet of tr letters, let (cl," , c) be the cost

ofthe letters. The costofan edge (a, b) in a tr-ary tree is c, where b is the ith son of
a. (In general, the tr-ary tree need not be full; i.e., not every node has tr sons. For
tr 5, a node may have a second and fourth son while lacking the first, third and
fifth sons.) The cost of a node is the sum of the costs of all the edges of the unique
path from the root to that node. For weights (wl, , w,), an alphabetic tree is a
tr-ary tree with weights on the nodes such that if < }, then wi is left of w. The cost
of an alphabetic tree is WT[1, hi= Y.;’= p,w,, where p, is the cost of the node
associated with w.

Our aim is to find, for given weights, an alphabetic tree of minimum cost
(optimal tree). Note that, as the tree is alphabetic, we may not assume that the
costs of the letters satisfy C1 C2 Ctr. (We may well have c < c,‘, c: > c3.)
We shall consider the case in which the weights are only at the leaves.

Let T.B[i, j] be an optimal tree for weights (wi," , wj) in which the root has
no son smaller than a and none greater than /3. For every a,,i,j (1 <-a-</3
_-< tr; 1 _-< _-< j _<- n), we shall find WT.[i, j], the cost of an optimal tree T,[i, j].
(This implies that T. has at least one edge).

The following equations will provide means to calculate WT.[i, j]"

WT.[i, i] c,,w,;

the tree T.[i, i] uses at least one edge, in this case that edge must be a.

WT,,.[i, i] min {WT,.[i, i]}, a </3;

the root must have exactly one son (edge 3’).

(2) WT,,[i, j]=c,Wj + min {WT...[i, b]+ WT.,+.,[b+ 1, j]}, <j.

The root has exactly one son (edge a). The son must have at least two sons; let the
first be 3’. We choose 3’ and b, the index of the rightmost weight of T,[i, b], so as to
minimize the sum of the cost of the two trees--WT,[i, b] + WT+,[b + 1, j].

WT.o[i, j] min {WT+,.[i, j], WT.[i, b]
i<b<j

+ WTo,+l,t[b + 1, j], WT,[i, j]},

a<fl, i<j.

We should consider three cases: In the first, it is not worthwhile to use edge at
all, hence the optimal tree is WT+.[i, j]; in the second, is truly the first edge,
but there are additional edges. The cost of the optimal tree is WT,[i, b]
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+ WT,,+I,o[b + 1, j]. The last case is when only edge a is used (this might make
some smaller edges available). The cost then is WT,,,,,[i, j]. (Now we shall use (2)
above, where y < tr and b < j, and hence we are not led into an infinite loop).

We compute WT,o[i, ]] in order of increasing ] p, and for a fixed value of
p in order of increasing/3- a. This insures that we never reference values which
have not yet been computed.

This algorithm can be improved by use of the fact that adding an additional
rightmost node does not cause any weight to move to the right. The statement and
proof are similar to that of Theorems 1, 2. This enables us to reduce the
computation time by a factor of n to o-2n 2.

Thus, if we consider tr fixed (e.g., tr 2), the requirement for letters of
different cost does not increase the known time complexity of the problem.

9. Alphabetic trees and nonalphabetie trees. The problem of alphabetic
trees is closely related to that of nonalphabetic trees (i.e., trees in which the order
of the weights is immaterial). However, the relation between the complexity of the
two problems is unclear. For given weights, there are n! times more nonalphabetic
trees than alphabetic trees. This implies a larger domain for the nonalphabetic
case. However, the lack of the order constraint may help us in our search.

We shall now give a closer look at some of the problems and show the
relationship between the alphabetic and the nonalphabetic cases.

Case (a). Binary trees, weights at all nodes, letters of equal cost. Knuth i-4]
considered the alphabetic problem and found an n 2 algorithm. For the nonal-
phabetic case, there exists a linear solution as follows:

First notice that for weights (wl, ", w,) all optimal trees must satisfy
(i) if w, < wj, then I, _-> 1.;
(ii) all nodes, except perhaps those of the last two levels, have exactly two

sons.
Without loss of generality, n 2’- 1 (otherwise add weights (w,,/, , w2,_ 0),
2 < 2n, when the tree is found delete those weights). For such n, the optimal tree is
the complete binary tree of depth l- 1. (The shape of the tree does not depend on
the weights, only on their number.)

We now have to distribute the weights in the tree. This can be done in linear
time by means of the median algorithm [5]. The deepest level will contain all
nodes less than or equal to the median. The second deepest level will contain all
nodes less than or equal the median of the remaining nodes.

Time (n) CN+ Cn/2 + Cn/4 + + C1

<= Cn(1 +1/2+-+ ...)<=2Cn.

C is the constant of the median algorithm. The internal order of the nodes at each
level is arbitrary, since it does not change the cost of the tree.

Case (b). tr-ary trees, weights only at the leaves, letters of equal cost. The
nonalphabetic case is Huffman’s problem, for which his algorithm yields an
n log n solution. In the alphabetic case with tr 2, the T-C algorithm [6], [7] also
yields an n log n algorithm. For tr > 2, we may apply the algorithm of 7, the time
bound of which is n log r.
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Case (c). Binary trees, weights at all nodes, letters of unequal cost. For the
nonalphabetic case, as in (a) above, the shape of the tree is independent of the
actual weights. Therefore, we can find a tree of n minimum cost vertices in time
n log n; number the nodes so that cost (node,)_-< cost (node,+1), 1,. , n- 1.

Order the weights so that wl_-> wz_->... -> w,; then associate with the ith
node the ith weight. The optimality of the tree resulting from this algorithm is
proven similarly to that of (a) above. The time bound on the algorithm is n log n.

For alphabetic trees an algorithm similar to that of 7 yields an n solution.
Case (d). tr-ary trees, weights only at the leaves, letters of unequal cost. No

polynomially bound algorithm is knownmsee [8] for an integer programming
solution.

In 8, we have given a o-2n solution for the alphabetic case. It is not known
whether it is possible to reduce the nonalphabetic case to the alphabetic case since
no result similar to Lemma 8 of 6 is known to hold.

Case (e). Restricting the maximum depth of the tree to K. For the alphabetic
case, this causes an additional factor of K. For the nonalphabetic case, (a) and (c)
retain their previous bounds, whereas the appropriate variant of (b) requires a
reduction to the alphabetic case (see Lemma 8, 6).

In conclusion, we may say that in most cases there are slightly better
algorithms for the nonalphabetic case. However, there is a case (d) for which no
polynomially bound algorithm is known for the nonalphabetic case, whereas the
alphabetic case has a polynomial algorithm.
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PARTIAL-MATCH RETRIEVAL ALGORITHMS*

RONALD L. RIVEST?

Abstract. We examine the efficiency of hash-coding and tree-search algorithms for retrieving
from a file of k-letter words all words which match a partially-specified input query word (for example,
retrieving all six-letter English words of the form S**R*H where "*" is a "don’t care" character).

We precisely characterize those balanced hash-coding algorithms with minimum average number
of lists examined. Use of the first few letters of each word as a list index is shown to be one such optimal
algorithm. A new class of combinatorial designs (called associative block designs) provides better hash
functions with a greatly reduced worst-case number of lists examined, yet with optimal average
behavior maintained. Another efficient variant involves storing each word in several lists.

Tree-search algorithms are shown to be approximately as efficient as hash-coding algorithms, on
the average.

In general, these algorithms require time about O(n <k-s)/k) to respond to a query word with s
letters specified, given a file of n k-letter words. Previous algorithms either required time O(s n/k) or
else used exorbitant amounts of storage.

Key words, searching, associative retrieval, partial-match retrieval, hash-coding, tree-search,
analysis of algorithms

QUOTATIONS

Oh where, oh where, has my little dog gone?
Oh where, oh where can he be?
With his tail cut short, and his ears cut long,
Oh where, Oh where can he be?

[Nursery rhyme]

You must look where it is not, as well as where it is.
Gnomologia--Adages and Proverbs, by T. Fuller (1732)]

1. Introduction. We examine algorithms for performing partial-match
searches of a direct-access file to determine their optimal forms and achievable
efficiency. First we present a model for file and query specifications, within which
we will analyze various search algorithms. Section 2 discusses the historical
development of the "associative search" problem and reviews previously pub-
lished search algorithms. Section 3 examines generalized hash-coding search
algorithms, and 4 studies a tree-search algorithm.

We begin with a general outline of an information retrieval system, and then
proceed to define our problem more precisely.

An information retrieval system consists of the following parts:
(i) a collection of information, called a file. An individual unit of a file is

called a record.
(ii) a storage or recording procedure by which to represent a file (in the

abstract) on a physical medium for future reference. This operation we call
encoding a file. The encoded version of a file must, of course, be distinguishable
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from the encoded versions of other files. The medium used is entirely arbitrary;
for example, punched or printed cards, ferromagnetic cores, magnetic tape or
disk, holograms or knotted ropes. There are clearly many possible encoding
functions, even for a given storage medium. To choose the best one for an
application is the encoding or data structure problem.

(iii) a method by which to access and read (or decode) an encoded file. The
access method depends only on the storage medium used, while the encoding
function determines what interpretation should be given to the accessed data. The
encoded version of the file will, in general, consist of the encodings of its
constituent records, together with the encoding of some auxiliary information. If
(the encoded version of) any particular record can be independently accessed in
(approximately) unit time, we say the file is stored on a direct-access storage
device. (Magnetic disks are direct-access, whereas magnetic tapes are not.) The
access time usually consists of two independent quantities: the physical access
time needed to move a reading head or some other mechanical unit into position,
and the transmission time required to actually read the desired data. The
transmission time is proportional to the amount of information read, while the
physical access time may depend on the relative location of the last item of
information read.

(iv) a user of the system, who has one or more queries (information requests)
to pose to the system. The response to a query is assumed to be a subset of the
]i/e--that is, the user expects some of the file’s records to be retrieved and
presented to him. If the user presents his queries one at a time in an interactive
fashion, we say that the retrieval system is being used on-line, otherwise we say
that it is being used in batch mode. We shall only consider on-line systems.

(v) a search algorithm. This is a procedure for accessing and reading part of
the encoded file in order to produce the response to a user’s query. It is, of course,
dependent, but not entirely, on the choice of storage medium and encoding
function. This algorithm may be performed either by a computer or some
individual who can access the file (such as a librarian).

The above broad outline of an information retrieval system needs to be
fleshed out with more detail in order to make precise the problem to be studied.
We now present some formal definitions required for the rest of this paper. These
details restrict the model’s generality somewhat, although it remains a good
approximation to a large class of practical situations.

1.1. Attributes, records and files. A record r is defined to be an ordered
k-tuple (rl, r2, , rk) of values chosen from some finite set Z. That is, each record
is an ordered list of k keys, or attributes. For convenience, we assume that Z
={0, 1,-.., v-1}, so that the set k is the se[ of all k-letter words over the
alphabet Z, and has size vk. We shall generally restrict our attention to the case
v 2, so that the set 5; is just the set of k-bit words. Since any record type can be
encoded as a binary string, this entails no great loss in generality. Furthermore, it
seems to be the case that binary records are the hardest type for which to design
partial-match retrieval algorithms, since the user has the greatest flexibility in
specifying queries for a given number of valid records.

A file F is defined to be any nonempty subset of Z.
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These definitions are not the most general possible; however, they do model a
significant fraction of practical applications. A more general scheme, such as that
proposed by Hsiao and Harary [25], would define a record to be an unordered
collection of (attribute, value) pairs, rather than an ordered list of values for a
predetermined set of attributes, as we have chosen here. Making realistic assump-
tions about the frequency of occurrence of each attribute, and related problems,
seems to be difficult, and we shall not pursue these questions in this paper.

1.2. Queries. Let O denote the set of queries which the information retrieval
system is designed to handle. For a given file F, the proper response to a query
q 60 is denoted by q(F) and is assumed to be a (perhaps null) subset of F.

The following sections categorize various query types and describe the
particular query types to be considered in this paper.

1.2.1. Intersection queries. The most common query type is certainly the
intersection query, named after a characteristic of its response definition- a record
in F is to be retrieved if and only if it is in a specified subset q(Z) of E, so that

def

q(F)= F CI q(Zk).

(This notation is consistent since F= Zk implies q(F)= q(E).) The sets q(E)
completely characterize the functions q(F) for any file Fby the above intersection
formula. Intersection queries enjoy the property that whether some record r 6 F is
in q(F) does not depend upon the rest of the file (that is, upon F-{r}) so that no
"global" dependencies are involved. The class of intersection queries contains
many important subclasses which we present in a hierarchy of increasing
generality:

1. Exact-match queries. Each q(,E) contains just a single record of Y. An
exact-match query thus asks whether a specific record is present in F.

2. Single-key queries, q(,E) contains all records having a particular value for
a specified attribute. For example, consider the query defined by

{r :lr 1}.
3. Partial-match queries. A "partial-match query q with s keys specified"

(for some s -< k) is represented by a record f R with k s keys replaced by the
special symbol "*" (meaning "unspecified"). If f (f,.... f), then for k-s
values of ], we have "*". The set q() is the set of all records agreeing with in
the specified positions. Thus

q(E) { r e E," [(Vj, 1 -< j <- k)[(f *)V(f r)]}.

A sample application might be a crossword puzzle dictionary, where a typical
query could require finding all words of the form "B*T**R" (that is: BATHER,
BATI’ER, BETTER, BETTOR, BITTER, BOTHER, BUTLER, BUTTER).
We shall use Os throughout to denote the set of all partial-match queries with s

keys specified.
4. Range queries. These are the same as partial-match queries except that a

range of desired values rather than just a single value may be specified for each
attribute. For example, consider the query defined by
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q(Zk) {r ;kl( 1 _-< rl -< 3)A( 1 _-< r -<- 4)}.

5. Best-match queries with restricted distance. These require that a distance
function d be defined on Zk. Query q will specify a record f and a distance ,, and
have

q(Z)-{rld(r, ) A}.

Query q requests all records within distance I of the record to be retrieved, the
distance function d(r, ) is usually defined to be the number of attribute positions
for which r and have different values; this is the Hamming distance metric.

6. Boolean queries. These are defined by Boolean functions of the attributes.
For example, consider the query q defined by

q(.Ek) {r e kl((rl O)/(r2 1))A(r 3)}.

The class of Boolean queries is identical to the class of intersection queries, since
one can construct a Boolean function which is true only for records in some given
subset q(Z) of Z (the characteristic [unction of q(Zk)).

Note that each intersection query requires total recall; that is, every record in
F meeting the specification must be retrieved. Many practical applications have
limitations on the number of records to be retrieved, so as not to burden the user
with too much information if he has specified a query too loosely.

1.2.2. Best-match queries. A different query type is the pure best-match
query. A pure best-match query q requests the retrieval of all the nearest
neighbors in F of a record 6 Y_. using the Hamming distance metric d over Z k.
Performing a pure best-match search is equivalent to decoding the input word
into one or more of the "code words" in F, using a maximum likelihood decoding
rule (see Peterson [35]). Thus we have

q(F) {r FI(Vr’ F)(d(r’, ) >= d(r, ))}.

1.2.3. Query types to be considered. In this paper we shall only consider
partial-match queries. The justification for this choice is that this query is quite
common yet has not been "solved" in the sense of having known optimal search
algorithms to answer it. In addition, partial- and best-match query types are
usually considered as the paradigms of "associative" queries. The simpler inter-
section query types already have adequate algorithms for handling them. The
more general situation where it is desired to handle any intersection query can be
easily shown to require searching the entire file in almost all cases, if the file is
encoded in a reasonably efficient manner. (Besides, it takes an average of lY_.I bits
to specify which intersection query one is interested in, so that it would generally
take longer to specify the query than to read the entire file!) A practical retrieval
system must therefore be based on a restricted set of query types or detailed
knowledge of the query statistics.
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1.3. Complexity measures. The difficulty of performing a particular task on a
computer is usually measured in terms of the amount of time required. We shall
measure the difficulty of performing an associative search by the amount of time it
takes to perform that search.

Our measure is the "on-line" measure, that is, how much time it takes to
answer a single query. This is the appropriate measure for interactive retrieval
systems, where it is desired to minimize the user’s waiting time. Many information
retrieval systems can, of course, handle queries more efficiently in a batch
manner--that is, they can accumulate a number of queries until it becomes
efficient to make a pass through the entire file answering all the queries at once,
perhaps after having sorted the queries. The practicability of designing a retrieval
system to operate "on-line" thus depends on the relative efficiency with which a
single query can be answered. That is the study of this paper.

When a file is stored on a secondary storage device such as a magnetic disk
unit, the time taken to search for a particular set of items can be measured in terms
of (i) the number of distihct access or read commands issued, and (ii) the amount of
data transmitted from secondary storage to main storage. For most of our
modeling, we shall consider only the number of accesses. Thus, for the generaliza-
tions of hash-coding schemes discussed in 3, we count only the number of
buckets accessed to answer the query.

Several measures are explicitly not considered here. The amount of storage
space used to represent the file is not considered, except in 3.3 to show that using
extra storage space may reduce the time taken to answer the query. The time
required to update a particular file structure is also not considered--this can
always be kept quite small for the data structures examined.

1.4. Results to be presented. We give a brief exposition of the historical
development of "associative" search algorithms in 2.

In 3 we study generalized hash functions as a means for answering partial-
match queries. We derive a lower bound on their achievable performance, and
precisely characterize the class of optimal hash functions. We then introduce a
new class of combinatorial designs, called associative block designs. Interpreted as
hash functions, associative block designs have excellent worst-case behavior while
maintaining optimum average retrieval times. We also examine a method for
utilizing storage redundancy (that is, we examine the efficiency gains obtainable
by storing each record more than once).

In 4 we study "tries" as a means for responding to partial match queries.
"Tries" (plural of "trie") are a particular kind of tree in which the ith branching
decision is made only according to the th bit of the specific record being inserted
or searched for, and not according to the results of comparisons between that
record and another record in the tree. Their average performance turns out to be
nearly the same as the optimal hash functions of 3.

The results of 3 and 4 seem to support the following.
Conjecture. There is a positive constant c such that for all positive integers n,

k and s, the average time required by any algorithm to answer a single partial
match query q 6 Q must be at least

(k -s)/k
Cll
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where the average is taken over all queries q 60s and all files F of n k-bit records
which are represented efficiently on a direct-access storage device. (That is, no
more than O(n k) bits of storage are used.)

2. Historical background.
2.1. Origins in hardware design. Associative search problems were first

discussed by people interested in building associative memory devices. According
to Slade [44], the first associative memory design was proposed by Dudley Buck in
1955. The hoped-for technological breakthrough allowing large associative
memories to be built cheaply has not (yet) occurred, however. Small associative
memories (on the order of 10 words) have found applications--most notably in
"paging boxes" for virtual memory systems (see [12]). Minker [32] has written an
excellent survey of the development of associative processors.

2.2. Exact-match algorithms. New search algorithms for use on a conven-
tional computer with random-access memory were also being rapidly discovered
in the 1950’s. The first problem studied (since it is an extremely important
practical problem) was the problem of searching for an exact match in a file of
single-key records. Binary searching of an ordered file was first proposed by
Mauchly [30]. The use of binary trees for searching was invented in the early
1950’s according to [28], with published algorithms appearing around 1960 (see,
for example, Windley [46J--there were also many others).

Tries were first described about the same time by Rene de la Briandais [11].
Tries are roughly as efficient as binary trees for exact-match searches. We shall
examine trie algorithms for performing partial-match searches in 4.

Hash-coding (invented by Luhn around 1953, according to Knuth [28])
seems the best solution for many applications. Given b storage locations (with
b_->lFI) in which to store the records of the file, a hash function h:Z
-{1, 2,..., b} is used to compute the address h(r) of the storage location at
which to store each record r. The function h is chosen to be a suitably "random"
function of the input--the goal is to have each record of the file assigned to a
distinct storage location. Unfortunately, this is nearly impossible "to achieve
(consider generalizations of the "birthday phenomenon" as in Knuth [28, 6.4]),
so a method must be used to handle "collisions" (two records hashing to the same
address). Perhaps the simplest solution (separate chaining) maintains b distinct
lists, or buckets. A record r is stored in list Lj (where 1 _-< j _-< b) iff h(r) j. Each
bucket can now store an arbitrary number of records, so collisions are no longer a
problem. To determine if an arbitrary record r e 2, is in the file, one need merely
examine the contents of list Lh(r) to see if it is present there. Since the expected size
of each list is small, very little work need be done. Chaining can be implemented
easily with simple linear linked list techniques (see [28, 6.4]).

2.3. Single-key search algorithms. The next problem to be considered was
that of single-key retrieval for records havingmore than one key (that is, k > 1).
This is often called the problem of,"retrieval on secondary keys". L. R. Johnson
[26] proposed the use of k distinct hash functions hi and k sets of lists Lmfor
1 < < k and 1 <j < b. Record r is stored in k lists--list L hi(ri) for 1 _--< --< k. This is
an efficient solution, although storage and updating time will grow with k. Prywes
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and Gray suggested a similar solutionwcalled Multilist--in which each attribute-
value is associated with a unique list through the use of indices (search trees)
instead of hash functions (see [20], [36]). Davis and Lin [10] describe another
variant in which list techniques are replaced by compact storage of the record
addresses relevant to each bucket. The above methods are often called inverted list
techniques since a separate list is maintained of all the records having a particular
attribute value, thus mapping attribute to records rather than the reverse as in an
ordinary file.

2.4. Partial-match search algorithms. Inverted list techniques, while ade-
quate for single-key retrie,cal of multiple-key records, do not work well for
partial-match queries unless the number s of keys specified in the query is small.
This is because the response to a query is the intersection of s lists of the inverted
list system. The amount of work required to perform this intersection grows with
the number of keys given, while the expected number of records satisfying the
query decreases! One would expect a "reasonable" algorithm to do an amount of
work that decreases if the expected size E([q(F)I) of the response decreases. One
might even hope to do work proportional to the number of records in the answer.
Unfortunately, no such "linear" algorithms have been discovered that do not use
exorbitant amounts of storage. The algorithms presented in 3 and 4, while
nonlinear, easily outperform inverted list techniques. These algorithms do an
amount of work that decreases approximately exponentially with s. When s 0,
the whole file must, of course, be searched, and when s k, unit work must be done.
In between, log(work) decreases approximately linearly with s.

J. A. Feldman’s and P. D. Rovner’s system LEAP [13] allows complete
generality in specifying a partial match query. LEAP handles only 3-key records,
however, so that there are at most eight query types. This is not as restrictive as
might seem at first, since any kind of data can in fact be expressed as a collection of
"triples": (attributename, objectname, value). While arbitrary Boolean queries
are easily programmed, the theoretical retrieval efficiency is equivalent to an
inverted list system.

Several authors have published algorithms for the partial match problem
different from the inverted list technique. One approach is to use a very large
number of short lists so that each query’s response will be the union of some of the
lists, instead of an intersection. Wong and Chiang [47] discuss this approach in
detail. Note, however, that the requisite number of lists is at least IZkl if the system
must handle all partial-match queries (since exact-match queries are a subset of
the partial-match queries). Having such a large number of lists (most of them
empty if IFI < IZkl, as is usual)is not practical. A large number of authors (C. T.
Abraham, S. P. Ghosh, D. K. Ray-Chaudhuri, G. G. Koch, David K. Chow and
R. C. Bose--see references for titles and dates) have therefore considered the case
where s is not allowed to exceed some fixed small value s’ (for example, s’= 3).

required is ( k)" vS," This is achieved by reserving a bucketThen the number of lists
S

for the response to each query with the maximal number s’ of keys given; the
response to other queries is then the union of existing buckets. Note that each

record is now stored in (k)s’ buckets, however! One can reduce the number of
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buckets used and record redundancy somewhat, by the clever use of combinator-
ial designs, but another approach is really needed to escape combinatorial
explosion.

The first efficient solution to an associative retrieval problem is described by
Richard A. Gustafson in his Ph.D. thesis [21], [22]. Gustafson assumes that
each record r is an unordered list {rl, r2," "} of at most k’ attribute values (these
might be key words, where the records represent documents) chosen from a very

large universe of possible attribute values. Let w be chosen so that
k’

is a

reasonable number of lists to have in the system, and let a hash function h map
attribute values into the range {1, 2,. , w}. Each list is associated with a unique
w-bit word containing exactly k’ ones, and each record r is stored on the list
associated with the word with ones only in positions h(rl), h(r2),’’’, h(rk,). (If
these are not iall distinct positions, extra ones are added randomly until there are
exactly k’ ones.) A query specifying attributes a,, a2,’’’, a, (with t_-< k’) need

w-t) lists associated with words ones positionsonly examine the
k’

with in

h(a), h(a2),..., h(a,). The amount of work thus decreases rapidly with t. Note
that the query response is not merely the union of the relevant lists, since
undesired records may also be stored on these lists. We are guaranteed, however,
that all the desired records are on the examined lists. In essence, Gustafson
reduces the number of record types by creating w attribute classes, a record being
filed according to which attribute classes describe it. His method has the following
desirable properties:

(a) each record is stored on only one list (so updating is simple), and
(b) the expected amount of work required to answer a query decreases

approximately exponentially with the number of attributes specified. His
definition of a record differs from ours, however, so that the queries allowable in
his system are a proper subset of our partial match queries--those with no zeros
specified. (Convert each of his records into a long bitstring with ones in exactly k’
places--each bit position corresponding to a permissible key word in the system.)

Terry Welch, in his Ph.D. thesis [45], studies the achievable performance of
file structures which include directories. His main result is that the size of the
directory is the critical component of such systems. He briefly considers directory-
less files, and derives a lower bound on the average time required to perform a
partial match search with hash-coding methods that is much lower than the precise
answer given in 3. He also presents Elias’s algorithm for handling best-match
queries, which the author shows to be minimize the average number of lists
examined in [40] and [41].

3. Hashing algorithms for partial-match queries. Given a set Z of possible
records, and a number b of lists (buckets) desired in a filing scheme, we wish to
construct a hash function h Z - {1,. , b} so that partial match queries can be
answered efficiently (either on the average or in the worst case). A record r in our
file F is stored in list Lj if and only if h(r)= /, with collisions handled by separate
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chaining. We define block Bj of the partition of Z induced by h to be

Bj :{r6Zk[h(r):j},

so that

L =BN.

If IBjl I "l/b for all j, then we say that h is a balanced hash function.
To answer a partial-match query q Q, we must examine the contents of the

lists with indices in

h(q) {j’](Bi (’1 q(;)) # null},

or equivalently,

h(q) U {h(r)}.
rq(,k)

Here we make the natural extension of h onto the domain O.
The basic retrieval algorithm can thus be expressed

q(F) U (L, f"l q(Z’)),
ih(q)

or equivalently in pseudo-ALGOL:
Procedure SEARCH (q, h, {L1," , Lb});
comment SEARCH prints the response to a partial-match query q e Q, given

that the file F C_Y_, is stored on lists {L1,..., Lb} according to hash
function h.

begin integer i; record r;
for each h(q) do

for each r L, do
if r q(Zk) then print (r)

end SEARCH;
The difficulty of computing the set h(q) depends very heavily on the nature of

the hash function h. It is conceivable that for some pseudo-random hash functions
h, it is more time-consuming to determine whether h(q) than it is to read the
entire list L, from the secondary storage device. Such hash functions are, of
course, useless, since one would always skip the computation of h(q) and read the
entire file to answer a query. We will restrict our attention to hash functions h for
which the time required to compute the set h(q) of indices of lists that need to be
searched is negligible in comparison with the time required to read those lists.

We denote the average and worst-case number of lists examined by
SEARCH to answer a partial-match query with s keys specified, given that the file
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was stored using hash function h, by

A(h) Io 1 Ih(q)l and W(h) =max [h(q)l,
qOs qeQs

respectively.
We shall denote the average number of lists examined, taken over all

partial-match queries in Q, by A(h). We denote the minimum possible average
number of lists examined for a query q Q, by mmin(k, W, S,/9) where h is assumed
to be a balanced hash function mappingX {0, 1, , v 1} onto{l, 2, , b},
where b 2w, w being a natural number. If v is omitted, v 2 is to be assumed.

Note that the number of lists examined does not depend on the particular file
F being searched, but only on the hash function h being used.

3.1. Hash functions minimizing average search time. We first concentrate on
the average number of buckets examined by SEARCH to calculate the response
to a partial-match query q. That is, we consider the functions A (h) and As(h) and
determine for which hash functions h are A(h) and As(h) minimized,

In 3.1.1 we consider nonbinary records, (that is, where I,EI is relatively
large), and show that a simple string-homomorphism hash function is optimal.

In 3.1.2 we concentrate on binary records, for which a straightforward
(e-free) homomorphism technique would require using an exorbitant number of
buckets (essentially one list per record in y_,k). A relatively complicated com-
binatorial argument shows that selecting a subset of the record bits for use as
address bits is optimal.

3.1.1. Optimal hash functions for nonbinary records. When k (the number
of letters in each record) is less than or equal to w (the number of bits needed to
describe a list index), then a very simple string-homomorphism scheme will
provide efficient retrieval. This case arises frequently for nonbinary records.

We illustrate the principle by means of an example. Suppose we wish to
construct a "crossword puzzle" dictionary for six-letter English words. Let b 2
be the number of lists used. Given a word (for example, "SEARCH"), we
construct a w-bit list index (bucket address) by forqaing the concatenation:

h("SEARCH") g("S") g("E") g("A") g("R") g("C") g("H")

of six (w/6)-bit values; here g is an auxiliary hash function mapping the alphabet
into (w/6)-bit values.

For a partial-match query with s letters specified, we have, in this case,

As(h) Ws(h)= 2w-s(w/6.

This approach is clearly feasible as long as b -> 2k, since one or more bits of the list
index can be associated with each attribute.

A similar technique has been proposed by M. Arisawa [2], in which the ith
key determines, via an auxiliary hash function, the residue class of the list index
modulo the ith prime (see also [34]).

For nonbinary records, the analysis fortunately turns out to be simpler than
for binary records. In this section we prove that schemes that use the above
string-homomorphism idea are, in fact, optimal.
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Let the universe of records be Zk, where ,E {0, 1,. , v- 1} and v > 2. Let
On,in(X, k) denote the minimum possible number of partial-match queries in O
which require examination of a list L whose corresponding block B has size x. The
following inequality gives a lower bound for Omi..

Onin(x,k)>-min(Omi.(maxf,,k-1) + Z Qi.(f,k-1)),
Oi<v

where the minimum is taken over all sets of nonnegative integers fo, , fv-1 such
that o_i<v fi x. (Here fi denotes the number of records in B that begin with an i.)
The term Qmin(max fi, k- 1) is a lower bound on the number of partial-match
queries beginning with a "*", and Qmin(f,, k 1) is a lower bound on the number of
partial-match queries beginning with "i", that require examination, of L.

We can perform the analysis by passing to the continuous case. Define the
function Q’mi, as follows.

Q’m,.(x, k)=inf (O,m,n( SUp f(z), k-1)+ O’min(f(z), k-1) dz),
Ozv

where the infimum is taken over all nonnegative functions f(z) such that
.of(Z) dz x. The appropriate initial conditions in this case are Q’m,,(x, 0)= 1 for
0 =< x =< 1 (counting the totally unspecified query), Q’mo(x, 0)= c for x > 1 (this
forces the above definition of Q’mio to pick values for f(z) so that all records are
distinguished after all the positions are examined), and Q’mo(x, 0)- 0 otherwise.
The function Q’mi.(x, k) is obviously a lower bound for Qm,,(x, k), since the
definition for Q’min(X, k) reduces to the above lower bound for Qmin (with equality
holding) if f(z) is defined f(z) f for _-< z < + 1.

The solution of the above recurrence for Q’mn is

1/k )kOmin(X, k) + 1 if 0< x v

otherwise.

The infimum is reached in the definition of Q’mi.(x, k) when f(z) is the
following function:

X
k-1)/k for 0 Z X

1/k

f(z)
0 otherwise.

When x is the kth power of some integer y, 1 -< y _-< v, the lower bound provided by
Q’mn(X, k) is, in fact, achievable.

TIJEOREM 1. If t3 is a subset of Z containing x y records, for some integer y,
1 <- y <= v ]ZI, then the number Q(B) of queries which require examination of the
list L associated with B is minimized when

B =ZlE2.

where each Y_,,
___

,E is of size y.
Proof. Q(B)= Qin(X, k) in this case.
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Theorem i says that our crossword puzzle hashing scheme is optimal, as long
as the auxiliary function g divides the alphabet Z into four equal pieces. This is
not possible for the English 26-letter alphabet (Greek puzzlists are in luck with
their 24-letter alphabet, however); we conjecture that splitting Z into four
nearly-equal pieces would be optimal in this case.

3.1.2. The optimal hash functions for binary records. In this section we prove
a conjecture due to Welch [45]" when k > log2 (b), an optimal hash function is one
which merely extracts the first log2 (b) bits of each record for use as a list index. As
we shall see later, this hash function is only one of many which minimize the
average number of lists examined, some of which also do better at minimizing the
worst-case behavior as well. Sacerdoti [43] has also suggested that this scheme
may be practical for partial-match retrieval.

We shall only consider balanced hash functions in this section. This elimi-
nates considering obviously "degenerate" hash functions mapping all the records
into a single list (costing one list examination per search). Furthermore, if each
record in Z is equally likely to appear in the file (independent of other records),
then the expected length of each list will be the same. A formal justification for the
restriction to balanced hash functions will be given later on, after we examine
more closely the average search time of optimal balanced hash functions.

The following theorem gives a precise characterization of which balanced
hash functions h minimize A(h), the average number of lists examined.

THEOREM 2. Let h {0, 1} ->{1,’’ ", b} be a balanced hash function with
b 2 buckets for some integer w, 1 <-_ w <-_ k. Then A (h) is minimal if and only if
each block B, is a q({0, 1}k) ]:or some query q Qw.

The geometry of the sets q({0, 1}) thus is reflected in an appealing fashion in
the optimal shape for the blocks Bi. The set of records in each optimal Bi can be
described by a string in {0, 1, *} containing exactly w bits and k-w *’s.

The following corollary is immediate.
COROLLARY 1. The hash function which extracts the first w bits of each record

re{0, 1} to use as a list index minimizes A(h).
The proof of Theorem 2 is unfortunately somewhat lengthy, although

interesting in that we prove a little more than is claimed.
Let B,c{0,1} be any block. Then by Q(B,), we denote [{q

E Q[(q({0, 1} NB,): 3}I, the number of queries q E Q which examine list L,.
Denote by Omin(X, k) the minimal value of Q(B,) for any B, of size x, B, c {0, 1}.
We now note that

A(h) Iol Ih(q)l

I{(B,, q)l(q({0, 1}) /3,) }1. Iol

Z O(-Bi) IO[-1 ’ b" Omin(2k-w, k). ]O] -1.

To finish the proof of the theorem, we need only show that Q(B) Qmin(2k-w, k) if
and only if B, is of the form q({0, 1}) for some q Qw. The rest of the proof
involves four parts: calculation of Q(B,) for B, of the proper form, calculation of
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Qm.(2-w, k), the demonstration of equality, and then the demonstration of the
"only if" portion.

Calculation of Q(B). For simplicity of notation, we use the symbols x, y, z to
denote either positive integers or their k-bit binary representation. Occasionally
we may wish to explicitly indicate that some number of bits is to be used; we
denote this string by x (so that 9" 5 01001). The length of a string x in {0, 1}*
we denote by Ix I- Concatenation of strings is represented by concatenation of their
symbols; 0x denotes a zero followed by the string x. A string of ones we denote
by 1 .

If x is a string, we denote by x the set of those x + 1 strings of length Ixl which
denote integers not greater than x. For example, 01___1= {000, 001,010, 011}. If
x 2- 1, then x k describes the set q({0, 1}) for q 0’, -w, which is in Qw.
Furthermore, Q(q({0l})) does not depend on which q Qw is chosen; this is
always 23- (since each * in q can be replaced by 0, 1 or *, and each specified
position optionally replaced by a *, to obtain a query counted in Q(q({0, 1}))).

Thus Q(B,) 23-w for B, x k with x 2-w 1. To show this is optimal,
it is necessary to calculate Q() for arbitrary strings x.

1)LEPTA 1. (a) Q(nullstring)= 1; (b) Q)=2Q(x); (c) Q)=2Q

Proof. Take (a) to be true by definition. For (b), any query examining can be
preceded by either a 0 or a * to obtain a query examining 0x. Part (c) follows from
the fact that lx 0(llX) U lx; there are 2Q) queries starting with 0 or *, and
O(x) starting with 1.

The preceding lemma permits O(x) to be easily computed for arbitrary
strings x; we list some particular values"

x=null 0 1 00 01

O(x)= 1 2 3 4 6

x=000 001 010 011

O(x) 8 12 16 18

10 11

8 9

100

22

101 110 111

24 26 27

If x is the string XlX2 Xk and zi denotes the number of zeros in xl"’" x,,
then Lemma 1 implies that

O(x) 2 + Y x,3’-’2,+.
l<--_ik

LEMMA 2. Qx()= 3Q().
Proof. Directly from the above formula for Q(x) or by noting that if q is

counted in Q(), then q0, q 1 and q* will be counted in Qx(_).
Using p(x) to denote 2zk (where zk is the number of zeros in x), we have also

the following.
LEMMA 3. Q(x k)= Q(x.-1 k)+p(x k).
Proof. The only queries counted in Q() but not Q(x, 1) will be those

obtained by replacing an arbitrary subset of the zeros in x by *’s
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Now that we know quite a bit about O(q({0, 1})) for q O, we turn our
attention to Omi..

A lower bound for Omi.(x, k). The following inequality holds for Omi.(X, k),
the minimal number of queries Q(B,) for any Bi = {0, 1}k, IB, I- x"

Omin(X, k)=>min (2Omin(Xo, k- 1)q-Omin(Xl, k- l)),

where the minimum is taken over all pairs of nonnegative integers Xo, x such that
Xo+X x, Xo>-X, and Xo-<2k-x. To show this, let Bi contain Xo records starting
with a 0 and xl with a 1. Then Q(B,) must count at least 20.,in(Xo, k- 1) queries
beginning with a zero or a *, and at least Omin(Xl, k--1) which start with a 1.
(Nothing is lost by assuming Xo>-_xl.) For k 1, we have Omin(X, l) O(X-- 1 1),
by inspection.

Showing Q(B,) O,,i,(2k-w, k) if B, 2-’- 1 k. We will, in fact, prove the
stronger statement that O(B,)= Omi,(X + 1, k) if B, x :k, by induction on k.
Since O(x..: k) >- Omi.(x + 1, k) necessarily, with equality holding for k 1, as we
have seen, equality can be proved in general using our lower bound for Omin(X, k)
if we can show the following:

Qx)=<min (2Q(y k-l_)+Q(z" k- 1)),

where the minimum is taken over all pairs of nonnegative integers y, z such that
y + z + 1 x, y -> z and y =< 2-. By induction, the right-hand side of (1) is a lower
bound for Qmo(x + 1, k). The case in (1) of x y corresponding to x 0 in our
lower bound for Qmin(X, k) holds by Lemma 1 (b). To prove (1), we consider four
cases, according to the last bits of y and z.

Case 1. y:k-l=y’l,z:k-l=z’l, and x k=x’l. In this case, (1) is
true by Lemma 2, since we know by induction that Q(_)_-< 2Q()+ Q().

Case 2. y:k-l=y’0, z:k-l=z’l, and x k=x’O. If p(x’) 2p(y’),
then (1) is true since it is equivalent by Lemmas 2 and 3 to

3Q(x’- 1) + 2p(x’) _-< 6O(y’- 1) + 4p(y’) + 3Q(),

but we know by induction that Q(x’- 1) =< 2Q(y’- 1) + Q(z’). Otherwise if p(x’)
> 2p(y’), we use the fact that (1) says

3 Qx(_) p(x’) <- 6 Q(y’) 2p(y’) + 3 Q(L)

and we know that O(_) -< 2 O(y’__) + Q() by induction.
Case 3. y’k-l=y’l,z’k-1--z’0, andx’k=x’0. Dependingonthe

truth or falsity of p(x’)<-p(z’), we use induction and the fact that (1) is implied by
either

OI"

3Q(yj__)+2p(x’)<-6Q(y’)+3Q(z’- 1) + 2p(z’)

3 O(__) p(x’) <= 6Q() + 3 O(z’) p(z’).
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Case 4. y k-l =y’O, z k-l =z’O, and x k=x’l. If p(y’)<-_p(z’), we
use induction and the fact that (1) is implied by

3 Q(_) -< 6 Q(y’__)- 2p(y’) + 3Q(’- 1)+ 2p(z’).

Otherwise we use the fact that (1) is implied by

3O(_) _<- 6Q(y’- 1) + 4p(y’) + 3 Q(L)-p(z’).

This completes the proof that Q(x k)= Omin(X q- 1, k).
Showing Q(B,)= Qmin(2k-w, k) only if B, q({0, 1}k) for some q Qw. We

need only that (1) holds with equality for x--2k-w- 1 only if y z, since this
implies that Q(Bi) > Qmi,,(2k-’, k) if B, is not of the form q({0, 1}) for q Q. To
see this, let B, 0CLI 1D for C, D {0, 1}-1. Then note that if B, q({0, 1}) for
some q Q,, then either ICI > 0, IDI > 0, and 1CI IDI; or IcI- IDI but at least one
of C, D is not of the form q({0, 1}-1) for any q 6 Q_I.

Now x k 0’lk-. If y z, then (1) holds with equality by Lemma 1. To
show (1) holds with equality only if y= z, suppose y=2k-’-+t-1 and
z 2--- t- 1 for any t, 0 < < 2--1. Then (1) holding with strict inequality
says:

Q(O’I,-.)<2Q(y k- 1) + O(z ",k- 1)

or

O(Ol-w)<2Q(y" k-w)+O(z k-w)

or

O(01-) < O(y" k-w+ 1)+ O(z ".k......,w).

Subtracting 2-w- f}om both x and y, we get that (1) means

Q(01-w-1)< Q(t-1 k-w)+Q(2---t-1 k-w).

It is simpler to note that the general statement

Q(x k) < Q(t- 1" k) + Q(x k)

is always true; in fact, it is implied directly by (1), Lemma 1 .and the fact that
Q(x-t k) is always positive. This completes our proof that
Q(B,) -,min\t2k-, k) only if Bi-- q({O, 1}) for some q Qw, and also finishes our
proof of Theorem 2.

While Theorem 2 only counted queries in Q, the same result holds if we count
queries in Qs.

THEOREM 3. Let h and b be as in Theorem 1. Then As(h) is minimal for
0 < s < k if and only if each block B, is a q({0, 1}) for some q Qw.

This can’t be asserted in an "iff" manner for s 0 or s k, since Ao(h)= b
and A(h)--- 1 independent of h.

Theorem 3 can be proved in the same manner as Theorem 2. We note here
the differences, using Qs(Bi) and Qmin,s(X, k) to count queries in Qs rather than Q.
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LEMMA 4. (a) Qo) 1, ]or all x. (b) O (nullstring)=0 ]:or s _-> 1. (c)
Q(Ox)=Q()+Q_,(x), for s>-I and all x. (d) Q I)=Q(OllX!)+Q_,(x_), for
s >- 1 and all x.

( zk ), where zk denotes the number ofzeros inLEMMA 5. Qs(_x)- Qs(x 1)
k s

x and Ix l- k.
LEMMA 6. Q(xl) 2Qs-l(_X) + Qs(_x).
LEMMA 7. Qmin,s(x, k)-->min (Qmin,s(Xo, k-1)+Qmin,s(Xo, k-1)+ Qmin,s-l(Xl,

k 1)) where the minimum is taken over all pairs ofnonnegative integers Xo, xl, such
that Xo + xl x, Xo >= xl and Xo <-_ 2-1.

The proofs of these lemmas are omitted here (see [40]). The proof of
Theorem 2 then proceeds along the same lines as that of Theorem 1; with (1) being
replaced by

Os(x k)<-min(Os(y:k-1)+Os_l(y:k-1..)+Os_l(z k-l)).
We omit details hre of the proof, as it varies little from the proof of (1). The "only
if" portion of the proof is also similar, except that the inductive hypothesis has to
be applied more than once (for varying s values). Vi

Calculation of As(h). Now that Theorems 2 and 3 tell us what the optimal
balanced hash functions h:{0, 1}-{1, .., b 2w} are like, we can calaulate
As(h) easily, using the optimal h from Corollary 1 to Theorem 2 (using the first w
bits of x {0, 1} as the hash value). We get

() . 2w-i> bAmi,_k, w, s_ =As_h_
s o=<,=<s s

where the first sum considers the ways in which of the s specified bits fall in the
first w positions; when this happens 2w-i buckets must be searched. The inequality
is a special case of a mean value theorem [24, Thm. 59]. In fact, b 1-s/’ is a
reasonable approximation to As(h), as long as w is not too small.

A better approximation may be obtained by replacing the hypergeometric
probability

w w

by its approximation

Then we have

Amin(k, W, s) (7)(s/k)’(1-s/k)W-’2-\/

For example, when half of the bits are specified in a query (s k/2), we should
expect to look at (1.5) lists.



PARTIAL-MATCH RETRIEVAL ALGORITHMS 35

3.1.3. The optimal number of lists. In this section we use the results of the
last section to derive the optimal number of lists (buckets) in a hash-coding
partial-match retrieval scheme. We also give justification for the use of balanced
hash functions.

The basic result of the preceding section was that the optimal shape for a
block B is a "subcube" of {0, 1}; that is, B q({0, 1}) for some partial-match
query q, under the assumption that each partial-match query is equally likely. Let
us now assume that each record r 6 Z is equally likely to appear in F (equival-
ently, every file F of a given size is equally likely). In this case, the expected length
of a list L is just IF[. [BI" 2-.

We use the following simple model for the true retrieval cost (rather than just
counting the number of lists searched): c seconds are required to access each list
L, and p seconds are required to read each record in L. The total time to search L,
is then c + PlLI. Suppose B q({0, 1}) for some q 6 Q. The average expected
time per partial-matc,h query spent searching list L is then just

E(( / 01L, I) (2w3-w) 3-) (c + 01FI-IBiI" 2-) (2/3)w,
since there are 2w3-w queries which must examine L out of 3 possible queries,
and (ElL, I) -IFI IB, I" 2 To minimize the total average cost (the above summed
over lists L), it is sufficient to minimize the cost per element of {0, 1 }". Dividing the
above by IB, I- 2-w, we want to minimize

(2/3)w2-[c 2 + olfl]-
Taking the derivative with respect to w, setting the result to zero and solving for w,
we get that the total expected cost per query is minimized when

w log (-0lfl In (2/3)) log2 (ce-lplfl 1.408).
In (4/3)

(The second derivative is positive, so this is a minimum.)
For example, if p=.001, a =.05, Ifl 10 and k =40, then the optimal

hashing scheme would have w 15, so that 25 32,768 buckets would be used.
The average time per query turns out to be about 6.5 seconds.

Note that th’e optimal choice of w does not depend on k, due to the fact that
the probability (2/3) of examining L when IB, I- 2-w does not depend on k.
Since our above analysis only considered a single arbitrary bucket, all buckets
should have the same optimal size determined above. That is, the hash function
should be balanced.

3.2. Minimizing the worst-case number of lists searched. The worst-case
behavior of the hash function of Corollary 1 is obviously poor; if none of the
specified bits occur in the first w positions, then every list must be searched. In this
section we find that other optimal average-time hash functions exist which have
much improved worst-case behavior, often approximately equal to the average
behavior. We also consider a simpler strategy involving storing each record in
several lists.

To obtain good worst-case behavior Ws(h) for h {0, 1} {1,’’’, b 2w},
the hash function h(x) must depend on all of the bits of x, so that each specified bit
contributes approximately equally and independently towards decreasing the
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number of lists searched. We shall also restrict our attention to balanced hash
functions satisfying the conditions of Theorems 2 and 3 so that optimal average
time behavior is ensured. While we have no proof that these block shapes are
necessary for optimal worst-case behavior, the fact that Ws(h) is bounded below
by As(h) makes it desirable to keep As(h) minimal.

3.2.1. An example. Let us consider, by way of introduction, an example with
k 4, w 3. The following table describes an interesting hash function h; row
describes the query qO3 such that B,=q({0, 1}4). Thus h(0110)=6 and
h(1110) 4, each x {0, 1}4 is stored in a unique bucket. (This function was first
pointed out to the author by Donald E. Knuth.)

TABLE
A hashfunction h {0, 1}4 1," , 8}

Bucket
address

Bit position
2 3 4

0 0 * 0
0 0

0 0
* 0

5 *
6 0 *
7 * 0
8 0 * 0

This can be interpreted as a perfect matching on the Boolean 4-cube, as
indicated in Fig. 1, since each block contains two adjacent points and distinct
blocks are disjoint. In general, we have the problem of packing {0, 1} with
disjoint (k w)-dimensional subspaces.

Whereas the hash function of Corollary 1 would have all its *’s in the fourth
column, here the *’s are divided equally among the four columns. As a result, we
have Wl(h) 5 instead of 8. For example, we need only examine buckets 1,4, 5, 6
and 7 for the query ** 1 *. Table 2 lists Ws (h) and [As(h) for 0 -< s =< 4; we see that
we have reduced Ws(h) so that Ws(h) [As(h)] no further reduction is possible.

0110 0111

0100

0011

0000 0001
FIG. 1. Aperfectmatchingon{O, 1}
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TABLE 2

W(h)andA(h)

0 2 3 4

W.(h) 8 5 3 2

[a(h)] 8 5 3 2

3.2.2. Definition oi ABD’s. Let us call a table such as Table 1 an "associative
block design of type (k, w)", or an ABD(k, w) for short. To be precise, an
ABD(k, w) is a table with b 2 rows and k columns with entriesrom {0, 1, *} such
that k > w and

(i) each row has w digits and k-w *’s,
(ii) the rows represent disjoint subsets of {0, 1}. That is, given any two rows,

there exists a column in which they contain differing digits.
(iii) each column contains the same number b (k- w)/k of *’s.
Conditions (i) and (ii) ensure that A(h) is minimal, by Theorem 3, since each

row of the table represents a partial-match query in Qw by condition (i), and by (ii)
the corresponding sets q({0, 1}k) ,are disjoint.

Condition (iii) attempts to restrict the class of ABD’s to those hash functions
with good worst-case behavior Ws(h) by requiring a certain amount of uniformity
in the utilization of each record bit by h. In fact, (iii) implies that Wl(h) is minimal
by (i) of Theorem 4, to follow. More stringent uniformity conditions are conceiva-
ble, perhaps involving the distribution of t-tuples within each t-subset of columns,
but (iii) alone is enough to make the construction of ABD’s a difficult combinator-
ial problem, comparable to the construction of balanced block designs (see [9]).
Furthermore, with the exception of a construction due to Preparata based on
BCH codes for the case w k- 1, the existence of ABD’s of arbitrary size does
not seem to be answered by any previous results of combinatorial design theory.
(See [40], [41], however, for an interpretation of ABD’s as a special case of
group-divisible incomplete block designs, defined in [5].)

3.2.3. Characteristics of ABD’s. The following lemma gives some additional
characteristics of ABD’s that are implied by the definition.

THEOREM 4. An ABD(k, w)
(i) has exactly b w/2k O’s (or l’s) in each column,

(ii) has rows which agree in exactly u positions with any given record
u

re{0, 1}, ]’or any u, O <-_ u <- w,
(iii) is such that

or equivalently,

w2b-i"
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Proo’. (i) There are as many records in {0, 1}k having a 0 in a given column as
there are having a 1. A row of the ABD containing a * in that column represents a
block B containing an equal number of each type. Rows containing a digit in that
column represent blocks containing 2k-w records of that type.

(ii) Let a, denote the number of rows in the ABD which agree in exactly u
positions with the given record r. We have that au is nonzero only if 0_-< u-< w,
since any row of the ABD contains w digits (*’s don’t "agree" with digits). Also
ao 1, since the complement of r is stored in a unique list. Furthermore,

a, 2. a,
It O<=v<u bl

since of the (k) records that agree with r in u positions,
U

O<_v<u bl U

are accounted for by rows which agree with r in v positions, for some v < u (by
replacing u-v of the k-w stars in that row by digits which agree with r, and the
other k-w-u + v stars by digits complementary to r). Each record remaining
must be in a separate list, since a row agreeing with r in u places can represent at
most one record agreeing with r in u places, and any row agreeing with r in more

than u places can represent none. The formula a is the solution to the
u

above recurrence.
(iii) Between each pair of rows in the ABD there must be at least one column

they contain differing digits. There must be at least () such row-row-in which

column differences. On the .other hand, each column can contribute at most
(bw/2k) such differences by (i) of this theorem.

Parts (i) and (iii) of the above theorem can be used to restrict the search for
ABD’s. Note that (i) implies that bw/2k must be integral, so that no ABD(5, 4)’s
exist, for example. Part (iii) implies that to achieve large (record length)/(list index
length) ratios k/w, we must let w grow to at least 2k/w, approximately. For k _-< 20
the above restrictions imply that the ABD(k, w)’s could only exist for the
following (k, w) pairs:

(4, 3), (8, w) for 4 -< w _-< 7,

(10, 5), (12, 6), (12, 9)

(14, 7) (16, w) for 6 <_- w <- 15,

(18, 3t) for 2=<t-<5, (20, 10), (20, 15).



PARTIAL-MATCH RETRIEVAL ALGORITHMS 39

By an extension of the reasoning used to show (iii), an ABD(8, 4) has been shown
not to exist, so that an ABD(8, 5) would be the next possible size after our
ABD(8, 4) of 3.2.1 for which existence is possible. To date, the existence of an
ABD(8, 5) has not been settled; ABD(8, 6)’s and ABD(8, 7)’s are shown to exist
in the following section.

3.2.4. ABD construction techniques. We present here several direct con-
struction techniques which provide infinite classes of ABD’s. The general ques-
tion of the existence of an ABD of arbitrary type (k, w) seems to be extremely
difficult; the positive nature of the very partial results obtained here suggests,
however, that ABD’s are not scarce.

We first present a simple infinite class of ABD’s. The construction here is due
to Ronald Graham. Franco Preparata has discovered another construction for a
class of the same parameters, based on cyclic BCH erro-correcting codes [38].

TI-IEOREM 5. An ABD(2’, 2’ 1) exists ]:or >-_ 2.
Proof. We exten,d our notation for an ABD; a row containing r "-" ’s will

represent 2 rows of the actual ABD obtained by independently replacing each-
with a 0 or 1. The construction has two parts"

(i) Rows 1 to + 1 have -’s in positions + 2 to k. Row for 1 _-< =< + 1 has
its star in column i, the remaining columns contain digits. (For example, columns 1
to + 1 of these rows might contain cyclic shifts of * 10’-1.)

(ii) Row for + 2 -< _-< 2k t- 1 contains digits in columns 1 to + 1, a * in
column + 1 + [(i- t)/2], and -’s elsewhere. The digits used are arbitrary except
they must satisfy part (ii) of the ABD definition. It is easy to check that this is an
ABD. V1

We present in Table 3 an ABD(8, 7)(t 3) constructed this way.

2
3
4
5
6
7
8
9

10
11
12

TABLE 3
An ABD(8, 7)

2 3 4 5 6 7 8

* 0 0
0 * 0
0 0 *

0 0 *
0 0 0 0 *
0 0 *
0 *

0 0 *
0 *

0 *
0 *

*

Graham has also constructed an ABD(16, 13) with a similar two-part
method. This design is given in Table 4.
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TABLE 4
An ABD(16, 13)

* 0001 * *
*0101 * *
*0111
1" 000
1"010
1"011"
01"00 * *
01"01
11"01
001"0
101"0
111"0"*
0001" * *
0101"
0111"
00000
11111

The ABD’s of Theorem 5, while interesting as a solution to a combinatorial
problem, are essentially useless as hash functions since the number of buckets is
unacceptably large. We wish to have ABD’s such that the ratio k/w does not tend
to 1. The following theorem does just that.

THF.ORFM 6. Given an ABD(k, w) and an ABD(k’, w’) such that k/w
k’/w’, one can construct an ABD(k + k’, w + w’).

Proof. For each possible pair of rows (R1, R2) with R1 ABD(k, w),
ABD(k’, w’), let the concatenation RR be a row of the ABD(k + k’, w + w’).
This is easily shown to be a legal ABD. VI

We can now form an ABD(8, 6) or an ABD(12, 9) from the design of Table 1.
Table 5 gives the ABD(8, 6) so constructed.

TABLE 5
An ABD(8, 6)

12345678 12345678 12345678 12345678

00"000"0
00"0100"
00"0"100
00"01"10
00"011"1
00"0011"
00"0"011
00"00"01
100"00"0

17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32

101 100"100"
111 100"’100
121 100"1"10
131 100"11"1
141 100"011"
151 100"*011
161 100"0"01

*10000"0
*100100"
*100"100
*1001"10
*10011"1
*100011*
"100"011
"1000"01
1"1000"0
1"10100"
1"10"100
1"101"10
1"1011"1
1"10011"
1"10"011
1"100"01

331 11"100"0
34] 11"1100"
351 11"1"100
361 11"11"10
371 11"111"1
381 11"1011"
391 11"1"011
40
41
42
43
44
45
46
47
48

11"10"01
011"00"0
011"100"
011"’100
011"1"10
011"11"1
011"011"
011"*011
011"0"01

49
50
51
52
53
54
55
56
57
58
59
6O
61

*01100"0
*011100*
*011"100
*0111"10
*01111"1
*011011"
*011"011
*0110"01
0"0100"0
0"01100"
0"01"100
0"011"10
0"0111"1

621 0"01011"
631 0"01"011
641 0"010"01
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Theorem 5 allows us to construct an infinite family of ABD’s of type (4t, 3t),
for -> 1, using the ABD of Table 1. This is approaching utility (an ABD(16, 12) is
conceivably useful, say) but we need "starting" designs with large kw to obtain a
family with large k/w. On the other hand, we know by Theorem 4 (iii) that designs
with large kw must have k at least 2(k/w) approximately. Unfortunately, these
tables get rapidly unmanageable by hand. Computer searches for an ABD(8, 5) or
an ABD(10, 5) also ran out of time before finding any. The question as to whether
ABD(k, w)’s existed with k/w >4/3 thus remained open until the following
theorem, showing that k/w can be arbitrarily large, was discovered.

THEOREM 7. Given an ABD(k, w) and an ABD(k’, w’) one can construct an
ABD(kk’, ww’).

Proof. Each row R of the first ABD generates 2w(w’-l) rows of the resultant
ABD, as follows. The set of rows of the ABD(k’, w’) is arbitrarily divided into
equal-sized subsets, Ao and A1. Each character x of R is replaced by a string of k’
characters" if x *, x is replaced by .k,, otherwise x is replaced by some row in Ax.
The w digits of R are replaced independently in all possible ways by rows from the
corresponding sets Ao and A1.

This generates a table with 2ww’ rows of length kk’, each row having
(k w)k’ + w(k’- w’) kk’- ww’ *’s. Any two rows of the resultant ABD must
contain differing digits in at least one column, since rows replacing differing digits
must differ, or if the two rows were generated from the same row of the first
design, then one of the digits replaced will have been replaced by two (differing)
rows from the second ABD. The number of *’s in each column turns out to be
2wW’(kk’-ww’)/kk’,asrequired, sothatwehavecreatedanABD(kk ’, ww’). [

The theorem allows us to form ABD’s with arbitrarily large ratios k/w. For
example, we can now construct an ABD(16, 9) or an ABD(64, 27) (in general, an
ABD(4’, 3’) for t_>l) from the ABD(4, 3) of Table 1. The following table
illustrates the rows generated for an ABD(16, 9).

TABLE 6

Rowsofan ABD(16, 9)

00*00ff 000 0"" 00 0
00"000"0"*** 100"
00"000"0"**** 100
00"000"0"*** 1" 10
00"0100"****00"0

100" 11" 100"000"0"***
11" 100"0" 100"***
11" 100"01 * 10"***

0"01 00"0"***00"011"
00"0"***00"0011"
00"0"***00"0"011

ABD(4, 3) rows ABD(16, 9) rows
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The preceding theorem allows us to construct an ABD(4’, 3’) for 1, for
example, from our ABD(4, 3). While this does provide large k/w designs, they are
quite likely not the smallest designs for the given ratio, since by Theorem 4 (iii) we
might hope to have w grow linearly with (k/w), whereas here it grows like
(k/W IO94/3(3) > (k/W)4 At present, however, it is our only way of constructing large
k/w designs.

3.2.5. Analysis of ABD search times. Let us examine the worst-case number
of lists examined Ws(h) for hash functions associated with the ABD’s of the last
section.

Consider first the hash function h associated with an ABD(k + k’, w + w’)
which was created by the concatenation (Theorem 6) of an ABD(k, w) and an
ABD(k’, w’) (with associated hash functions g and g’, respectively). Then

Ws(h) max W.(g). Wo(g’)

for 0_-<s _-< k + k’, 0 <- u =< k, 0-< v -< k’. For example, the ABD(8, 6) created from
two of our ABD(4, 3)’s has Ws(h) as in Table 7.

TABLE 7
Performance o[an ABD(8, 6)

Ws(h)
[A.(h)l

0 2 3 4 5 6 7 8

64 40 25 16 10 6 4 2
64 40 25 15 9 6 4 2

Also shown are the values of [As(h)], which is a lower bound for Ws(h). The
ABD(8, 6) is seen to do nearly as well as possible. The exact asymptotics for the
worst-case behavior of the repeated concatenation of an ABD with itself are quite
simple to figure out for given values of k and w. Suppose we concatenate an
ABD(k, w) with worst-case behavior Ws(g) with itself m times, yielding an
ABD(mk, row). Consider a partial match query q Os. Let y, be the number of
k-column blocks which have exactly specified bits, for 0 <= <= k, so that

y,=m and iy,=s.
Oi--k Oik

We also have, of course, the condition that

yiO for Oik.

The worst-case behavior Ws(h) of the resultant ABD(mk, row) is defined by

Ws(h) max 1--I
OiNk

where the maximum is taken over all sets of integers yo, , yk satisfying the three
conditions on the y,’s given above.

Let W’s(h)= log Ws(h) for any h and for all s, so that

W’s(h) max Z W(g) y,,
Oik
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yielding an integer programming problem in (k + 1)-dimensional space. Since we
desire the asymptotic behavior as m --> oo, the solution to the corresponding linear
programming problem, in which each y, is replaced by the corresponding fraction
x, yi/m, will give us the asymptotic behavior. The problem to be solved is thus"

subject to

maximize W’s(h)= W(g)x,,
Oi<k

ix,=s/m,

xi>-0 for 0-<i-k.

We must have at least k- 1 of the x,’s equal to zero in the optimal solution, since
there are only k + 3 constraints for this problem in k + 1 dimensions. Let x and xj
be the two nonzero values, with < ]. If W’s(g) is a concave function, we have

Ls/m] - 1

and
W’s(h) W;(g)(j s/m)/(j- i) + W(g)(s/m i)/(j- i).

This is the general solution. When s/m is a multiple of 1/k, then only xk/,, is
nonzero, equal to one. This solution does not apply when W’(g) is not concave.
(For example, W’s(g) for our ABD(4, 3) is not quite concave, since W3(g)-- 2 is a
little too large. This convexity is the cause of the discrepancies of Table 4.) One
can show, by a combinatorial argument, that if W(g)- A(k, w, s) for 0=< s =< k,
then W,(h) A(mk, row, s) forO<=s<=mk as well. Thus concatenation of ABD’s
can be expected to preserve near-optimal worst-case behavior.

The behavior of an ABD constructed by insertion is more difficult to work
out. It seems the worst case here occurs when the specified bits occur together in
blocks corresponding to the digits of the first ABD (of type (k, w)) used in the
construction.

Under this assumption (for which I have no proof) the worst-case behavior of
an ABD(16, 9) created from two of our ABD(4, 3)’s can be calculated to be as
given in Table 8.

TABLE 8

Performance ofan ABD(16, 9)

W(h)
[A(h)]

W.(h)
pAx(h)]

0 2 3 4 5 6 7 8

512 368 272 224 176 1.16 76 56 36
512 368 263 186 131 91 63 43 30

9 10 11 12 13 14 15 16

33 24 16 8 5 3 2
20 14 9 6 4 3 2
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We see that while Ws(h) approximates As(h) reasonably well, performance
has been degraded somewhat. We conjecture that better ABD(16, 9)’s exist. (It is
a situation reminiscent of the fact that recursive or systematic constructions of
error-correcting codes tend not to work as well as a random code.) An exhaustive
search by computer for better designs appears to be infeasible, so that a better
construction method is needed. (A sophisticated backtracking procedure was
unable to determine whether an ABD(8, 5) exists or not, using one hour of
computer time.)

While it is not too difficult to calculate Ws(h) for small ABD’s constructed by
insertion (assuming that our conjecture about the nature of the worst case is
correct), the asymptotic analysis seems difficult. In any case, the ABD’s so
constructed yield large k/w designs with significantly improved Ws(h).

3.2.6. Irregular ABD’s. The difficulty of constructing ABD’s leads one to
attempt simpler, less tightly constrained hash functions. Such ad hoc hash
functions are easy to construct for small values of k and w. For example, consider
the case k 3, w 2 (which does not satisfy the divisibility constraint of Theorem
4, so that an ABD(3, 2) can not exist). The "design" in Table 9 yields reasonably
good worst-case performance.

TABLE 9
An "irregular" (3, 2) design

2 3

0 0 *
2 * 0
3 *
4 0 0

0

Here bucket 4 contains both records 010 and 101. This hash function has
worst-case behavior as in Table 10.

TABLE 10
Behavior ofthe previous design

s 0 2 3

W,(h) 4 3 2

Concatenating this function with itself will yield larger "designs" having a k/w
ratio of 3/2 and having good worst-case retrieval times. Another "design" yields a
k/w ratio of 2 (Table 11).

TABLE 11
An "irregular" (4, 2) design

2 3 4

0 0 * *

2 * * 0
3 *

0 *
4 * 0

0 0 *

The above hash function has worst-case behavior shown in Table 12.
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TABLE 12

Behavior o[the irregular (4, 2) design

s 0 2 3 4

Ws(h) 4 4 3 2

3.2.7. Conclusions on ABD’s. Associative designs minimize the average
retrieval time for partial-match queries, since the blocks have the optimal shape
specified in Theorems 2 and 3. In addition, they reduce greatly the worst-case
retrieval time, often nearly to the average time. While the recursive or iterative
nature of our ABD construction techniques lends itself to simple implementation,
the complexity of the hash function computation may be such that using ABD’s is
justified only when the file is stored on slow secondary storage devices.

In summary, ABD’s can be used to minimize the worst-case performance of
hashing algorithms with no increase in either the average retrieval time of the
amount of storage used.

3.3. Benefits of storage redundancy. The perhaps difficult problems involved
in constructing an ABD for a particular application can be circumvented if the
user can afford a moderate amount of storage redundancy to achieve good
worst-case behavior. By moderate ! really mean moderatemthe redundancy
factor is not subject to combinatorial explosion as in the designs of Ghosh et al.
Furthermore, both the worst-case and average behavior is even slightly improved
over the designs of 3.1 and the ABD’s of 3.2.

The technique is actually quite simple, and will be illustrated by an example.
Suppose we have a file of 230 100-bit records (that is, each record consists of 100
one-bit keys). The method of the previous section would have required the
construction of an ABD(100, w), for w near 20ma difficult task. Let us instead
simply create five (- 100/20) independent filing systems, and let each record be
filed once in each system. Each bucket system will have 220 lists. The first system
will use the first 20 bits of each record as its list index, the second system will use
the second 20 bits of the record, and so on.

Now suppose we have a query q 05. At least one of the five systems will have
at least s/5 bits specified for its list indexmso we can use this system to retrieve the
desired records. The number of buckets searched is not more than 22-rs/51.

In general, if b 2 is the number of buckets per system, and we have k-bit
records to store (records with nonbinary keys can, of course, always be encoded
into binary), we will establish rn k/w distinct bucket systems, divide the record
into m w-bit fields, and use each field as a bucket address in one of the systems.

The worst-case behavior of this scheme follows a strict geometric inequality:

This surpasses even the best achievable average behavior of hash functions with
no storage redundancy, although not by very much. If half of the bits are given in a
query (i.e., s k/2), then at most sqrt(b)= 2/2 buckets need be searched. The
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average behavior of this scheme is difficult to compute, but it seems likely that it
will approach the worst-case behavior, especially if w is large.

The above idea can be generalized further. Instead of taking each of the m
subfields of the record and using it directly as an address, one can treat each
subfield as a record and use an ABD(k/m, w) or some other method (such as the
trie algorithm of 4) to calculate an address from each subfield. The efficiency of
this composite method will, of course, depend on the efficiency of the methods
chosen for each subfield.

4. Trie algorithms for partial-match queries. The results of 3, that an
optimal block shape for a hashing algorithm for partial-match retrieval is a
"subcube" of y_.k, suggests using tries as an alternative data structure. Since the set
of records stored in each subtrie of a trie is a subcube of Ek, recursively split into
smaller subcubes at each level, tries might perform as efficiently as the optimal
hash functions of the preceding section.

4.1. Definition of tries. Tries were introduced by Rene de la Briandais [11],
and were further elaborated on by E. Fredkin 15], D. E. Knuth [28, 6.3], and G.
Gwehenberger [23].

A trie stores records at its leaves (external nodes). Each internal node at level
(the root is at level 1) specifies an ]Z]-way branch based on the ith character of the

word being stored. As an example, consider the file

F= {000, 00 ,  00,  0a,

of three-bit binary words (that is, Y {0, 1}). They would be stored in a trie shown
in Fig. 2. Here a left branch is taken when the corresponding bit is zero; a right
branch is taken otherwise. A record is stored as a leaf as soon as it is the only
record in its subtree; this reduces the average path length from the the root to a
leaf in a random binary trie from k to about log21FI (see [28, 6.3]).

FIG. 2. A trie
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A link to an empty subtree, such as that for records of type 01" in the figure, is
indicated by the null link "-". Useless internal nodes having but one nonnull link
can be eliminated by storing at each internal node the character position on which
to branch. This refinement, introduced by D. R. Morrison [33], shall not be
pursued further here. Knuth has shown that the number of internal nodes will be
roughly IF]/(ln 2) 1.441Fl, if k >>loglFI, for random binary tries; here the
number of such useless nodes will not be excessive.

4.2. Searching tries. Given a partial match query q (q,..., q), where
qe(EU{"*"}) for l<-iNk, and a trie T with root node N, the following
procedure prints all records in T satisfying q. The initial call has the argument level
equal to one. If M is an internal node of T, the M denotes the root of the subtree
corresponding to the character c e E, or null if no such subtree exists.

Procedure Triesearch (N, q, level);
begin
if N is a leaf containing record r then

begin if r satisfies q then print (r) end
else if qevel

,,i,, then
begin if N, null then Triesearch (Nqe, q, level + 1) end

else for c E do
if N # null then Triesearch (N, q, level + 1)

end Triesearch

4.3. Analysis of Triesearch. We will restrict our attention to binary tries in
this section; the analysis for general IEI-ary tries would be similar. Since for
nonbinary alphabets, record r could be encoded in binary by concatenating binary
representations of each character r, (for l_-<iN k), this entails no real loss in
generality; binary tries can be used to store arbitrary data. In fact, Theorem 1
suggests that this might be even a good idea, since we could then branch on the first
bit of the representation of each character of r before branching on the second bit
of each, and thus obtain record-spaces for each subtree more closely in agreement
with Theorem 1. Bentley [3] has examined a similar approach in more detail; we
shall not pursue it further here.

Our cost measure c(n, s, k) shall be the average number of internal and
external nodes examined by Triesearch to respond to a partial match query q e O,
given that the trie contains n k-bit records.

Consider an arbitrary node M at level w + 1 in a trie. There are at most 2
nodes at this level. Let m m denote the common prefix of the records in the
subtree with root M; the bits ml m specify which w branches to take to get
from the root of the trie to M. Finally, let p(n, w, k) denote the probability that in a
random trie there is a node M at level w + 1 with prefix m".mw (this is
independent of the actual values of m.-. m if each n-record file F is equally
likely). Note that there will be such a node if and only if the number of records with
prefix m... m is not zero and the number with prefix m... m_ is not one.
Thus - 2t,-’+l). 2,,_w]
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Assuming that n << 2k, we may approximate the latter two terms by the probability
of having zero (resp., one) success in 2k-w (resp., 2-w+l) trials, where the
probability of success is n2-. Using the Poisson approximation to the binomial
distribution, we have

p(n, w, k)- 1-exp (-n2-)- n2 exp (-n2-+).
This expression is independent of k, as we might expect, since once enough bits of
a record are known to distinguish it, it is stored as a leaf in the trie, independent of
the total record length. The function p(n, w, k) is very nearly a step function; it is
approximately 1 for w < log2 (n), going very quickly to 0 for w > log2 (n), passing
the value 1/2 at (log2 (n)-.0093), approximately.

Thus probability that a node M at level w + 1 will be examined for a partial
match query q 6 Os is just Ami.(k, w, s), where Ami.(k, w, s) is the function defined
in 3.12. Since there are 2 nodes at level w + 1 in a complete binary tree, we get
that the total expected cost of Triesearch is

1+ Z p(n, w, k) Amo(k, w, s).
l=wk

(1-exp(-n2-)-n2 exp(-n2-W+))(2-s/k)w.
lwk

Substituting w log2 (n)+ z, we get that the above is equivalent to

--Iog2(n) N --Iog2(n)

(1-exp (-2-z)-2 exp (-21-))(2-s/k)

For z<--l, p(nlog2(n)+z,k)>-.82, so the sum for negative z is
ck(k-s)-(2-s/k)g2(" for some c, .82_-<c_-< 1.00. For z =>0, the sum is max-
imized when s/k 0. However, even in this case the sum is not more than 1.54
(2-s/k)’g2(", by numerical calculation, so that the total cost of the algorithm is
approximately

ck(k s)-(2 s/k)1",

where the constant c of proportionality is less than 2.54.

4.4. Conclusions on tries. Tries are roughly as efficient as the optimal hashing
algorithms for random data for which the number of lists used is IFI. For the usual
situation involving highly nonrandom data, tries are probably the best practical
choice, since the tries will store any data efficiently, whereas a hashing algorithm
which selects record bits to use as a list index might result in a large number of
empty lists and a few very long lists. For nonrandom data, an interesting problem
arises if the branching decision may be made on any of the untested bits; we wish
to choose the bit on which to split the subtile that will yield the best behavior.
(Note that it is the most unbalanced tries which perform best.) For this modifica-
tion, it may also be possible to take into consideration the probability that any
given bit may be queried.

$. Conclusions. The hashing and trie-search algorithms presented perform
more efficiently than any previously published partial-match search algorithms.
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Retrieving from a file of n k-bit words all words that match a query with s bits
specified takes approximately nig2(2-s/k time, a little more than n 1-s/k, our conjec-
tured lower bound on the time required by any algorithm. The main open
problems are the proof or disproof of this conjecture, the existence questions for
ABD’s of general parameters, and the generalization of the results of this paper to
handle nonrandom data with nonuniform query distribution probabilities.
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MACHINE SELECTION OF ELEMENTS IN CROSSWORD PUZZLES:
AN APPLICATION OF COMPUTATIONAL LINGUISTICS*

LAWRENCE J. MAZLACK"

Abstract. This paper reports on the construction of a crossword puzzle generator. After an un-
successful attempt to construct puzzles by whole word insertion, puzzles were constructed letter by
letter. Heuristically determined decision structure was required. The constructor resolved questions
of letter selection, ordering and reordering of the solution sequence, dictionary structure and access,
and decision path selection. The decision basis for letter selection was based on a pseudo-probabilistic
approach.

Key words, crossword puzzles, computational linguistics, heuristic symbolic processing, artificial
intelligence, nonhuman solution method

1. Introduction. The widespread use of computers is a recent phenomenon.
Most machines are essentially used as glorified adding machines. However,
computers are also capable of being symbol manipulators, and this is emerging
as one of the most interesting areas of computer study. Within symbol manipula-
tion, the area of text processing is one of the greatest interest. An application of
text processing that has not been examined in any detail is the special problem of
crossword puzzle construction. Crossword puzzles are presently in nearly every
newspaper in the country, with widely varying levels of complexity. On the level
of symbol manipulation alone, computer construction of crossword puzzles is
an interesting problem.

However, it would also seem to be fair to assert that the construction and
solution of crossword puzzles is an activity requiring direction and some degree
of intelligence. On this basis, an investigation into if and how computers go about
constructing crossword puzzles is a worthwhile endeavor as it can provide us
with clearly defined problem results and hints with regard to the question of the
nature of machine intelligence and its potential.

Additionally, the problems and insights that arise in the construction of
crossword puzzles and double-crostics has a relationship to mechanical language
translation [1] and to a knowledge of the patterns that are examined in linguistic
analysis, both on a micro and on a macro basis.

There are really two different problem areas related to crossword puzzles.
The problem that confronts most people is the completion of a puzzle from a list
of clues. However, before this problem can occur, the puzzle must be laid out by
a puzzle builder.

This paper addresses itselfto the development ofcomputer oriented techniques
for the initial building of crossword puzzles. The most directly applicable methods
of rapid puzzle construction were investigated.

The techniques described in this paper center around a mechanism, called a
puzzle constructor, which seeks to build a crossword puzzle within a construction
called a puzzle matrix. This mechanism uses a combination of heuristic rules and
applied probability. The constructor will only produce a filled in crossword

* Received by the editors August 5, 1974, and in revised form February 27, 1975.
? Department of. Computing and Information Science, University of Guelph, Guelph, Ontario,

Canada.
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puzzle. It will not generate clues or definitions. Clue generation is an art form in
itself, and the criteria involved are of a literary nature.

The initial input to the puzzle constructor is a crossword puzzle matrix of
blanks and null spaces with one or more initial words loaded into the puzzle to
initiate the constructor, as in Fig. 1.

FIG. 1. Initial puzzle entryform

The purpose of the initial word is to provide a starting point for the constructor
much like the initiating number in a random number routine. Any word of the
appropriate length may be inserted. The initial word may or may not completely
fill a given word space. More than one initial word may be used.

The puzzle shape to be solved can be of any form. For example, it could be
Christmas tree shaped for use during the Christmas season.

A dictionary of words to be potentially used was developed. Words that were
not in the dictionary being used were considered to be illegal. A dictionary is
defined as the listing of all the words eligible to be used as entries into the puzzle.
In a published dictionary these would be the lexes, or the words that the dictionary
entries define.

A dictionary is a large thing to handle. In the dictionary’s machine readable
form, it must not consume too much space. Dictionary format, storage and search
proved to be a major area of evaluation and development. The constructor ap-
proaches explored were not algorithmic approaches. An algorithmic approach
guarantees a solution, if there is one. The puzzle constructor follows a set of
heuristics to attain a solution. Heuristics may be thought of as shortcuts, or as rule
of thumb approaches. They are used to provide a speedy solution. Complete
enumeration, i.e., successively inserting all possible word combinations, would be
an algorithmic approach to puzzle building. However, such an approach would
require an excessive amount of machine time.

The consideration of the constructor’s solution strategy is different from
puzzle constructor heuristics. The solution strategy of the constructor must
produce a basic approach to the problem. The heuristics take that approach and
apply it in a way that will produce a problem solution.

The constructor was to run on an IBM 360/50 in 212K or less. (212K was
the maximum storage available.) An increase in storage would allow a larger core
resident dictionary. Likewise, a decrease in storage would decrease the maximum
dictionary size that could be core resident. In addition, cards and magnetic tape
were the only storage media available other than the CPU core itself. An extremely
severe restriction was the nonavailability of disk storage.

2. Previous and related work. The subject matter of this paper is largely
unexplored. Mention of one previous constructor has been found [2]. This
program had few points of intersection between words and was solved by complete
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enumeration. Additionally, one simple double-crostic solver 1] and one common
puzzle solver [3] were found.

With these exceptions, no other algorithms were discovered. However, it
does seem plausible tlaat someone had previously developed a trivial exhaustive
iterative solution.

This topic does not immediately drop into any single category. Many of
the techniques used come out of text processing, while the strategies and heuristics
relate to some of the topics in artificial intelligence. Quantitative linguistics
generally deals with the meaningful relationship between words and word groups
[4]. Of course this is not uniformly true; people like Herdan [5] and Dewey [6]
have dealt extensively with phonology as well as with word relationships. None-
theless, most work in the linguistics area that appeared to be potentially beneficial
tended to be either an analysis of existing texts [7], or an abstracting into trans-
formation analysis [8_, [9]. The use of the latter type of analysis would appear
to be similar to dealing with a theorem prover like that of Newell, Shaw and
Simon [10]. There are/reas of common concern. Techniques used in language
translation [11] were used in the final puzzle constructor.

The strategy followed by the puzzle constructor is abstract in the same sense
as Jacobs’ PERCY [12] was, in that decisions are made without exploring the
course of actions involved in executing these decisions. Instead of fully examining
the implications of any decisions, a set of goals intermediate to the principal task
are evaluated. Another point of similarity is that a strategy component evaluates
and selects goals while other components take responsibility for decision execution.

Many of the techniques eventually used in the problem resolution have a
direct relationship to game programs. For example, Shannon’s [13] concept of
node evaluation, also later applied by Samuel [14], was used in the precedence
ordering of the puzzle constructor. However, their tree search strategies were
not applied. Instead, the process was more like Slagel’s [15] calculus problem
solver.

The techniques used in this work take maximum advantage of previous
approaches to other problems. However, there was little direct application as the
construction of crossword puzzles is an endeavor largely divorced from previous
work.

3. Significant problem areas.
3.1. General considerations. There are several major interconnected problems.

They are dictionary form and compaction, dictionary search techniques, word
construction techniques, solution strategy and overall puzzle constructor heuristics.
This paper will concentrate on word construction techniques and on solution
strategy.

By dictionary compaction, it is meant the compression of a dictionary of
words to be used in the construction of the crossword puzzles into a readily
machine-storable form.

Dictionary search techniques refer to the methodology by which a given word
dictionary is examined to return an answer to a query. The query may be of
several forms. It might ask if a word is in the dictionary. It might ask for the return
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of a word of a specified nature, for example, a word of six characters with the last
letter being an "A".

3.2. Constructor strategymWhole word vs. letter by letter. Initially, the
constructor was designed to fit whole words into a given word space, which is
apparently the method used by human puzzle constructors. This technique (not
considered herein) was eventually set aside as it amounted to a solution by com-
plete enumeration. In addition, this method was highly time and space consumptive.

3.3. Dictionary form, search and compaction techniques. It is not really
possible to solve any of the crossword puzzle constructor problem areas by itself.
Dictionary search and compaction are really two separate questions with a high
degree of interrelationship. The way the dictionary is laid out strongly constrains
the search techniques that may be used.

There are four dictionary problem areas that must be resolved. They are:
1. dictionary con,tents, 2. dictionary organization, 3. what to search for and 4.
search techniques.

It was necessary to compact the dictionary so that it could fit into core, as
system limitations forced the complete dictionary to be core resident. However,
the dictionary must be rapidly accessed after it is compacted.

An extremely fast accessing scheme for one set of conditions might be very
slow for another set of necessary conditions. Or, the search scheme could cause
the dictionary to blow up to unmanageable size. After much investigation (not
considered herein), a dictionary and attendent cross reference table was con-
structed. The dictionary was in a tree form specified in tableau form and allowed
backward and forward travel through the tree.

3.4. Letter by letter approach and heuristics. The letter by letter method fills
in each letter by itself without an immediate reference to a given whole word.
The idea behind this approach is that if each local area of the puzzle is correct,
the puzzle in its entirety can eventually be made to be valid. This approach is
much like solving boundary value problems in heat transfer 16 or electric fields
by relaxation I17].

There are two basic approaches to heuristic search. They are labyrinthic
methods and node evaluation methods 18. A labyrinthic method proceeds
down a search tree and has an explicit mechanism for deciding direction in the
tree. GPS [19] uses a labyrinthic approach. The whole word approach is largely
a labyrinthic approach.

Node evaluation methods use an evaluation function which assigns a value
to each direction, based upon conditions when the node is evaluated. Samuel’s
checker playing programs 14] are examples of this approach.

The letter by letter method falls largely into a node evaluation scheme. The
whole word method is more like a labyrinthic method. The whole word method
tries to fit words into the puzzle spaces and backs up when it cannot. The whole
word constructor was to start from the initial words in the puzzle and move for-
ward in a determined path. Words fitting into the combination of spaces and letters
existing in the puzzle are sequentially inserted. The letter by letter constructor
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fills empty spaces whose solution order is determined by a precedence stack.
The initial order of precedence may be changed depending on the relative success
of the constructor at filling given spaces. The initial precedence ordering is deter-
mined by a desirability weighting of the empty puzzle spaces. The letters selected
to go into each blank space are determined by a statistical selection scheme.

4. Letter by letter method. When constructing a crossword puzzle letter space
by letter space, a dictionary search is made only when a word is completed to
determine if the word space is filled with a valid word. This approach eliminates
the problem of illegal letter combinations in a word space that can occur when
two whole words are selected and are placed in parallel to each other.

When filling in crossword puzzles letter space by letter space, the con-
structor repeatedly faces the following situation: each letter space to be filled in
is simultaneously located in two words (a horizontal one and a vertical one) in
which one or more letters have already been filled in. Letter spaces (2, 1), (3, 1),
(3, 3), (vertical, horizontal) of Fig. 2 illustrate this condition.

W O

FIG. 2. Partially completed puzzle

In degenerate cases, one of the two words vanishes as illustrated by letter spaces
(1, 4), (2, 4), (3, 2) of Fig. 2.

Two basic problems must be solved:
1. In what order should the empty letter spaces in the puzzle be filled in’?
2. What letter should be inserted in each empty space?

The method used to solve these problems is discussed in more detail in the next
two sections.

4.1. Letter space precedence establishment. In constructing a puzzle, letter
by letter, there is a question of the precedence in which the blank letter spaces
are to be filled. It is apparent that construction must begin in relation to the initial
or key words (for example, "CAT" is the key word in Fig. 3(a) of the puzzle.
Otherwise, the words constructed may turn out to be incompatible with the key
word(s). If word space 3 of Fig. 3(b) contains the first letter space filled, then the
resulting construction may conflict with the key word and no solution may be
quickly realizable.

Another decision that must be made is whether or not to complete each word
space as soon as possible after any letter space within it is filled, or to fill each
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word space

(a)

word
space

i 4

(b)

FIG. 3. Puzzle with key word of "CA T"

letter space according to a tasking technique. For example,

C A T

FIG. 4. Partially filled 3 3 puzzle with "CAT" being the key word

in Fig. 4, if letter spaces (1, 1), (1,2), (1, 3) (vertical, horizontal) contain the key
word, and if letter space (2, 2) is the first letter space filled, should the constructor
fill letter space (3, 2) next and complete the word, or should it fill some other
letter space?

The advantage in filling (3, 2) first is that we will have completed a word.
However, completion of a word space, per se, does not lead us to Valhalla, as the
word formed may make the valid completion of other word spaces impossible.
In addition, this approach separates from the approach of solution by relaxation.
The end product of the constructor is to fill all the letter spaces as well as all the
word spaces. It was then decided to order the filling of the letter spaces by a tasking
algorithm which is dependent on each letter Space’s "weight". Letter space
precedence ordering will be discussed in greater detail later.

When an illegal word is generated in a word space, then the constructor
backs up and deletes the last letter inserted in the word space of the illegally
formed word. If it is possible to insert another letter there, the constructor will
do so; if not the constructor will back up further.

The letters selected to fill each letter space will be done using occurrence
ratios. Occurrence ratios are essentially a set of letter within word positional,
serial, and displacement statistics which were collected for this purpose. They
describe the fraction of all words of a given type (for example, six letter words
beginning with a letter "B") in which the kth letter has a specific value, such as "S".

4.1.1. Letter space precedence ordering. The letter spaces are ordered for
solution by placing them in a letter space precedence stack, henceforth known as
the precedence stack. Not all the letter spaces in the puzzle matrix are initially
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placed in the precedence stack. Initially, only the letter spaces horizontally or
vertically "visible" to the key word(s) are placed onto the precedence stack. For
example, in Fig. 5(a), the letter spaces (2, 1), (2, 3), (2, 4), (3, 1), (3, 3) and (4, 3)
are visible to the key word "BOAT". The letter spaces (3, 2), (4, 2) and (4, 4)
are not. Note, that letter spaces may be added to the precedence stack by more
than one key word, for example (3, 2) in Fig. 5(b).

B]O A TI

(a) (b)

FIG. 5. Initial precedence stack loading (marked by *)

A heuristic weight is assigned to each letter space. The purpose ofthe weighting
is to attempt to place a numeric value on each letter space to indicate its relative
importance to the solution. The higher the weight, the greater the value. (The
weighting calculations are described in the following section.) The visible letter
spaces are ordered by weight, greatest to the top. The ordered letter spaces are
then placed at the top of the precedence stack. Letter spaces not in the initial
stack ordering are added to the precedence stack as the solution progresses. As
additional letters are selected, any cells not already in the solution stack that are
adjacent to them are placed on the bottom of the solution stack, sorted within the
subgroup, highest first.

The solution stack contains the following information:
1. Vertical position of the matrix cell that it represents.
2. Horizontal position of the matrix cell that it represents.
3. Positional weight of the matrix cell that it represents.
The vertical and horizontal position information provide an indirect reference

to a more complex cell structure which contains information used by the puzzle
constructor in resolving the puzzle.

4.1.2. Weighting. The letter space heuristic weighting was developed by
considering the degrees of freedom and the interconnections of each letter space.
The reasons behind considering these factors were:

1. It is more important to complete long words than short words as the
ratio of valid words to all possible character string permutations decreases with
word length.

2. Letter spaces with letter spaces contiguous to them in four directions,
as letter space in Fig. 6, are more important than more restricted letter spaces,
as letter spaces 2 and 3 of Fig. 6. This is simply because the letter space having
more open directions must occur in more letter strings.
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3. Denser locations should be resolved first. In this context, a denser location
means a letter space that is directly connected through a word space to relatively
more letter spaces. For example, in Fig. 6, letter space Cb is the densest location
as it is directly connected to 5 other letter spaces (Ab, Bb, Ca, Cc, Db) while letter
space Dd is the least dense location, being connected to no other letter space.

a b c d

2

FIG. 6. Letter space weighting relative importance ofparticular letter spaces

This method ofprecedence establishment was found to be relatively successful.
Generally the reordering of the relative letter space precedence was not found to
be of great magnitude. When the magnitude of the reordering was large, a pattern
in the reordering was not apparent. One type of systematic variation would be
the forced serial ordering of the letter spaces into either a left to right or a right
to left completion of a given word space. Such an ordering does occasionally
occur, but deserialization occurs as often. Figure 7 shows the reordering required
in the solution of Puzzle 20. Changes occur in the precedence relationship between
letter spaces due to the constructor’s reordering the precedences to resolve con-
struction difficulties.

4.2. Letter selection. The following information is available to the puzzle
constructor faced with the problem of filling in a vacant letter space which exists
in one or two partially completed word spaces:

1. The lengths of the horizontal and vertical words.
2. The position of the intersection-space in the horizontal and vertical words.
3. The positions of previously-filled-in letters (relative to the vacant letter

space) in the horizontal and vertical words.
The dictionary of allowable words can be used to compile statistics from the

dictionary being used for the puzzle (prior to the construction of the crossword
puzzle) on the relative suitability of different letters placed at the intersection.
There are several different statistics that could be used. These statistics can then
be developed into occurrence ratios which indicate the relative suitability of
inserting different letters at a vacant letter space. The following sections discuss
in more detail the statistics used by this puzzle constructor.

Depending on the puzzle geometry and the previously inserted letter spaces,
various statistics may be applied. The applied occurrence ratios determine which
letters are eligible for insertion and the attempted order of insertion. The mech-
anism for controlling the selection process is something defined as a "letter
selection vector". This is discussed in more detail in the following sections.
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FIG. 7. Final and initial ordering of puzzle 20 (initial ordering/final ordering)

4.2.1. Letter selection vector. A letter selection vector is developed for each
letter space at the particular time that the attempt is being made to fill each letter
space. This vector is to be calculated anew at every fresh attempt to fill a given
letter space because of the potential changes in the letter spaces around it. The
vector has 26 components, one for the calculated occurrence ratio of each of the
26 possible letters.

An occurrence ratio vector’s elements are formed by taking the minimum
occurrence ratio for each letter from the group of different occurrence ratios
that can be ascribed to the vacant letter space under consideration.

After the occurrence ratio vector has been formed, the letter selection vector
is formed by sorting the higher occurrence rates to the top. The heuristic concept
is that the letter with the highest occurrence rate will advance the constructor
more toward the final solution than the one with the next highest occurrence
ratio. A zero letter selection vector element indicates a respective entry letter which
is a letter that cannot validly occur and thus would hinder the final puzzle solution.

4.2.2. Letter selection vector formation.
1. General. The letter selection vector is constructed by examining the local

area surrounding the letter space in question. In this case, the local area is defined
as being all letter spaces extending in a horizontal or vertical direction from the
letter space in question until a null space or an edge is met.
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A set of three minimal occurrence vectors is formed using three types of
occurrence ratios (to be described in part 2). Then the letter selection vector is
formed by taking the minimum at each vector element.

2. Selection of the occurrence ratios used. In selecting the ratios to be used,
several criteria were used. Compactness was considered to be important. It was
decided to have all the occurrence ratios core resident to save lookup time.
Hence, the occurrence ratio tables had to be relatively compact. The ratios chosen
also had to be relatively disjoint. That is, each must supply different information
in order to justify its existence. For example, it would be of no value to separately
accumulate two letter series frequencies from both a right to left scan and a left
to right scan of the same letter group as the statistics are symmetric.

It is implicit that the statistics must be useful. Obviously, when forced to
choose between equally compact and disjoint ratios, the more useful one is to be
chosen.

However, usefulness alone is not enough. For example, the knowledge of
three-letter series occurrence ratios by beginning letter position within words
of a given length would be very useful. But, it would use an excessive amount of
storage.

Four types of occurrence ratios were selected. They were letter frequency by
letter position within the word, two-letter series frequency, three-letter series
frequency, and generalized two-letter series frequency. The nature of these statistics
is discussed in more detail in the following three sections. These consumed the
space available. The use of additional occurrence ratios would require either more
core, the elimination of one of the previously selected ratios, or the use of on-line
storage.

3. Positional minimal vector. The minimal vector coming out of the position
statistics is of the form of (1), assuming nv is the position in the word vertically,
n is the position in the word horizontally, lv is the length of the horizontal word
passing through this space, and lh is the length ofthe vertical word passing through
this space.

(1) PMV=min

occurrence ratio of the-
letter A in position nh

in a word of length

occurrence ratio of the
letter B in position g/h

in a word of length h

occurrence ratio of the
letter Z in position r/h
in a word of length lh_

-occurrence ratio ofthe
letter A in position
in a word of length

occurrence ratio ofthe
letter B in position
in a word of length

occurrence ratio of the
letter Z in position
in a word of length

(Note for formulas (1), (2), (3) and (4)" If U (ul, u26) and V (vl, ,/)26)
are two vectors, then min (U, V) means (min (ul, vl), ..., min (u26,/)26).)

4. Series minimal vector. The vector coming out of the two-letter and three-
letter series statistics is similar, although it is more complex in derivation. SMV
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is the minimum vector formed from the series occurrence ratio tables.
SMV is constructed by assuming the placement of letters A through Z for the
location of the blank we are examining for any letter series which are already in
the puzzle which extend vertically and horizontally contiguously away from
the space we are trying to fill. For example, if the puzzle was of the form
D AM and it was desired to fill the spaces between the "D" and the "A", SMV

(2) SMV min

would be formed as follows in (2).
-occurrence ratio-

of the letter A
following the

letter D

occurrence ratio
of the letter A
following the

letter D

occurrence ratio
of the letter Z
following the

letter D

occurrence ratio
of the letter A

occurring before
the letter A

occurrence ratio
of the letter B

occurring before
the letter A

occurrence ratio
of the letter Z

occurring before
the letter A

-occurrence ratio-
of the letter A

occurring before
the letters AM

occurrence ratio
of the letter B

occurring before
the letters AM

occurrence ratio
of the letter Z

occurring before
the letters AM

Of course, if two letters are contiguously known on the left side as well, the
three-letter series tables would be used. Also, normally, vertical series components
would come into play.

5. Generalized series minimal vector. The vector coming out of the generalized
series statistics is similar to the previous vectors. DMV is formed by taking the
minimum ofthe occurrence ratios for distance letter combinations not immediately
contiguous to the blank to be filled, but vertically and horizontally exposed to
the blank that is to be filled. For example, assume that we are working on
F D A and we are attempting to fill the space immediately preceding the
A. Equation (3) shows how the vector is formed.

occurrence ratio of the-
letter A following the
letter F at a distance 4

occurrence ratio of the
letter B following the

(3) DMV min letter F at a distance 4
I

occurrence ratio ofthe
letter Z following the
letter F at a distance 4_

-occurrence ratio of the
letter A following the
letter D at a distance 2

occurrence ratio ofthe
letter B following the
letter D at a distance 2

occurrence ratio ofthe
letter Z following the
letter D at a distance 2_
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It is not necessary to consider distance 1 ratios. These ratios are redundant
with the two-letter series ratios. In the previous example, these would be the
occurrence ratios of a given letter preceding the letter A at a distance 1.

6. Letter selection vector construction. The letter selection vector is then
formed in two steps. First, the vector minimum is taken of the three ratio vectors.
Equation (4) expresses this in terms of (1), (2) and (3).

(4) MV min (PMV, SMV, DMV).

MV is the minimum vector. The minimum vector is then placed into a structure
containing both the vector values and the associated letter number (i.e., A 1,
B 2,..., Z 26). This structure is then sorted, forcing the structure elements
with the highest minimum occurrence ratios to the top. The resulting structure
is then called the letter selection vector.

7. Minimal set of occurrence ratios. It was decided to see if the occurrence
ratios selected constituted a minimal set, i.e., if solutions could be readily attained
without all of the occurrence ratios. In order to perform this test, the puzzle shown
in Fig. 8 was chosen. The constructor was run four times. A different solution

E IA S

SIR

TIE A

A N

RIT

El

DIR

OI

(a) Solution with all
ratios in force, 178

L K

P

(b) Solution without two

and three letter series
ratios (last matrix be-
fore fail on 1900

(c) Solution without
generalized series
ratios (last matrix
before fail on 1478

(d) Solution without
positional ratios
(last matrix be-
fore fail on 1480

FIG. 8. Puzzle 8 solutions excluding various occurrence ratios (* indicates initiating letters)
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progression was developed each time. The first time was with all of the ratios
being used to form the letter selections vector. Then the constructor was run three
more times, eliminating the use ofthe generalized series ratios, the positional ratios
and the series ratios. A dictionary consisting of 2,000 words with a maximum
word length of four was used. The results are summarized in Table 1. No test
runs were performed with the elimination of two ratios as the elimination of a
single ratio caused failure in all cases.

TABLE
Excluded ratio test results for Fig. 8

Ratios excluded

NONE
generalized series
positional
series

Success/Failure

SUCCESS

failure
failure
failure

Iterations

78
478
480
900

Valid words

generated

16
52
35
16

4.2.3. Letter selection. When the precedence stack pointer points at the
precedence stack information associated with a given letter space, the letter to
fill the letter space is selected using the letter selection vector. The letter selection
vector is created each time an attempt is made to fill any letter space.

If the present attempt at a given precedence stack level is the first attempt to
fill the letter space, the letter at the top of the letter selection vector will be inserted
into the letter space. The highest occurrence ratio is considered to be at the top of
the letter selection vector. If the letter selected causes an illegal word to be formed,
the letter just inserted will be deleted.

When a letter is deleted, the constructor will lower the pointer in the letter
selection vector element. A cutoff upper bound of retries has been established.
When the pointer in the letter selection vector indicates a zero element, or the
upper bound on retries is exceeded, the constructor will back up and the precedence
stack will be reordered.

4.2.4. Constructor back up. When a word space has been filled, a dictionary
search is made to determine if the developed word is in the dictionary. If the word
is in the dictionary, the constructor continues on to fill the next letter space in the
precedence stack. If the word developed is not in the dictionary, it is not considered
to be a valid word. When a nonvalid word is developed, the last letter inserted
into that word is deleted. This initiates the back up process.

The back up process constrains the selection of a new letter and reorders
the precedence stack. Because of space limits, this paper will not examine the
back up process.

4.2.5. Precedence heuristics. A set of heuristics were developed to reorder
the initial search sequence when construction difficulties were encountered.
These heuristics will not be discussed here.
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4.2.6. Solutions. Several puzzles were completed by the constructor. One
set of the puzzles were those containing word spaces of up to four letters in length.
Various size dictionaries were used. Machine constraints restricted the maximum
dictionary size. The largest dictionary of words of length four or less that could
be accommodated was one of 2,000 words.

IT

puzzle (1) puzzle (2)

|C

.A

puzzle 2 (1) puzzle 2 (2)

ICI/

puzzle 3 (1) failed
puzzle 3 (2)

M A R S

puzzle 4 (1,2) failed

SI SIT

LIEI

YIE T

0

puzzle 5 12) puzzle 6 (2)
failed

puzzle 7 (2)

FIG. 9. All puzzle constructor attempts (* original keyword letter, 1,000 word dictionary

result, 2 2,000 word dictionary result)
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Figure 9 (continued)

,lf. "

puzzle 8 12)

IS

H

puzzle 9 (2)

-|-

puzzle 10 (2) failed

puzzle 11 (2) puzzle 12 (2) failed

puzzle 13 (2)
failed

i

m
puzzle 13 (2)

observed solution, if ODON
in dictionary (constructor
failed to recognize the
solution and claimed a failure).
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Figure 9 (continued)

puzzle 14 (1) puzzle 14 (2)

i!
A

puzzle 15 (2)

AI

TI

puzzle 16 (2)

TI

OI

LI

DI

puzzle 17 (1) failed
puzzle 17 (2)

PIA T

puzzle 18 (2)
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Figure 9 (continued)

puzzle 19 (2)

puzzle 20 (2)

There appears to be a minimal dictionary size which is a function ofmaximum
word size and the number of words in the dictionary. The dictionary richness
cutoff for words of length four or less appears to lie somewhere between 1,000 and
2,000 words when the words are selected from all the words of from two to four
letters of the Webster’s Children’s Dictionary [20]. A dictionary of 1,000 words
of character four or less is inadequate, and generally fails to produce a valid
solution.
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Table 2 shows a comparison between the number of iterations and valid
words generated between the 1,000 word dictionary and the 2,000 word dictionary
runs. As can be seen, the use of the larger dictionary always produced more valid
words per iteration. Also, if a solution was obtained, the solution was always
faster utilizing a larger dictionary.

TABLE 2
Comparison between 1,000 word and 2,000 word dic-

tionary construction attempts. * Indicates that the
constructor failed while attempting to fill the puzzle.

Puzzle

2
3
4
14
17

Half dictionary

Iterations

6
8

39*
84*
58
35*

Valid

words

2
3
4
0
19

Full dictionary

Iterations

5
7

13
101"
36
96

Va}id

words

2
3
7

19
35

In generating words, the constructor’s average ratio of (words constructed)/
(valid words generated) for all cases was 0.8438. This means that the basic algorithm
is extremely successful in terms of generating words that did not have to be even-
ually deleted. Only puzzle 5 had a low ratio (0.1852), largely due to a great deal of
difficulty filling one word space due to a lack of dictionary richness.

Table 3 summarizes the puzzles which were successfully generated using the
2,000 word dictionary. Figure 9 illustrates the results for the puzzle constructor.

4.2.7. Failures, misses and difficulties. It is felt that most of the failures were
due to a lack ofdictionary richness. This can easily be seen in the marked difference
in success and efficiency between the four-letter dictionary cases of 1,000 and 2,000
words demonstrated in Table 2. One case that failed against both dictionaries
is shown in Fig. 10.

M A R S

FIG. 10. Puzzle 4
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The author does not believe that this puzzle is readily solvable without using a
relatively rich dictionary. Indeed, it is difficult to find any solution to the puzzle
that does not involve both symmetries and proper names. (The constructor never
came close to solving puzzle 4.)

However, the constructor did generate solutions to other puzzles that were
not recognized because of a lack of dictionary richness. In these cases, the
constructor continued on to either find another solution or to constructor
defined failure. In doing this, the constructor’s work effort was often markedly
extended.

It is believed that an interactive facility could markedly speed up puzzle
solution. To simulate such a capability, a short "add" list was attached to the
general dictionary for two ofthe most difficult puzzles, 5 and 20. (The final solutions
for puzzles 5 and 20 are illustrated in Fig. 9.) Without this capability, the con-
structor initially failed on puzzle 5 after missing the words SEN, SAN and NYET.
However, after placing NYET on the short list, a solution was found on itera-
tion 296. (Puzzle 5 was particularly difficult because of the difficulty imposed by
the requirement for finding two parallel words of length three beginning with
the letter S.)

In constructing puzzle 20, the constructor initially failed to recognize as
valid CRAP, DRAP, GAST, HOAR, ITT, MEO, NON, PLOP, GRAM, PRAT,
PRE and TEE, and was terminated after 1,000 iterations with the majority of the
puzzle unresolved. The words MEO and ITT were placed on the add list and the
constructor produced the solution illustrated on iteration 1045. (This was one
of the least efficient constructions attempted. Its inefficiencies were largely due to
repeatedly constructing and rejecting as valid actually valid words.)

4.2.8. Extensions. Utilizing the constructor in its present form, there are
several things that can be easily done (once computer dollars are obtained) to
improve the constructor’s performance: increase dictionary size, eliminate
duplicate words and increase word size.

1. Increase dictionary size. The key to larger and more interesting puzzles is to
increase the dictionary size. This requires either running on a VOS system and/or
writing a paging routine. As the author is presently running on an IBM 370/155,
this means writing a paging routine to hold the dictionary. The author plans to
do this.

2. Duplicate words. The present constructor has the capability to eliminate
duplicate words. This capability has been disabled because of the extremely small
dictionary used (normally a 300,000 word dictionary could be considered to be
available).

Once a richer dictionary is available, duplicate words will probably not be
generated as often. In any case, duplicate words will not then be allowed.

3. Increase word size. Increased word size will allow the creation of more
interesting puzzles as well as the use of a more symmetric puzzle layout. Until a

larger dictionary may be used, a sufficiently rich dictionary is not attainable to
enable the constructor to construct large word puzzles.

4. Improved performance. Once a larger dictionary may be used, it is expected
that the constructor will become both significantly more efficient and be able to
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solve previously unresolvable problems. A richer dictionary will be more efficient
because:

(i) The constructor will not bypass valid words as often.
(ii) The occurrence ratios will be more accurate, and thus more directive

to a fast solution.
(iii) The richer dictionary does not increase computational complexity as the

same number of occurrence ratio tables must be generated regardless
of the number of words in the table.

Therefore, the CPU time should go down markedly for the same problems
(as indicated by the comparisons between the 1,000 and 2,000 word dictionaries
previously discussed.)

5. Summary and conclusions.
5.1. Summary. This paper investigated methods of computer construction

of crossword puzzles. The initial input to the computer is a puzzle matrix with
all the intended null or blank spaces filled in. An initial key word or words is also
provided to establish a beginning point for the puzzle constructor.

A dictionary format and search structure is chosen. The format selected is
that of a letter table. A letter table is essentially a tree construction with the root
nodes of the tree beginning either the first or last letters of the words in the letter
table. For speed of search, a tableau form of the letter table was adopted.

Two different approaches to constructing the puzzles were considered. These
were: filling each possible word space immediately by a whole word, and con-
structing words by filling the puzzle’s letter spaces one by one, in a nonserial
manner.

Upon investigation, it was found that the whole word entry method was not
suitable because it eventually became a solution by enumeration.

The letter by letter approach was successful. It was found that usually when
a word was validly formed by the letter by letter puzzle constructor, it could
remain permanently in the constructed puzzle. In addition, it was found that the
number of iterations per letter space was bounded by a linear function of the
number of letter spaces. This is important because it indicates that the effort
expended by the constructor per space to be filled does not increase in a multi-
plicative manner as the size of the puzzle increases.

The puzzle constructor results described herein were performed using an
IBM 360/50 in a 212K partition. Solution attempts of puzzle sizes from 3 3 to
13 13 were performed. Whether or not a puzzle was solved depended on dic-
tionary richness and initial puzzle configuration rather than upon puzzle dimen-
sions. CPU time consumption was approximately 2,400 iterations an hour. An
iteration is defined as the generation of a new stage of puzzle completeness. The
average ratio of blanks to iterations was 0.5806.

5.2. Conclusions. The letter by letter approach was a reasonably successful
approach to the machine solution of crossword puzzles. Obvious improvements
in performance lie in the areas of greater dictionary richness and statistics of a
more task specific nature. In addition, it is possible that more effective heuristics
to further prune the decision tree can be developed.
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SCHEDULING GRAPHS ON TWO PROCESSORS*

RAVI SETHI]"

Abstract. Consider a directed acyclic graph (dag) D with n nodes and e edges. D represents a task
system a node corresponds to a task, and an edge (x, y) means that task x must be finished before task
y can be started. We shall restrict attention to systems in which all tasks require the same processing
time. Coffman and Graham give an algorithm for determining nonpreemptive schedules on two
processors for such systems. The first part of their algorithm assigns unique labels to nodes. The second
part uses these labels to construct a list schedule (in the sense of Graham). The time taken for each part
is O(n2). We give an algorithm to determine the labeling in O(n + e) steps. Similar algorithms have
independently been devised to test undirected graphs for chordality. We give a second algorithm to
construct a schedule from the labeling in O(n(n) + e) steps. (n) is an almost constant function of n.

Key words, graph labeling, breadth first search, nonpreemptive scheduling, list scheduling, set
merging

1. Introduction. Coffman and Graham [2] define the following labeling for
nodes in a directed acyclic graph.

LABELIN L. Given a directed acyclic graph (dag) D, we shall assign a label
L(x) to each node x in D.

1. A terminal node in D is a node with no edges leaving it. The label is
assigned to one of the terminal nodes in D.

2. Suppose labels 1, 2, .-., j have been assigned. Let S be the set ofnodes x
such that all successors of x have been assigned labels. (Note that x may have no
successors.)

For each node x in S define a list l(x) as follows" Let Y l, Y2, "’", Yk be all the
nodes such that (x, Yi) is an edge, for =< =< k. Then l(x) is the decreasing sequence
of integers formed by ordering the set {L(yl), L(y2), L(Yk)}.

Let x be an element of S such that for all x’ in S, l(x) is lexicographically
smaller than l(x’). (Break ties at will.) Define the label L(x) to be j. l-]

Lexicographic order is dictionary order, so that (5, 4, 3) is smaller than (6, 2)
and (5, 4, 3, 2). Figure gives an example of a dag labeled using labeling L.

In the scheduling application [2], once the dag has been labeled, a list of
nodes in order of decreasing label is formed. This list is used to construct a schedule
for the dag as follows"

List scheduling (see [6], [7])" Whenever a processor becomes avail-
able, the list is scanned from left to right; the first unexecuted task that
is ready to execute is assigned to the processor.
A list schedule for the task system in Fig. is given in Fig. 4(e) (see 3). Quite

different algorithms for scheduling dags on two processors may be found in
[3], [13]. See also [1], [15].

In {} 2 we give an algorithm for performing labeling L in O(n + e) steps for a
dag D with n nodes and e edges. Section 3 gives an algorithm to determine a
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schedule from the labeling in O(ne(n) + e) steps, where e(n) is an almost constant
function of n. Section 4 considers the relationship of the algorithm in 2 with
other graph algorithms in the literature.

O 15 P 16 Q 17

N 14

M 3

K L 12

10 9 J 7

6 F

A B 2 C 3

FIG. 1. A dag labeled according to labeling L

2. A linear labeling algorithm. A terminal node is defined to be at level 1.
The level of a nonterminal node x is given by + max {level of yl(x, y) is an edge).
The dag in Fig. has been drawn so that nodes at the same level appear on the
same horizontal line.

Examination of the labels in Fig. shows that nodes at higher levels have
higher labels than nodes at lower levels. In fact, the following lemma appears as
an exercise in [-1].

LrMMA 1. Let x and y be nodes in a dag D. If x is at a lower level than y, then
l(x) < (y).

Proof Exercise. V]

Given Lemma 1, we can make the following statement: Labeling L labels
all nodes at level 1, then it labels all nodes at level 2 and so on. Thus if there are
j nodes at levels 1, 2, ..., and k nodes at level i, then nodes at level are
assigned labels j + 1, j + 2,...,j + k. Thus G, H, I and J at level 3 in Fig.
will be assigned labels 7 through 10 in some order.

All that remains to be done is to determine how nodes at a given level are to
be labeled. The terminal nodes have no successors so they can be labeled in any
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order. Having started the algorithm, suppose levels and 2 in Fig. have been
labeled. Consider S {G, H, I, J}, the set of nodes at level 3. Clearly, labels
assigned to nodes in S will depend on the edges leaving these nodes.

We shall not construct the sequences l(x) defined in the specification of
labeling L. Instead we shall examine the destination nodes of the edges leaving
nodes in S and infer the lexicographic ordering information.

Labels through 6 have been assigned, with node D having the highest label, 6.
Consider the edges between nodes in S and D. G, H and I have edges to D. Since
L(D) 6 is the highest label assigned so far, the decreasing sequences l(G), I(H)
and l(I) must all have 6 as the first element. Moreover, since there is no edge from
J to D, l(J) must start with a smaller integer. Clearly, l(J) is lexicographically
smaller than I(G), I(H) and 1(I). Hence J is assigned a smaller label than the other
nodes.

Having partitioned the set S into two smaller sets, we can continue the
process with the smaller sets. Consider S’ {G, H, I}. The next highest label, 5,
belongs to node F, so consider the edges from nodes in S’ to F. There is an edge
from H and I to F, but not from G. Thus the next element in l(H) and 1(1) is 5,
but the next element in l(G) is smaller. Thus G will be assigned a lower label than
H and I. This process can be continued until all labels have been determined.

In order to carry out the process of partitioning the sets or equivalence classes
efficiently, we will do two things: (i) Examine only the edges that play a part in the
partitioning; and (ii) manage the partitioning so that the cost of keeping track
of the smaller classes is low.

We will do (i) above by creating a stack that contains all edges leaving level
i. Edges will be placed on the stack while the nodes at lower levels are being labeled,
so all edges from nodes at level to a node y appear closer to the top of the stack
than all edges to z if L(y) > L(z). For level 3 in Fig. 1, the stack might finally contain
(G, A), (H, E), (G, E), (I, F), (J, F), (H, F), (G, D), (H, D), (I, D). The top of the
stack is at the right.

For (ii) above, suppose the stack of edges has been created. We shall use a
tree to represent equivalence classes of nodes that have to be labeled together.

G H I J

G H I

(a) (b)

FIG. 2. Labels are assigned level by level. Thus nodes at a level start out in the same equivalence class.
The number in parentheses gives the lowest label to be assigned to the predecessors of a node. The equi-
valence classes are partitioned until finally labels can be assigned.
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All nodes in a given equivalence class will be siblings i.e., have the same immediate
successor. Initially, as in Fig. 2(a) all nodes at level have the same immediate
successor. When the stack of edges is examined it turns out that there is no edge
from J to node D with label 6. In order to partition the original equivalence class
we introduce an auxiliary node that becomes the immediate successor of G, H and 1
as in Fig. 2(b). The number in parentheses at the auxiliary node keeps track of the
lowest label that will eventually be assigned to the predecessors of the node.

We shall now give two routines that formalize the above discussion of the
labeling process.

ROUTINE LABEL. This routine starts with a dag D and labels nodes according
to labeling L. A data structure used in the process is a stack Of edges leaving level i,
called EDGES(i), for each level i.

1. Determine the level of each node in D.
2. Since all nodes at level are terminals, EDGES(l) is empty. Since no

labels have been assigned, j the lowest label to be assigned is 1. Do 3
with/= 1,j and EDGES(l)empty.

3. Use Routine Partition to determine the labels for nodes at level i. Do 3.1
for all nodes y at level i, in order of increasing label.
3.1. Scan the edges entering node y. For all edges (x, y), with node x at

level k, place (x, y) on top of EDGES(k).
4. Repeat 3 until all levels have been labeled. U
ROUTINE PARTITION. This routine labels nodes at a given level i. The routine

has three inputs
(a) a level, i,
(b) EDGES(i), a stack of edges leaving level i,
(c) j, the lowest label to be assigned at level i.
The stack EDGES(i) has a useful property. Edges are placed on the stack

while the destination nodes are being labeled. Hence all edges from level to a
node y appear closer to the top of the stack than all edges to node z if L(y) > L(z).

1. Construct a new node w, such that w becomes the immediate successor
of all nodes x at level i. Call w the tree successor of x in order to distinguish
it from nodes in the dag D. Let LOW_LABEL(w) j. Note that j is one
of the inputs.

2. While EDGES(i) is nonempty do 2.1. Otherwise do 3.
2.1. Let the edge on top of stack EDGES(i) have y as the destination

node. Do 2.1.1 followed by 2.1.2 with y as the destination node.
2.1.1. While the edge on top of EDGES(i) has destination y, do 2.1.1.1.

Otherwise do 2.1.2.
2.1.1.1. Let the edge on EDGES(i) be (x, y). Let w be the tree

successor of x. Enter x into a temporary list for node w.
Pop (x, y) from the stack EDGES(i). End 2.1.1.1.

2.1.2. For all nodes w such that 2.1.1.1 places a node in the temporary
list for w, construct a new auxiliary node v. Node v becomes the
new tree successor of all nodes x in the temporary list for w.
The edge from x to w is deleted. If there are now k nodes left
with w as their tree successor, then LOW_LABEL(v) LOW_

LABEL(w) + k.
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3. Visit the nodes w that have been created in steps and 2, in any order.
If j LOW_LABEL(w), and there are k _>_ nodes with w as their tree
successor, then assign labels j, j + 1, ..., j + k- in any order.
RETURN.

We shall first demonstrate that the routines label dags correctly. Then we shall
show that the labeling takes linear time.

THEOREM 1. Routines Label and Partition assign labels according to labeling L.
Proof Nodes at level are assigned correctly since they get the lowest labels.

It is easy to see that all edges leaving level appear on EDGES(i) when Routine
Partition is called for level i. Moreover, since the edges are stacked in the order
in which the destination nodes are labeled, the edges in the stack are ordered on
the label of the destination node.

In order to complete the proof we need to prove the following statement"

If at some stage in the execution ofstep 2, nodes x, x2, ..., Xk have w as
their tree successor, with j LOW_LABEL(w), then nodes x

(*) are eventually dssigned labels j, j + 1,... ,j + k- 1, in some order.
Moreover, ifa(x) {y[x, y) is an edge}, and S is the set ofdestination nodes
for which step 2.1 has been executed, then S f-) a(xl)= S f’l a(x2)

S Cl (x).
It is easy to prove (*) by induction on the number of executions of step

2.1.
Now we shall show that the two routines take time linear in the number of

edges in the dag. We assume that the dag has been specified by giving a list of edges,
or lists of immediate predecessors or successors of each node, as in [16].

THEOREM 2. Routines Label and Partition take O(n + e) steps for a dag with
n nodes and e edges.

Proof The level ofa node can be determined in linear time by visiting the nodes
in any order that visits successors before predecessors. The terminals are at level 1.
During the visit if edge (x, y) is examined, then set the level of x to + level of y,
unless x has already been placed at a higher level. The other steps in Routine
Label clearly take linear time.

The interesting step in Routine Partition is 2.1.2 because it introduces auxiliary
nodes and edges. An auxiliary node is introduced only when there is an edge from
a node at level to a node at a lower level. When an auxiliary node is visited the
cost of the visit can be charged to the edge that caused the visit. It can be shown
that each edge is charged a constant number of times. Thus execution of the two
routines takes O(n + e) steps. The n appears in O(n + e) since a label is assigned
to each node.

3. Constructing a schedule. Once the dag has been labeled, the next step is to
construct a schedule from the labeling. As Fig. 3 shows, list scheduling as considered
in may sometimes be inefficient. Consider the list ofnodes from which a schedule
for the dag in Fig. 3 is constructed. If the list is scanned from left to right in order
to find the first ready node, then successive scans will have to skip over n- 1,
n 2,.-., nodes, respectively. The construction of the schedule will therefore
take O(n2) steps.

In the sequel we shall use the terms task and task system interchangeably
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2n+l

2n

(a)

n+3

2n + 2n n +2 /
n+l n 2

(b)

FI6. 3. (a) A labeled task system. (b) A schedule on two processors constructed from the labeling.

with node and dag. We shall see that it is possible to construct a list schedule i.n
almost linear time. The algorithm exploits the following two facts. (i) Each task
has an execution time of one unit. (ii) In the lists we shall deal with predecessors
appear before their successors. Given the list (T,, T,_ 1, "’", T1), all the predecessors
of task T/appear before T in the list.

Intuitively, the algorithm builds up a schedule by successively constructing
schedules for the lists (T,), (T,, T,_ 1),-.- until the schedule for the entire list
(T,, T,_I, T1)is constructed.

Consider the task system in Fig. 1. Schedules corresponding to some partial
lists for the task system have been shown in Fig. 4. When the lists (17) and (17, 16)
are considered we get the schedules in Fig. 4(a) and (b), with tasks 17 and 16 on
processors and 2. The next list to be considered is (17, 16, 15). Task 15 is ready to
begin execution during the first time unit, but there is no free processor. Thus
task 15 is assigned in the next time unit. As the next lemma shows, there is a simple
algorithm for constructing the schedule for an augmented list.
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(b)

16
(c)

17 15 14 13 12

16 9 11
(d)

17 15 14

16 7

13 12 10 6 4 3

9 11 8 5 2
(e)

FIG. 4. The schedule for the task system in Fig. is constructed by successively considering the lists

(17), (17, 16), ..., (17, 16, ..., 1).

LEMMA 2. Let Si+ be the list schedule on m processors for (T,, T,_ ,...,
Ti+ ). The list schedule Sifor (T,, T,_ , Ti) can be constructed from Si+ as

follows" Let be thefirst time unit by which all predecessors ofT have been executed.
Assign T to a processor during the first time unit u, u >= at which a processor is
available.

Proof For all time units before t, the statement of the lemma assures us that
T is not ready to be executed. So even if it is reached in a scan of the list (T,,
T,_ 1, "’", T/) it cannot be assigned. Thus until time unit t, the two schedules will
be the same. After time unit t, in constructing schedule S, task T will be reached
when there is a processor free and no other task can be assigned. Clearly, this
situation corresponds to the first idle time after in schedule Si+ . The lemma
must therefore be true. V]

From Lemma 2 it seems that we can trade repeated scans of the list for scans
to determine a time unit during which a processor is flee. It turns out that by using
an efficient algorithm for merging disjoint sets we can cut down on the rechecking
of time units during which all processors are busy.

Suppose all processors are busy during time unit and will remain busy untilj.
Then for all t, __< =< j, the first time unit at which a processor is available is j.
We collect all such into a set identified by j. In general we choose names of sets
so that if is in set u, then u is the first time unit at or after at which a processor
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is available. In order to construct schedules as outlined in Lemma 2, we therefore
need to be able to determine the set that a time unit is in, and also the first time unit
at which a task becomes ready.

ROUTINE SCHEDULE. Let D be a dag labeled according to labeling L. This
routine constructs a list schedule for the task system represented by D using the
list of tasks in order of decreasing label.

By way of data structures we need a set for each time unit. Initially SET(t)
{t} for each time unit.

1. All initial tasks in D are said to be ready at time unit 1.
2. For all tasks x in D, do step 3 in order of decreasing label.
3. Consider task x. Let x be ready at time unit t. If is in SET(u), then assign

x to a processor during time unit u. If u now has no free processors, look
at time unit u + 1. Let u + be in SET(v). Merge SET(u) and SET(v)
calling the new set SET(v).
Examine all y such that y is an immediate successor of x. If all predecessors
of y have now been assigned, then task y is said to become ready at
u/l.

In order to show that Routine Schedule is correct, we shall first show that the
set operations are performed correctly.

LEMMA 3. Let time unit be in SET(u) at some stage. Then u is the first time
unit, u >= at which a processor is available.

Pro@ Initially, time unit is in SET(t), and all processors are free. Suppose
that for some u, all processors have just been assigned tasks during u. Both u and
u + then have the same unit as the first free time unit. If u + is in SET(v),
the algorithm then merges SET(u) and SET(v), and calls the new set SET(v). The
reader is invited to construct a more rigorous proof based on the number of
executions of step 3 of the routine.

THEOREM 3. Routine Schedule constructs a list schedule using the list of tasks
in order ofdecreasing label.

Proof Since tasks appear in order ofdecreasing label, when task x is considered,
all predecessors of x have already been assigned. Thus the time unit at which x
becomes ready is known. From Lemma 3 the algorithm correctly locates the next
free time unit. Since schedules are augmented as in Lemma 2, the theorem must
be true.

We shall avoid the details of how the set operations are performed. The
reader is referred to 9], I17]. We do note that step 3 of the routine looks at each
edge in the task system exactly once. And, the number of set operations is pro-
portional to n, the number of tasks. It has been shown in 17] that n set operations
can be done in time almost linear in n. More precisely, n operations can be done in
O(n(n)) time, where z(n) is a functional inverse of Ackermann’s function.

4. Discussion. In many applications the directed graphs that occur have
relatively few edges. An adjacency matrix requires space O(n2) and hence at least
O(rt2) time is required if any algorithm uses an adjacency matrix as a data structure.
A list of edges, or a list of predecessors or successors for each node is proportional
in length to the number of edges. Such a data structure is used in a number of
graph algorithms [8], [10], [11 ], [16], [18].
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The algorithm in 2 examines the directed graph representing a task system.
While similar in principle to the linear graph marking algorithms in [8], [16], [18]
it differs in the important respect that the traversal of the graph depends on the
labels assigned. The searches in 8], [16], 18] are such that the property of the
graph that is being determined is independent of the order in which the nodes are
searched. The level of a node is such a property.

The level of each node being independent of the search makes it possible to
construct a linear labeling algorithm. During the labeling, it is possible to collect
all edges leaving a certain level; and have them ordered on the destination node.
A more direct solution is frustrated by the fact that an edge leaving level j may
be scanned before the nodes at level j have been labeled.

Similar algorithms have been independently devised [-12], [14] to test if an
undirected graph is chordal. A chordal graph has been defined in [4], [-5] as an
undirected graph in which every simple cycle v l, v2, ..’, v,, v l, for n > 3 has an
edge between two nonconsecutive vertices, i.e., there is an edge between vi and
j 4: + 1. As shown in 4] polynomial time algorithms exist for problems like
the minimal coloring of a chordal graph.

It has been shown in [14] that a lexicographic ordering policy very similar to
labeling L leads to a simple test for chordality. The ideas in this paper can be
adapted to perform their lexicographic ordering.

Given the utility of lexicographic orderings in two quite different applications,
a natural approach for further study is an investigation of the structure imposed
by lexicographic orderings on directed and undirected graphs.

An interesting type of breadth first search called structured breadth first
search (SBFS) is introduced in [12]. SBFS uses a mechanism similar to the par-
titioning illustrated in Fig. 2 to limit the number of possible breadth first searches
of a graph. SBFS is applied in 12] to test an undirected graph for chordality.

Appendix A. A directed graph is a pair (N, E), where N is a set of nodes and
E is a set of pai.rs of nodes called edges. An edge (x, y), is said to befrom (leave) x
to (enter) y. x is called the origin node and y the destination node of the edge.
y is an immediate successor of x, and x is an immediate predecessor of y.

A sequence of edges S (x l, X2) (X2, X3)"’" (Xk_ 1, Xk) is called a path of
length k, from x to xk. If S is a path from x to y, then x is a predecessor to y and
y is a successor of x. A node with no predecessors is an initial node, a node with no
successors is a terminal node. A path from a node x to x is called a cycle. A directed
acyclip graph (dag), is a directed graph with no cycles. A nonterminal node x is at
level k if a longest path from x to a terminal node is oflength k. The level ofa terminal
node is defined to be 1.
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NEW BOUNDS ON THE COMPLEXITY
OF THE SHORTEST PATH PROBLEM*

MICHAEL L. FREDMAN"
Abstract. It is shown that O(N5/2) comparisons and additions suffice to solve the all-pairs shortest

path problem for directed graphs on N vertices with nonnegative edge weights. In conjunction with
preprocessing, this result is exploited to produce an o(N) algorithm for solving the shortest path
problem.

Key words, graph, shortest path, complexity, sorting, decision tree

Introduction. In this paper, we present two new upper bounds on the com-
plexity of the shortest path problem. Let G be a complete directed graph on N
vertices whose edges are assigned nonnegative weights. Between all pairs of vertices
(vi, vj), - j, there exists a directed path of minimum weighted length, the value of
which we denote by Lij. The computation of the N(N 1) values Lij, j
< N, is referred to as the all-pairs shortest path problem. The computation of the
values LIj, < j __< N, is referred to as the single source shortest path problem.
These problems and variations of them have been investigated by a number of
authors. We are concerned here with the all-pairs problem with nonnegative
weights. At least two essentially different approaches to the problem have been
developed, in particular that of Dijkstra [-1] and that of Floyd [2]. Dijkstra’s
method solves N separate single source problems, while Floyd’s method is matrix
oriented. All known methods have worst-case running times that are O(N3)
on the random access machine under the uniform cost criterion (memory accesses,
additions, branching instructions, etc., each require unit time). A variant of
Djkstra’s approach developed by Spira [3] has an expected running time of
O(NZ(log N)2). Regarding worst-case complexity, under the assumption that the
only permissible operations are a + b and min (a, b) in a straight line computation,
it has been shown by Kerr [5] that the O(N3) bound is best possible. If we allow
comparisons between sums of edge costs (decision tree complexity), Spira and
Pan [-4] have shown that cN2 comparisons are necessary in the worst case to solve
the single source problem, and this certainly applies to the all-pairs problem.
In this paper, we show that O(N5/2) comparisons between sums of edge costs
suffice to solve the all-pairs problem. However, our method does not seem to
readily lend itself to a practical algorithm with a O(N5/2) running time, although
in principle for some c > 0, we can construct for each N a separate algorithm
As whose running time is < cN5/2. We can however, mildly exploit this method
as a preprocessing technique and construct a single algorithm with running
time o(N3) for all values of N. More precisely, we describe an O(N3

(log log N)l/a/(log N) 1/3) algorithm.
These results are primarily of theoretical interest, particularly when con-

trasted with the results of Spira and Pan, and Kerr quoted above.
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1. Decision tree complexity. In this section, we show that O(N5/2) com-
parisons and additions suffice to solve the shortest path problem. First we show
that O(NS/a(logN)x/2) comparisons suffice, using a method which yields an
explicit comparison tree. Secondly, we refine this result and prove the existence
of an O(N5/2) comparison method which we do not explicitly exhibit.

Our method is matrix oriented. We use the theorems of Munro [63, Furman
[7 and Fischer and Meyer [8], which imply (explicitly stated in [123) that the com-
plexity of the shortest path problem is of the same order of magnitude as the
complexity of min/plus multiplication of N N matrices. (Given A (aij),
B (bij), the min/plus product C AB is defined by C (cij) where ci min
{aik + bk, <= k <- N}.)

THEOREM 1. For some c > O, cNS/2(logN)l/e comparisons and additions
suffice to solve the all-pairs shortest path problem for directed graphs with non-
negative weighted edges.

Proof. As discussed above, it suffices to show that O(NS/2(log N) I/e) compari-
sons and additions are sufficient to compute the min/plus product of two N N
matrices. Let A (aii) and B (bii). As will be seen below, all comparisons are
performed between a sum or difference of two items in the set {aj, bj; _<_ i,
j =< N}. Consequently, we need only to count comparisons to prove the theorem.

We begin by partitioning A into N m submatrices and B into m N
submatrices (see Fig. 1), where m will be specified later.

ALIA21 AN/M

FIG.

B1

B2

B/m

We have AB min(A1B1,A2Be, .’., AN/mBN/m)where the min operation is a
componentwise minimization. Once the N/m matrices AjB are computed, each
of dimension N N, this min operation can be computed with.N2(N/m) N3/m
comparisons. Next we show how to compute the product AB with O(meN log N)
comparisons. By computing the products ABj, j > 1, in the same manner, we
will conclude that a total of O(mNe log N) comparisons suffice to compute all
the products ABj.

To compute AB, for each pair of indices r, s, =< r < s _< m, we sort the
2N differences ag- ais, <= <= N, and b- bj, =< j =< N, with 2N loge N
+ O(N) comparisons. Doing this for each of the pairs r and s requires a total of
O(mZN log N) comparisons. Having done this, we symbolically form the product
A 1B without further involvement with the values of the aj, bij quantities. (Letting
(cj) A iBm, for each and j, we can determine a number t(i, j) such that

ij air d-- btj. This follows because

(1) ar+brj<-_as+b,j if and only if az-as__<bj-bj.
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Since all inequalities on the right of (1) have been determined, those on the left
can be deduced, and therefore the numbers such that cij air + btj can be
deduced. This can all be done symbolically once the above sorting has taken place.

We conclude that AB can be computed with O(N3/m + mN2 log N) com-
parisons. Setting m N1/Z/(log N)/2 yields our theorem.

In the remainder of this section, we show how to refine the method ofTheorem
to obtain a O(N5/2) bound. Referring to the proof of Theorem 1, we show that

the product AB can be computed with O(mZN) comparisons, as opposed to
O(mZN log N) comparisons. With this improvement, we can choose m N1/2

to obtain the O(N5/2) bound.
When computing AB in the proof of Theorem 1, we sort each of the sets,

D= {ai-ai,bj- bj, _< i_< N, _< j=< N}, for _< r < s_< m. Let L,
denote the list of 2N items that results when D is sorted, and let L denote the
concatenation of all these lists,

L LI2L3 LrnL23 L2m L m"

Each list L, is clearly restricted to be one of (2N)! arrangements when written
symbolically, and so L is restricted to be one of (2N)!) O(cm2Nlg N) (for some c)
arrangements. The following lemma, however, shows that the number of realizable
arrangements is in fact much smaller.

LEMMA A. Let F denote the set of possible arrangements that can result when
forming the list L. Then

log IF[ O(mN log N).

Proof A well-known combinatorial theorem (see Buck [9]) states that n
hyperplanes partition k-dimensional space into at most

(2) :) + 1 +...+ )__<(k+ 1)n’
regions. In the k 2mN-dimensional space whose coordinates are the 2mN com-
ponents of the matrices A1 and B1, the regions determined by the hyperplanes
defined by the equations

air- ai= ai,r- ai,, <= i< i’ <= N, < r < s rn

(S) bi bri bi, bri, < < i’ <= N, <= r < s <= m,

air-ais--bsj-brj l<=i<N, Ij<=N, l<r<s<=m,

correspond to the possible arrangements of the list L. The number of planes here
is

n
2N) O(m2N2).

Substituting in (2) with these values for n and k and taking logarithms yields the
lemma.

We are now ready to prove the O(N5/2) bound. The author’s search theorem
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discussed in [103 and [11] implies that the list L can be formed with at most

(3) log2

Ira\
comparisons, where ILl= 2JN denotes the length of L. Lemma A implies

that when m N 1/2, the quantity in (3) is dominated by the second term, and
therefore O(mZN) comparisons suffice to form L. But we have seen that the deter-
mination of L is tantamount to computing AIB1. As described in the discussion
preceding Lemma A, this is what we require to conclude the following.

THEOREM 2. For some c > O, cN5/2 comparisons and additions suffice to solve
the all-ptirs shortest path problem for directed graphs with nonnegative weighted
edges.

2. Preprocessing as a means for constructing o(N3) algorithms. Along the
lines of the last section, it is possible to construct a branching algorithm or com-
parison tree which operates on inputs consisting of a pair of matrices, one N rn
and the other rn N, and symbolically outputs the N N product in time

O(m2N). (m NIl2.) Assuming that we have constructed such a tree, we can
utilize it to multiply matrices of much larger dimension. Let A* and B* be M by M
matrices with M much larger than N. By regarding A* and B* as partitioned into
N N submatrices, we can form their product by performing (M/N)3 products
on N N submatrices. Using our tree, each submatrix product is done in time
O(N5/2) (assuming we choose rn N1/2), and so the entire multiplication A’B*
is performed in time

(4) O(M3/N/).

To obtain o(M3) performance, we would want to allow N to grow with M, and
incorporate into an algorithm as preprocessing a mechanism to build the com-
parison tree which would be used for the multiplication of N N submatrices.
We want to choose N as large as possible, but constrained so that the preprocessing
time doesn’t dominate the overall timing. In Theorem 2, we chose rn to grow as
N I/2 in order to optimize our result. In the context of this discussion, it is con-
ceivable that by choosing m in a different manner, while the time to multiply
N N submatrices may increase, this is more than compensated for by a sub-
stantial decrease in preprocessing time. In fact this doesn’t happen, and the
rn N/ choice is still near-optimal.

The time to build an explicit comparison tree is at least as large as the number
of leaves it contains. Let us assume for the moment that the comparison tree
implicit in Theorem 2 for multiplying N m with m N matrices can be con-
structed in time which is polynomial in the size of the tree, the latter represented
by the quantity IFI of Lemma A. Then the preprocessing time for our proposed
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algorithm would be less than

(5) CN3/210g2N for some c => 2,

and choosing N (1/log2 C)(1og2 M)2/3/(log2 log2 M)2/3, (5) becomes less than
M, and (4) becomes O(M3 (log log m)l/3/(logM)l/3).

To complete our description of this O(M3(log log M)l/3/(log M)1/3) algorithm,
we have to verify that we can build, within the time given by (5), a comparison tree
that multiplies N N 1/2 matrices with N 1/2 N matrices in time O(N2), as
described in the discussion leading up to Theorem 2. We show how to tabulate
all of the lists L enumerated in Lemma A within the above time constraint. Once
these lists are tabulated, the construction described in [10] can be performed in
time which is polynomial in the number of lists. Note that with each leaf of our
tree we associate the N N symbolic matrix product, which is precomputed
using a conventional algorithm.

To tabulate the lists L, we proceed as follows. In the context of Lemma A,
we form a collection P of pairs of matrices A 1, B of respective dimension N m
and rn N, rn N 1/2. For each of the regions discussed in the proof of Lemma A,
the collection P will contain at least one pair of matrices A 1, B in the interior of
the given region. The size of P will be <_ Cu3/zlgN. Using this collection, the lists
L can be tabulated in the following manner. Using conventional sorting techniques,
given a pair in P, we form the associated list L, symbolically as well as numerically.
Ifsome ofthe quantities within a set Drs (see previous section)are equal, we eliminate
the resulting list since it would not have arisen from a pair in P which lies in the
interior of a region defined by the system (S), and there would be ambiguity in
forming the list L which is troublesome in the context of forming a comparison
tree. Having constructed the symbolic lists L for each remaining pair in P, we
next remove duplicates. This is easily accomplished by sorting the collection of
lists according to a lexicographic ordering. This completes the tabulation process
once the set P has been constructed. Given P, the time required to perform the
above processing is"

(A) To convert a particular pair in P to a list L can be done in time O(N2

log N). For all pairs, the time is O(IPIN2 log N).
(B) Having formed the lists described in A, to sort them according to a

lexicographic ordering requires time O(NzIP log PI) since IPI log IPI comparisons
between lists need to be performed, each comparison performed in time O(

O(U).
As we will see, IP =< C/:, so that times given in (A) and (B) are

[’N 3/ logN + O(log N) . I"N3/2 log N

Now we describe a method to form the set P. From the nature of the equations
defining the hyperplanes (S) of Lemma A, each region formed by these planes
contains points with nonnegative coordinates satisfying the following condition.

(C) All of the quantities in any one of the sets Drs differ from one another in
absolute value by at least 1.

Our set P will contain one such point from every region. Consider the following
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collection of planes.

air ais + arr ars
air ais ai, ai, -1- 1,

bsi- bri-+- bsi, brr

(S’)
bsi- bri-- b,si, bri, -k- 1,

air- ai + b,j- brj,

air- ais-- b,j- brj + 1,

<=i<i’<=N, <=r<s<=m,

<=i<_N, <= j<=N, <=r<s<=m,

aj=0, <_i<_N, < j<m

bij=O, <i<m, < j< N

Clearly for each region R defined by the planes of (S), there is a region R’ defined
by the planes in (S’) such that R’

_
R, and all points in R’ have nonnegative co-

ordinates and satisfy condition (C). The nonnegative requirement ensures that
this region will have boundary vertex points. The set P will contain these boundary
vertex points. We systematically attempt to solve every subset of 2mN equations
of (S’). Since the total number of equations in (S’) is O(mZN2), this task can be
accomplished in time =< C"NgN CN3/2 log. We include in P all the points we
discover that are unique solutions to some particular subset of 2mN equations.

This concludes in outline form a method for computing the min/plus product
of M x M matrices in time O(M3(log log M)l/3/(log M)1/3). As mentioned pre-
viously, this lends itself to a shortest path algorithm with an equivalent running
time.

Acknowledgment. The author wishes to acknowledge A. Sch6nhage. An
unpublished result of his on the min/plus convolution of two sequences inspired
the method of Theorem 1.
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ON ALGORITHMS FOR ENUMERATING ALL CIRCUITS OF A GR? ’H*

PRABHAKER MATETI AND NARSINGH DEO:

Abstract. A brief description and comparison of all known algorithms for enumerating all circuits

of a graph is provided, and upper bounds on computation time of many algorithms are derived. The

vector space method of circuit enumeration is discussed. It is proved that K3, K4, K4 x and K3,
are the only undirected and reduced graphs which do not have any edge-disjoint unions of circuits.

Key words, algorithms, graph theory, circuits, dicircuits, cycles, circuit vector space, circuit-
graph, adjacency matrix, graph search, backtrack

1. Introduction. Given an undirected graph, the problem of enumerating all
its circuits has received much attention lately. The analogous problem for a
directed graph is to enumerate all its directed circuits. The two problems have
much in common,and we consider them in parallel.

In this paper, we survey all known algorithms for circuit enumeration and
compare their efficiencies. In 2, we classify and describe the basic ideas behind
these algorithms. It is shown, in 3, that only four graphs exist that have circuit
vector spaces consisting of all circuits. The algorithms are compared in 4, and
conclusions are presented. To avoid misunderstanding, we define our terminology.

A graph G is a triple V, E,f) where V is a finite set of vertices, E a finite set of
edges, andfis a function. A graph is either directed (a digraph) whenf’E --. V V,
or is undirected whenf" E - {{u, v}]u, v 6 V). Observe that this definition permits
the graph to have parallel edges (two edges el and e2 are parallel if el 4:e2 and
f(el) f(e2) and self-loops (an edge e is a self-loop if for some vertex v,j(e) (v, v)
for digraph or f(e)= {v} for undirected graph). A graph G is simple if it has
neither self-loops nor parallel edges. An edge e of a digraph is said to be incident
out of vertex v l, and incident into a vertex v 2 if f(e) (v 1, v2). The edge e is incident
with both vertices v and v2. The in-degree of a vertex v of a digraph is the number of
edges incident into v, and the out-degree of v is the number of edges incident out of
v. An edge e of an undirected graph is incident with vertices v and/)2 iff(e)
v2}. The degree of a vertex v in an undirected graph is the number of edges il.cident
with this vertex, self-loops being counted twice.

Two vertices v and /)2 of a directed graph G are adjacent if there is some
edge e so thatf(e) (v ,/)2) or (v2, Vl). An edge-sequence from vertex v0 to /)k in a

digraph is an alternating sequence of vertices and edges, Voelvleav2 /)k-lek/)k,
such that for <i < k, f(ei)= (vi_ 1, vi). This edge sequence is said to pass
through the vertices vi, 0 < < k. An edge sequence is simple if it does not pass
through a vertex more than once. A dipath from/)o to/)k is an edge-sequence from
vo to/)k where all vertices are distinct, except possibly that vo vk. When vo vk,
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the dipath is called a rooted dicircuit rooted at vo. The rooted dicircuit considered
as a subgraph of G is called a dicircuit. The length of an edge-sequence is the
number of edges in it. By deleting an edge e we obtain a new graph G’ (V, E’, f’)
where E’ E {e} andf’ is a restriction offto E’. By deleting a vertex v from a
graph G we obtain a new graph G’= (V’,E’,f’), where V’= V- {v} and E’

{e Elf(e) 4: (v, u) or (u, v) for u V} and f’ "E’ --, V’ V’ is a restriction of
f to E’. By ignoring the direction of an edge e we mean that the ordered pair
f(e) (u, v) be considered as a set {u, v}. The corresponding definitions for an
undirected graph follow if the directions of the edges are ignored.

An undirected graph is connected if there exists a path between every pair of
vertices. A vertex is a cut-vertex if it lies on every path between a pair of vertices.
A connected undirected graph is separable if it has at least one cut-vertex. A
maximal, connected subgraph is called a component of the graph. A maximal,
nonseparable subgraph of a graph is called a block of the graph. A directed graph
is strongly-connected if there exists a dipath between every pair of vertices. A
maximal, strongly-connected subgraph of a digraph is called a fragment. The
undirected version G of a digraph D is obtained by ignoring the direction of the
edges of D. The directed version D (V, Eo,fo) of an undirected graph
G (V, E, f) is obtained by introducing two edges e’ and e" into Eo such that
fo(e’) (u, v) and fo(e")= (v, u) iff e E and f(e)= {u, v}. A spanning tree of a
connected undirected graph is a maximal subgraph which has no circuits. The
unique circuit obtained by adding a nontree edge to the spanning tree is called
a fundamental circuit (with respect to that spanning tree). The ring-sum of two
circuits C1 (VI,E,f) and C2 (V2,E2,f2) of an undirected graph G is an
undirected graph S C C2 (V’,E’,f’) where E’= E U E2 E1 f’l E2,
and for all e E’, f’(e) f(e), and V’ {u, v V[ for some e E’, f’(e) {u, v} }.
A variable adjacency matrix A of a digraph D (V, E, f) is an n n symbolic
matrix in which the (i,j)-element Ai "allek ek’ where ekE such that f(ek)

(Vi, V). If there is no such ek, then A 0. The powers of A, p >_ 1, are defined
as follows" A1= A, and for p > 1, Ap Ap-1. A A. Ap-, employing the
usual symbolic multiplication. To obtain a binary adjacency matrix, replace all
nonzero entries A by l’s.

We shall use n to denote the number of vertices, e the number of edges, and c
the number of circuits of the given graph G. We shall refer to an edge-sequence of
length k as a k-sequence. Similarly we use k-dipath and k-dicircuit, etc.

2. Outline of circuit enumeration algorithms. In principle, any algorithm
enumerating all dicircuits of a digraph can be used to enumerate all circuits of an
undirected graph, and vice versa. (However, see 4 for computational complexity
considerations.) The algorithms are therefore considered together. Every circuit
enumeration algorithm proposed can be put into one of the following four classes,
depending on the underlying approach:

1. circuit vector space for undirected graphs;
2. search algorithms;
3. powers of adjacency matrix;
4. edge-digraph.
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In the following subsections, we attempt to describe the basic ideas behind
various algorithms belonging to each class. More details may be found in Mateti
and Deo [19].

2.1. Circuit vector space algorithms. It is well known that the set of all circuits
and edge-disjoint unions of circuits of an undirected graph is a vector space over
GF(2), with the vector addition corresponding to the ring-sum operation on
subgraphs. To obtain all circuits, one can start from a basis for the circuit vector
space. The dimension of this space is # e n + 1, for a connected graph of n
vertices and e edges. All the 2u -/ 1 vectors (excluding the basic circuits them-
selves, and the null element) are computed. Since not every vector is a circuit, a
test is necessary to determine if the vector generated is a circuit. Generally only a
small fraction of the 2u -/ vectors are circuits, the rest being edge-disjoint
unions of circuits. In fact, we will prove in 3 that there are only four undirected
graphs having 2u 1 circuits, and we will exhibit classes of graphs for which
the ratio of number of circuits to the number of vectors goes asymptotically to zero
as the number of vertices increases.

An attempt to compute only a subset of all vectors and yet enumerate all
circuits was made by Welch [36], and later by Hsu and Honkanen [15]. Gibbs [13]
showed that Welch’s attempt led to incorrect results, and Mateti and Deo [19]
give a class of graphs for which Hsu and Honkanen’s algorithms end up computing
all 2u-/- vectors.

Algorithms belonging to the vector space class are: Maxwell and Reed [20],
Welch [36], Gibbs [13], Rao and Murti [26], Hsu and Honkanen [15], Mateti
and Deo [19].

2.2. Search algorithms. These algorithms search for circuits in an appropriate
search space which is a super set containing all circuits. The efficiency of such an
algorithm depends on (i) the size of this super set, (ii) the effort it takes to compute
an element in the search space, and (iii) a test to find if the element is indeed a
circuit. The algorithms of Char [6], and Chan and Chang [5] have the set of all
permutations of vertices of the graph as the search space.

Several algorithms since Floyd [12] have used backtracking to generate
dipaths of the graphs, and then identified if it is a dicircuit. The algorithm of
Tarjan [32] uses improved pruning methods to decrease the size of the subset
of dipaths generated considerably. Further improvements in this algorithm are
made by Johnson [16], Read and Tarjan [28] and Szwarcfiter and Lauer [31].

The algorithms of Roberts and Flores [29], Floyd [12], Tiernan [33], Berztiss
[2], [3], Weinblatt [34], and Ehrenfeucht et al. [11] are also basically backtrack
algorithms.

2.3. Algorithms using powers of adjacency matrix. Let A be the variable
adjacency matrix of the given digraph. Then a nonzero element A[’i, p => 1, is the
set of all p-sequences from vertex v to vertex vj. ;ince no dicircuit can be of length
greater than n, we need compute only up to A". Observe that an edge-sequence
need neither be a dipath nor a dicircuit. The crux of the problem is to avoid such
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nonsimple edge-sequences. It is in this avoidance that different algorithms in this
class vary. Note that all algorithms using this method find rooted dicircuits.

Algorithms belonging to this class are: Ponstein 25], Yau 37], Kamae
17], Danielson 9], Ardon and Malik [1].

2.4. Algorithm using edge-digraph of a digraph. Consider a digraph E(D)
derived from the given digraph D as follows" the vertex-set of E(D) is the edge-set
of D, and E(D) contains an edge q between its vertices e and e2 iff e and e2 (which
are edges of D) are adjacent in D.

The edge-digraph of a p-dipath is a (p- 1)-dipath; the edge-digraph of a
p-dicircuit is also a p-dicircuit. Thus we see that there is a one-to-one corre-
spondence between the dicircuits of D and E(D). An edge of E(D) will correspond
to a rooted 2-dicircuit. Enumerate and delete all 2-dicircuits of E(D), and call the
resulting graph D 1. Now, take the edge-digraph of D 1. E(D 1) has only dicircuits of
length p _>_ 3. Enumerate and delete all dicircuits of length 3" call the resulting
digraph D2, and so on until a Dp, for some p, is empty.

An algorithm using this approach is due to Cartwright and Gleason [4].

3. Circuit vector space of undirected graph. All circuit vector space algorithms,
known so far, compute all of the 2" vectors, in the worst case. But there are classes
of graphs for which the ratio of number of circuits c to vectors approaches zero
for large/t. In fact, there are only four graphs with c 2" 1. These four graphs
are shown in Fig. 1. To prove this, it is useful to have the following definition.

K3 K4-x K4 K3,3

FIG. 1. Graphs all of whose vectors are circuits

DEFINITION 1. A graph G is said to be reduced if
(i) G is simple,

(ii) G has no vertex of degree 0 or 1, and,
(iii) for every vertex v of degree 2, the two vertices adjacent to v are themselves

adjacent.
LEMMA. Let G be a reduced graph with the number of vertices n >_ 6. If G has

no edge-disjoint union of circuits, then the number ofedges e >= n + 3. The converse

is not true.

Proof. Since G is reduced, and has no edge disjoint union of circuits, G must
be connected. No vertex in G can be of degree less than 3" for otherwise, G is
either not reduced or has an edge-disjoint union of circuits. Therefore e __> 3n/2
=n+n/2->n+ 3, sincen>=6.

The graphs in Fig. 2 have e n + 3 and yet have edge-disjoint unions of
circuits.
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(o) (b)

FIG. 2. Graphs with e n + 3 and yet having edge-disjoint unions of circuits

THEOREM 1. Only the four reduced graphs K3, K4, K4 x and K3, 3 have all
vectors as circuits.

Proof That the theorem is true for graphs with at most five vertices and
seven edges can be seen by enumerating reduced graphs. It is also true for graphs
with n vertices n __> 6, and e edges, e =< n + 2 by the lemma. For graphs with n _>_ 5,
and e __> n + 3, the theorem will be proved by contradiction. We will first assume
that there exists a graph G which has n >__ 5, is not K3,3, and yet has all vectors as
circuits, and then show a contradiction. If G is disconnected or separable, we are
done because every reduced graph which is separable or disconnected will contain
one or more edge-disjoint union of circuits. Therefore G is connected and is non-
separable. Graph G is either planar or nonplanar.

Case 1. G is planar, n >__ 5, e __> n + 3; that is, nullity p e n + is at least 4.
There are at least 4 finite regions and one infinite region defined by a plane

representation of the graph G (see Deo [10, Chap. 5]). If any two finite regions are
not adjacent, the circuits defining these regions are edge-disjoint. Likewise, every
finite region must also be adjacent to the infinite region" otherwise the circuit
defining the finite region is disjoint with the circuit defining the infinite region.
The dual of G is therefore a complete graph K,+ of p + vertices, and p + > 5
which is impossible. Thus there must exist a pair of regions which are not adjacent,
and hence an edge-disjoint union of circuits.

Case 2. G is nonplanar, and therefore G either has a subgraph homeomorphic
to K,3, or has a subgraph homeomorphic to Ks.

Case 2.1. Let G have a subgraph homeomorphic to Ks. An edge-disjoint
union of circuits of K shown in Fig. 3 is homeomorphic to a subgraph of G.

Case 2.2. G has a proper subgraph g homeomorphic to K,. Since g is a
proper subgraph, there exists an additional path between two vertices u and v.
If u and v correspond to vertices in the same independent set of vertices of K,a,

FIG. 3. An edge-disjoint union of circuits in a complete graph offive vertices
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there exists an edge-disjoint union of circuits (see Figure 4(a)). If u and v correspond
to vertex u’ in one independent set of vertices of K3,3 and to v’ in the other inde-
pendent set, respectively, an edge-disjoint union of circuits exists (see Figure 4(b)).

FIG. 4. Edge-disjoint unions ofcircuits in a nonplanar graph having a proper subgraph homeomorphic
tO K3,

Observe that the Theorem does not give us information as to how many
edge-disjoint unions of circuits a given graph can have. In general, a large fraction
of the vectors are edge-disjoint unions of circuits. The ratio of circuits to all vectors
in the vector space for numerous classes of graphs tends to zero. Three such classes
are shown in Fig. 5.

8 4

6

(a) A wheel graph

p--n--
c=(- 1)+

,=1/2(.+2)

#2 5#
c=--+---3

2 2

(b) A modified ladder graph
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n 3n
/

2 2

’--
(c) A complete graph

FIG. 5. Graphsfor which lim. (c/2u) 0

4. Analyses of algorithms. We take as our data unit a single vertex, or an edge.
Other data objects like paths, circuits, or graphs are composed of these basic
data units. The space bounds for various algorithms are given in terms of these
data units. Any operation performed on an edge, between two edges, or between
two vertices takes a unit of time. Thus adding an edge to a partly constructed path,
testing if the label of a vertex is greater than that of another vertex, given e finding
f(e), etc., all take a unit of time. All other operations performed in the actual
execution of an algorithm are assumed to take no time. The time bounds of the
algorithms are given in terms of these time units.

In what follows we give summaries of analyses performed on the algorithms.
Space bounds are rather obvious and are given in Table 1 at the end of this section.
Since the number of time units consumed by some of these algorithms depends
intricately on the structure of the graph whose circuits are being enumerated,
the worst-case time bounds given are in general pessimistic bounds. Thus if Ta
and TB are upper bounds on the time required by two algorithms A and B, respec-
tively, and if Ta < TB, it cannot be said with certainty that algorithm A is faster
than B. The algorithms A and B are often directly compared with each other to
make a statement to the effect that A is faster than B on any given graph. In general,
the worst-case graphs for two algorithms are not the same. For a discussion on
related matters, see Chase [8].

It will be computationally advantageous to perform some initial simplifica-
tions on the given graph which do not disturb the circuit structure of the graph
before proceeding to enumerate all circuits. Self-loops can be enumerated initially.
Then if the given graph is a directed graph, take its fragments, take the undirected
version ofeach fragment and decompose it into blocks, and enumerate the dicircuits
of the subdigraph corresponding to each of these blocks. A set of p parallel edges
can be replaced by a single new edge. For each dicircuit containing this new edge,
enumerate p dicircuits, each containing an edge from the set of edges replaced.
Vertices v of in-degree and out-degree I may be deleted by adding an edge connect-
ing the two adjacent vertices of v. Note, however, that this might result in parallel
edges. Similar editing operations may be performed on undirected graphs. This is
advantageous because all these editing operations have upper bounds of O(n + e)
(see Hopcroft and Tarjan 143). And even the fastest known algorithm (Johnson’s)
has an upper time bound of O((n + e)(c + 1)). For the purpose of time analysis,
we will therefore assume that the graph given is an "edited" graph.

For some positive constant K, and given function W(. ), O(P( )) means that the number being
represented by O(W(. )) is at most K. W(. )" T O(W(. )) means that T =< K. W(. )" and W(. O(T)
means that T >= K. W(.).
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If the size of the input is a and the size of the output is b, then any upper bound
cannot be less than O(a + b). We insist that each circuit be enumerated as a sequence
of vertices or edges. Thus b O(n. c). Johnson’s algorithm approaches this bound.

It may be pointed out that an algorithm A enumerating all the dicircuits of a
digraph may be used on an undirected graph G by taking the directed version D
of G. The digraph D is obtained from G by replacing each edge e of G by two oppo-
sitely directed edges e’ and e". For each circuit of G, we now have two dicircuits
in D, and, in addition, e 2-dicircuits are created, where e is the number of edges in G.
Thus if co is the number of dicircuits in D, and cG is the number of circuits in G,
co 2cG + e. (However, an algorithm for undirected graphs, such as a circuit
vector space algorithm, should not be applied on an undirected version G of a
digraph D to enumerate the dicircuits because the number of circuits in G could
be exponential in the number of dicircuits of D.) Thus circuit vector space algo-
rithms should not be used even to enumerate the circuits of an undirected graph
until progress has bee,n made in the pruning methods used to avoid fruitless
computations of noncircuit vectors giving a circuit vector space algorithm having
an upper time bound of O((n + e)c). When this is achieved, the multiplying
constants, which depend on the implementation, may make one algorithm better
to use than the other. Such a progress appears promising if it is remembered that
the backtrack algorithms for digraphs have been improved from exponential
(Tiernan [33]) to polynomial in output (Johnson [16])in three years.

TABLE
Upper bounds on time and space

Algorithm of

Ardon and Malik
Berztiss
Cartwright and Gleason

han and Chang

Time bound

n(const.)"
n(const.)"
n(const.)"

i!i

Space bound

n
n+e
n(const.)"

n+e

Method used

Powers of adjacency matrix
Backtrack
Edge-digraph

Searches permutations

Char

Danielson
Ehrenfeucht et al.
Hsu and Honkanen
Johnson
Kamae
Mateti and Deo
Maxwell and Reed
Ponstein
Rao and Murti
Read and Tarjan
Szwarcfiter and Lauer
Tarjan
Tiernan (RFFT)
Weinblatt
Welch-Gibbs
Yau

n!/(n i)!
i=3

n(const.)"
n + n.e.c

n. 2 2u

(n + e)c

e. p2 2
(n + e)c
(n + e)c
n.e.c

n(const.)"
n(const.)"
n. 2

n+e

n(const.)"
n+e
e 2
n+e
n(const.)"

e.2"
n(const.)"

n+e
n+e
n+e
n.c. 2
n(const.)"

Searches permutations

Powers of adjacency matrix
Backtrack
Circuit vector space
Backtrack
Powers of adjacency matrix
Circuit vector space
Circuit vector space
Powers of adjacency matrix
Circuit vector space
Backtrack
Backtrack
Backtrack
Backtrack
Backtrack
Circuit vector space
Powers of adjacency matrix
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5. Conclusions. Of all the algorithms analyzed, the Johnson’s algorithm [16]
having an upper bound of O((n + e)c) on the time is the asymptotically fastest
algorithm. (Szwarcfiter and Lauer [31] give a similar algorithm with the same
upper bound.) The success of this backtrack algorithm is due to a very effective
pruning technique which avoids much of the fruitless search present in earlier
algorithms.

Little has been done in circuit vector space algorithms by way of pruning
unnecessary computations. The algorithms of Hsu and Honkanen [15], and
Mateti and Deo [19] are the fastest among circuit vector space algorithms. It
cannot be said of these two algorithms that one is faster than the other.

Acknowledgments. The authors wish to thank the referees for making valuable
suggestions. The authors are grateful to Professor Jurg Nievergelt for many
insightful discussions.

REFERENCES
1] M.T. ARDON AND N. R. MALIK, A recursive algorithmjbr generating circuits and related subgraphs,

5th Asilomar Conf. on Circuits and Systems 5, Pacific Grove, Calif., Nov. 1971, pp. 279-284.
[2] A. T. BERZTISS, Data Structures." Theory and Practice, Academic Press, New York, 1971.
[3] --., A K-tree algorithm for simple cycles ofa directed graph, Tech. Rep. 73-6, Dept. of Com-

puter Sci., Univ. of Pittsburgh, 1973.
[4] D. CARTWRIGHT AND T. C. GLEASON, The number ofpaths and cycles in a digraph, Psychometrika,

31 (1966), pp. 179-199.
[5] S. G. CHAN AND W. T. CHANG, On the determination of dicircuits and dipaths, Proc. 2nd Hawaii

Internat. Conf. System Sci., Honolulu, Hawaii, 1969, pp. 155-158.
[6] J. P. CHAR, Master circuit matrix, Proc. IEE (London), l5 (1968), pp. 762-770.
[7] ., Master circuit matrix, Ibid., 117 (1970), pp. 1655-1656.
[8] S. M. CHASE, Analysis ofalgorithmsforfinding all spanning trees ofa graph, Ph.D. thesis, Rep. 401,

Dept. of Computer Sci., Univ. of Illinois, Urbana, ill., 1970.
[9] G. H. DANIELSON, Onfinding the simple paths and circuits in a graph, IEEE Trans. Circuit Theory,

CT-15 (1968), pp. 294-295.
[10] N. DEo, Graph Theory with Applications to Engineering and Computer Science, Prentice-Hall,

Englewood Cliffs, N.J., 1974.
[11] A. EHRENFEUCHT, L. D. FOSDICK AND L. J. OSTERWEIL, An algorithm for finding the elementary

circuits of a directed graph, Tech. Rep. CU-CS-024-73, Dept. of Computer Sci., Univ. of
Colorado, Boulder, 1973.

[12] R. W. FLOYD, Nondeterministic algorithms, J. Assoc. Comput. Mach., 14 (1967), pp. 636-644.
[13] N. E. GIBBS, .4 cycle generation algorithm for finite undirected linear graphs, Ibid., 16 (1969),

pp. 564-568.
14] J. HOPCROFT AND R. TARJAN, Efficient algorithmsfor graph manipulation, Comm. ACM, 16 (1973),

pp. 372-378.
15] H.T. Hsu AND P. A. HONKANEN, .4fast minimalstorage algorithmfor determining all the elementary

cycles ofa graph, Computer Sci. Dept., Pennsylvania State Univ., University Park, 1972.
[16] D. B. JOHNSON, Finding all the elementary circuits of a directed graph, this Journal, 4 (1975),

pp. 77-84.
El7] T. KAMAE, .4 systematic method offinding all directed circuits and enumerating all directed paths,

IEEE Trans. Circuit Theory, CT-14 2 (1967), pp. 166-171.
[18] J. W. LAPATRA AND B. R. MEYERS, Algorithms for circuit enumeration, IEEE Internat. Cony.

Record, part 1, 12 (1964), pp. 368-373.
19] P. MATETI AND N. DEO, On algorithmsjbr enumerating all circuits ofa graph, UIUCDCD-R-73-585

(revised), Dept. of Computer Sci., University of Illinois, Urbana, Ill., 1973.



ENUMERATING ALL CIRCUITS OF A GRAPH 99

[20] L. M. MAXWELL AND G. B. REED, Subgraph identification--Segs, circuits and paths, 8th Midwest
Syrup. on Circuit Theory, Colorado State Univ., Fort Collins, Colo., June 1965, pp. 13-0-
13-10.

[21] R. L. NORMAN, A matrix method for location of cycles of a directed graph, Amer. Inst. Chem.
Engrs. J., (1965), pp. 450-452.

[22] K. PATON, An algorithm for finding a fundamental set of cycles for an undirected linear graph,
Comm. ACM, 12 (1969), pp. 514-518.

[23] ., An algorithm Jbr the blocks and cut-nodes ofa graph, Ibid., 14 (1971), pp. 468-476.
[24] M. PRABHAKER, Aalysis of algorithms for finding all circuits of a graph, Master’s tech. thesis,

Dept. of Electrical Engrg., Indian Inst. of Tech., Kanpur, India, 1972.
[25] J. PONSTEIN, Self-avoiding paths and adjacency matrix ofa graph, SIAM J. Appl. Math., 14 (1966),

pp. 600--609.
[26] V. V. B. RAO AND V. G. K. MURTI, Enumeration ofall circuits ofa graph, Proc. IEEE, 57 (1969),

pp. 700-701.
[27] V. V. B. RAO, K. SANKARA RAO, R. SANKARAN AND V. G. K. MURTI, Planar graphs and circuits

Matrix Tensor Quart., 18 (1968), pp. 88-91.
[28] R. C. READ AND R. E. TARJAN, Bounds on backtrack algorithms for listing cycles, paths, and

spanning trees, Networks (to appear); ERL Memo. M 433, Electronics Research Laboratory,
Univ. of California, ’Berkeley, 1973.

[29] S. M. ROBERTS AND I. FLORES, Systematic generation of Hamiltonian circuits, Comm. ACM,
9 (1966), pp. 690-694.

[30] M. M. SYSLO, The elementary circuits of a graph, Algorithm 459, Comm. ACM, 16 (1973), pp.
632-633; Errata: Ibid., 18 (1975), pp. 119.

[3 l] J. L. SZWARCFITER AND P. E. LAUER, Finding the elementary cycles ofa directed graph in O(n + m)
per cycle, no. 60, Univ. of Newcastle upon Tyne, Newcastle upon Tyne, England, May 1974.

[32] R. TARJAN, Enumeration of the elementary circuits of a directed graph, this Journal, 2 (1973),
pp. 211-216.

[33] J. C. TIERNAN, An efficient search algorithm tofind the elementary circuits ofa graph, Comm. ACM,
13 (1970), pp. 722-726.

[34] H. WEINBLATT, .4 new search algorithm for finding the simple cycles of a finite directed graph,
J. Assoc. Comput. Mach., 19 (1972), pp. 43-56.

[35] J. T. WELCH, Cycle algorithms for undirected linear graphs and some immediate applications,
Proc. 1965 ACM Nat. Conf., P-65, pp. 296-301.

[36] --., A mechanical analysis of the cyclic structure of undirected linear graphs, J. Assoc. Comput.
Mach., 13 (1966), pp. 205-210.

[37] S. S. YAU, Generation ofall Hamiltonian circuits,paths, and centers ofa graph, and relatedproblems,
IEEE Trans. Circuit Theory, CT- 14 (1967), pp. 79-81.



SIAM J. COMPUT.
Vol. 5, No. 1, March 1976

ON THE EVALUATION OF POWERS*

ANDREW CHI-CHIH YAO’

Abstract. It is shown that for any set of positive integers {nl, n2, ,np}, there exists a procedure
which computes {x"’,x"2, ,x"p} for any input x in less than lg N + c ’=t [lg nJlglg(ni + 2)]
multiplications for some constant c, where N maxi Ini}. This gives a partial solution to an open
problem in Knuth [3, 4.6.3, Ex. 32] and generalizes Brauer’s theorem on addition chains.

Key words, addition chains, Brauer’s theorem

1. Introduction. An addition chain (of length r) is a sequence of r + integers
ao,al,a2,’", ar such that (i) ao and (ii) for each i, ai aj + ak for some
j =< k < i. It is clear that, for any r and any set of integers {nl, n2,’.., np},
there exists an addition chain of length r which contains the values n l, n2, "-, np

if and only if there exists a procedure which, for any input x, computes {x"1, x"2, ...,
x"p} in r operations using only multiplications. A theorem by Brauer [1], [3,
pp. 398-418] states that, for any n, there exists an addition chain of length
lg n + O(lg n/lg lg n) which contains the value n" this implies the existence of a
corresponding procedure to compute x in lg n + O(lg n/lg lg n) multiplications.
Furthermore, it was shown by Erd6s [2], [3, pp. 398-418] that the above result is
asymptotically with probability 1 nearly the best possible. In an open problem
posed in Knuth [3, 4.6.3, Ex. 32], it is asked if there are fast procedures to compute
x, x% ..., xp for p >= 2. This problem cannot be solved by a direct extension
of the technique used by Brauer in the proof of his theorem.

In this paper we show that for any positive integers n, n2,’.., np, there
exists a procedure using only multiplications which, for any input x, computes
{x"’, x% ..., x"} in lg N + constant x ’:1 [lg nJlg lg (n + 2)] multiplications
where N max {n}. This gives a solution to Knuth’s problem and leads to a
corresponding theorem on addition chains which generalizes Brauer’s theorem
mentioned earlier.

2. Definition. Let ei, <= <= p, and fj, 1=< j _< q, be positive integers.
We shall say that {xel, X} is computablefrom {xY, xyq} in r multiplica-
tions (r >= 0) if there exists a set of r positive integers, {f/ 1,"’, fq/r}, such
that

(i) for all q + 1,..., q + r,

xy’=xy.xy for somej=<k<i.

(ii) {x,..., Xer’} C {xft, xfq+"}.
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Since the exponents are added when two powers of x are multiplied, the
above definition is a natural generalization of the definition of addition chains
(cf. 1). The exponents appearing in xSl, "’", xSq} correspond to a set of numbers
initially available in the chain, as opposed to a single number, 1, in the earlier
definition.

3. The computation of {x"1, ..., x"p}. The following lemma is well known
3, pp. 398-418).

LEMMA 1. For any integer > 0, .y’} is computable from IY} in at most 2[lg iJ
multiplications.

Proof Let the binary representation of be

(1) i= bj.2j,
j=0

where v [lg i]. Then,
2yi= I-IY(2) bj=

Thus, we can first compute y2, y4, yS, ..., yZV sequentially in v multiplications
and then compute y by (2) in no more than v multiplications. The total number
of multiplications is no greater than 2v. fq

TI-IEOREM 2. For any integers m, n where 0 < m <- n, {xm} is computablefrom
lgn]{x, x2, x4, x8, x2L } in less than c lg n/lg lg (n + 2) multiplications for some

constant c.

Proof Assume n _> 4. Define the following quantities"

(3) k [(lg lg n)/2 ],

(4) D 2k,

(5) [logo hi,

Let the D-ary representation of m be

m ajDj,
j=0

where

(6) 0=<aj_<D-

We partition the set of integers {0, 1,
S(D 1) by letting

S(i)-- {llal-- i}
It follows from (6) that

for j=0,1,...,t.

t} into D disjoint subsets S(0), S(1),

fori=0,1,...,D- 1.

(7) m i.
i= i)

D i. mi,
i=1

where
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From (7) and (8), we obtain the following two equations:

(9) xm’= I-I xD’ for/= 1,2,...,D- 1,

D-I

(o) x= I-I (’).

Since all the xv’ in (9) are available in the set {x, x2, x4, x8,
we can construct a procedure to compute x" as follows.

Step 1. For 1, 2, ..., D do the following:
(a) Compute xm’ from (9) in fewer than IS(i)] multiplications.
(b) Compute (x"’) in at nost 2[lg i] multiplications (by Lemma 1).
Step 2. Compute x" from (10) in D 2 multiplications.

x2tlg nl}

Let M be the total number of multiplications in the above procedure. Then,
D-1

M< (S(i)[ +2LlgiI)+D-2
i=1

D-1

N(i)I +2(D- 1)lg(D- 1)+D-2.
i=1

Noting that the S(i)’s form a partition of the set {0, l, ..., t}, we obtain from (1 l)
that

(12) M< t-- +2(D- 1)lg(D- 1)+D-2,

which together with equat ons (3), (4) and (5), implies that

(13) M < 2(lgn/1;lgn) + + 4(lgn)/21glgn + 2(lgn) /2.

It follows from (13) that tt:.ere exists a constant c such that

(14) M < c lg n/lg lg (n + 2).

Thus the theorem is true f n 4. Obviously we can choose c so that the theorem
is also true for n 1, 2, 3.

THEOREM 3. For any set ofpositive integers {ha, n2, np}, {xn’, xn2, Xnp}
is computable from input tx} in less than lg U + c ’=x [lg n.]lg lg (ni + 2)] multi-
plications for some constat c, where N max/{ni}.

COROLLARY. {X"’,X’2, ..., X"P} is computable from {x} in less than lgN
+ cp lg N/lg lg (N + 2) r, mltiplications.

Proof of Theorem 3 and Corollary. First we compute {x, xZ, x4, xS,
x2[lgNl from input x in [?ig N multiplications. For each i, according to Theorem 2,
x"’ is computable from {x, x2, x’, ..., x2[lgN]} in c lg N/Ig Ig (N + 2) multiplica-
tions for some constant . The theorem and corollary then follow immediately.

In terms of addition chains, Theorem 3 and its corollary give the following
generalization of Braue"s theorem [1.], [3, pp. 398-418].

THEOREM 4. For any positive integers n, n2, np, there exists an addition
chain of length less than lg N + c ’= lg ni/lg lg (ni + 2) containing the values
n l, n2,... np for some constant c, where N max/{ni}.

COROLLARY. For positive integers n,n2,... np, there exists an addition
chain of length less than lg N + cp lg N/lg lg (N + 2) containing n n2,
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4. Conclusion. We have shown that {Xtll, Xtl2, X/11’ can be computed in
lg N + cp lg N/lg lg (N + 2) multiplications for input x where N max {hi}
and c is a constant. On the other hand, it is well known that to evaluate {x"1,
x’2, x"p} by arithmetic operations, at least lg N operations are necessary.
Thus our procedures for evaluating {x"1, x"2, ..., x"p} are nearly the best possible
when p << lg lg (N + 2). It remains an interesting open problem to determine the
complexity of computing {x"1, x"2, x"} for general p.

Note added in proof (A) By choosing the value of k in (3) more carefully, say
k= [lglgn-31glglgn], our algorithm in Theorem 3 takes at most lgN
+p lg N/lg lg N + (smaller terms) multiplications as N . For fixed p, these
leading terms are almost the best possible since, as observed by Larry Stockmeyer
(private communication), the lower bound of Erd6s 2 can be generalized straight-
forwardly. (B) Nicholas Pippenger proved the following (private communication):
{x", x", ..., x".} can be computed from x in min {(p + 21) [lg N/Iql is a positive
integer} multiplications, and for some c > 0 and every N,p, c lplgN/(lg P
+ lglgN) multiplications are needed for some set of {n,n2, ..., np} with
max {hi} < N. For large p (p _>_ lg N), this determines the worst-case complexity
to be p lg N/lg p up to a constant factor. (C) A related theorem on power evalua-
tion may be found in Sch6nhage [4].
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b-MATCHINGS IN TREES*

S. GOODMAN,’. S. HEDETNIEMH" AND R. E. TARJAN:I:

Abstract. We develop linear-time algorithms to find maximum weighted and unweighted degree-
constrained subgraphs (b-matchings) of a tree. We use a generalization of an algorithm for finding a
maximum 2-matching in a tree.

Key words, tree, matching, degree-constrained subgraph, postorder numbering, Hamiltonian
cycle

Let T be a tree with n vertices. For any vertex v, let d(v) denote the degree
(number of incident edges) of v. For each vertex v, let a bound b(v) such that 0 __< b(v)
<_ d(v) be given, and for each edge (u, v)e T, let a real-valued cost c(u, v) be given.
If S Tis a subset of the edges of Tand I{(u, v)e S}I <-_ b(v) for all v, then S is a
b-matching of T. We consider the problem of finding

(i) a b-matching S such that IS] is maximum (S is called a maximum (unweighted)
b-matching)"

(ii) a b-matching S such that t,,v)s c(u, v) is maximum (S is called a maximum
weighted b-matching)"

(iii) a maximum (unweighted) b-matching S such that t,,v)s c(u, v) is maxi-
mum. Efficient algorithms exist to solve these problems in arbitrary graphs
[3], [7]" we develop O(n) algorithms to solve them in trees by generalizing an O(n)
algorithm for finding maximum 2-matchings in trees devised by Goodman and
Hedetniemi [5].

Let C ,,v)r c(u, v) and for each edge (u, v) Tlet c’(u, v) 1 + c(u, v)/(2C).
Then t,,)r (c’(u, v) 1) 1/2. If S is any b-matching of T, then S is a b-matching
such that (,,)s c’(u, v) is maximum if and only if S is a maximum unweighted
b-matching such that t,,)s c(u, v) is maximum. Thus by changing the cost func-
tion we can convert a problem of type (iii) into a problem of type (ii).

Let ’{1,2, ,n} {v is a vertex of T} be a bijection such that, for all
vertices v, F(v) {wl(v, w) T and - l(w) > - l(v)} has no more than one element.
Such a numbering of the vertices of Tmay be computed in O(n) time by converting
Tinto a directed, rooted tree and numbering the vertices in postorder (see
[9], [10]). IflF(v)l 1, letf(v) be the unique element ofF(v)" otherwise letf(v) 0.
Henceforth, assume that vertices are identified by number (i.e., e(i) i).

Our algorithm to find unweighted b-matchings is based on the following
simple observation. If(u, v) is the only edge incident to u in T, b(u) > 0, and b(v) > O,
then there is a maximum b-matching which contains (u, v). The following algorithm
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computes a maximum b-matching using this observation. The edges (i,f(i))
such that s(i) true when the algorithm finishes are the edges in the b-matching.
For each vertex i, COUNT(i) is the number of edges incident to currently in the
b-matching. To handle vertex n, we set COUNT(0) := b(0) := 0 by convention,
sincef(n) is defined to be 0.

ALGORITHM TREEMATCH begin
initialization:for i: until n do COUNT(i): =0;
COUNT(0):= b(0) 0;

mainloop: for i:= until n do
if (COUNT(/) b(i)) or (COUNT(f(/)) b(f(i))) then

s(i):= false;
else begin

s(i)" true;
COUNT(f(i)):=COUNT(f(i)) +

inc: COUNT(i) COUNT(i) +
end;

end TREEMATCH

To prove that TREEMATCH works, we must show that the edges (i, f(i))
with s(i)= true when the algorithm concludes from a maximum b-matching
S of T. We show by induction on j that there is some maximum b-matching
S(j) of T such that, for all k <= j, (k, f(k)) S(j) if and only if S(k) true when
TREEMATCH finishes.

The hypothesis is clearly true forj 0" S(0) can be any maximum b-matching.
Thus suppose S(j 1) satisfies the hypothesis for j 1. Consider the iteration of
mainloop having index i= j. If COUNT(j)= b(j) or COUNT(f(j))= b(f(j))
when test is executed in this iteration of mainloop, then (j, f(j)) S(j- 1) and
S(j) S(j 1) satisfies the hypothesis forj. (Note that this case includes the case
when j n, since COUNT(f(n)) COUNT(0) 0 b(0).)

Suppose, on the other hand, that COUNT(j)< b(j) and COUNT(f(j))
< b(f(j)). If (j, f(j)) S(j 1), then S(j) S(j 1) satisfies the hypothesis for j.
If (j, f(j)) S(j 1), then S(j 1) has COUNT(j) =< b(j) edges incident to
j:, and there is some edge (k, f(j)) S(j 1) such that (k, f(j)) is not of the form
(l,f(l)) for any l<j. Then S(j)= S(j- 1)- (k,f(j))+ (j,f(j)) satisfies the
hypothesis forj. By induction, the hypothesis is true in general, and TREEMATCH
works correctly. TREEMATCH obviously requires O(n) time and space. The
algorithm will find maximum b-matchings in forests as well as trees. Statement inc
can be deleted without affecting the final values of s(i).

If b(i) 2 for all i, a maximum b-matching is called a maximum 2-matching.
A maximum 2-matching can be used to find the minimum number of edges which
must be added to a tree so that it has a Hamiltonian cycle. (This number, the
Hamiltonian completion number of T, is equal to n minus the number of edges in a
maximum 2-matching of T.) See [1], [4].

Our algorithm for finding maximum weight b-matchings is an extension of
TREEMATCH and is based on the following observation" Let v be a vertex of T
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adjacent to at most one vertex w of degree higher than one. Let u l,/./2, Uk be
the vertices of degree one adjacent to v, in decreasing order of c(ui, v). Then there
exists some maximum weight b-matching containing the edges (ul,v), ...,
(Ubv)- 1, V) and in addition either (Ub(v), V) or (w, v). Thus, if T’ is the tree formed from
T by deleting edges (u 1, v), ..., (uk, v) and c’ is a cost defined on the edges of T’
by c’(w, v) c(w, v) c(ub(,), v) and c’(x, y) c(x, y) if (x, y) 4: (w, v), then any
maximum weight b-matching of T’ may be converted into a maximum weight
matching of T by adding edges (u l, v), ..., (ubv)- 1, v), and (uv), v) if (w, v) is not
already in the b-matching.

The following algorithm implements this idea. Let the vertices of Tbe num-
bered as before. For each vertex i, let A(i)= {jl(i, J)e T and e-(i) > e-(j)}.
The algorithm changes the costs of edges according to the scheme given above.
The program uses the variable CEE(i) to denote the current value of c(i,f(i)).
To insure proper behavior at vertex n, we set CEE(n) 0. The maximum weight
b-matching consists of the edges (i, riO) such that s(i) true when the algorithm
finishes. For each vertex v, p(v) is computed to be the vertex u A(v) with b(v)th
largest value of CEE(u), if this vertex has CEE(u) < CEE(v). Otherwise, p(v) O.
Further explanation follows the program.

ALGORITHM WTREEMATCH: begin
initialization: for i:= until n- do begin

CEE(i) c(i, f(i))
p(i): =0;

end;
CEE(n) =p(n) 0;

mainloop" for i" until n do begin
select: find the element j A(i) with b(i)th largest value of CEE(j);
order: order the elements of A(/) so thatj occurs in the b(/)th

position and any k A(i) occurring before j has
CEE(k) >_ CEE(j);

check: if (CEE(/) > CEE(j)) then begin
CEE(/): CEE(/) CEE(j);
if CEE(j) > 0 then p(/): =j;

end else CEE(i): CEE(j): 0;
.flag: true;

add:for k A(i) do begin
if (j# k) or (CEE(/) 0) then begin

if CEE(k) > 0 then s(k): =flag else s(k): false;
m: =k;

backtrack: while p(m) 0 do begin
s(p(m)) s(m);
m:=p(m);

end end;
ifj: k thenflag: false;

end end;
end WTREEMATCH;
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In this algorithm, statement select finds the j A(i) with b(i)th largest value of
CEE(j), and order orders A(i) so that the k’s in A(i) with the b(i) largest values
of CEE(k) occur first, followed by j, followed by the rest of A(i). Statement check
updates the value of CEE(j) if there is a choice of whether to add (j, i) or (i, f(i))
to the b-matching. This step also sets p(i)= j so that adding (i, f(i)) to the b-
matching later will force (j, i) to remain out of the b-matching, and leaving (i, f(i))
out will force (j, i) to be added. If there is no choice, then (j, i) must be added to
the b-matching, and statement check sets CEE(i): CEE(j) 0. Statement add
decides whether to add (k,/) to the matching for each k A(i). Add adds (j, i) to
the matching if CEE(i) 0. After a decision whether to add (k, i) to the b-matching
is made, statement backtrack makes the delayed decisions which are now forced,
by following p pointers. The program never adds an edge of zero or negative cost
to the b-matching.

It is not hard to prove that WTREEMATCH works correctly in a way similar
to that used in the correctness proof of TREEMATCH. We must use a double
induction instead of a single induction to take care of the delayed decisions which
backtrack makes; this is the only complication. WTREEMATCH also works for
forests.

Statements select and order can be implemented to run in O(IA(i)]) time using
a complicated but linear-time recursive procedure (see [2]). If there is a constant B
such that b(i) <= B for all i, then it is much easier to implement select to run in
linear time (where the constant factor depends on log B). Each edge of the tree
is examined once in select, once in add, and once in backtrack. Thus it is clear that
the total time and space requirements of the algorithm are O(n).

Wehave presented linear-time algorithms for finding unweighted and weighted
b-matchings in trees. Here are two open questions for future research. Do these
algorithms generalize to (circuit-free) matroid problems? Are there fast algorithms
for finding maximum b-matchings on more complicated kinds of graphs, such as
k-trees [8] ? Is there a linear-time algorithm to find a b-matching of fixed (not
necessarily maximum) cardinality and maximum weight?
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BOUNDS FOR SELECTION*

LAURENT HYAFILS-

Abstract. In this paper we show that the minimum number of comparisons necessary for the
computation of the kth element of a totally ordered set of size n, Vk(n), is bounded below by n k
+ (k 1) [log2 (n/(k 1))]. For 3 < k < n/4, this bound is an improvement on the best lower bound
presently known. A new algorithm which yields an upper bound that is better than the currently known
bound for a large range of values of n will also be presented.

Key words, selection, sorting, analysis of algorithm

1. Introduction. The selection problem is to determine the kth element of a
totally ordered set P of size n. Two efficient algorithms for solving this problem
are presently known. When k is small with respect to n, k < 4n/lg n, A. Hadian
and M. Sobel’salgorithm [3] which needs at most n k + (k 1)[lg(n k + 2)
comparisons, is adequate. Another method, using at most 5.43n comparisons, 2

was discovered by M. Blum et al. [1]. This method is more efficient than Hadian
and Sobel’s method for k _>_ 4n/lg n.

Let V(n) denote the minimum number of comparisons necessary for finding
the kth element of a set of size n. The exact values of V(n) are known for k l(Vl(n)
n- 1), and k 2(V2(n n- 2 + lgn]) (Schreier and Kislitsyn), For

k 3, F. Yao [6] has obtained a lower bound which is equal to the upper bound of
Hadian and Sobel for infinitely many values of n. V. Pratt and F. Yao [5] also
showed that"

for k =< lg n/2 lg lg n,

for k <= n/3,

Vi,(n) >- n k + (k 1)[lg n (k 1)lg*n

2 lg ((k 1)!)],

Vk(n) >= n+ 2k lgn,

forn/3 <k< In- 3/2J, V(n)=>(3n+k)/2-1gn- O(1),

improving the bound due to Blum et al., except when lg n/2 lg lg n < k < lg n.
In this paper we first present a new lower bound for V(n), namely: n k

+ (k 1)[lg (n/k 1)] __< V(n). When 3 < k < n/4, this bound is strictly greater
than the best previously known bound. For instance, for k 5, this result together
with the best known upper bound enables us to determine the value of Vs(n)
within a gap of at most 8, while the previously known bounds leave a gap of at

Received by the editors July 17, 1974, and in revised form May 15, 1975.
t Institut de Recherche d’Informatique et d’Automatique, Domaine de Voluceau-Rocquencourt,

78150 Le Chesnay, France.
lg stands for log2.
M. Paterson, N. Pippinger, A. Sch6nhage have set up a new method which needs only 3n com-

parisons.
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least 80. Furthermore, this result shows that, for a fixed value of k, the tree selection
algorithm is asymptotically optimal.3

We then present a new algorithm for selecting the kth largest element of a
set of size n which yields an upper bound that improves strictly the previously
known bound when 2 lg n < k < 4n/lg n and when

2 + k 2 < n < 2[((k-2)/(k- 1))il-1 _+_ 2

for some integer i. Specifically, for k 3, the new upper bound is

V3(n __< n- 3 + [lg (n- 1)] +[lg (n- 2tlg")/zJ)].

Following the original formulation of the selection problem by Rev. C. L.
Dodgson (better known as Lewis Caroll) [2], we call an element of the set P a
"player" and a comparison between two players a "match" which must be won
by one of the two players. A procedure for selecting the kth largest element will
be referred to as a "tournament" for determining the kth best player.

2. The lower bound. We want to show that for any algorithm that computes
the kth best player among n players, there exists a ranking of the players such that
this algorithm must perform at least n k + (k 1) [lg (n/(k 1))q comparisons.
The idea of using an oracle in our proof is due to Knuth [4, who gave a new proof
of Kislitsyn’s lower bound for k 2. Here we extend this idea for all values of k.
Our oracle is basically a deterministic process which builds up a ranking among
the players, while the algorithm tries to find out the solution. This ranking, which
must satisfy transitivity and antisymmetry, will force the algorithm to perform
at least V(n) comparisons. A correct algorithm cannot stop before the kth player is
uniquely determined by the oracle. As a direct consequence, the set of the k
best players must also be uniquely determined.

We describe the oracle (9 as an automaton whose states are represented by
ordered pairs. To be specific, the state vector S, before the tth match is (qg,, E)
where qgt is a mapping from P to N, and Et is a totally ordered subset of P. The
initial state is $1 (I, ) where I is the constant mapping such that ’gx P,
I(x) 1. Roughly speaking, the players in Et are the top players, specifically the
ith player to enter the set E is the ith best player. Candidates for entering E,
are selected according to the values of qg,.

The input to the oracle at time is an unordered pair of players {x, y), who
are engaged in the tth match according to the selection procedure. The oracle
decides the winner of the match and enters state S,+ according to the following
rules:

R 1--If x Et and y Et, then x wins if and only if x > y (Et is an ordered set).
Moreover, S,+ St.

R2--If x Et and y $Et, then x wins and St + := St.
R3--If x Et and y Et, then if qt(x) > qgt(y), x wins; and if qgt(x qgt(y),

an arbitrary decision compatible with transitivity vill be made. In both

This result has been obtained independently by D. Kirkpatrick of the University of Toronto.
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cases, suppose the winner is x; if (#,(x) + Or(y) >__ n/(k 1), then
q,+l := (,o,, E,+I := Et U {x} and x becomes the smallest element of
E,+I. If q)t(x)+ot(y)<n/(k- 1), then E,+I :=E,, q),+l(y):=0,
qt+ l(x) := q,(x) + q),(y) and gz x, y, qt+ l(z) := q,(z).

Being given that x dominates only x at time 1, we say that x dominates y
at time + if x dominates y at time t, or if x has beaten y in the tth match, or
if x dominates z and z dominates y. Clearly, if x dominates y, x is a better player
than y.

THEOREM. The number Vk(n satisfies n k + (k 1) lg (n/(k 1)) <= Vk(n).
We first prove the following lemma.
LEMMA. Using oracle C, the k best players will have played at least (k l)

[lg (n/(k 1))] matches when the tournament is completed.
Proof. The lemma follows from the facts listed below.
Fact 1. The number of matches won by x by time is greater or equal to

[lg (pt(x)
Fact 2. Let e E, be the ith player (1 __< _< [Et[) to enter Et. Then e can be

dominated only by e with j __< i.
Fact 3. x,t, q)t(x)= n.

We denote with W the set of players x such that x E and ot(x) > O.
Fact 4. lEvi + [W[ > k 1.

This is a consequence of Fact 3 and of the fact that Vx P, q)t(x) < n/(k 1).
Fact 5. At the end of the tournament, IEtl >= k 1.

Since the players in W can be dominated only by the players in Et, if lEt[ < k 1,
then any player in Et or W can be one of the k best players. Contradiction
results from Fact 4.

Fact 6. At the end of the tournament, the k best players are the k top
players in JE
This is a consequence of Facts 2 and 5.

Since x entering Et+I by defeating y implies q)t(x) + q0t(y) >= n/(k 1) and
q)t(x) >- qt(Y), the result is a direct consequence of Facts and 6. U

Proofoftheorem. According to the lemma, the k best players have played
at least (k 1) [lg (n/(k 1))] matches. Clearly, any player who is not among the
k best players has lost at least one match against a player which is not among the
k- 1 best. Thus there are n- k additional matches which were not included
in the count of the matches played by the k top players. This completes the
proof of the theorem.

3. Improving the upper bound. Since Hadian and Sobel’s algorithm needs at
most n- k + (k- 1)[lg(n- k + 2)] comparisons, the new lower bound
presented above enables us to determine Vk(n) to within a gap of at most (k l)
[lg (k 1)] comparisons. The new algorithm we present reduces that gap when
lg n < k/2 and when

2 + k 2 < n 2 + 2[(k-2)/(k- 1))il-1 for any integer i.

We describe the algorithm in a pseudo-ALGOL dialect including set operations
(U, f’), -) and list operations (first, last, ", "for concatenation).
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We first describe the procedure BEST(i, S), which is a tree selection algorithm
used to determine the ordered list of the best players of the set S. The set S is
initially divided into two disjoint subsets $1 and $2, such that S $1 U $2 and
IS1[ 2rglsll- 1. Furthermore, each set is associated with a list TOP(S), which is
initially empty.

list procedure WINNER(list L1, list L2) := if last (L1) > last (L2)
then L else L2

comment: WINNER uses one comparison except "if one of the two
lists is empty;

list procedure BEST(integer i, set S);
begin if S then

begin for j ITOP(S)] / until do
begin W: =WINNER (BEST (1, $1), BEST (1, S 2));

if TOP(S1) W then
begin TOP(S1): ; $1 $1 W; end;

else
begin TOP(S2): ; S $2 W; end;
TOP(S):= TOP(S), W;

end;
end;
TOP(S);

end.

This tree selection algorithm performs at most ISl- i+ (i- 1)Jig]S]] com-
parisons (see, for instance, [4] for further details). The new algorithm is an extension
of this tree selection algorithm. Let P be the initial set of players which is divided
into two disjoint subsets P1 and P2 such that P1 U P2 P and IPll 2fgl’ll- 1.
The procedure BEST applied to P selects top players one by one in P1 and P2.
The new algorithm uses two sequences of positive integers {u,} and {v,}, and a
characteristic step is to select either the uh top players of P1 or the vj top players of
P2, according to the results of previous comparisons.

list procedure SELECT(integer k, set P);
begin h’= j’= A’=u + vl;

while A _< k do
L l: begin W: =WINNER(BEST(uh, P1), BEST (vj, P2));

if TOP(P1) W then
begin TOP(P1) ; P1 P W;

h:=h + 1;A:= A+
end;

else
begin TOP (P2): ; P2 := P W;

j:=j + 1;A:=A
end;
R: =k-A+Uh+V;
TOP(P): TOP(P), PICK(BEST(R, P1), BEST(R, P2));
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comment: TOP(P) contains the k best players of P, furthermore
the kth element of TOP(P) is the kth player of P;

end.
list procedure PICK (list L list L2)
comment: selects the top R players from the ordered lists

Lx and L2 of length R using R comparisons;
Remark: It is possible (and sometimes more efficient) to use the procedure

SELECT recursively instead of the procedure BEST. In that case, since the result
of SELECT is not an ordered list, it is also necessary to replace the procedure
PICK.

Analysis ofthe algorithm. An exhaustive analysis of the algorithm to determine
the best possible choices of {u} and {v} for given values of n and k being quite
tedious, we restrict our study to particular values of {u,} and {v,}.

A comparison performed when line L1 of the algorithm is executed, or a
comparison performed in the procedure PICK, clearly determines at least one new
element of the pool of the k best players. Such a comparison will be referred to as
an active comparison.

Case 1. u v a, a N, for all integer . Assuming that k ta, N,
a + t- active comparisons are performed and at most n 2 + (k + a- 2)
([lg n] 2) inactive ones. So the difference between the number of comparisons
performed by tree selection and the number of comparisons performed by this
algorithm is clearly equal to

k- [(a- 1)([lgn]- 1)+k/a].

The choice a 2 shows that this algorithm strictly improves on tree selection if
k > 2 ([lg n] 1). In fact, there is an optimal manner of choosing a which is the
closest integer to

w/k/([lg n 1).

For instance, suppose we are to select the 90th player among a set of 2048.
The choice u, v 3, for all e, in our algorithm will save 39 comparisons over
tree selection.

Case 2. We want to choose {u,} and {v,} such that, in the worst case, the num-
ber of inactive comparisons is equal to n 2k + (k 1)[lg hi. Such a choice
guarantees that the algorithm is not worse than tree selection.

Assume that n 2i1+ 2i2, with ix > i2. The values of {u,} must satisfy
the relation

(i2- 1)__<n-2k+(k- 1)(i + 1);

that is,

k
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The choice v for all integer e appears to be always convenient, and a simple
calculation yields that the algorithm improves strictly on tree selection if

(k 2)il + 1
i2< k-1

For instance, for k 7, using the sequence u 4, u2 2, u3 1, saves 3 com-
parisons on tree selection if

2il < n < 2il + 2t"+ 1)/2/.

For k 3, using u 2 and u2 saves one comparison on tree selection if

2i < n __< 2i + 2f" + 1)/21- 1,

and the new upper bound for V3(n is

V3(n)_-<n- 3+ [lg(n- 1)] + [lg(n-
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ON FINDING LOWEST COMMON ANCESTORS IN TREES*

A. V. AHOf, J. E. HOPCROFT; AND J. D. ULLMAN

Abstract. Trees in an n-node forest are merged according to instructions in a given sequence,
while other instructions in the sequence ask for the lowest common ancestor of pairs of nodes. We
show that any sequence of O(n) such instructions can be processed "on-line" in O(n log n) steps on a

random access computer.
If we can accept our answer "off-line", that is, no answers need to be produced until the entire

sequence of instructions has been seen, then we may perform the task in O(n(n)) steps, where (n) is the
very slowly growing inverse Ackermann function defined in [14].

A third algorithm solves a problem of intermediate complexity. We require the answers on-line,
but we assume that all tree merging instructions precede the information requests. This algorithm
requires O(n log log n) time.

We apply the first on-line algorithm to a problem in code optimization, that of computing im-

mediate dominators in a reducible flow graph. We show how this computation can be performed in
O(n log n) steps.

Key words, algorithms, computational complexit3, graphs, trees, first common ancestor, code
optimization, dominators

1. Introduction. Suppose that we are running the following genealogy service.
During the course of a day, we receive new information concerning the ancestry
relationships among a fixed set of men. (E.g., "B is a son of A.") We also receive
requests asking for the closest common male ancestor ofpairs ofmen. (E.g., "Who
is the most recent common male parent of C and D?") Our problem is to process
each new request in turn using the most current information.

We can abstract our problem as follows. We have n nodes in a finite set of
trees (see [1] for definitions), hereafter called a forest. We receive a sequence of
instructions to execute. The instructions are of two types:

1. The instruction LINK(u, v) makes node u a son of node v. We assume
that at the time this instruction is received, nodes u and v are on different trees
and that u is a root. Thus, after executing this instruction, the nodes will remain
a forest.

2. The instruction LCA(u, v) prints the lowest common ancestor of nodes u
and v.

Example 1. Suppose that we initially have a forest consisting of eight isolated
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nodes u l, u2 ", U 8 and we receive the following sequence of instructions.

LINK(u1, u2)
LINK(u3, u4)
LINK(us, u6)
LINK(uT, Us)
LINK(u2, u4)
LINK(u6, u8)
LCA(u5, u7)
LINK(u4, u6)
LCA(u2, u3).

When the instruction LCA(us, uT) is received, the forest is as shown in
Fig. l(a). Thus Us, the lowest common ancestor of us and uT, is printed.

2 3 6 U7

U U5

F. l(a). Tree structures after LCA(us, u) instruction

Fig. l(b) shows the forest when LCA(u2, U3) is executed. This instruction causes
u4 to be printed.

U8

/4 U

/2 U3

U7

FIG. l(b). Tree structure after LCA(u2, U3) instruction

In this paper we shall consider the problem of executing a sequence of O(n)
LINK and LCA instructions on a forest with n nodes. We shall hereafter refer to
this sequence as tr. If we execute O(n) LINK instructions, trees with paths of
length n can develop. Consequently, if we execute the LCA instructions in
the obvious way, we could spend O(n) time on each LCA instruction, or O(n2)
time in total when there are O(n) LCA instructions.
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We shall first give an on-line algorithm that requires O(n log n) steps to
execute a. We shall also provide an asymptotically faster off-line algorithm and
an algorithm of intermediate complexity which solves an intermediate problem.
We then apply the on-line algorithm to compute the immediate dominators of an
n-node reducible program flow graph in O(n log n) steps.

2. A useful data structure for forests. In our on-line algorithm, we define two
forests with information attached to the various nodes. These two forests are used
together to find the least common ancestors. To distinguish these forests from
the actual forest that would be constructed by the LINK instructions, we shall
refer to the latter forest as the impliedforest.

The first defined forest, which we call the A-forest, has the same structure as
the implied forest. For the A-forest we shall maintain an array ANCESTOR[u, t],
where u is a node and an integer such that 0 _< < log n. At all times,
ANCESTOR[u, i] will be either the (2i)th ancestor of node u in the implied forest
or will be undefined. ANCESTOR[u, ] could be undefined even though u has a
(2i)th ancestor, since we shall not compute ancestor information until needed.
Maintenance of ancestor information will be discussed in 4.

The second forest, called the D-forest, has nodes grouped into the same trees
as the implied forest, but the internal structure of corresponding trees will in
general be different. The sole purpose of the D-forest is to keep track of the depth
of nodes in the implied forest.

In what follows, we shall refer to a node in the A- and D-forests merely by
its name in the implied forest. We trust no confusion will result. It should be borne
in mind, however, that "the depth of u" always refers to the depth of u in the
implied forest or, equivalently, to the depth of u in the A-forest.

3. Maintaining the D-forest. Our first algorithm uses the D-forest to compute
the depth of nodes in the implied forest. We attach an integer WEIGHT[u] to
each node u in the D-forest. To find the depth of a node, we find the representative
of the node in the D-forest and trace the path from this node to its root, summing
the weights of the nodes along this path. Then, except for the root, we make each
node along this path be a son of the root, updating the weights of the nodes
appropriately.

ALGORITHM 1.

proeedure DEPTH(u)"
begin

1. Find the path from node u to its root in the D-forest. Suppose
u, u_ , ..., Uo is that path, where Uo is the root and u is u.

2. sum ,- WEIGHTI-uo] + WEIGHT[u 1] +... + WEIGHTu].
3. Make each of u2, u3, , u a son of Uo in the D-forest.
4. for 2 until k do

WEIGHT[u] WEIGHT[ui] + WEIGHT[ug_ 1];
5. return sum

end

All logarithms in this paper are to the base 2.
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The root of each tree in the D-forest also has an associated COUNT, giving
the number of nodes in the tree. Initially each node in the D-forest is in a tree by
itself, having a COUNT of and a WEIGHT of 0.

We now give an algorithm to merge the two corresponding trees in the D-
forest when a LINK(u, v) instruction is executed.

AL6ORITIaM 2 (Merging trees in the D-forest).
1. Find the roots x andy ofthe trees holding u and v, respectively, by executing

steps 1, 3 and 4 of Algorithm 1.
2. Compute DEPTH(v) using Algorithm 1.
3. If COUNT[x] <__ COUNT[y], then make x a son of y in the D-forest and

do the following:
COUNT[yI - COUNT[y] + COUNT[x];
WEIGHT[x] WEIGHT[x] + DEPTH[v] + WEIGHT[y].
4. Otherwise, if COUNT[x] > COUNT[y], make y a son of x in the D-forest

and counts appropriately.
COUNT[x] +- COUNT[y] + COUNT[x];
WEIGHT[x] WEIGHT[x] + DEPTH[v] + 1;
WEIGHT[y] - WEIGHT[y] WEIGHT[x].

In steps 3 and 4 we merge the smaller tree into the larger, adjusting the weights
and counts appropriately.

LEMA 1. Suppose Algorithm 2 is used every time trees must be merged by a
LINK instruction andAlgorithm is used every time we w&h to compute DEPTH[u].
Then

(a) each value DEPTH[u] found in Algorithm is correct, and
(b) if O(n) tree merges and O(n) depth computations are done, the total time

spent in Algorithms and 2 & O(no(n)). 2

Proof. Observe that Algorithm does not change the sum ofthe weights along
the path from any node to its root. In particular, step 4 of Algorithm adds the
sum of the weights of u l, u2, , ui- to ui for each node u moved in step 3.
This adjustment corrects for the fact that the path from u to u0 no longer passes
through u, u2, Ui- 1"

Algorithm 2 adds the value DEPTH(v) + to paths from nodes in the tree
containing u and does not change other paths. Since u is the root (in the A-forest)
of its tree, we may conclude (a). For part (b) observe that the number of steps
taken by Algorithm is proportional to that of the set merging algorithm of [2]
[14] shows this algorithm takes O(n(n)) time. F]

It is important that the weights in the D-forest do not grow too large since
we are assuming that arithmetic on integers can be accomplished in one step.
Should numbers grow larger than say O(n), we would have to consider the cost
of multiple-precision arithmetic. The following bound, however, justifies our
ignoring the cost of arithmetic.

LEMMA 2. No weight in the D-forest exceeds n in magnitude.
Proof. Suppose that u is a node in the D-forest and u, v, rE, /-)k is the

(H) is the inverse Ackermann function defined in [14].
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path from u to its root. Then the difference in the depth of nodes u and Vl is easily
seen to be WEIGHT[u]. Since no depth exceeds n, the difference of two depths
cannot exceed n. Also, the depth of a node represented by a root in the D-forest
is never greater than n. Thus [WEIGHT[u]] =< n for all u. if]

4. Computing ancestor information. Maintaining the structure of the A-forest
is easy, since a LINK(u, v) instruction can be executed by attaching an additional
pointer to node u, i.e., setting ANCESTOR[u, 03 to v. What is difficult is the
maintenance of the ancestor information. We shall define a recursive routine
INSTALL(u, i) which inserts the (2i)th ancestor of u into the ANCESTOR array.
This routine will be called at various times when ancestor information is needed
to execute an LCA instruction. It is written under the assumption that
ANCESTOR[u, 03 : undefined for any u to which the routine INSTALL will be
applied.

procedure INSTALL(u, i)"
begin

if ANCESTOR[u, 13 undefined then INSTALL(u, 1);
if ANCESTOR[ANCESTOR[u, 1, 1 undefined then

INSTALL(ANCESTOR[u, 1, 1);
ANCESTOR[u, t] ANCESTOR[ANCESTOR[u, 1, 1

end

Given the assumption that ANCESTOR[v, 01 is correctly defined for all v and
that u has a (2)th ancestor, a straightforward induction on => shows that
INSTALL(u, i) correctly computes ANCESTOR[u, t].

We shall also define a procedure FIND(u, v, i, d) which takes as arguments
two distinct nodes u and v of equal depth d such that 2g- =< d and such that the
(2i)th ancestors of u and v are the same or neither exists. The result of
FIND(u, v, i, d) is the lowest common ancestor of u and v; FIND works by
repeatedly halving the range in which the length of the path from u to the lowest
common ancestor of u and v is known to lie.

procedure FIND(u, v, i, d)"
if 0 then return ANCESTOR[u, 0;
else

begin
if ANCESTOR[u, 1 undefined then INSTALL(u, 1)
if ANCESTOR[v, 13 undefined then INSTALL(v, 1);
if ANCESTOR[u, 13 ANCESTOR[v, 1 then return

FIND(u, v, 1, d)
else

begin
j min (i 1, [log (d 2i-x)j);
return FIND(ANCESTOR[u, 1,

ANCESTOR[v, 1], .j, d 2i- 1)
end

end
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It is straightforward to show that FIND works correctly given that 2i- d.
The selection of j on the next to last line of the procedure insures that
2J- d 2i-.

We can now give an algorithm to compute the lowest common ancestor ofan
arbitrary pair of nodes.

AL6oaxI-nVI 3 (Lowest common ancestor of u and v).
1. Use Algorithm to compute DEPTH(u) and DEPTH(v). Assume without

loss of generality that DEPTH(u) >__ DEPTH(v).
2. Find the ancestor a of u having the same depth as v by the following

procedure"

begin
a-u;
d DEPTH(u) DEPTH(v);
while d : 0 do

begin
j [log d];
if ANCESTOR[a, j] undefined then INSTALL (a, j)
a - ANCESTOR[a, j]
d-d-2

end

end;
return a

3. If a v, then a is the lowest common ancestor of u and v. Otherwise,
execute FIND(a, v, i, d), where d DEPTH(v) and [log dJ.

5. An on-line algorithm. We now utilize Algorithms 1, 2 and 3 to execute the
sequence a on-line, that is, providing the answer to the ith instruction in tr before
the (i + 1)st instruction is read.

ALGORITHM 4 (On-line execution of tr).
1. Initialize the D-forest with all nodes in separate trees, having counts of

and weights of 0.
2. Initialize the A-forest with all nodes in separate trees and with

ANCESTOR[u, t] undefined for all u and i.
3. Execute an LCA(u, v) instruction by applying Algorithm 3 to u and v.

Print the resulting lowest common ancestor.
4. Execute a LINK(u, v) instruction as follows:
(a) Set ANCESTOR[u, 0] v.
(b) Use Algorithm 2 to merge the trees in the D-forest holding u and v.
THEOREM 1. IfAlgorithm 4 is applied to execute t, the execution ofthe algorithm

requires at most O(n log n) steps ofa random access computer. 3

Proof. Algorithm 4 results in O(n) calls of Algorithm 2. There are also O(n)
calls to Algorithm 3, which result in O(n) calls to Algorithm 1. By Lemma 1, all
calls to Algorithms and 2 are handled in O(n(n)) steps.

Exclusive of calls to FIND and INSTALL, Algorithm 3 clearly requires

See [1] for a discussion of the formal "RAM" model.
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O(1og n) steps per call, for a total of O(n log n) steps. Since FIND calls itself with
the third argument decreased by at least each time, at most O(n log rr) calls to
FIND may be made. Since each call of FIND requires constant time exclusive of
calls to itself or to INSTALL, the total cost ofFIND exclusive ofcalls to INSTALL
is O(n log n).

Since INSTALL(u, i) is called only if ANCESTOR[u, t undefined, and
ANCESTOR[u, t will be defined after this call to INSTALL(u, i), we see that no
more than O(n log n) calls of INSTALL can occur. Since each call of INSTALL
requires constant time exclusive ofcalls to itself, the cost ofINSTALL is O(n logn).

Thus Algorithm 4 requires at most O(n log n) steps on any sequence of
O(n) LINK and LCA instructions.

One might argue that the "obvious" method of executing tr has an expected
time of O(n log n), since a random sequence ofLINK instructions might produce
paths of length O(log n), rather than O(n). In this case, however, it is easy to
bound the expected (not worst-case) time taken by Algorithm 4 at O(n log log n).
In fact, if the expected path length in trees isf (n), then our algorithm will run in
O(max {n logf(n), n(n)}) steps. In 7 we shall see that in the case where all
LINK instructions precede all LCA instructions, O(n log log n) is an upper
bound on the running time of a modified algorithm, as well as its expected time.

6. Anoff-line algorithm. Algorithm 4 produces an answer to the ith instruction
in tr before the (i + 1)st is read. Ifwe are willing to wait until all of a has been seen
before producing any answers, however, we can do better than O(n log n); an
O(n(n)) algorithm exists.

To begin, we use the O(noffn)) set merging algorithm of[2] to check that no
LCA(u, v) instruction in a has u and v on different trees. Having thus assured
ourselves that we have a legal sequence of instructions, we may build the forest
required by the LINK instructions in tr. If there is more than one tree in the final
forest at the end, we can make all roots be sons of a new node, so that exactly one
tree T results. For each LCA(u, v) instruction in a, the lowest common ancestor
of u and v in T will be their lowest common ancestor in the forest built by the
LINK instructions preceding that LCA instruction in

We shall number the nodes of T so that if we visit them in preorder, we visit
them in the order 1, 2, . For example, the nodes in Fig. l(b) would be numbered
as shown in Fig. 2.

1

2

FIG. 2. Preorder numbering
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The construction of T and the preorder numbering of the nodes can clearly be
done in O(n) steps.

Note that if a and b are preordered nodes, then a < b if and only if
(i) a is an ancestor of b, or
(ii) a is to the left of b.
We shall now identify each LCA(u, v) instruction in tr with a distinct object X

with which we shall associate the integer pair (i, j), such that < j, and andj are
the numbers associated with nodes u and v. Let L and R be the projection functions
such that L(X) /and R(X) j.

We wish to generate the answers to the LCA instructions in tr. To do this,
we shall first derive from the tree T a sequence r of new instructions ENTER(X)
and REMOVE(i), where X is an object and an integer. We can think of these
instructions as entering and removing objects from a "bin" which is initially
empty.

1. The instruction ENTER(X) places object X in the bin.
2. The instruction REMOVE(i) removes from the bin all objects X such

that L(X) >= i. In addition, for each object X removed, we set A[X] i, where
A is an array indexed by the objects. We shall see that is the lowest common
ancestor of the pair of nodes associated with the object X.

We shall subsequently show that the execution of the sequence r can be
simulated in O(mt(n)) steps, off-line, by the O(n(n)) set merging algorithm of[2].
To begin, we show how the sequence z is generated from the set of objects and
the tree T.

ALGORITHM 5 (Generating ).
1. For each node i, list those objects X for which R(X) i.
2. Process each node of T in postorder. That is, node is processed before

nodej if and only if is to the left ofj or a descendant ofj. The nodes in postorder
for the tree of Fig. 2 are:

5 4 6 3 7 2 8 1.
When at node i, do the following:

(a) Generate the instruction ENTER(X) for each X such that R(X) i.
(b) Generate the instruction REMOVE(i).
We shall now prove an important property of the sequence z of ENTER and

REMOVE instructions generated by Algorithm 5.
LEMMA 3. Object X is removedfrom the bin by the instruction REMOVE(a)

in ifand only ifa is the lowest colmon ancestor ofL(X) and R(X).
Proof. If. Let X be an object such that a is the lowest common ancestor of

L(X) and R(X). Object X will be placed in the bin by the ENTER(X) instruction
generated when node R(X) is processed. Because the nodes are processed in
postorder, all nodes processed between R(X) and a must either be ancestors of
R(X) and descendants of a or they must be descendants of a to the right of R(X).

L(X) is not the descendant of any node between R(X) and a in the postorder.
Thus L(X) < u for all nodes u processed between R(X) and a. Since L(X) a or
L(X) is a descendant ofa, we must have L(X) >__ a. Thus object X is removed from
the bin by the REMOVE(a) instruction in z.

Only if. Suppose object X is removed from the bin by the instruction
REMOVE(a). Then R(X) must precede a in the postorder, L(X) => a, and for
any node u between R(X) and a in the postorder, L(X) < u.
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Suppose R(X) is not a descendant of a. Then R(X) is to the left of a (since
R(X) precedes a in the postorder) and R(X) < a. But then L(X) also must be less
than a, a contradiction. Therefore R(X) must be a descendant of a.

Let u be a descendant of a and an ancestor of R(X). That is, u is a node
between R(X) and a in the postorder. L(X) cannot be a descendant of u since
L(X) < u. However, either L(X) a or L(X) is to the left of R(X). In addition,
we know L(X) >= a. Thus L(X) must be a descendant of a (or a itself). Hence, a
is the lowest common ancestor of L(X) and R(X).

We shall now give an algorithm that will simulate the execution of the
.sequence z.

AL6ORITHM 6 (Simulation ofa). We note that all instructions in tr are distinct,
and that the last instruction in tr is REMOVE(l).

1. Suppose that there are k nodes in the tree T, so for all objects X, we have
__< L(X) < k. (Note that k __< n + 1, where n is the number of nodes in the

original forest.) For each i, =< _<_ k, make a list OBJ[z] of those objects X for
which L(X) i.

2. Create an "atom" ex for each ENTER(X) instruction in and an atom r
for each REMOVE(i) instruction in r. Also create an initially empty set named
Se for each REMOVE(i) instruction in a. Place ex in Se if R(X) i. Place r in Sj
if REMOVE(j) is the first REMOVE instruction in to follow REMOVE(i).

3. For k, k 1, ..., in turn do the following"
(a) For each X on OBJ[i], find the set Sj of which ex is currently a member.

Then do (b) and (c).
(b) If i>__ j, place X on list REM[j], which will hold all objects that are

removed from the bin when the instruction REMOVE(j) in is executed.
Consider the next X in step 3(a).

(c) If < j, merge set Sj with that set Sh such that rj is in Sh. Call the new set

Sh. Return to step (b) with j .set to h.
4. Examine each REMOVE(i) instruction of r in turn from the beginning.

List those pairs (X, i) such that X is on REMITS.
In step of Algorithm 6 we create the list OBJ to sort the objects in terms of

their first components. In step 2 we enter the atoms representing the objects into
sets indexed by the second component of the object. We also include in set Sj the
atom r corresponding to the instruction REMOVE(i) if node j follows node in
the postorder. In step 3, for each object X in set Sj, we locate via the r-atoms the
first ancestor a of node j such that L(X) __> a. Node a is the lowest common
ancestor of nodes L(X) and R(X).

The motivation behind Algorithm 6 is that each REMOVE(i) instruction in
r is presumed to remove from the bin all objects X such that the instruction
ENTER(X) precedes REMOVE(i) in . If we are working on some X for which
L(X) > i, however, then we will have already found all those objects which will
be removed by the instruction REMOVE(i). We therefore "get rid of" the
instruction REMOVE(i) by merging the set Se with the set for the next remaining
REMOVE instruction.4 The atom r allows us to find the next REMOVE instruc-
tion, since r will always be in the set associated with that instruction.

4 Note that the last instruction, REMOVE(l), can never disappear, so step 3(c) can always be
carried out.
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A formal proof that Algorithm 6 works correctly is quite similar to the proof
regarding the "INSERT-EXTRACT" instructions in [2], and we omit it.

We now summarize the off-line LINK-LCA algorithm.
ALORIXHM 7 (Off-line simulation of the sequence a of LINK and LCA

instructions).
1. Test that when an LCA(u, v) instruction is encountered in a. u and v are

on the same tree, using the O(na(n)) set merging algorithm of [2].
2. Build the forest as dictated by the LINK instructions in a. If necessary,

add one root to make the final forest a tree T.
3. Number the nodes of T in preorder.
4. For each LCA(u, v) instruction, create an object X (i, j), where and j

are the preorder numbers of u and
5. Use Algorithm 5 to generate the sequence z of ENTER and REMOVE

instructions for T and the set of objects created in step 4.
6. Use Algorithm 6 to simulate the sequence
7. Scan the output of Algorithm 6. For each (X, i) in the output, set

A[ i.
8. Scan the LCA instructions in the original sequence a. For each LCA(u, v)

instruction, determine the corresponding object X; A[X] is the lowest common
ancestor of u and v.

THEOREM 2. Algorithm 7 requires O(n(n)) steps on a random access computer.
Proof. Step can be done in O(na(n)) steps. Steps 2-4 are each easily seen to

be O(n), and the sequence of ENTER and REMOVE instructions generated is
O(n) in length.

Since k in Algorithm 6 is at most n + 1, steps and 2 of Algorithm 6 can be
done in O(n) time. In step 2, O(n) atoms (of the forms ex and r) are created. As
step 3(c) of Algorithm 6 can apply only O(n) times, step 3 involves at most O(n)
operations of merging two sets or finding the set containing a given node. Thus
step 3 can be performed in O(na(n)) steps if we use the O(na(n)) algorithm of [2]
for the set merging and name finding operations.

Finally, steps 7 and 8 are clearly O(n). Thus the aggregate time required by
Algorithm 7 is O(na(n)).

7. An intermediate problem. Let us return to the on-line processing of a, our
original sequence of LINK and LCA instructions, but now assuming that all
LINK instructions in r precede all LCA instructions. In this case, we may build the
implied forest first, and then process the LCA instructions without changing the
forest. Before executing the LCA instructions, however, we shall modify the
implied forest so that all paths in the forest are bounded by O(log n) in length.
Then we can process each LCA instruction in at most log log n steps.

Given a tree T in the forest, we shall construct from it a virtual tree 1/" which
has the same nodes as T but in which nodes have different fathers. The father of a
node u in Vis the lowest ancestor ofu in Thaving at least twice as many descendants
in T as does u. As a special case, if no such ancestor exists and u is not the root of
T, we then make the root of T the father of u in V.

Example 2. A tree Tis shown in Fig. 3(a). Its virtual tree is shown in Fig. 3(b).
For example, node 9 has three descendants (we are assuming a node is a descendant
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of itself). Node 8 has four, but node 7 has six, so node 7 becomes the father of
node 9 in the virtual tree.

1 1

7 2
j

4 8 7
/\ /\ /\ /\

3 4 8 12 3 5 6 9 12
/\ /\

5 6 9 10 11
I\

10 11

(a) Tree (b) Virtual tree

FIG. 3. Tree and its virtual tree

LEMMA 4. Let T be a tree with n nodes and V its virtual tree. No path in V is
longer than log n.

Proof. The ith node in a path beginning from a leaf has at least 2i- descend-
ants in T, provided the ith node is not the root. If the path is longer than log n,
T would have .more than n nodes, a contradiction. [

LEMMA 5. Let Tbe a tree with n nodes and V its virtual tree. Let u and v be two
nodes and let node a be their lowest common ancestor in T. Assume u, v and a are
all distinct, and suppose v has at least as many descendants as u. Then f, thefather
ofu in V, is a descendant ofa in T (possibly a itselJ). Thus, in T, a is also the lowest
common ancestor offand v.

Proof. Suppose not. Then node a would have fewer than twice as many
descendants as u, a contradiction, since a has more descendants than u and v put
together. [3

An efficient off-line method for determining whether one of two nodes in a
tree T is a descendant of the other is to preorder the nodes of T and to attach
to each node (that is, is its number in preorder) the value HIGH[t] which is the
highest numbered node that is a descendant of node i. Node is a descendant of
j if and only ifj =< and HIGH[j] _> HIGHer]. It should be clear that HIGH
can be computed for a tree with n nodes in O(n) steps.

We also observe without proofthat in O(n) steps we can compute COUNT[u],
the number of descendants of node u, for all nodes u. Furthermore, in O(n) steps
we can find for each node u, a son of u having the largest count.

We shall now outline an O(n) algorithm to construct a virtual tree from a
tree T with n nodes. The heart of the algorithm is a procedure BUILD(u) which
finds fathers in the virtual tree for all nodes in the subtree T of T with root u.
The result ofBUILD is a queue Q ofthose nodes v in T such that 2.COUNT[v] >
COUNt:[u].

A queue is a list of elements from which elements are removed from the front
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and added to the rear;front(Q) is the first element of a queue Q.

procedure BUILD(u)"
begin

construct a list ofnodes Ul, u2, Uk such that ul u, Uk is a leaf, and
ui/ is a son of ui with the largest count, for _<_ < k;

Quk;
fori= k- lstep- luntilldo

begin
while COUNT[u. => 2 COUNTfront (Q)] do

begin
make u the father offront (Q) in the virtual tree;
deletefront (Q) from Q

end;
add u to the rear of Q

end
fori= luntilk- ldo

for each son v of u other than u / do
begin

R BUILD(v);
for each w on R do

make ui the father of w in the virtual tree
end;

end
return Q

ALGORITHM 8 (Constructing the virtual tree).
1. Execute BUILD(uo), where uo is the root of T.
2. For each node v :/: Uo on the resulting queue, make Uo the father of v in

the virtual tree.
Example 3. After applying BUILD to node 7 of Fig. 3(a), Q contains nodes 8

and 7.
LEMMA 6. Algorithm 8 requires O(n) steps and correctly builds the virtual tree.

Proof. For the linearity of the algorithm, it suffices to observe that BUILD
takes time proportional to the number of nodes on the path u, , Uk found
in the first statement of BUILD, exclusive of recursive calls to itself. However,
no node in T will be on the path created by two distinct calls of BUILD, except
the first node of the path.

For the correctness of the algorithm, it is easy to determine that each node
on the path u, , Uk is given its correct father if that father is on Tu. Moreover,
if v is a son of u and v 4: u + 1, then COUNT[u/] is no less than twice COUNT[v],
so v’s father in Tu is ui. The same is clearly true ofany descendant w of v remaining
on the queue R when BUILD(v) is called. That is,

COUNT[u __> 2, COUNT[w] > COUNT[v]

We shall use the following strategy to simulate a. After all LINK instructions
in a have been seen, we shall build the implied forest F and then from F a virtual
forest V. Then, when we see an instruction LCA(u, v), we choose the one of u
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and v having the smaller count, say u. We find the [(log n)/2 Jth ancestor of u in V,
say a. If a v, LCA(u, v) is clearly v. If a is a proper ancestor of v in F, we repeat
this procedure, finding the [(log n)/4]th ancestor of u in V. If a is not an ancestor
of v in V, we repeat the procedure, assuming the instruction was LCA(a, v) and
beginning with the [(log n)/4Jth ancestor in V of the one of a and v having the
smaller COUNT.

In log log n steps we shall converge upon a node a in V which is an ancestor
of one of u and v in V. Since we are effectively following paths in F from u and v
toward a root, and since we always move from the current ancestor of u or v
having the smaller count, Lemma 5 guarantees us that a is the lowest common
ancestor of u and v in F.

To implement this strategy, we shall use a procedure LOCATE(u, v, i, j)
which finds the lowest common ancestor of u and v on F, given that

(a) the (2i)th ancestor of u on V either does not exist or is an,ancestor of v in
F, and

(b) the (U)th ancestor of v in V either does not exist or is an ancestor of u
in F.

In what follows, we assume that COUNT and HIGH refer to the implied
forest F and ANCESTOR[p, t] to the virtual forest V. We assume that this in-
formation has already been computed.

(1) procedure LOCATE(u, v, i, j)"
(2) without loss of generality assume COUNT[u] =< COUNT[v]
(3) otherwise (u, v, i, j) (v, u, j, i) in
(4) if 0 then return ANCESTOR[u, 0]

else
begin

(5) a ,-- ANCESTOR[u, 1];
(6) if v a then return a
(7) else if a undefined or (v > a and HIGH[v] =< HIGH[a])
(8) then return LOCATE(u, v, 1, j)
(9) else return LOCATE(a, v, 1, j)

end

We now summarize the entire algorithm.
AL6ORITHM 9 (On-line execution of a, assuming all LINK instructions in a

precede all LCA instructions).
1. As the LINK instructions are read, build the implied forest F in the

obvious way.
2. When the first LCA instruction is encountered, do the following steps.
(a) For each tree in F, build a virtual tree by Algorithm 8. Call the resulting

virtual forest V.
(b) Use the procedure INSTALL of 4 to compute ANCESTOR[u, 0 for

all nodes u and 0 _<_ _<_ [log (1 + log n)].
(c) Preorder the nodes of F and compute COUNT[u] and HIGH[u] for all

nodes u.

This statement is a compile-time macro. See [1].



128 A. V. AHO, J. E. HOPCROFT AND J. D. ULLMAN

3. Now process each LCA instruction in turn. To compute LCA(u, v), we
check whether one ofu and v is a descendent of the other using the HIGH informa-
tion. If so, the response is obvious. If not, we execute LOCATE(u, v, k, k), where
k [log (1 + log n)] and print the result.

THEOREM 3. Algorithm 9 correctly simulates r, assuming that if the instruction
LCA(u, v) is encountered, u and v are on the same tree. (This condition can be
checked in O(ne(n)) time, as in Algorithm 7.)

Proof. The crux of the proof is showing that LOCATE works correctly. To
do this, we shall show by induction on the sum + j that LOCATE(u, v, i, j)
produces the lowest common ancestor of u and v, given that"

(a) the (2i)th (resp. (2J)th) ancestor of u (resp. v) in V is undefined or an
ancestor of v (resp. u) in F, and

(b) COUNT[u] =< COUNT[v],
(c) i_>0andj>= 0.
Basis. j 0. Letfbe the father of u in V, and let a be the lowest common

ancestor ofu and v’. By hypothesis,fis an ancestor of v, and hence ofa. By Lemma
5,fis a descendant of a, sof a. Since line (4) makes the result of LOCATE be
fin the case 0, we have the basis.

Inductive step. If 0, the argument is the same as for the basis. If 0,
let a be the (2- )st ancestor of u in V, and let b be the lowest common ancestor
of u and v. If a v, then b v and this relationship is reflected in line (6) of
LOCATE.

If a is a proper ancestor of v in F, or is undefined, then by the inductive
hypothesis, LOCATE(u, v, 1, j) invoked on line (8) correctly produces b. If a
is not an ancestor of v in F, then the lowest common ancestor of the pairs (u, v)
and (a, v) are the same. Moreover, in F the (2)th ancestor of u is the (2- )st
ancestor ofa. Since a must be a descendant of b, and the (2J)th ancestor of v, if it is
defined, is an ancestor of b, it follows that the (2)th ancestor of v is an ancestor
ofa ifit is defined. Thus the inductive hypothesis tells us that the result ofLOCATE
(a, v, 1, j) invoked on line (9) produces the correct result.

THEOREM 4. Algorithm 9 operates in O(n log log n) time.

Proof. Steps 1,2(a) and 2(c) are O(n). Step 2(b) is O(n loglogn). Step 3 requires
O(n log log n) time since a call to LOCATE(u, v, k, k) can result in at most 2k +
additional calls to LOCATE.

8. Dominators and reducible graphs. We shall now apply Algorithm 4 to a
problem in code optimization. This section presents the basic definitions.

Aflow graph is a triple G (N, E, Uo) where N is a finite set of nodes, E is a
subset ofN N (the set of directed edges), and Uo in N is the initial node. There
is a path from Uo to every node.

If each node has no more than two successors, we call G a program flow
graph.

We say that node d dominates another node u if every path from uo to u passes
through d. That is, if Uo, ul, , ui is a path with ui u, then there exists an
integer j, 0 =< j" < such that uj d. We say d immediately dominates u if d
dominates u and every other dominator of u also dominates d. There are several
interesting properties of the dominator and immediate dominator relations. The
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following lemma is taken from [3].
LEMMA 7. (a) Every node except the inithl node has an immediate dom&ator.
(b) We may construct a tree (called the dominator tree) in which u is a son old

ifand only ifd immediately dominates u. The ancestors ofu in the tree are precisely
the dominators of u.

Information about the dominator relation is useful for certain compiler code
optimizations, such as those involving the detection of "loops". See [3], [4] for
elaboration. By Lemma 7(b), the dominator information can be stored in a tree
constructed knowing only the immediate dominators. If, as in [3], only a small
number of dominatorsthe lowest ancestors in the tree--are used, we may not
even need to construct the complete dominator relation.

Algorithms to compute the dominator relation are given in [3] and [5]. Each
requires O(n3) steps for program flow graphs, where n is the number of nodes in
the graph. O(n2) algorithms for program flow graphs are found in [4] and [6], and
these appear to be optimal, as it can take O(n2) time just to print the answer. To
our knowledge, no on has developed a faster algorithm to compute only the
immediate dominators. Here we do so for the important special case of reducible
program flow graphs.

Reducible graphs were defined in [7]. They form a large class of graphs. For
example, every rooted directed acyclic graph is reducible, and the flow graphs of
gotoless programs are reducible. In fact, experiments have shown that the flow
graphs of most programs written in practice are reducible. Moreover, any flow
graph can be made reducible by judicious node splitting [8]. While this process
could be expensive, those flow graphs which come "from nature" but which are
not reducible readily yield to the node splitting technique. As a result, many code
optimization algorithms such as

(i) eliminating common subexpressions [9], [10],
(ii) propagating constants [4],

(iii) eliminating useless definitions [4], and
(iv) finding active variables [11]

have been couched in terms of reducible flow graphs.
We shall give a definition of reducible flow graphs taken from [12]. This

involves two transformations on directed graphs illustrated in Fig. 4 and defined

T2

FG. 4.

(a) Transformation T (b) Transformation T2
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as follows:
T: Delete a loop.
T: Let node u be the lone predecessor ofnode v, where v is not the initial node.

Merge u and v into a single node w. The predecessors of u become pre-
decessors of w. The successors of u and v become successors of w. Note
that w has a loop if there was formerly an edge to u from u or v. If u was
the initial node, w becomes the new initial node. In this transformation
we say v is consumed.

It is known that if T and T2 are applied to a given flow graph until no
longer possible, a unique flow graph results. If this flow graph is a single node,
we call the original graph reducible.

Example 4. Fig. 5 shows a sequence of reductions by T and T2. The initial
node is Uo.

FIG. 5. Reduction offlow graph

TI (nO’ Ul, U2

In the first step, T2 is applied to u with lone predecessor Uo. At the second
step, T2 is applied to u2 with lone predecessor {Uo, ul}. There is a loop introduced
since {Uo, u} is a successor of u2.

A region R is a subset of the nodes of a flow graph such that there is a node h
in R, called the header, having the property that every node in R {h} has all of
its predecessors in R. Thus, the header dominates every other node in the region.

Example 5. Any node by itself is a region. In the previous example, {Uo, ua
is a region with header Uo, but {ua, u2} is not since both u and u2 have a pre-
decessor, u 0, outside the set.

Following [10], we may observe that as we reduce a flow graph by applying
T and T2, each node of each successive graph represents a region in the following
sense.

1. Initially, each node represents itself.
2. Ifwe apply T1 to a node, it continues to represent the same region as before.
3. Ifwe apply T2 when node u is the lone predecessor of node v, the resulting

node represents the union of the regions represented by u and v. The
header of the region represented by u is the header of the new region.

The following lemma is a restatement of the definitions of "dominator tree" and
"regior."
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LEMMA 8. (a) If u is a node in region R and u is not the header of R, then the
immediate dominator of u is a member ofR.

(b) If T2 is applied to nodes u and v, with u the lonepredecessor ofv, and u and v
represent regions Ru and Rv, respectively, then the immediate dominator of the
header h ofRu is the lowest common ancestor (on the dominator tree of Rv) of the
predecessors of h in the original graph.

9. Dominators of a reducible flow graph. As a consequence of Lemma 8, the
following algorithm may be used to construct the dominator tree for a reducible
flow graph. The algorithm generates a sequence of LINK and LCA instructions
for each reduction by T2. These instructions will place u0, the header of the
region consumed by T2, in its proper place on the dominator tree. Thus, if the
flow graph is reducible, every node except the initial node will be the header of a
region consumed by T2, and its immediate dominator will be known. The details
of the algorithm are as follows.

AL6ORITHM 10 (Construction of dominator tree).
1. List the predecessors of each node of the original graph.
2. Use the algorithm of[13] to reduce the graph. Keep track of each region

represented by the nodes of the "current" graph. Each time a node is consumed
by T2, create the sequence of instructions

LCA(u 1, u2)
LCA(va, U3)

LCA(vk_ 2, Uk)
LINK(uo, Vk- 1)

and simulate them by Algorithm 4. Here Uo is the header of the consumed region,
ul, , Uk are all its predecessors, vl is the lowest common ancestor ofu and u2,
and v is the lowest common ancestor ofvi_ and ui+ for 2 __< < k. If k 1, the
sequence is just LINK(uo, u). (Note that neither Algorithm 7 nor 9 is sufficient.
Direct on-line simulation is required.)

3. The desired dominator tree is the final A-forest (which must be a tree,
since only one root, the initial node, remains).

THEOREM 5. Algorithm 10 correctly constructs the dominator tree and requires
O(e log e) steps on aflow graph with e edges.

Proof. The correctness of the algorithm follows immediately from Lemma 8.
By Lemma 8(a), the nodes of each region may be formed into a dominator tree
with the header as root. By Lemma 8(b), when T2 is applied, the dominator tree
for the new region is created by making the header h ofthe consumed region a son
of the lowest common ancestor of the predecessors ofh in the original graph.

Step requires O(e) time. The reduction of the graph may be accomplished
in O(e(e)) time by [13], and the sequence of instructions generated clearly has
length O(e). Thus step 2 requires O(e log e) time by Theorem 1.
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COROLLARY. Algorithm 10 requires O(n log n) steps on an n-node program
flow graph.

Proof. An n-node program flow graph has no more than 2n edges. [-I

COROLLARY. Algorithm 10 requires O(e log e) steps on a rooted directed
acyclic graph with e edges.

Proof. A rooted directed acyclic graph is reducible. [3
After this paper was written, Tarjan [15] developed an O(max (n log n, e))

dominator algorithm for general graphs.

10. Conclusions. We have defined a problem that involves merging nodes
into trees while retaining the ability to determine the lowest common ancestor of
any two nodes. We have offered an O(n log n) algorithm to solve the problem
on-line. We ha,ve shown how this algorithm provides a fast way of computing
the dominator tree of a reducible flow graph. If an off-line solution is sucient,
the LINK-LCA problem can be solved in O(n(n)) steps. An on-line solution in
the case where all LINK instructions precede all LCA instructions can be achieved
in O(n log log n) steps.
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A FAST ALGORITHM FOR FINDING AN OPTIMAL ORDERING
FOR VERTEX ELIMINATION ON A GRAPH*

TATSUO OHTSUKI]"

Abstract. This paper gives a graph-theoretic approach to the problem of finding an optimal
ordering for Gaussian elimination on a sparse matrix. A set of new "fill-ins" produced by Gaussian
elimination on a matrix A is characterized by a triangulation induced by vertex elimination on a graph
associated with A. A triangulation T is minimal (minimum) if there exists no triangulation such that
@ c T(I@I < ITI), where c c denotes the strict inclusion, and an ordering is optimal (optimum)
if a minimal (minimum) triangulation is generated by . An optimum ordering is necessarily optimal
but not conversely. An efficient algorithm for finding an optimal ordering in O(M. N) time is presented,
where M is the number of vertices and N is the number of edges of the graph being considered.

Key words, algorithm, sparse matrix, vertex elimination, optimal ordering, triangulated graph,
minimal triangulation, backward ordering scheme, search

1. Introduction. The problem of solving a large sparse system of linear
equations arises in widespread applications. Since, in many cases, coefficient
matrices have a fixed sparseness structure in the course of entire computation, it
is crucial to a priori find a good pivoting order for Gaussian elimination on such
matrices.

Whenever the coefficient matrix is structurally symmetric and diagonally
dominant, the pivoting procedure can be characterized by the vertex elimination
process on an undirected graph [1. Recently, Rose introduced the concept of
"triangulated graph" 23 and showed that an optimal pivoting order of a matrix,
which produces a minimal set of fill-ins, can be obtained from a minimal triangu-
lation of the graph associated with it [33. This pioneering work is extended by
Ohtsuki, Cheung and Fujisawa, who first gave a systematic method of finding a
minimal triangulation, i.e., optimal vertex elimination ordering of a graph 43.
The word "optimal" should not be mistaken to mean "optimum" as in some en-
gineering literatures. In terms of a set, "optimal" refers to a set property, whereas
"optimum" refers to the size of the set.

It turns out, however, that the algorithm presented in I41 requires O(M2N)
time for finding an optimal ordering, where M is the number of vertices and N is
the number of edges of the graph being considered. This paper presents a new
algorithm for finding an optimal ordering, in which only O(M. N) time and
O(M, N) memory space are required. The efficiency of the algorithm presented is
based on the following strategy: Suppose the vertices ofa graph are to be eliminated
in the order v x, v2, I)M. Then the algorithm determines vfirst, vt- next, and
so forth. This "backward ordering scheme" with extensive use of the "search"
technique of graphs [5] gives the remarkable improvement in running time.

2. Preliminaries. For our purpose a graph is a pair G (V, E), where V is a
finite set of M VI elements called vertices and

E {(u, v)lu, v V and u - v}

* Received by the editors December 20, 1974, and in revised form April 8, 1975.
]- Central Research Laboratories, Nippon Electric Co., Ltd., Kawasaki, Japan.
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is a set ofN IEI unordered vertex pairs called edges. In order to avoid trivialities,
we shall assume that the graph G is connected.

Given a subset A c V, the set

Adj (A) {b e V Al(a, b) e E for some a e A}
is the set of vertices adjacent to A. If A consists of a single vertex a, the abbreviation
Adj (a) will be used instead of Adj ({a}). A clique of a graph is a subset of vertices
which are pairwise adjacent. For a subset A c V, the section graph G(A) is the
subgraph

G(A) (A, E(A)), E(A) {(u, v) 6 Elu, v A}.
A separator of a graph G (V, E) is a subset S c V such that the section graph
G(V S) consists of two or more connected components.

For a pair ofdistinct vertices a, b e V, an a, b chain C is an ordered set ofvertices

such that vl a, v. b and (v, v+ 1) e E; 1, 2, ..., L 1. An a, b separator
S c V- {a, b} is a separator such that a and b are in distinct components of

s).
Given a vertex v V of a graph G (V, E), the vertex elimination of v is the

operation of (i) deleting v and its incident edges and (ii) adding edges so that Adj (v)
becomes a clique. Consider, for a subset A V, the graph obtained from G by
successively eliminating all the vertices in V- A. It is clear that the result is in-
dependent of order in which the vertices are eliminated. The resultant graph is
denoted by G(A) and called the elimination graph determined by A.

For a graph G (V, E) with IVI M, an ordering of V is a bijective map

: {1,2, ..., M} --’ V.

Thus e indicates that the vertices are eliminated in the order e(1), e(2), ..., e(M).
Let Ei); 1, 2, ..., M, be the set of edges of the elimination graph

G({e(m)}=,).
Then the set

M

Trg (G e) U E(i) E
i=1

is the set of edges added in the entire course of vertex elimination corresponding
to the ordering e. The supergraph of G obtained by adding edges of Trg (G cz) is
denoted by G[e], i.e.,

G[z] (V, E U Trg (G )).

For a graph G (V, E) which is not necessarily triangulated, consider its

supergraph ( (V, E U F); E CI F . Then the set F is called a triangulation
of G if ( is triangulated. Rose [3] has shown that G[z] is triangulated for any order-
ing . Thus Trg (G ;e) is called the triangulation induced by e. A triangulation e is
said to be minimal if there exists no triangulation F such that F c e, where

denotes the strict inclusion. Similarly, an ordering is said to be optimal for
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G if there exists no ordering e such that Trg (G e) Trg (G ). Concerning
minimal triangulation and optimal ordering, Ohtsuki, Cheung and Fujisawa [4]
have obtained the following results.

THEOREM A. A triangulation F of a graph G (V, E) is minimal if and only if
there exists an optimal ordering such that Trg (G ) F.

THEOREM B. A triangulation F of G (V, E) is minimal if and only if, for each
(x, y) F, there exists no x, y separator S ofG such that S is a clique ofG V, E kJ F)

THEOREM C. Let x V be a vertex ofa graph G V, E). Then there exists an
optimal ordering o such that (1) x ifand only if,for each pair ofdistinct vertices u,
v Adj (x), there exists a u, v chain in the section graph G(V- S), where S {x}
U (adj (x) {u, v}).

3. Backward ordering scheme. The following result, due to Rose [6, p. 198],
plays a fundamental role in the proposed optimal ordering algorithm.

THEOREM D. For any clique C ofa graph G (V, E) with M IV], there exists
an optimal (optimum) ordering

for G such that the vertices of C are ordered last.
As a corollary of Theorem D, it is seen that, for any vertex v V, there exists

an optimal ordering such that e(M) v. It should be noted in comparison that
there may not exist an optimal ordering e such that (1) v for a given vertex v.
Thus, if we are to determine vertices in the order e(1), e(2), ..., e(M), a nontrivial
operation to select a vertex in each elimination step must be involved. This con-
sideration highlights the "backward ordering scheme", i.e., the strategy to deter-
mine vertices in the order e(M), e(M 1), ..., e(1). In this respect, the present
algorithm is quite unlike the one given in [4], and unlike any existing heuristic
ordering schemes such as minimum degree scheme and minimum valency scheme [7].

In order to establish the "backward ordering scheme", we shall first of all
generalize Theorem D as follows.

DEFINITION 1. Let P be a proper subset of V for a graph G (V, E) and G(X)
be a connected component of G(V- P). Then P is said to satisfy Condition s
with respect to G(X) (denoted by P s’x(G)) if there exists a u, v chain in G(V X
-Adj (X)U {u, v}) for any distinct vertices u, v e Adj (X). Furthermore, P is
simply said to satisfy Condition s (denoted by P e sC’(G)) if the condition holds with
respect to every connected component of G(V P).

Remark. From the inherent property of the vertex elimination process, it is
clear that

P zC’(G) P e

for any elimination graph G(P) of G such that P c P V.
THEOREM 1. For a graph G (V, E), let P be a proper subset of V such that

P sl(G). Then there exists an optimal ordering of V such that the vertices ofP are
ordered last.

Proof Let G(Xk), k 1, 2, ..., K, be the connected components of G(V P)
and ( (V, E (_J F) be the supergraph of G obtained by adding the minimum set
of edges so that Adj (Xk) becomes a clique for each k 1, 2, ..., K. Furthermore,
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let Go ((P) and Gk ((Xk U Adj (Xk)), k 1, 2,..., K. Since Adj (Xk)is a
clique of Gk, Theorem D implies that there exists an optimal ordering of Xk
[_J Adj (Xk) for Gk such that the vertices of Adj (Xk) are ordered last. Let 3k,
k 1, 2, ..., K, be such an ordering. Furthermore, let 3o be an optimal ordering
of P for Go. We shall prove the theorem by showing that the ordering of V is
optimal for G, where is determined as follows"

(i) ill(i), i- 1,2,...,IXll,

fl(i), 1,2,..., ISl, k 2, 3,..., K,

flo(i), 1,2,..., IPI.

The triangulation of G induced by e is given by
K

Trg(G;)= U Trg(Gk;flk) UF.
k=O

Due to Theorem A, it suffices for the proof to show that Trg (G ;e) is a minimal
triangulation of G. Assume that Trg (G;e) is not minimal. Then as Theorem B
says, there exists, for at least one vertex pair (x, y) e Trg (G e), an x, y separator S
of G such that S is a clique of G[e]. We have three cases to consider.

Case 1. (x, y) F. Without loss of generality, we assume that x, y e Adj (X1).
Then S must contain a vertex (say z) in X1, since G(X1) is connected, and another
vertex (say w) in V X1 Adj (X1), since there exists an x, y chain in G(V X1

Adj (X1) U {x, y}). Furthermore, (z, w) Trg (G ) since S is a clique of G[].
This contradicts the property of ordering e.

Case 2. (x, y) Trg (Gk ilk), k e 1, 2, ..., K}. According to Theorem A,
Trg (Gk ilk) is a minimal triangulation of Gk. Also, there exists no pair of distinct
vertices u, v e Adj (Xk) such that S is a u, v separator of G, since otherwise it causes
the same contradiction as in Case 1. Therefore S f)(Adj (X)U Xk) is an x, y
separator of Gk and, simultaneously, is a clique of Gk[fl]. Then, as Theorem B
says, Trg (Gk ilk) cannot be a minimal triangulation of Gk, which is a contradiction.

Case 3. (x, y) Trg (G0 fl.o). This case also leads us to a contradiction with
an obvious modification of Case 2.

Now we have shown that e is an optimal ordering of V for G.
Remark. This theorem can be viewed as a generalization of the "if" part of

Theorem C.
The basic idea of the proposed algorithm for obtaining an optimal ordering

of V for a given graph G (V, E) is to decompose V into a number of disjoint
subsets V, V 1, ..., V in a sequence such that

[_J V sj(G), O, 1,..., I 1.
j=0

Then, as Theorem indicates, the sequence provides us with a set of optimal
orderings such that the vertices in V are ordered first, those in Vt- next, and
so forth. Here we confront another problem, that is, to determine the local
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orderings of VJ’s which constitute an optimal ordering of V for G. To solve the
problem, we shall present a scheme for decomposing V in such a way that the
local ordering of each V can be determined arbitrarily.

DEFINITION 2. Let P and Q be disjoint subsets of V for a graph G (V, E).
Then the ordered pair (P, Q) is said to satisfy Condition (denoted by (P, Q)(G))
if (u, v)/ for any distinct vertices u and v such that u Q and v Q U R, where
/ is the set of edges of G(P U Q) and R is the set of vertices adjacent to Q in
G(P U

Remark. It is clear that

(P, Q) 6 (G) (P, Q) (G(U))

for any elimination graph G(U) of G such that P U Q c U c v.
Suppose the set of vertices V of a graph G (V, E) has been decomposed into

disjoint subsets V, V1, V which have the following properties:
(i) V is a clique of G (of course, V e (G));

V ’(G) i= 2,... I- 1"(ii) U j= o
(iii) (U(-o V j), V"))(G) i= 2,... I (this implies that V is also a

clique of G).
Then the problem of obtaining an optimal ordering is easy. To be precise, we can
simply order the vertices in V first, those in U-1 next,.-., those in V last,
while the local ordering of each VJ, j 0, 1, ..., I, is arbitrary. Note that property
(iii) above implies that the local orderings make no difference in the triangulation
of G.

b

V

FIG. 1. Backward ordering scheme

V

Example 1. Consider the graph G (V, E) shown in Fig. 1, and decompose
V= {a g} into five disjoint subsets" V= {a,b}, V1= {d}, V2= {c},
V {f, g}, V4 {e}. Then the ordered sequence {V, V1, V2, V3, V4} satisfies
the desired properties and determines optimal orderings as {a(6), a(7)} {a, b},
(5) d, (4)= c, {(2),(3)} {f,g} and (1)= e. The corresponding minimal
triangulation is

Trg (G" ) {(c, f), (a, d)}.
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The actual procedure to decompose the set of vertices V of a graph G (V, E)
into the desired form is initiated by taking an arbitrary clique, which is assigned
for V. The key problem to determine V1, V2, V one after another is as
follows" for given set P c V such that P e sO(G), find another set Q c V- P such
that (i) P U Q e (G) and (ii) (P, Q) e (G).

The following theorems combined lead to a systematic method to find such
a set Q. In the case where a vertex q of a connected component G(X) of G(V- P)
is adjacent to all the vertices in Adj (X), Theorem 2 below says that Q {q} is a
desired set. Whenever this is not the case, Theorem 4 below guarantees the
existence of a subset Q of v P satisfying all the conditions of Theorem 3 below,
which says that Q possesses the desired property.

THEOREM 2. For a graph G (V, E), let P be a proper subset of V such that
P /(G), G(X) be a connected component of G(V- P) and q be a vertex in X.
lfAdj (X) adj (q) f’l P, then (i) P U {q} sO(G) and (ii) (P, {q})6 M(G).

Proof The section graph G(V- P {q}) consists of connected components
of G(V-P), exclusive of G(X), and those of G(X- {q}). With respect to a
connected component G(X’) of G(V P {q}) of the former type, it is clear that
q q Adj (X’) since G(X) is a connected component of G(V P). Thus the assump-
tion that P csCx,(G) implies that P U {q} Slx,(G). Let G(Y) be a connected
component of G(V- P {q}) of the latter type. Then Adj (Y) {q} U Adj (X)
and, furthermore, the assumption that Adj (X)= Adj (q)f’l P implies that any
vertex p e Adj (X) is connected to q by an edge, i.e., by the simplest p, q chain.
Therefore P U {q} e sOy(G) as long as P e sex(G). Hence part (i) has been proved.

Part (ii) is obvious since the set {q} consists of a single vertex.
THEORFM 3. For a graph G (V, E), let P and G(X) be as in Theorem 2.

Furthermore, let Q be a proper subset of X, S be a nonempty subset of Adj (X) and
G( Y) be a connected component of G(X Q). If

(a) (q, s) 6 E, Vq e Q and Vs e S,
(b) Q c Adj (Y),
(c) Adj (Y) f-I S and
(d) Adj (Y) f) P U S Adj (X),

then (i) P U Q e s(G) and (ii)(P, Q)e (G).
Proof All the vertices in Adj (Y) are either in P or Q. Then, as long as P e Sx(G),

it follows from (a) and (c) that P U Q e sCy(G). Let G(Y’), if any, be another con-
nected component of G(X- Q), and consider a pair of distinct vertices u, v
e Adj (Y’). The existence of a u, v chain in G(V- g’ Adj (g’) U {u, v}) can be
confirmed in the same way as with respect to G(Y) whenever u, v e P or whenever
at least one of {u, v} is in S. Thus we can assume that one of {u, v}, say u, belongs
to Q and the other vertex v belongs to either P or Q. Since Y’ is a subset of X,
(b) and (d) imply that u, v e Adj (Y), while the connectivity of G(Y) guarantees the
existence of a desired u,v chain in G(Y U {u,v}). Hence P U Q esCr,(G). Let
G(X’), if any, be a connected component of G(V- P) exclusive of G(X). It is
clear that Q f-I Adj (X’) . Thins the assumption that P e SCx,(G) automatically
implies that P U Q e x,(G). Now part (i) has been proved.

Let/ be the set of edges of the elimination graph G(P U Q) and W be the
set of vertices adjacent to Q in G(P U Q). Then, as long as Q c x, any vertex
in w is adjacent to X in the original graph G. Also it follows from (d) that W
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Adj (Y) f) P U S. Let (u, v) be a pair of distinct vertices such that u e Q and
v Q U w. When v 6 S, (a) implies that (u, v) e E, i.e., (u, v) e/2. When v e Q U W

S, (b) and connectivity of G(Y) imply that (u, v)e/2. Hence (P, Q) (G), i.e.,
part (ii) has also been proved.

LEMMA 1. For a graph G V, E), let P, G(X), Q, S and G( Y) be as in Theorem
3. Suppose (a)-(c) of Theorem 3 as well as

(e) Adj (Y) f-) P U S c c Adj (X)
are satisfied. Then there exists a nonempty subset Q* of X Y, i.e., proper subset
of X, and a nonempty subset S* ofAdj (X) such that

(a)* (q, s) E, Vq Q* and Vs S*,
(b)* Q c adj (Y*),
(c)* Adj (Y*) f’l S* and
(e)* Adj (Y) f) P U S c Adj (Y*) f-’l P U S*,

where G(Y*) is the connected component ofG(X Q*) including the vertices ofG(Y).
Proof The algoriqam which will be described in 4 provides a constructive

way of finding Q*, S* and Y*. This is essentially a proof of the lemma.
THEOREM 4. For a graph G (V, E), let P be a proper subset of V and G(X)

be a connected component of G(V- P). Then there exists a proper subset Q of x
which, for some nonempty subset S of Adj (X)and for some connected component
G(Y) of G(X Q), satisfies (a)-(d) of Theorem 3, if there exists a vertex y X
such that Adj (y) f’l P c Adj (X).

Proof Let p be a vertex in Adj (X) Adj (y) f’l P. We set S {p} and

Q {x e Adj (p) XI there exists an x, y chain in G(X Adj (p) U {x})}.

Since G(X) is connected, the set Q must be nonempty. Now let G(Y) be the con-
nected component of G(X- Q) which contains y. Then it is clear that (a)-(c)
of Theorem 3 are satisfied. We assume that (d) of Theorem. 3 is not satisfied, which
implies that (e)* of Lemma is satisfied. Then we can take another trio of a proper
subset Q* of X, a nonempty subset S* of Adj (X) and a connected component
G(Y*) of G(X Q*) so that (a)*-(e)* of Lemma 1 are satisfied. Since the given
graph G is finite, we can obtain, by repeated use of Lemma 1, a desired trio of
Q, S and G(Y) which satisfies (d) of Theorem 3.

Remark. Theorems 3 and 4 and Lemma combined suggest a recursive
procedure for finding a desired set Q of vertices.

4. A search technique. Suppose we have obtained a proper subset P V of
vertices of a given graph G (V, E) such that P (G), and we are to obtain
another subset Q v- P such that (i) P U Q ’(G) and (ii) (P, Q) (G). In
this section we shall present a specific search technique for obtaining such a set Q.

Initially all the vertices of G are considered to be "unreached". We start a
search from some vertex, say Vo 6 V. The unit step, say kth step, of a search is to
choose an edge ek (Vi, Vk) 6 E, < k, which connects a vertex vi already "reached"
with a new vertex Vk. Once a new vertex has been found, we mark it "reached".
Such a process is called a search of G [53.

For our purpose, a search of G is started from some vertex, say Vo, in
Adj (V- P), and then an edge el (Vo, vl) such that Vx V- P is selected. It
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should be noted that vl identifies a connected component, say G(X), of G(V P).
The search is continued subject to the following edge selection rule.

Rule 1. Let e (vi, ), < k, be an edge to be selected. Then the vertex i
already "reached" must be taken from those in X, while the new vertex must
be taken from those in P whenever it is possible. An edge e (i, ) with X
may be selected only when all the vertices in Adj (v) CI P are "reached". This
rule is imposed until a new vertex in P is "reached". Note that this procedure
generates a chain {1, v2, "", v Pl joining v and some "unreached" vertex
pP such that (i) vtX, I= 1,2,.-., L- 1, and (ii) for any "unreached"
vertex q P, (q, ) E, 1, 2, ..., L 2.

Once a new vertex p P is "reached," the set of vertices in Adj (p) is identified
and the search is continued subject to the following edge selection rule instead
of Rule 1.

Rule 2. Let e (i, ), < k, be an edge to be selected. Then the vertex v
already "reached", must be taken from those in X Adj (p), while the new vertex

can be either in X or in P. This rule is imposed until no more edges can be
selected. Let G(Y); v Y be the connected component of G(X Adj (p)). Then
this procedure finds all the "unreached" vertices in Y 13 Adj (Y).

Let T be the set of vertices which have been "reached" by the time when the
restriction of Rule 2 is expired. Then the set Y T- P Adj (p) has the key
property that G(Y) is a connected component of G(X Adj (p)). Once Rule 2 is
expired, the search is continued applying Rule 1 again. In general, our search is
processed by alternating use of Rule 1 and Rule 2. The whole process is ter-
minated when the search subject to Rule 1 finds no new vertex in P, i.e., when all
the vertices in X U Adj (X) have been "reached".

Now we shall show how a desired set @ is obtained by means of the specific
search described above. Let e (0, 1), with o P and 1 V- P, be the first
edge selected in the search. If is adjacent to another vertex, say 2, in P, the edge
e2 (tl,/)2) is selected next due to Rule 1. Then Rule 1 is replaced by Rule 2. But
it yields no edge to be selected, so Rule 1 is again applied. In this way, the vertices
in Adj (v) f3 P are found first. When all these vertices are found, the search is
continued by applying Rule 1. If no new vertex in P can be "reached," then is
adjacent to all the vertices in Adj (X). Thus {} is a desired set as Theorem 2
says.

When a new vertex p P is "reached," the vertices in Adj (p) are identified,
and the search is further continued subject to Rule 2. Consider the stage when
no new edge can be selected in this phase of the search. Let T be the set of vertices
which have been "reached" by that time, Y be the set defined by Y T-P

Adj (p), and let be the set defined by @ T f"l Adj (p) P. Then it follows
from the key property of our search that G(Y) is a connected component of
G(X Q) such that @ Adj (Y). And it is clear that p Adj (Y). Hence the set

@ satisfies conditions (a)-(c) of Theorem 3 for S {p).
Now condition (d) of Theorem 3 is also satisfied if T f"l P contains all the

vertices in Adj (X). Otherwise a new vertex in P can be "reached" by continuing
the search subject to Rule 1. This phase of the search starts from some vertex in @,
since no vertex in Y is adjacent to new vertices, and finally finds a new vertex, say
s, in P. Then the vertices in Adj (s) are identified instead of those in Adj (p), and
the search is continued subject to Rule 2 until no new edge can be selected. Let
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T* be the set of vertices which have been "reached" by that time. There are two
cases to be considered.

Case 1. Adj (s) f3 Q Q. In this case, it is clear that T* T U {s}. Hence
conditions (a)*-(e)* of Lemma are satisfied if S* S U {s}, Q* Q and
y*=Y.

Case 2. Adj(s) CIQ= =Q. Let Y* T*-P-Adj(s) and Q*
T* 0 Adj (s)- P. Then G(Y*) is the connected component of G(X- Q*)

such that Q* = Adj (Y*). It is also clear that s Adj (Y*). Thus the set Q* satisfies
conditions (a)*-(c)* of Lemma 1 for S* {s). Furthermore, it follows from the
assumption that S Adj (Y*), which implies that Adj (Y) CI P U S = Adj (Y*)
f3 P. Hence conditioh (e)* is also satisfied.

As described above, the search enables us to obtain a proper subset Q* = x,
which satisfies, for some nonempty subset S* = Adj (X), all the conditions of
Lemma 1 whenever Adj (Y) CI P I.J S Adj (X). Repeating this way, we can
finally obtain a desired set Q which satisfies all the conditions of Theorem 3.

Example 2. As shovn in Fig. 2, consider a proper subset P V of vertices
of a graph G (V, E), where a, c, f,j, h P,

Figure 2(a)" Initially we choose an edge (a, b); then b identifies a connected
component G(X) of G(V P), where X {b, d, e, g, i, k, l}. By means of the
early part of the search, we find all the vertices in Adj (b) f3 P, which in this case is

Figure 2(b)" The search applying Rule 1 finds a new vertex f P.
Figure 2(c)" The vertices e, g Adj (f) are identified and the search applying

Rule 2 determines the set Q {e, g), which satisfies conditions (a)-(c) of Theorem
3 for S {/) and G(Y), Y {b, d).

Figure 2(d)" The search applying Rule 1 finds a new vertex h P.
Figure 2(e)" The vertices g, k, t Adj (h) are identified, and the search apply-

ing Rule 2 determines the set Q* {g, k}, which satisfies conditions (a)*-(c)* of
Lemma 1 for S* {h} and G(Y*); Y*= {b,d,e,i}.

Figure 2(f)" The search applying Rule 1 finds no new vertex in P. Therefore
it is seen that Q* satisfies all the conditions of Theorem 3 for S* and G(Y*).

5. Computer algorithm. In this section we shall give an algorithm based on
the search technique described in the previous section.

A given graph G (V, E) with IVI M and [El N is represented as a set
of lists of vertices. Each list consists of the set of vertices which are adjacent to a
single vertex. The set of lists are packed in a one-dimensional array E(. of length
2N. A one-dimensional array V(. of length M is used to locate, for each vertex,
the corresponding lists in E(. ).

Let P be a given proper subset of V. Then the vertices in P must be dis-
tinguished from others throughout the search. At each step of the search, it must
be known whether each vertex is "reached" or not. Furthermore, the vertices in
Adj (p) must be identified at each stage when the search applying Rule 1 finds a
new vertex p P. In summary, three-bit storage is needed for each vertex in order
to classify vertices.

As temporary storages, two one-dimensional arrays VP(.) and VX(.)
consisting of N pointers are used to find "unreached" vertices in P and those in
(V- P), respectively, by scanning each adjacent vertex list from the top to the



142 TATSUO OHTSUKI

g j

(a) (b)

e tQ f

g j

(c) (d)

(e) (f)

FIG. 2. Searchfor obtaining a desired set Q

bottom. For example, let m { 1, 2,..., M} represents a vertex. Then the vertices
adjacent to m are stored in E(. from the (V(m))th position to the (V(m + 1) 1)st
position. VP(m) n, V(m) < n < V(m + 1), means that the search is at the stage
where the vertices E(V(m)),E(V(m)+ 1), ..., E(n) are known to be either in
V- P or to have already been "reached". VX(. is used in a similar way. This
facility enables us to avoid duplicate search of vertices.
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We prepare two more temporary storages. A one-dimensional array of length
M is used to accumulate vertices which constitute a candidate for the desired set
Q c v- P. A stack of depth M is used to update the set of "reached" vertices
whose adjacent vertices are necessarily tested. To be more exact, a vertex is
deleted from the stack once all the vertices in Adj (t) are known to have been
"reached".

The data structure consists of several one-dimensional arrays, a stack and
three bit-strings. Among them, E(. is of length 2N, while all other one-dimensional
arrays including the stack and the bit-strings are of length M. In summary, the
storage requirement is bounded by klM + k2N for some constants kl and k2.

Now the following algorithm written in AL6OL-like notation obtains a desired
set Q c v P for a given subset P V of a graph G (V, E).

begin
empty stack comment initialization;

SO: pick a vertex Vo P and another vertex vl V P such that (o, Vl) E;
mark Vo and v "reached";
Q {/) put v on stack
while stack is not empty do

begin comment search subject to Rule 1;
S l: delete the top vertex x from stack;
$2: if there is an "unreached" vertex p e P

such that (p, x) E then
begin comment Rule is expired;

$3: mark p "reached"
$4: mark all the vertices in Adj (p) "p-adjacent";

Q,=
while stack is not empty do

begin comment search subject to Rule 2;
$9: delete the top vertex y from stack;

if y is "p-adjacent" then
S10: Q..=Q U {y};

else begin
S11 while there is an "unreached" vertex r P such that (r, y) E

do mark r "reached";
$12: while there is an "unreached" vertex v V-P such that

(v, y) E do mark v "reached" and put it on stack;
end;

end comment Rule 2 is expired;
$6: remove "p-adjacent" marks of the vertices in Adj (p);
$7: put all the vertices in Q on stack;

end;
$8: else while there is an "unreached" vertex u V- P such that (u, x) E

do mark u "reached" and put it on stack;
end

end;
To estimate running time, we shall examine the data structure and the flow

of the algorithm. Statement SO may require examination of all edges to find Vo
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and vl time bound is O(N). In statements $2 and S11, the vertices in Adj (x) and
Adj (y), respectively, stored in E(. are checked one by one. Since duplicated check
of the same entry in E(. can be avoided by the use of VP(. ), the total number
of required checks is bounded by 2N. The time required for statements $8 and
S12 is estimated in the same way. In statements $3, $8, S11 and S12, the number
of operations of marking vertices "reached" is bounded by M (__< N + 1), i.e., by
the number of vertices. In statement $4 or $6, the number of operations of attach-
ing or removing "p-adjacent" marks of vertices is bounded by the total sum of the
degrees of the vertices in P, which is less than 2N. The total number of vertices put
on Q is not greater than the number ofthe edges which connect between the vertices
in P and those in V P. Thus time bound for statements $5, $7 and S10 is O(N).
The running time for statements S1 and $9 is determined by the total number of
entries put on the stack. Going through statement $8 or S12, at most M (__< N + 1)
entries are put on the stack. Going through statement $7, at most N entries are
put on the stack. In summary, a desired set Q can be obtained in O(N) time, i.e.,
an optimal ordering can be obtained in O(M. N) time.

The algorithm presented here is much more efficient than the minimal tri-
angulation (optimal ordering) algorithm in the previous paper [4]. The former
requires only O(M. N) time, while the latter requires O(M2. N) time. In the
previous algorithm, we chose a vertex, which satisfies the condition of Theorem C,
at each stage of the vertex elimination. If the test of this condition is properly
implemented, the running time is proportional to N. In the worst case, however,
M(M + 1)/2 tests may be required to find an optimal ordering. Thus the total
running time of the algorithm [4] is estimated by O(M2. N).

Remarks. 1. The running time O(M. N) of the proposed algorithm is no
worse than the minimum degree algorithm [6], [7], which is widely used for the
reason that relatively simple operations are involved to determine a good order-
ing. The minimum degree algorithm requires O(M3) time as far as a conservative
upper bound is concerned.

2. Recently, another fast algorithm for obtaining an optimal ordering was
presented [8]. This algorithm requires O(M. ) running time, rather than
O(M. N), where N is the number of edges of the resultant triangulated graph. But
it can obtain the corresponding minimal triangulation simultaneously.

3. More recent work [9] presents another O(M. N) algorithm to find an
optimal ordering, together with a O(M, N) algorithm to calculate the triangulation
for a given ordering.
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SPECIFIC POLYNOMIALS*
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Abstract. The number of addition-subtraction operations required to compute univariate polX-
nomials is investigated. The existence of rational coefficient polynomials of degree n requiring --(x/n)
+__ operations is established using an argument based on algebraic independence. A more analytic argu-
ment is used to relate _+ complexity to the number of distinct real zeros possessed by a given real
coefficient polynomial.
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1. Introduction. It is well known from the work of Motzkin [5], Belaga [2]
and Pan [6], that "most" nth-degree polynomials p R[x] require about n/2 ,
-.’- operations and n + operations and that these bounds can always be achieved
within the framework of preconditioned evaluation. More precisely, if p can be
computed using less than [(n + 1)/2] , + or less than n operations, then the
coefficients of p are algebraically dependent.

However, it can be argued that only polynomials in Q[x] are of any computa-
tional concern. Moreover, one would like "practical tests" to determine the com-
plexity of a specific polynomial. With respect to nonscalar operations, Paterson
and Stockmeyer [7] are able to show that approximately v/ such operations are
required for "most" nth-degree polynomials in Q[xr_.Also they show that every
nth-degree polynomial can be computed in about x/’2n nonscalar operations. In
Q[x], the scalar , operations can be simulated by (an unbounded number of)
+ operations. Strassen [9] uses a careful analysis of the Motzkin-Belaga argument
(and also of the corresponding development in Paterson-Stockmeyer) to exhibit
specific polynomials in Z[x] whose required complexity is nearly that obtainable
by general preconditioning methods. For example, any program for

p(X)-- 22in3xi
i=0
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requires

(i) either n/2 4 * operations and n 4 + operations or at least n2/log n
total operations,

(ii) at least x/ nonscalar operations.

That is, if one chooses to trade off + operations to reduce the complexity of p(x),
then it can be done but only with an exorbitant cost ofat least n2/log n

___
operations.

The situation when counting + operations with the potential of unlimited
operations is not as clear. In fact, we are not aware of any previous results which

show that not all p Q[x] are computable in (say) 4 + operations. A "usable"
characterization of precisely which polynomials are computable in 4 + operations
is more than a tedious exercise. Does an analogue of Paterson-Stockmeyer hold?
That is, can the output of a program (which is computing an nth-degree poly-
nomial) using k + operations but an unbounded number of, operations be represen-
ted by =0 qi(l,’", t)x for some fixed rational functions {qi), where the
number of parameters i} is bounded by some function of k? We shall show in
3 that this is the case with k2. But unlike the situation in Paterson-Stockmeyer,

we do not yet know if the use of unlimited operations can in general reduce the
complexity of polynomials in Qx].
While the arguments based on algebraic dependence provide us with our

best lower bounds thus far, a different approach of independent interest is taken in
4. Namely, we are able to show that the number of _+ operations required to

compute any p R[x] is bounded below by a function of the number of distinct
real zeros of p. The potential (e.g., for producing nonlinear lower bounds) and limi-
tations of this approach will be discussed.

2. The model and a review of results based on algebraic independence. We
follow informally the notation of Winograd [11] and say that we are interested
in computing p F[x] over G(x) given G U {x}, where F

_
G and G is a field.

That is, we think of a program P as a sequence of statements {s 1, ..., s,,) each

s is of the form "p operation q", where operation +,-, , + and each
operand pi, q is either

(i) in G U {x); i.e., a scalar constant or "x", or
(ii) a previously computed sj (j < i).

P computes p Fix] if p =Sm (as elements of Fx] G(x)). When + is not allowed,
we say that we are computing p Fx] over Gx] given G LI {x}.

In this section and in 3, the choice of F and G is not that essential, but for
definiteness we can take F Q and G C. Section 4 will depend essentially on
the choice G R.

DEFINITION 1. Let H be an extension field of F Q. u1,.", Um H are
algebraically dependent (over Q) if there exists a nontrivial f Zyl, ..., Yt] such
thatf(ul, "’", u,) O.

LEMMA 1 (Van der Waerden [10]). Let Pl, P,, Q(I, ,). If m > t,
then Pl Pm are algebraically dependent.

For the sake of completeness and motivation, let’s briefly sketch the lower
bound ofPaterson and Stockmeyer. Assumingno +, we can construct a "canonical"
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program using k nonscalar operations;namely"

SO +---X

S - (Zj,iS

Sk+ - Oj,k+ 1Sj
j<__k

Oj,iSj

Then Sk+ j=opj(c)xJ, where r _-< 2k, and ot (’-1,1, (Z0,1, -1,1, ", (Zk,k+l
(1, "’", t), where is approximately k2. With a little care, it can be shown

that < k2 + 1.
THEOREM (Paterson and Stockmeyer). Ifn + > k2 d- 1, then there exists

an n-th-degree polynomial in Qx] which is not computable over C[x] in k nonscalar
multiplications.

Proof Assume p(x) ’=o a.Jxj is computable in k nonscalar multiplications.
t)x for some choice of 1,Then p(x) j=o Pj(I, st with k2 +

But po(0t), ..’, p,(0t) are algebraically dependent if n + > t, and hence there
exists a nontrivial f Z[yl,’.., y,+ 1] such that f(po(Ot),..., p,(0t)) 0. If every
p Q[x] were computable in k nonscalar multiplications, then f(qo,’", q,) 0
for all (qo, q,) in Q"+ 1. Hence f 0 because Q"+ is dense in R"+ and f is
continuous. This contradicts the assumption that f be nontrivial.

As Paterson and Stockmeyer observe (in extending the result to allow +),
if we can produce a finite number, say l, of canonical programs for some measure
(rather than just one), then the same type of results will follow; for the "algebraic
dependence of each program" is characterized by some f/ Z[yl, ".., y,+ 1], and
hence the coefficients of any nth-degree polynomial computable in k operations
will be zero off lti= f/.

From these observations, the following fact follows directly.
FACT 1. Let (/ N --, N be anyfunction.
(a) There are n-th-degree polynomials in Q[x] which either require [(n + 1)/2

operations or more than /(n) +_ operations.
(b) There are n-th-degree polynomials in Q[x] which either require n +_ opera-

tions or more than (n) operations.
In either case, once (n) is given, there are only a finite number of canonical

programs each having the appropriate number of parameters.

3. A lower bound for +/- operations based on algebraic dependence. We shall
now consider the situation when the number of, operations is not bounded by any
function of the degree. One might argue that this is a totally impractical hypothesis,
but we believe that the questions arising out of the developments in 3 and 4 are
more than academic. The difficulty in trying to bound _+ operations is suggested
by the simplest example. Let s (x + )u represent the first step (say u N).
If we treat u as a parameter, then s u + u ix + (.)u-2X2 +

We cannot immediately view s as =o P(e)xJ with the pj being polynomials.
Norcan we treat each 0, 0 2, e3,.., as a parameter, for then the number ofparameters
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will not be a bounded function of the number of _+ operations. We might want
to argue that u cannot be too large without introducing some inefficiency; but
this is just the sort of question we cannot yet answer.

Let’s first define a "canonical program" having k +_ operations.
LEMMA 2 (Belaga). Let f in G(x) be computed by a program over G(x) given

G (_J {x} using k +_ operations. Then f is computed by thefollowing "program"for
some appropriate choice of 7l, 7k+ in G and {m,i}

___
Z"

To-

l<_i<_k
Si - ) .ql_ Ti

+ -+ j<_k

A proof can be found in Borodin and Munro [1, 3.2].
Allowing negative exponents accounts for + and also allows a simplification

in the number of parameters introduced. On the other hand, we will have to view
the computation as taking place over some power series ring G[[x 0]] as in
Strassen [9] in order to accommodate the negative exponents.

We want to express T + as a polynomial in x whose coefficients are in some
H Z(e, ..., at). Let’s concern ourselves only with the computation of nth-
degree polynomials. Suppose P computes p over G[[x]]. Then P correctly computes
p over G[[x]] (mod x"+ ), i.e., with all higher order terms dropped throughout the
computation.

The example s - (x + e)" illustrates the approach to be taken. We can con-
sider n + 2 cases: u 0, ..., u n, u > n. It is clear that for each u (i =< n)
we can represent s (mod x"+ 1) as some "j=o Pj(e)xi. For u > n, we have

S u + utxu-1X + ) o"-"x" rj(o, fl, u)x,
j=0

where fl e" and rj e Z(e, fl, u); i.e.,

ro(,/, u) =/, r(,/, u) u-, ..., r,
n 0

For this simple example, the cases u =< n could be subsumed by the case u > n,
but in the proof of Theorem 2 this need not always be true.

If u e Z (rather than N) we would have 2n + 3 cases" u < -n, u -n, ...,
u 0, ..., u n, u > n. Consider u < 0 and assume e 4: 0. (If e 0, we would
have to consider power series in x 0 rather than x, for some appropriate 0.)
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Then

s 1/(o + x)--- [1/(o + x)l-"

I1 1 ]-
__

X2 3

2
x -Tax +""

Again, the cases u -i (i __< n) could be handled separately. For u < -n, we
have

s(mod x"/) -x + (-1)"e+x

r(e,,u)x withe=e".
j=O

THEOREM 2. Consider computationsover C(x)given C (_J {x} ,and letn >= (k + 2)2.
Then there exist an n-th-degree polynomial p(x) in Z[x] which cannot be computed in
k +_ operations.

The proof shows that in fact, "most" nth-degree polynomials in Q[x] cannot
be computed in k operations.

Proof Let p(x) ,’=o aixi be an arbitrary nth-degree polynomial, and let P
be a k _+ step program which computes p(x).

(a) Convert P to a program P’ over C(O, ) given C U {0} U {} which com-
putes i6() p(x), where 0 is a new indeterminate and ff x 0. Specifically, let

and then

Using Lemma 2, we have

p,={x+--YC+Op

with lj akOk-
k=j k-j

So=xY +0

T -S’,

S - + T

/ - + I-[ s7’

(B) P’ introduces v (k + 1)(k + 2)/2 exponents {mj,i}, all of which can be
treated as parameters. For every exponent, there are 2n + 3 choices to be considered
(namely, mj,i < -n, mj, -n, ..., mj,i n, mj, > n), or (2n + 3) cases in total.
Each case will determine a canonical program. For each of these (finitely many)
programs, we are able to algebraically characterize the program statements
(subresults) and the target polynomial.
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(C) Claim. Having chosen any one of the (2n + 3) cases, there are rational
functions {p} over Q(O)such that for 0 =< < k,

S, p}(o z,,i,)Yc (mod :’+ 1)
j=0

foran appropriate choice ofparameters {0t} Cwith t(i) < (i + 1)e. Consequently,
if(x) j=n 0 Pjk + 1( 1, ", Z(k +l))J for some appropriate choice of the parameters.

For each of the (2n + 3) cases, we can prove the claim by induction on k.
For the basis of the induction, So ,-- ff + 0 and thus t(0) 0. Now assume

S p(iXl, o,(i,) (mod :"+
j=0

with t(i) < (i + 1) for 0 __< __< r. We want to show that

r+l(z ))ffJ (mod n+l)Sr + Pj 1, t(r /
j=O

and that t(r / 1) < t(r) + 2(r + 1) < (r + 2)2.
We have

Tr+| <--- H STJ’r+l
j<=r

Sr+l (’-- 7r+l / Tr+I.
Introduce new parameters (and rename by r()+ 1, "’", ,(+ 1)) to represent

])r+ mO.r+ mr,r+ (Xl 01,

We have thus introduced 2(r + 1) new parameters. Now it remains to show that
E + H Srt"lJ’r+l/r+lSr+l p 1(1,..., ,(r+l))XJ(mod ,+1). S+I j=o.,

Look at any

$7’i,r 01 at(i)
j=O

(rood if’+ 1).

We must consider the 2n + 3 cases mi,+ < --n, mi,+ -n, ..., mi,+ > n.
Let us just outline the case mi,r+l > n.

The coefficient of :l (1 -< n < mi,+ 1) is

m.l +m2.2+...+mn.n=l m2

mi,r+ ml mn-
mn

[p(Z ,’’" )]mi.r+ ,--m, m,p](. )ml pin( )ran.

And as in the simple example (x + cz)", the expression can be written as a rational
function g(zl, "", at(),mi,+l,[p)lm’’r+ 1). So it follows that [-I S’’r+l + 7+1
(mod ’+ 1) can be represented as desired.
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k+(D) So for each of the (2n + 3) cases, we are computing 2j=0 PJ 1((Z1’
+1 Q(0); alternatively, we haveet(k + 1)): with rational functions p over

+(0qj 1, Ot(k + ))J
j=O

+1with q over Q. Now recall the assumption that n _>_ (k + 2)2 _>_ t(k + 1) + 1.
Using Lemma 1, we know that for each case c there is a nontrivial polynomial fc
over Z such that f(q+ 1,..., q+ 1)= 0. Let f 1-[(c2___n 3)v fc" By exhausting all
the cases, we have shown that if fi() j__ o 8J2J, then f(8o, ..., 8n) 0.

Recalling that 8j 7,=j ()ak0-J, we can view f(8o, , 8n)as a polynomial
in 0 which must be identically zero. In particular, the constant term off(8o, ..,
which is f(ao,... an), must be zero.

(E) Summarizing, we have shown that there is one fixed nontrivial polynomial
f over Z such that if p(x)= 7=o aixi is computable in k operations and n
_>_ (k + 2)2, then f(ao, ..., an) 0. Now we can complete the argument just as in
Paterson and Stockmeyer [7]. The nontrivial polynomial f cannot be zero on
any dense subset of Qn+ 1, so that the

_
complexity of "most" nth-degree poly-

nomials in Q[x] is at least x/ 2 (i.e., the exceptions (ao, an) are nowhere
dense in Qn+ 1). Since any polynomial p(x) in Q[x] can be viewed as q. z(x) with
q in Q and z(x) in Z[x], it follows that there are polynomials in Z(x) which are
difficult to compute. [-1

COROLLARY 1. There exist n-th-degree polynomials in Q[x] which require
x/ 2 +_ operations even if we do the computation mod xn+ 1, i.e., chop off high
order terms without cost.

We remark that by calculating upper bounds on the degree and weight of the
polynomials {P(el, )}, we can exhibit, as in Strassen [9], specific polynomials
(with integer coefficients)_which require x/

_
operations.

Whether or not a x/n upper bound on + operations can generally be obtained
remains an open question. We suspect that while it may be possible to achieve a
saving (in _+ operations by the unlimited use of # operations) when computing
mod xn+ 1, the additional requirements imposed by the cancellation of high order
terms will preclude any such saving. That is, _+ operations in computations over
Q(x) cannot in general be reduced by operations.

We state the following conjecture" there is a function 7(k, n) satisfying the
following property--if p is an nth-degree polynomial (say in Q[x]) and p is compu-
table in k _+ operations, then p is computable in k _+ operations and no more than
7(k, n) operations.

Finally, we can note that if a general saving in _+ operations can be achieved
for any fixed degree no (say (no) + operations), then a proportionate saving can
be achieved for all n >__ no (i.e., only need about fl(n0), n/no +_ operations). More
precisely, if p(x) has degree n d(no + 1) 1, it can be written as

(Co, -’[-" -4" Cno, 1X" + (Co, 2 -3
t" "[" Cno,2Xn)X"+1

+
__

(CO,d
__

+ Cno,dXno)x(d- 1)(no + 1),

which could then be evaluated in [d(no) + (d 1)] -4- operations.
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4. A lower bound based on the number of real zeros. In Strassen [8], we see the
first significant results concerning nonlinear lower bounds for arithmetic com-
plexity. Algebraic geometry provides the proper notion of "degree" for a set of
(rather than just one) polynomials in several variables. The geometric formulation
ofdegree is "correct" from a complexity point ofview, since Strassen is able to show
that the degree can at most double after a operation and is unchanged after any
+ operation. In this way, one can prove for example that any nth-degree poly-
nomial evaluated at n arbitrary points requires n log n operations.

For + operations, we do not yet have an appropriate concept or property
(such as degree) which can be used to derive nonlinear lower bounds. For example
is polynomial multiplication nonlinear with respect to + operations? Does there
exist an nth-degree polynomial which requires n log n + operations for computa-
tion at n arbitrary points? One type of property that may be relevant is to look at
the zeros associated with the polynomials computed during a computation. Such
a property could also provide a constructive means for analyzing the complexity
of specific polynomials, if we look at all complex zeros, then we can obviously
generate an nth-degree p Rx] which has n distinct zeros in one + operation (of
course, these zeros have a nice structure).

The approach of this section is to show that the number of distinct real zeros
in any polynomial p in RIx] is bounded by a function of the number of + operations
required to compute p. Unfortunately (unlike degree with respect to operations),
it is not true that if p and P2 have _<_r distinct real zeros, then px / P2 has _<_go(r)
distinct real zeros (for some function go N N).

We consider again the canonical program given in Lemma 2 with G R.
Throughout this section, S and T are defined as in Lemma 2, and are to be viewed
as rational functions in R(x). We want to bound the number of distinct real roots
in T as a function of n. To do so, a more general induction hypothesis seems
necessary.

Notation. If f is in R(x), then f’ denotes df/dx.
DEFINITION 2. Let f be in R(x).

#f the number of distinct real zeros + the number of distinct
real poles in f.

If f is in R[x], then #f is just the number of distinct real zeros.
The main theorem of this section is motivated by the following lemma.
LEMMA 3. If f in R[x] has k nonzero terms, then #f <= 2k 1. Also, there

exists an f in R[x] having k nonzero terms and #f 2k 1.
Proof The proof proceeds by induction on k.
k 1. f(x) ax and x 0 is the only possible zero.
Induction step. Let f(x)= x’. g(x)= xr(aio q-- -k aixik). #f + # g

<_ 1 + #g’+ 1 (By Rolle’s theorem). So #f=<2+(2k- 1)=2(k+ 1)- 1.
The polynomial f(x) k-1[-Ii= X(x2 i) achieves the bound. [-]

Since we will be dealing with rational functions, we need a generalization of
Rolle’s theorem.

LEMMA 4. Let f p/q be in R(x). Then #f <= 2 #f’ + 1.
Proof. The proof is in two cases.
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Case 1. # q >= # p. Since every pole of f is a pole of f’, it follows that #f
=< 2#q __< 2#f’.

Case 2. # q < # p. We claim that the number of zeros of f’ is at least # p
(# q + 1), since f is a continuous function except at its poles. Hence #f’ __> # p

-(#q+ 1)+ #q= #p- 1. So2#f’_> 2#p-2> #f-2. [q

We need one more lemma before proceeding to the main theorem.
LEMMA 5. Recall the meaning and notation for Sifrom Lemma 2. Then

s. p.(So, s.)
Sn SoS1 Sn

where p, R[yo, y,], and deg (p,) < n.

Proof The proof is by induction on n. When n 0, take Po 1. When n > 0,
we have

Hence one can check that

S’, T’, T, mi,
Li=0 Si._]

n-1

p,(So, S,) (S, 7,) mi,,Si+l S,_ipi(So, Si),
i=0

by dividing both sides by So S, and applying the induction hypothesis.
THEOREM 3. Let

N

f So’’’’" S#"Qi(So,’", S,),
i=1

with each Qi in R[yo, y,] having deg M, and rj,i Z. Then f o(n, N, M)
for somefunction :N3 N.

Note. The function , which will be defined by the induction proof, is inde-
pendent of the exponents rj, in Z. Our interest lies in the bound o(n, 1, 0).

Proof The proofis by induction on n, with the induction step being established
by induction on N.

N N N

f Z S’Qi(So)= Z x’Qi(x)= x’ Z x"Qi(x),
i=1 i=1 i=1

where is chosen so that each t 0. Since deg (Q) M, the total number of terms
in the polynomial represented by the sum is at most N(M + 1). Hence, by Lemma
3, we have

#f + 2N(M + 1)- =2N(M+ 1).

Thus (0, N, M) 2N(M + 1).
n>0. N=l.

f= S3,’Q (So S,)
j=0

j=o
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(a)

So

(b) Let Q1 -oqk(So,’", S,-)S, with deg(qk) __< M- k, and let y
S’J,". ThenSn Yn H 0

M

Q1 q(So,’", S,,_,)(y + 7,,)
k=O

M M n-1

2 qk(SO’ Sn-1)Yk 2 H sl"mj’nqk(SO’ Sn-
k=o k=O j=O

with deg () =< M. We have thus established that # Q1 =< q(n- 1, M + 1, M).
Then (p(n, 1, M) (p(n 1, 2, 0) + q(n 1, M + 1, M). End N 1.

n>0, N> 1.

f S/"Q,(So,..., S,).
i=lj=O

Write

where
f fi S, 1Ql(So,... Sn)[g],

j=O

g=l+ Z "O,(So,..’,S,) and Oi=Qi/Q1
i=2j=0

Thus #f __< q(n, l, M) + #g. Using Lemma 4, #g=<2#g’+ 1. It remains to
analyze g’.

j=O k=0

__N fi .[ StkQi

i=2 j:O
Srj’i

k:O ’k’i--k -i "+"
Q, Q’i Q’I Qi-]

i= j=0 k=O rk,i-kQxQi + QIQ’i Q’Qi
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Using Lemma 5 and observing that

c3Qi,
Q’i -kSk’k=O

we see that

Therefore

with deg (/3i) n + 2M.

#:g’ iQ1 Af.. 7# SJ’ili

__< qg(n, 1, M) + qg(n, N 1,n + 2M).

So #f =< qg(n, N, M), where qg(n, N, M) q0(n, 1, M) + 2[qg(n, 1, M)
+ q(n,N- 1, n +2M)] + 1. V1

Unfortunately, the bound obtainable from this induction is not very useful.
Let p(k)= max #PIP is a polynomial computable in k + operations}. Then
p(k) =< (p(k, 1, 0).

Because qg(n, N, M) is defined in terms of qg(n, N 1, n + 2M), we are ex-
ponentiating the third argument M in order to reduce the second argument N to 1.
Therefore, since qg(n, 1, M) is defined in terms of qg(n- 1, M + 1, M), we ex-
ponentiate the third argument M in order to decrease the first argument by one.
That is, our induction will result in a bound for qg(n, 1, 0) which grows (very roughly)
like

If q)(n, N, M) were defined in terms of q0(n, N 1, n + M) rather than q)(n, N 1,
n + 2M), the result would be a bound for qg(n, 1, 0) which grows (very roughly)
like n2". We are hoping that p(n) <= c" for some constant c, but we do not believe
that our induction can be used to yield such a bound.

FACT 2. p(k) >= 3k.
Proof By induction on k, we can exhibit a suitable polynomial pk having 3

distinct simple real roots.
k O. po(X) x.
Induction step. Choose e sufficiently small that

p + (x) ([p(x)] )-p(x)

is as desired.
If indeed p(k) were bounded by c for some constant c, we would feel more

justified in thinking of p as a "+ analogue for degree". For consider u(k)
max {deg (p)]p is computable in k *operations}.
FACT 3. u(k) 2.
Proof u(k) =< 2 follows from Kung [3] or Strassen [8] and pk(x) x2 trivially

establishes u(k) >_ 2
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The scenario we would like to see developed is that a simple exponential
bound on p(k) is derived and then extended to (sets of) multivariate polynomials.
The goal is to establish a nonlinear lower bound. We conclude with some sugges-
tions for further research along these lines.

1. Can we redefine the bound by changing the definition of # p? For example,
consider # p number of integer zeros in p and p(k) max # pip computable in
k + operations}.

2. Can we derive bounds for computations over C(x) rather than just R(x)?
Theorem 2 does not apply because Rolle’s theorem (or Lemma 4) does not apply.
For p in C[x], we might consider # p min {deg fir - 0 in R[x, y] and z x + yi
is a zero of p implies r(x, y) 0}. This definition is motivated by looking at those
polynomials computable in one + operation.

3. Can we extend the development to multivariate polynomials? For example,
consider # p number of isolated zeros in p. We say (x, ..., x,,) is an isolated
zero if there is a stfficiently small neighborhood around (xx, ..., x,) containing
no other zeros. Here we are motivated by the fact that if q(x) has n distinct zeros,

)2then p(xa, Xm) q(xa + + q(x,,) has n isolated zeros.

Acknowledgment. We would like to thank Zvi Kedem and Ludmilla Revah
for many helpful discussions.
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A COMPARISON OF TWO ALGORITHMS FOR
GLOBAL DATA FLOW ANALYSIS*

KEN KENNEDY

Abstract. The problem of determining the points in a program at which variables are "live" (will
be used again) is introduced and discussed. Two solutions, one which uses a simple iterative algorithm
and one which uses an algorithm based on "Cocke-Allen interval" analysis, are presented and analyzed.
These algorithms are compared on "self-replicating" families of reducible program flow graphs. The
results are inconclusive in that the interval method requires fewer bit-vector steps on some graphs and
more on others. If n is the number of nodes in a program flow graph and the number of edges is linearly
proportional to n, then both algorithms require O(n2) steps in the worst case.

Key words, optimization of compiled code, compiler, flow graph reducibility, interval analysis,
live variables, algorithmic complexity

1. Introduction. When analyzing computer programs for the purpose of code
optimization, there is a class of problems which require the construction of data
flow information from the control flow graph. One such problem is that of deter-
mining which variables are "live"ai.e., which variables will be used again--at any
given point in the program.

An algorithm that uses "Cocke-Allen interval" analysis [1]-[5] to solve this
problem was presented by the author in [6]. An alternate iterative method has
been described by several authors [7], [8], [9]. This paper attempts to compare these
two methods for complexity. The results, although inconclusive, provide some
insights into the general nature of these methods and of the problem itself.

2. Background. The flow analysis of a program usually begins with the
program expressed in some intermediate text which is scanned and subdivided into
basic blocks, sequences of instructions which are always executed in order. If the
first instruction of a basic block is executed, every instruction in that block will be
executed. After the last instruction in a block, control may transfer to any one of a
number of basic blocks called the successors of the block just executed.

For the purposes of the analysis in this paper, it is convenient to consider
extended basic blocks as blocks. An extended basic block is just a tree of blocks:

The use of such blocks will usually reduce substantially the size of the problem
to be dealt with by global analysis algorithms.
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We may represent the program in question by its control flow graph (or flow
graph) in which each node stands for an extended basic block and each edge repre-
sents a possible branch from such a block to one of its successors; that is, if y is a
successor of x, then there is a directed edge from x to y in the flow graph. A flow
graph is therefore a triple G (N, E, no), where

(i) N is a finite set of nodes,
(ii) E is a finite set of edges (a subset of N x N), and

(iii) no is the program entry node--the unique node which is the successor of
no other node in N.

The inverse of the successor relation in a flow graph may also be defined. Node x
is a predecessor of y if and only if y is a successor of x, i.e., if and only if there is
an edge (x, y) in E. We define the following two notations:

S(x) {y e N[(x, y) e E} and P(x) {y e N[(y, x) E}
Thus S(x) is the set of su,ccessors of x and P(x) is the set of its predecessors. If N1
is a set of nodes, N1 N, then

SIN1] O P(x).
xN

That is, S[NI] is the set of successors of nodes in N. Similarly,

P[N]= U P(x)
xffN1

A path from x to xk is a sequence of nodes (x, ..., xk) such that (Xi, Xi+ 1) is in
E for 1 =< < k. The path length of (x 1,..., x) is k- 1. We say that the path
above is a cycle if x x, k > 1. A simple path is a path which contains no cycles.

2.1. Intervals. Let G be a flow graph and h a node of G. The (maximum)
interval with header h, denoted by I(h), is constructed by the following algorithm
due to Cocke and Allen [3].

ALGORITHM A (Maximum interval construction).
Input. Flow graph G and designated node h.
Output. The set of nodes l(h).
Method.

begin
l(h) {h};
# Iteratively add nodes that have all their predecessors in

l(h) #
while :x S[l(h)] l(h)

such that P(x) l(h)
do

od
end

l(h) l(h) U {x}

We note here that the order in which nodes are added to I(h) will be important

Pound signs (#) are used to delimit comments.
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later and is called interval order. Interval order is by no means unique (in fact,
it depends on the order in which successors of l(h) are considered); however, it
imposes a total order on the nodes of I(h) {h} which preserves the partial order
defined by the successor relation. The result is that if we process the nodes of
I {h} in interval order, we will process a node only after we have processed each
of its predecessors in 1, and if we process in reverse interval order, we will process a
node only after we have processed each of its successors in I {h}.

From Algorithm A we can proceed directly to a second algorithm, due also
to Cocke and Allen [3], which partitions the entire flow graph into a set of disjoint
intervals.

ALGORITHM B (Interval partition).
Input. Flow graph G (N, E, no).
Output. The set of intervals INTS(G).
Method. We use a set H of interval headers.

begin # The program entry node is a header #
H,=

INTS(G) ;
while H 4: # there are more headers #

do
x an arbitrary node in H;
H H {x};
Find l(x) using Algorithm A;
INTS(G) INTS(G) U l(x)}

# Successors of l(x) which cannot be added are
headers #

U H (.J (S[I(x)] l(x))
od

end

As an example of this process, consider the flow graph in Fig. 1. The interval heads
chosen by Algorithm B will be 1,2,5 and the intervals are {1}, {2, 3, 4}, and {5, 6, 7}.

If G is a flow graph, then the derived flow graph of G, denoted by I(G), is
defined as follows:

(a) The nodes of I(G) are the intervals in INTS(G).
(b) If J, K are two intervals, there is an edge from J to K in I(G) if and only if

there exist nodes ns J and nr K such that nr is a successor of nj in G.
Note that nr must be the header of K.

(c) The initial node of I(G) is l(no).
We call G the underlying flow graph of I(G).
The sequence (Go, G1, ..., G,,) is called the derived sequence for G if G Go,

Gi+ l(Gi), G,,_ :/: G,,, and I(G,,) G,,. G is called the derived graph oforder
and G is the limitflow graph of G. A flow graph is said to be reducible if and only
if its limit flow graph is the trivialflow graph, a single node with no edge; otherwise,
the flow graph is nonreducible.

Let l(h) be an interval of flow graph G. We classify the edges which branch
out of nodes of I(h) three ways.

1. Those edges which branch from nodes in I(h) to h are called latches of l(h).
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FIG. 1. Aflow graph

2. Those edges which branch from nodes in I(h) to nodes outside the interval
are called exit edges of I(h).

3. All other edges are called forward edges of I(h). All forward edges branch
from nodes of I(h) to nodes of I(h) {h).

2.2. Live-dead analysis. A path in a flow graph G is said to be definition-clear
with respect to a variable X, or X-clear, if there is no assignment to X in any node
on that path. A variable X is live at a point p in the flow graph if there exists an
X-clear path from p to a use of X. If there is no such path, X is said to be dead at
p. Thus X is live at p if its value at p may be used before it is redefined.

Our aim is to compute, for each node b in the control flow graph, the set L(b)
of all variables which are live on entry to b. The global sets L(b) can be defined in
terms of two sets which contain strictly local information. Given an extended
basic block b in the flow graph:

1. IN(b) is the set of variables X such that there is an X-clear path from the
entry of b to a use of X within b; i.e., a use of X appears in b before any
redefinition of b.

2. T(b, y), defined for every successor y of b, is the set of variables X for which
there is an X:clear path through b; i.e., the set of variables which are not
defined in b on the path from b to y.

THEOREM 1. Let G (N, E, no) be a flow graph. For any b N,

(1) L(b) IN(b) LJ (3 (T(b, y) f) L(y)).
yeS(b)
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Proof There is an X-clear path from the entry of b to a use of X if and only if
(a) there is such a path to a use within b, i.e., X e IN(b), or
(b) there is an X-clear path through b to some successor y S(b) and there is

an X-clear path from the entry of y to a use of X. This can be expressed
X e I,.J yStb (T(b, y) f-) L(y)).

The "or" of conditions (a) and (b) is expressed by union. Thus

X e L(b) X e(IN(b) U U (T(b,y)L(y))). U
yeS(b)

2.3. A simple, iterative bit propagation algorithm [7], [8], [9], [10]. We now
present a simple algorithm for computing the sets L(b). This algorithm uses bit-
vectors to represent the requisite setswhere each bit-vector has one bit position
for each possible variable X. The bit for X is on if X is in the set and off otherwise.

Let LVIN(b) be the bit-vector for the set L(b), INSIDE(b) the bit-vector for
IN(b), and THRU(b, y) the bit-vector for T(b, y). The following relations hold:

1. By analogy with Theorem 1,

LVIN(b) INSIDE(b) V V (THRU(b, y) A LVIN(y)).
yS(b)

2. For exit blocks of the program (blocks with no successors), the equation
reduces to

LVIN(b) INSIDE(b).

The following algorithm, adapted from [7], computes these bit vectors by iterating
until a steady state condition is detected.

ALGORITHM C. (Compute LVIN vectors).
Input. 1. Flow graph G (N, E, no), [NI n. The nodes are numbered from

1 to n in some strategic way. Each node is referred to by its number.
2. Bit-vectors INSIDE(j), THRU(j,k), 1 _< j _< n, k ranging over

successors ofj.
Output. Bit-vectors LVIN(j), 1 =< j =< n.
Method.

begin # Initialize LVIN vectors #
for j from to n

do LVIN(j)..= INSIDE(j) od;
# Iteratively apply the equation for LVIN(j) at each node

until no more changes are detected #
change true;

CI: while change
do change false;

for j from to n do
oldLVIN LVIN(j);
LVIN(j) LVIN(j) V V kStj)(THRU(j, k) A LVIN(k));
if LVIN(j) -- oldLVIN then

change true fi
od

od
end VI
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Termination and correctness of Algorithm C have been shown in [10]. A
backward branch of a reducible flow graph G is an edge which becomes a latch in
some interval of the derived sequence for G. Let d be the maximum number of
backward branches in any simple path within G. The following theorem is from
Hecht and Ullman [7].

THEOREM 2. If the numbering of nodes in G (where G is reducible) is chosen
suitably (by a method defined in [7]), the body of the while-loop (labeled C1) in
Algorithm C will be executed at most d + 2 times.

COROLLARY 2.1. If e IEI is the number of edges in G (where G is reducible),
then Algorithm C requires at most 2e(d + 2) bit-vector operations.

Proof. Each time the body of the loop is executed, two bit-vector operations,

LVIN(j) V (THRU(j, k) A LVIN(k)),

are executed for each edge (j, k) in the program, for a total of 2e such operations.
But the loop is iterated at most d + 2 times. U

The upper bound presented in Corollary 2.1 is different from that derived by
Hecht and Ullman [7] because we assume that we are dealing with extended basic
blocks to facilitate the comparisons of 4. If simple basic blocks are used, then the
THRU vectors have only one exit, and the computation can be performed in
(d + 2)(e’ + n’), where e’ and n’ are the number of edges and nodes, respectively,
in the flow graph G’ in which nodes represent simple rather than extended basic
blocks. Clearly e’ _>_ e and n’ __> n, so the Hecht-Ullman bound is not necessarily
less than the Corollary 2.1 bound" however, this assumption may favor the interval
algorithm to be presented in the next section.

Note also that neither of these upper bounds is "tight" unless we assume that
truly global data flow is present in the graph. By this we mean that the estimate is
exact if we assume that any simple path in the graph is the shortest X-clear path
from a node where S is live to a use ofX for some variable X. We use this assumption
implicitly in the comparisons of 4.

3. The interval method. An alternate method which uses interval analysis on
reducible flow graphs was presented by the author in [6]. The method consists of
two parts. First, the sets IN and T are computed for intervals of the derived graph,
then for intervals of the next derived graph, and so on until these sets are available
for the trivial limit graph. Then (1) (from Theorem 1) is applied first to the highest
order derived graph, then to the nodes of its graph, and so on until L(b) has been
computed for each node in the original flow graph. Thus there are two passes
through the nodes and edges ofthe derived sequence. We treat these passes separate-
ly.

Pass 1. The purpose of pass is to compute, for each interval in the sequence
of derived graphs, the sets IN and T. The following bit-vector algorithm computes
these sets for an interval, given their values for the nodes of that interval. Note that
it passes through the interval in interval order.

ALGORITHM D (INSIDE and THRU for an interval).
Input. 1. The nodes of an interval I numbered from 1 to nt in interval order.

2. Successor and predecessor information for each node in the interval.
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3. The set of successor intervals J of I (successors in the derived graph)
along with their headers hj.

4. INSIDE(j), 1
5. THRU(j, k), 1

Auxiliary variables.
1. PATHOUT(j,k), 1

_
j _< hi, k ranging over all successors of j

which are not the header of I. PATHOUT will be a bit vector
representing the set of variables X such that there is an X-clear
path from interval entry through node j to the exit from j leading
to k.

2. PATH(j), 2 =< j <_ n. PATH(j) will be a bit vector representing the
set of variables X such that there is an X-clear path from interval
entry to the entry ofnode j. PATH(l) is not needed because it would
consist simply of the vector with all l’s.

Output. INSIDE(I) and THRU(I, J) for each successor J of I in the derived
graph.

Method.
begin # Initialize INSIDE(l)and PATHOUT #

INSIDE(I) INSIDE(l);
for all k S(1)

do
D1 PATHOUT(1, k)..= THRU(1, k)

od;
# Iterate through I {h} in interval order #

for j from 2 to n
do

D2: PATH(j)..= V k,t PATHOUT(k,j);
D3: INSIDE(I),= INSIDE(l) V (PATH(j) A INSIDE(j));
D4: for each m S(j) { 1 }

do
PATHOUT(j, m).’= PATH(j) A THRU(j, m)

od
od;
# Compute THRU vectors for I #

for all J S(I) with header hj
do

D5: THRU(I, J)..= V k’th PATHOUT(k, h)
od

end

THEOREM 3. Algorithm D terminates and is correct.

Proof. Termination is trivial since the loops can only be executed a finite
number of times.

Correctness is shown by three lemmas. Note that we write "X 6 BITVECTOR"
when we mean "the position for X in BITVECTOR is 1".

LEMMA 3.1 For every j, 2 < j < n X PATH(j) if and only if there is an
X-clear path to jfrom interval entry.
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ProofofLemma 3.1. The proof proceeds by induction on j.
(a) Basis. j 2. The only predecessor of node 2 must be the interval header,

node 1. Therefore, PATH(2) PATHOUT(1, 2) THRU(1, 2) because of steps
D 1 and D2. But X THRU(1, 2) if and only if there is an X-clear path from the
header’s entry, which is identical to the interval entry, to node 2.

(b) Induction step. Assume that the lemma is true for 1 <= j =< p 1 where
p <- ni. By step D2, X PATH(p) if and only if X e PATHOUT(k, p) for some
predecessor k of p. But this is true (step D4) if and only if X PATH(k) and
X e THRU(k, p). Since we are processing in interval order, k must have been
processed on an earlier step so k < p. Therefore X PATH(p) if and only if, for
some predecessor k of p, there is an X-clear path from interval entry to k (by the
induction hypothesis) and there is an X-clear path through k to p. But this can be
true if and only if there is an X-clear path from interval entry to p. I-]

LEMMA 3.2. After execution ofAlgorithm D, X INSIDE(I) ifand only if there
is an X-clear pathfrom interval entry to a use ofX within I.

ProofofLemma 3.2’. X INSIDE(I) if and only if X INSIDE(I) (initial state-
ment) or for some j, 2 _< j <= nx, X INSIDE(j) and X PATH(j) (step D3).

If X INSIDE(I), then there is an X-clear path from interval entry to a use
of X within/--the path from the entry of node 1 to the use within 1. Assume X
INSIDE(I); then for somej, 2 <= j <= nx, X INSIDE(j) and X PATH(j). These

are simultaneously true if and only if there is an X-clear path to the entry ofj (by
Lemma 3.1) and an X-clear path to a use within j, but this is equivalent to the exis-
tence of an X-clear path to a use within I.

LEMMA 3.3. After Algorithm D is executed, X THRU(I, J), where J is a
successor of I, if and only if there is an X-clear path through I to J.

ProofofLemma 3.3. Let hs be the header of J. By step D5, X THRU(I, J) if
and only if hs has a predecessor k I such that X PATHOUT(k, hs). But by
step D3, X e PATHOUT(k, hs) if and only of X PATH(k) and X THRU(k, hs),
which is true ifand only if there is an X-clear path from the entry of I to k (by Lemma
3.1) and there is such a path through k to hs. This last is equivalent to the existence
of an X-clear path through I to hs. E

Lemmas 3.2 and 3.3 establish the theorem. [-]

Recall that n is the number of nodes in the interval I. Let e be the number of
edges leaving nodes of that interval, e be the number offorward edges of I, e be the
number of exit edges of I, and et

b be the number of latches of I. Note that ei eft
+ ey + e/b. Let Ns be the number of successors of I in the derived graph.

THEOREM 4 (Complexity of Algorithm D). Algorithm D requires at most

2(et e/b) + nt N/s 2

bit-vector operations.
Proof One operation to compute PATHOUT is required for each edge leav-

ing a node of I except those edges which leave or branch back to the header.
Except in the trivial case that the header is an exit node, at least one edge must
leave the header, so at most eI eb 1 operations are required for this compu-
tation. At each node other than the header, the computation of PATH requires
one less bit-vector operation than the number of edges entering that node. The
number of edges which enter nodes other than the header is eft, so el/- n + 1
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operations are required to compute PATH. At each node other than the header,
two bit-vector operations are required to compute INSIDE(I) for a total of 2n 2.
For each successor interval J, the computation of THRU(I, J) requires one less
operation than the number of edges entering J from I or a total of e N/a opera-
tions. Summing these, we get

(e,-e/b- 1)+(ef/-n+ 1)+(2ni-2)+(e-N/J)

(ei e]) + (efi + e) + ni NI 2.

Using the identity ef/+ e gi eb yields

2(ei et]) + n,- N 2.

Pass 1 of the live analysis merely consists of applying Algorithm D to the
intervals of each derived graph starting with the first order derived graph and end-
ing with the limit flow graph. This will be incorporated into Algorithm F below.

Pass 2. Pass,2 will use the THRU and INSIDE vectors computed in pass 1
to compute the vectors LVIN for each block in the program using a bit-vector
analogue of (1) in Theorem 1. If Gm (Nm, Era, n’) is the limit flow graph of the
reduction sequence, consisting ofthe single node n’ with no edges, clearly LVIN(n’)

INSIDE(n). Thus we know the input LVIN vector for the interval represented
by n’.

We now present an algorithm which, given the LVIN information for an
interval I and all its successor intervals J, computes the LVIN vectors for each
node within that interval.

ALGORITHM E (LVIN Computation using intervals).
Input. 1. An interval I with nodes numbered from 1 to n, in interval order.

2. LVIN(I).
3. All successors J of I with their headers ha,
4. LVIN(J) for all successors J of 1.
5. INSIDE(j), 1 =< j =<
6. THRU(j, k), 1 <= j <= ni, k ranging over all successors ofj.

Output. LVIN(j), 1 <= j <_ nt.
Method.

begin # LVIN of the header of an interval LVIN of the interval #
El" LVIN(1) LVIN(I);

for each J S(I) with header hs
do

E2" LVIN(hs)..= LVIN(J)
od;

# Iterate through I in reverse interval order applying the
LVIN equation #

for j from n; to 2 by 1
do

E3" LVIN(j)..= INSIDE(j) V V kStj)(THRU(j, k)
A LVIN(k))

od
end
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THEOREM 5 (Termination and correctness of Algorithm E). Algorithm E ter-
minates and is correct.

Proof Termination follows from the finiteness of I.
LEMMA 5.1. Whenever step E3 is executed, LVIN(k) has already been computed

for each successor k ofj.
ProofofLemma 5.1. A successor k ofj must be one of three possibilities:
1. The header hs of a successor interval J, in which case LVIN(k) was com-

puted in step E2.
2. The header of the interval I, in which case LVIN(k) was computed in step

El.
3. Another node in I- {1}, in which case LVIN(k) was computed on a

previous execution of step E3. This follows because step E3 is applied to
the nodes of I 1 in reverse interval order which assures us that E3 will
be applied to successors ofj before it is applied to j.

Lemma 5.1 and Theorem are sufficient to prove Theorem 5.
THEOREM 6 (Complexity of Algorithm E). Let et be the number ofedges leaving

nodes of I. Algorithm E requires at most 2(et 1) bit-vector operations.
Proof Step E3 is applied once to each node except the header. For each edge

leaving such a node, there is one bit-vector operation to compute LVIN(k)
A THRU(j, k) and one to "or" the result with INSIDE(j). Thus 2 bit-vector
operations are required for each edge leaving a node of the interval except those
leaving the header. There must be at least one edge leaving the header, so 2(et 1)
steps are required. 1-]

3.1. The complete algorithm. We now present the complete algorithm to
perform live analysis using the interval method.

ALGORI3:HM F (Live analysis).
Input. 1. A reducible flow graph G (N, E, no).

2. The derived sequence (Go, G1,.’., Gm) for G, where G Go and
Gm is the trivial flow graph. Gi (Ni, El, n).

3. INSIDE(b) for every b N.
4. THRU(b, k) for every (b, k) e E.
5. An interval order listing of the contents of each interval in the

derived sequence.
Output. LVIN(b) for every b N.
Method.

begin # Iterate through the derived sequence in inner-to-outer order
applying Algorithm D #

for from to m
do

F1 for each node x in Gi # x is an interval #
do

Apply Algorithm D to compute INSIDE and THRU
vectors for x

od

od;
# Compute LVIN for the whole program #
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LVIN(n) INSIDE(n’);
# Iterate through the derived sequence in outer-to-inner order

applying Algorithm F #
for from m to by

do
F2: for each node x in G # X is an interval #

do
Apply Algorithm E to compute LVIN vectors for the
nodes contained in x

end
od

od

THEOREM 7. Algorithm F terminates and is correct.

Proof Termination follows from the finiteness of m, which follows from the
reducibility of G.,

Correctness follows from Theorems 3 and 5 and the following observations"
1. In step F1, whenever Algorithm D is applied to an interval, the THRU and

INSIDE vectors for nodes of that interval have been computed, because F1 is
applied to the derived graphs in increasing order.

2. In step F2, whenever Algorithm E is applied to an interval LVIN vectors
have been computed for entry to that interval and its successor intervals because
F2 is applied to the derived graphs in decreasing order (i.e., the limit graph first,
then its underlying graph, and so on). [q

Consider a derived sequence (Go, G1, ..., Gm) for flow graph G (N, E, no).
Let e IEil and n IN/I, __< __< m. Let e be the number of edges in the original
flow graph and n be the number of its nodes. Finally, let li be the number of latches
in G/--i.e., the number of edges in Ei which branch to headers when Algorithm B
is applied to Gi.

THEOREM 8 (Complexity of Algorithm F). Algorithm F requires at most

m-1 m-1

4e + n -4 + 3 (e Hi)- 2
i= i-O

bit-vector operations.
Proof Let us consider the derived graph Gi (Ni, Ei, n)) where > 1. Each

node in this graph represents an interval I. The nodes contained in I are nodes of
the graph G_ . Let e be the number of edges in Ei- which leave nodes in I.
Then

Z el=el_
INi

because the nodes contained in all I Ni comprise all nodes in Ni_ 1" For the same
reason, if n is the number of nodes in I then

Z F/I F/i_l,
leNi

which is the number of nodes in the underlying graph. Let e’ be the number of



GLOBAL DATA FLOW ANALYSIS 169

latches within I N. Then
e li_l,

INi

the number of latches in the underlying graph. IfN is the number of J e Ni which
are successors of I, then

2 N] e,,
INi

because this sum merely counts the predecessor-successor pairs in
Trivially,

l=ni.
INi

These summation identities will be used in our evaluation.
Recall that by Theorem 4, each execution of Algorithm D requires

2el- 2@ + ni NSt 2

operations. Step F1 calls Algorithm D once for each I e Ni, so each execution of
step F1 requires

2 E ei-2 2 erb+ 2 /’/i- 2 gl--2 Z 1
lNi INi INi INi lNi

2ei_ 21i- -t- rli_ ei- 2rli
bit-vector operations. Step F1 is executed once for each i, 1 =< _< n, so the execu-
tion of the first pass requires

(2el_ 21i- + ni- ei 2hi)
i=1

bit-vector operations.
By Theorem 6, each execution of Algorithm E in step F2 requires 2e- 2

bit-vector operations. Since Algorithm E is called once for each I e N in step F2,
that step requires

2 e- 2 1 2ei_ 2ni
lNi l.Ni

bit-vector operations. Step F2 is repeated once for each i, m >_ >= 1, so the second
pass requires _x (2ei_ 2hi) bit-vector operations.

Adding these two sums, we get

(4el_ 4ni + ni- ei 21i_ 1).
i=1

If we note that 4eo + no 4e + n, the bound becomes

4e + n + Z (4ei-1 + ni-x)- Z (4ni + ei)- 2 Z li-l"
i=2 i=1 i=1

Renumbering the first and third summations, combining terms and using n 1
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and em 0, we get

4e + n-4 + Z (3e,- 3n,)- 2
i=l i=O

which is the desired result. [
We note here that we have used a subtle restriction on graphs in proving

Theorems 4, 6 and 8. The restriction is merely this: no exit node may be self-
looping; that is, no node in the graph may have itself as its only successor. This is
not a serious restriction since self-looping nodes will not appear in any derived
graph and a self-loop on an exit node will have no effect on the live analysiswin
fact, such self-loops can be ignored with no change in the results.

4. Comparison of algorithms. We wish to compare the number of bit-vector
steps required by Algorithm C and Algorithm F. However, this is difficult since the
upper bounds are e,xpressed in ways that are not strictly comparable. To accom-
plish the comparison we introduce the concept ofform. A countable class of graphs
(Go, G1, G2, ,) have self-replicatingform if

(i) I(Gp) Gp-
(ii) each interval in Gp is either Go or Gx (of the same class);
(iii) Go is the trivial flow graph.

We call Gp the level p graph of the given form. We shall see that it is usually possible
to construct functions f,, fe, and f such that if (Go, G, G2, is a sequence of
self-replicating graphs, f,(p) is the number of nodes in Gv, re(P) is the number of
edges, and f(p) is the number of latches.

LEMMA 9. Let G Gv be a level p self-replicating graph. The length m of the
derived sequencefor Gv is just p, and the derived graph oforder is just G,_ i.

Proof By property (i) above of self-replicating graphs, the derived sequence
for Gv is just (Gv, Gv_ ,..., Go). Both conclusions follow trivially from this
observation. U

LEMMA 10. Let ei be the number of edges in the i-th derived graph of Gv, and
let ni and li be the number of nodes and latches, respectively, in that derived graph.
Letfe, fn andf be the edge, node and latchfunctionsfor graphs ofthe sameform as Gv
Then ifm is the length of the derived sequence for Gv,

and

m-1 p-1

(e,- hi) (f(j) f.(j))
i=l j=l

m-I p

E i--" E fl(J)"
i=O j=l

Proof Note that e is just the number of edges in the ith derived graph, which
is Gv_ by Lemma 9. Thus ei f(p i). Similarly, n fn(P i) and li f(p i).

m-1 p-1

E (el- ni)= Z (fe(P i)- fn(P- i)),
i=1 i=1
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which, if j p- i, becomes

Similarly,

Letting j p i, we get

p-1

(f(j)- fn(J))"
j=l

m-1 p-1

Z 1,= f(p-i).
i=0 i=1

P

E f(J)" [q
j=l

In the comparisons below, we will informally define graphs of several different
forms (through examples). As a notational convention we use T(F) to represent
the number of operations required by Algorithm F and T(C) to represent the
number required by Algorithm C. The ratio rp is defined as

rp T(F)/T(C)

for a level p graph of the given form.

4.1. Seashell graphs. The "seashell graph" arises from nested computation
loops with no loop exits other than the standard one. Its form is shown by the
example in Fig. 2. It is clear from this example that the seashell graph has p +

FIG. 2. Seashell graph of level p 3

nodes, 2p edges, and 1 latch. The longest simple path with a backward branch
has at most one such branch for any p, so d 1. Thus Algorithm C will require

T(C) 2e(d + 2)= 12p

bit-vector operations.
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To evaluate Algorithm F, we need to evaluate the two summations

m-1 p

E li= Z 1 =p (byLemmal0),
i=0 j=l

m-1 p-1

Z (el- ni)- (2j- j- 1)
i=1 j=l

p-X p-2 (p 2)(p 1)Z (j-l)- 2 j-
j=l j=l 2

The estimate for Algorithm F is

T(F)=4(2p)+(p+ 1)-4+
3(p- 2)(p- 1)

=7p-3+
3p2 9p + 6

3p2 + 5p 3p + 5
2 2

The ratio r, of T(F) to T(C) for a graph of level p is

3p+5
24

Thus, in this case, r O(p), and for large values of p, Algorithm C will be much
better than Algorithm F. However, let us consider small values of p"

11
Y1 Y2 24, Y3 12"

In fact, a simple solution of (3p + 5)/24 < 1 shows us that whenever p < 7,
Algorithm F will require fewer bit-vector steps than Algorithm C.

It is interesting to note here that in tests on 50 randomly selected FORTRAN
programs [11], Knuth found that none had more than 6 derived graphs (the aver-
age was less than 3). A seashell graph of level 7 or more has at least 7 derived
graphs (G6, Gs, ..., Go), so such graphs are probably rare.

4.2. Spiral graphs. While the seashell graph arises from deeply nested loops
which involve only computation, nested loops with tests and loop exits will often
result in "conditional seashell" or "spiral" graphs, whose form is shown in Fig. 3.
The spiral graph has 2p + 1 nodes, 4p edges, one latch and p backward branches.
Since there is a simple path from the core to the exit which includes all backward
branches, d p. Thus

T(C) 2e(d + 2)= 8p(p + 2)= p(8p + 16).
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core

exit

FIG. 3. Spiral graph of level p 3

To evaluate Algorithm F (using Lemma 10),

m-1 p

li- E l--p,
i=0 j=l

m-1 p-1 p-1

(e,-n,)= (4j-2j- 1)=2 j-(p- 1)
i=1 j=l j=

p(p 1) -(p 1) p2 2p + 1,

T(F) 4(4p) + 2p + 1 4 + 3p2 6p + 3 2p

--3p2 + 10p p(3p + 10).

The ratio re T(F)/T(C) is

3p + 10
rp

8p + 16
O(1).

13Note that r m, r2 1/2, and rp is asymptotic to - for large p. Thus Algorithm C
requires approximately twice as many operations on this type of graph.

4.3. Hecht-Ullman binary graph. This example is taken from Hecht and
Ullman [73 hence the name. Its form is shown in Fig. 4. This graph has 2 nodes,
2+ 2 edges, and 2- latches for p > 0. Hecht and Ullman have shown that
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FIG. 4. Hecht-Ullman binary graph of level p 3

d= 1, so

T(C) 6(2p+x -2) 12(2p- 1).

For Algorithm F (using Lemma 10),

m-1 p p-1

E 1,= 2 2’-= E 2J=2;’-1,
i=1 j=l j=O

m-1 p-1

(e, n,) Z 2j+l
i=1 j=l

2- 2J)

p-1 p-1

Z 2J- 2)= 2 Z 2j-1
j=l j-1

p-2

2 (2J- 1)= 2(2p-1
j=O

T(F) 4(2p+a

1)- 2(p- 1)= 2"-2p,

-2)+2p-4+ 3(2p-2p)-2(2p- 1)

10.2p- 10- 6p.
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The ratio is

10(2p- 1)-6p
o().r, 12(2p 1)

13 and the ratio is asymptotic to for large p.Note that r 1/2, r2 1/2, r3 i-,

4.4. Double-chain graph. The double-chain graph can be produced by a
series ofnested while-loops. Its form is shown in Fig. 5. This graph has p + nodes,

FIG. 5. Double-chain graph of level p 3

2p edges, and p latches. Clearly, d p, so

T(C) 8p + 4p2 p(4p + 8).

For Algorithm F (using Lemma 10),

Eli=El=p,
i=0 j=l

m-1 p-1 p-2

2 (ei- gli)-- 2 2j- j- 1 Z J
i=1 j=l j=O

(p- 1)(p-2) p2_ 3p+2
2 2

T(F)=4(2p)+(p+ 1)-4+
3p2-9p+6 (3p+ 5)p

2p=
2 2

The ratio is

3p + 5 3(p + 2) 3
rp=

8p+ 16 <8(p+2)- 8

Thus the ratio is always less than 1/2. Algorithm C always requires at least twice
as many operations on this graph. Note that essentially the same effect is achieved
by the spiral graph for which r, is also asymptotic to .
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4.5. Diamond graph. A diamond graph, whose form is shown in Fig. 6, arises

FIG. 6. Diamond graph of level p 2

from if-then-else clauses within loops which are themselves in if-then-else clauses,
etc. The reader can verify that a diamond graph has 3.2p, 2 nodes, 5.2p 5
edges and 2p- latches for p > 0. Clearly, d 1, so

T(C) 6(5.2p- 5)= 30(2 1).

For Algorithm F (using Lemma 10),
m-1 p p-1

li= 2-1= 2=2p- 1,
i=0 j=l j=O

m-1 p-1

(ei-n,)= (5.2J-5)-(3.2-2)
i=l j=l

p-1 p-1

2+-3(p- 1)=2 2-3(p- 1)
j=l j=l

p-2

=4 2J-3(p- 1)=4(2-a
j=O

=2+a- 1-3p,

T(F) 20(2p 1) + (3.2p 2)- 4 + 3(2p+

27.2p 27 9p,

27(2p- 1)-9p
O(1).r 30(2p 1)

Note that r -, and r is asymptotic to o for large p.

1)- 3(p- 1)

1- 3p)-2(2- 1)
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If we make one small change to the diamond graph, we get the "skewed
diamond" graph in Fig. 7. The analysis of Algorithm F for this graph is exactly the

FIG. 7. Skewed diamond graph, level p 2

same, but now d p. Thus

T(C) 2(p + 2)(5.2p 5) (10p + 20)(2’ 1).

The ratio becomes

27(2p- 1)-9p
(10p + 20)(2p 1)’

which is O(1/p)! Thus Algorithm C may blow up badly while Algorithm F remains
stable. But there is a major difference between this case and the seashell graph,
where r was O(p). For diamond graphs with p _> 1, rp will always be less than 1.
In fact rl -}, r2 o, and rp is monotone decreasing.

4.6. Fan graph. The fan graph (see Fig. 8) is a form which can be produced
only by unstructured programming using goto’s, so it should be considered rare.
The fan graph has 2p+ 1 nodes, 2p+ 2 4 edges, and 2p latches for p > 0.
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FIG. 8. Fan graph of level p 2

Clearly, d p, so

T(C) 2(p + 2)(2p+2 4) (8p + 16)(2p 1).

For Algorithm F (using Lemma 10),
m--1 p p--1

Z li= Z 2J=2 Z 2J=2(2p- 1),
i=0 j=l j=O

m-1 p-1

(ei-ni)= ((2+2-4)-(2+ 1))
i=1 j=l

p-1 p-2

(2+-3)=4 2-3(p- l)
j=l j=O

--4(2p-a 1)- 3p + 3 2p+I 1 3p,

T(F) 4(2p+2 4) + (2p+I 1) 4

+ 3" (2p+I 1 3p) 2(2p+I 2)

20" 2p- 20- 9p 20(2p- 1)- 9p.

The ratio is

20(2p- 1)-9p 5
rp=(8p+ 16)(2p- 1) < forp=> 1.

Once again the ratio is O(1/p) and always less than 1.

5. Summary and conclusions. We have derived an upper bound for the number
of bit-vector operations required by the interval method (Algorithm F) for live
analysis and compared this with the upper bound for the simple iterative method
(Algorithm C) on several self-replicating graphs. The results (summarized in Table
1) are inconclusive since they show that rp, the ratio of the number of steps required
by Algorithm F to the number required by Algorithm C on a level p graph can be
O(p), O(1), or O(1/p) for graphs of different forms. However, in all examples,
Algorithm F required fewer steps for graphs of level p < 7.
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The reader is cautioned on three points. First, the estimates obtained herein
are based only on bit-vector operations; other costs have not been considered.
For example, the costs of interval bookkeeping in Algorithm F and bit-vector
testing in Algorithm C have been ignored. These costs could substantially affect
performance. Second, the estimate for Algorithm C is exact only if there is global
data flow. If all the data flow is confined to local regions, Algorithm C will converge
more rapidly. Third, Algorithm C works on all graphs while Algorithm F works
only for reducible flow graphs.
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MULTIDIMENSIONAL SEARCHING PROBLEMS*

DAVID DOBKIN AND RICHARD J. LIPTON?

Abstract. Classic binary search is extended to multidimensional search problems. This extension
yields efficient algorithms for a number of tasks such as a secondary searching problem of Knuth,
region location in planar graphs, and speech recognition.

Key words, binary search, secondary search, efficient algorithms, planar graphs, finite element
methods

1. Introduction. One of the most basic operations performed on a computer
is searching. A search is used to decide whether or not a given word is in a given
collection of words. Since many searches are usually performed on a given
collection, it is generally worthwhile to organize the collection into a more
desirable form so that searching is efficient. The organization of the collectionm
called preprocessing--can be assumed to be done at no cost relative to the cost of
the numerous searches.

One of the basic searching methods is the binary searching method (Knuth
[1]). For the purposes of this paper, we can view binary search as follows:

Data: A collection of m points on a line.
Query: Given a point, does it equal any of the m points?

Binary search, since it organizes the points into a balanced binary tree, can answer
this query in [log m] + 1 "steps", where a step is a single comparison. Note the
preprocessing needed to form the balanced binary tree is a sort which requires
O(m log m) steps. For the algorithms under consideration here, we will define a
step in an algorithm as a comparison of two scalars or the determination of
whether a point in 2-dimensional Euclidean space lies on, above or below a given
line. For notational simplicity, we will define g(m) as the number of steps
necessary to perform a search through a set of m ordered objects: Thus,
g(m) [log mJ + 1.

This paper generalizes binary search to higher dimensions. Throughout, it is
assumed that data can be organized in any manner desired at no cost. Thus our
cost criterion for evaluating the relative efficiencies of searching algorithms will be
the number of steps required to make a single query into the reorganized data.

The search problems considered are specified by a collection of data and a
class of queries. These problems include:

1. Data: A set of m lines in the plane.
Query: Given a point, does it lie on any line?

2. Data: A set of m regions in the plane.
Query: Given a point, in which region does it lie?

3. Data: A set of m points in the plane.
Query" Given a new point, to which of the original points is it closest?

4. Data: A set of m lines in n-dimensional space.
Query: Given a point, does it lie on any line?

* Received by the editors October 4, 1974, and in revised form June 14, 1975.
? Department of Computer Science, Yale University, New Haven, Connecticut 06520. The work

of the first author was supported in part by the National Science Foundation under Grant GJ-43157.
Throughout this paper, all logarithms are taken to base 2.
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5. Data: A set of m linear varieties of dimension2 k in n-dimensional
space.

Query: Given a point, does it lie on any of the objects?
6. Data: A set of m hyperplanes (linear varieties of dimension n-1) in

n-dimensional space.
Query: Given a point, does it lie on any hyperplane?

These example problems form the basis for some important problems in
diverse areas of computer science. Problems 1, 2 and 3 are fundamental to certain
operations in computer graphics I-2] and secondary searching. In particular,
problem 3 is a reformulation of an important problem discussed by Knuth [1]
concerning information retrieval. Problems 4, 5 and 6 are generalizations of the
widely studied knapsack problem.

The main results of this paper are that fast algorithms exist for problems 1-6.
In particular: problems 1-3 have O(log m) algorithms; problems 4-6 have
O(f(n) log m) algorithms, where f(n) is some function of the dimension of the
space (f(n) is determined more exactly later). The existence of these fast
algorithms is somewhat surprising. For instance, lines in the plane (problem 1) are
not ordered in any obvious way; hence, it is not at all clear how one can use binary
search to obtain fast searches.

2. Basic algorithm in Ez. All of our fast algorithms are extensions of a fast
algorithm for computing the predicate:

::tl _<- _-< m [(x, y) is on Li],

where L1,"" ", L, are lines and (x, y) is a point in a 2-dimensional Euclidean
space (U2). This predicate merely consists of querying whether a point in the plane
lies on any of a given set of lines. Therefore, we begin with a proof that this
predicate can be computed in O(log m) steps.

THEOREM 1. For any set of lines L1, ", L, in the plane, there is an algorithm
that computes ::11 <- <- m [(x, y) is on Li] in 3g(m) steps, given that the lines have
been preconditioned.

Proof. Let the intersections of the lines be given by the points z l, ", z
(n <-_ m(m- 1)/2) and let the projections of these points onto the x-axis be given
by Pl, ", Pn. These points define a set of intervals I1, ", ln+ on the x-axis such
that I1 (-eo, Pl), I (p_, p), 2,. ., n, I,+ (p, eo), and within the slice of
the plane defined by each of these intervals, no two of the original lines intersect.
Thus we can define the relation < (1 _-< _-< n + 1) as follows:

L <iLk iff [xEl[ifpi<=x<=Pi+l, thenL(x)<=Lk(X)].
(Note that L(x) is equal to the value of y such that (x, y) e L, and we set Po -co,
Pn+l =00.) By a simple continuity argument, it follows that each <i is a linear
ordering on the lines L, ., L,. We can thus define for each (1 -< _-< n + 1) a
permutation 7r(i, 1),-.., 7r(i, m) of 1,..., m such that

L(i,1) (i L-(i,2) (i <i L(i,m)

2A linear variety of dimension k is the intersection of n-k distinct hyperplanes having a
nonempty intersection.
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for 1,. , n + 1. An algorithm consisting of a binary search into a set of at
most m(m- 1)/2 + 2 objects (the points {pi}) and a binary search into a set of m
objects (the lines L=i,1), , Lr(i,m) for the proper choice of i) requires at most
g(m) + g(m(m 1)/2 + 2) steps, and since g is a monotonically increasing function
with g(m2) _<-2g(m), this quantity is at most 3g(m). Degeneracies which may be
introduced into the above algorithm by lines perpendicular to the x-axis may be
removed by a rotation of the axes to a situation where no line is perpendicular to
the new x-axis.

Before studying applications of this algorithm to the problems mentioned
above, it is worthwhile to examine its structure in more detail. What we have done
is to find a method of applying an ordering to a set of lines in the plane. For a set of
lines in the plane, no natural ordering exists, and thus it is reasonable to assume
that any search algorithm which is "global" (i.e., considers the entire plane at
once) must use a number of steps which grows linearly with the number of lines.
The algorithm presented in Theorem 1 defines a set of regions of the plane in
which the lines are ordered. In this sense, the algorithm is "local", and the two
steps consist of finding the region in which to search and then doing a local search
on an ordered set. The orderings are found during preprocessing of the data. The
projections of intersection points (i.e., {pi}) define the local regions into which the
plane can be subdivided, and the permutations (i.e., { 7r(i, )}) define the orderings
within each of the subdivisions of the plane. Moreover, it is clear that the
algorithm not only determines whether the point lies on any line but also between
which lines the point lies, if it does not lie on any line. Using this information, we
can determine in which region of the plane determined by the given lines the point
lies. Thus we have the following corollary.

COROLLARY. Given a set of regions formed by m lines in the plane, we can
determine in 3g(m) steps in which region a given point lies, given that the lines have
been preconditioned.

This algorithm forms the basis for what follows. We proceed by studying
extensions of this algorithm to higher dimensions and applications of our basic
algorithm and its extensions to some interesting problems of computer science.

3. Extensions to E". We have seen that searching in a set of m 0-dimensional
objects in 1-dimensional space can be done in g(m) steps and that searching in a
set of m 1-dimensional objects in 2-dimensional space can be done in 3g(m) steps
given that the original objects were preprocessed before any searches are under-
taken. In the present section, we extend the search question to seek methods of
searching in a set of rn linear varieties of dimension k in n-dimensional space. In
order to provide a clearer exposition, a series of lemmas will be presented, each of
which can be viewed as a generalization of Theorem 1.

LEMMA 1. For any set of lines L1, ", Lm in n-dimensional Euclidean space
(n ->_ 2), there is an algorithm which computes ::! 1 <- <-_ m Ix is on Li] ]’or x a point in
E in (n + 1)g(m) steps, given that the lines have been preconditioned.

Proo]’. The proof is by induction on n and follows from Theorem 1 for n 2.
Now, suppose that n > 2. It is possible to find a hyperplane H such that none of the
lines is perpendicular to H and such that no two of the lines project onto the same
line in H. Projecting the lines onto H yields a set of lines L’,- ., L,,on H, and
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projecting x onto H yields a point x’ on H. Furthermore, if x lies on Li, then x’ lies
on L’ By the induction hypothesis, we can determine on which lines of the set {Li", L’,,} x’ lies, in rig(m) steps. If x’ doesn’t lie on any L’i, then x doesn’t lie on any

Lik}, the lines L, Lik are linearly ordered at x’L. And if x’ lies on {L,, .,
with respect to the projected coordinate, and with a logarithmic search we can
determine if x lies on any of {Li,, ..., L}. Since ik ----< m, this search requires at
most g(m) steps, and m lines in E" can be searched in (n + 1)g(m) steps. [-]

LEMMA 2. For any set of hyperplanes H1, ", H,,, in E (n >= 2), there is an
algorithm which determines, for any point x, whether x is on any hyperplane or which
hyperplanes it is between in at most (3.2"-2+(n-2))g(m) steps, given that the
hyperplanes have been preconditioned.

Proof. Let h(m, n) be the time required to do the search. From Theorem 1, we
know that h(m, 2)<-3g(m), and we will show here that h(m,n)<=
h(m2, n-1)+ g(m). Let K be a hyperplane which is not identical to any of the
original hyperplane’s. Then we proceed by forming the set of (n 2)-dimensional
objects J, ..., Jk formed as intersections of pairs of the hyperplanes we
considered. Thus, for example, J1 H1 f3 H2, , Jk H,_I (3 H,, and k
m(m- 1)/2 < m2. From these hyperplanes, we form their projections J’l, ",

onto K. If the point x projects onto x’, we can by the induction hypothesis
determine in less than h(m 2, n- 1) steps in which region of (n- 1)-dimensional
space x’ lies. With respect to each of these regions, the hyperplanes H1," ",

are ordered and can be searched in g(m) steps. Thus if x’ doesn’t lie on any J,, the
lemma holds. And if x’ lies on a hyperplane Ji, a search requiring less than g(m)
steps will determine in which region of E the point x lies. This proves that
h(m, n)<=h(m2, n-1)+g(m). Solving this recursion yields h(m, n) <=
h(m2’, n k)+ kg(m) or

2n--2h(m,n)<-h(m ,2)+(n-2)g(m)=(3. 2"-2+(n-2))g(m).

Combining the results and proof techniques of Lemmas 1 and 2 yields the
following general theorem on searching k-dimensional objects in E".

THEOREM 2. For any set 0, ., 0,, of linear varieties of dimension k in E,
there is an algorithm that computes :11 <- <-_ m[x is on 0] in (3 2k- +(n- 2))g(tn)
steps for any point x in E, given that the Oi have been preconditioned.

Proof. Let f(m, k, n) be the number of steps required by the search. Then if
k < n- 1, we can, by an argument similar to that used in the proof of Lemma 1,
project the varieties onto a hyperplane in E", and proceeding as there, we find it is
clear that f(tn, k, n) <-f(m, k, n 1)+ g(tn) if k < n 1. Continuing this induction
yields f(m, k, n) _-< f(m, k, k + 1) + (n k 1) g(m). Combining this result with the
result of Lemma 2 that f(m, k, k + 1)_-<(3 2k-1 +(k-1))g(tn) yields the result
f(m, k, n) _-<(3 2k- +(n 2))g(m), as in the statement of the theorem, where we
make use of the identity h(m, n)= f(m, n- 1, n).

4. Applications in ]2, Before presenting applications, the basic algorithm
must be (i) examined with respect to preprocessing, (ii) examined with respect to
storage requirements, (iii) also extended to a slightly more general case.

Instead of tn lines, assume that we are given m lines or line segments. The
problem.is then to search the regions formed by these generalized lines. It is easy
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tO see that the basic algorithm can be adapted here and that it operates in time
3g(m). Let N be the number of intersection points formed by the m lines. The
preprocessing is"

1. Find the N intersection points formed by the m lines.
2. Store these intersection points after they are projected onto the x-axis.
3. For each two adjacent intersection points tl and t2, find the permutation of

the m lines in the region tl =< x =< t2.
Step 1 takes O(m2) since finding the intersection of two lines consists merely of
finding the solution of a simple linear system of equations. Step 2 is a sort of N
objects; hence, it takes O(N log N) time. Finally, step 3 takes at most O(m log m)
for each of the N regions: to determine the order of the m lines takes at most a sort
of m objects. In summary, preprocessing takes O(mN log m)+ O(N log N),
which is O(m3 log m) since N is O(m2) in the worst case. The storage require-
ments are easily seen to be: O(N) from step 1 and O(mN) from step 3. Thus the
total storage needed is seen to be O(Nm).

We will now study two applications of the basic algorithm.

4.1. Planar graph search. Suppose that we are given a planar graph G with m
edges. How fast can we determine which region of G a new point is in? For
example, this location problem is central to the finite element method [3].

THEOREM 3. There is an algorithm which can in time O(log m) and space
O(m2) determine in which region of a planar graph with m edges a point lies, if the
graph has been preconditioned.

Proof. By an application of Euler’s relation [4] the m line segments of G can
only intersect in O(m) points. Therefore, the basic algorithm--as modified--
shows that planar graphs can be searched in O(log m) time. The preprocessing
required is O(m2 log m); the storage required is O(m2).

4.2. Post office problem. The post office problem is a search problem for
which Knuth [1] states there is no known efficient solution. Suppose that we are
given m cities or "post offices". How fast can we determine which post office is
nearest to a new point? This is the post office problem. We will now show how to

\

\

\
\

FIG. 1. bxy is the perpendicular bisector of lxy. There]ore points below bxy are closer to x than y, and
points above bx are closer to y than x.
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reduce it to the planar search problem of 4.1: between each pair of post offices x
and y construct the line segment lxy. Then construct the perpendicular bisector of
lxy; call it b (see Fig. 1). The line bxy divides the plane into two regions. The
points in the half-plane containing x are nearer to x than y; the points in the other
half-plane are all nearer to y than x.

In order to solve the post office problem it is sufficient to determine, for a
given point, which region of the regions formed by the (’) lines bx it lies in. By the
basic algorithm, this can be done in 3g(()) O(log m) time with O(m4) storage.

These applications of our basic algorithm are clearly optimal with respect to
time to within a constant. (This follows since it takes at least g(m) time to search m
objects.) They, however, also demonstrate that our algorithms tend to use a large
amount of storage. An interesting open question is therefore: can one search a
planar graph’s m regions in time O(log m) with storage O(m)? Or even
storage O(rn log m)?

5. Applications in E". Most of the applications of the above algorithms in E
are straightforward extensions of the applications given in the previous section.
However, because of the exponential term in the operation count of Theorem 2,
these extensions are only of interest if k, the dimension of the objects to be
searched, is small relative to m, the number of objects to be searched. Typically,
we would require that m is larger than 2k and hopefully as large as 22k. In cases
where k and m do satisfy these criteria, speed-ups do occur by applying the
algorithms of 3.

Consider the problem of finding the closest points in spaces of small
dimension. An example of such a problem occurs in the area of speech recogni-
tion. Sounds can be classified according to a set of less than 8 characteristics [5],
and thus we may consider a data base for a speech recognition system to consist of
a set of points in E8. When such a system is used to understand a speaker, the
method used is to find for each sound uttered the closest sound in the data base. In
order to develop a real time speech recognition system, it is reasonable to allow
large quantities of preprocessing and storage to be arranged in advance as a
trade-off so that each sound uttered by the speaker can be identified as rapidly as
possible. Thus for a set of m sounds to be in the data base, the speed up of
O(m/g(m)) afforded by an extension of the closest-point algorithm of the
previous section to E8 is very useful. Further studies of this extension are
necessary to yield improvements in the storage requirements.
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ON THE ADDITIVE COMPLEXITY OF MATRIX MULTIPLICATION*

ROBERT L. PROBERTt

Abstract. A graph-theoretic model is introduced for bilinear algorithms. This facilitates in
particular the investigation of the additive complexity of matrix multiplication. The number of
additions/subtractions required for each of the problems defined by symmetric permutations on the
dimensions of the matrices are shown to differ conversely as the size of each product matrix. It is noted
that this result holds for any system of dual problems, not only dual matrix multiplication problems.
This additive symmetry is employed to obtain various results, including the fact that 15 additive
operations are necessary and sufficient to multiply two 2 x 2 matrices by a bilinear algorithm using at
most 7 multiplication operations.

Key words, matrix multiplication, additive complexity, bilinear algorithms, symmetric computa-
tions, analysis of algorithms, additions, computational complexity, duality

1. Introduction. Recently, considerable attention has been focused upon
the need for obtaining lower bounds on the arithmetic complexity of computa-
tions of certain simple, frequently encountered functions. Investigations into the
essential or theoretical complexity of matrix computations such as matrix multip-
lication have been carried out by Dobkin 1], Fiduccia [2], [4], Hopcroft and Kerr
[6], Hopcroft and Musinski [7], Strassen [16], [17], Winograd [18], [19], this
author [12] and others. In each case, however, the measure of complexity which is
used is the number of multiplications required by any algorithm which performs
the computation. The minimum number of additions/subtractions required, or
the theoretical additive complexity of matrix multiplication and related problems
has been investigated to some extent in [4], [8], [10], [13] and [20], though
certainly not as extensively as multiplicative complexity.

The purpose of this paper is mainly to present a technique for investigating
the additive complexity of matrix multiplication problems. We feel that research
into additive complexity may be a useful approach for characterizing the overall
arithmetic complexity of matrix computations. As well, we attempt to provide a
general framework for studying other classes of dual problems.

In [12], we proved formally that to investigate the multiplicative complexity
of algorithms which do not exploit commutativity of multiplication, it sufficed to
analyze the multiplicative complexity of bilinear chains. Whether a similar
(probably linear) reduction is possible for additive complexity is an open prob-
lem. In this paper we will consider only bilinear algorithms for computing sets of
bilinear forms, i.e., algorithms whose nonscalar multiplication steps may be
performed in only one order. This class of algorithms is properly contained in the
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class NC 12] of algorithms which do not exploit commutativity of multiplication.
In turn, NC is a proper subclass of the class W of algorithms defined by Winograd
[19] which may exploit multiplicative commutativity. If arithmetic complexities
over these classes are related by a linear factor, then lower bounds on the
arithmetic complexity of a function over the class of bilinear chains will be linear
multiples of lower bounds on the complexity over the class W of algorithms.2

We begin by reviewing several basic definitions, then introducing a

straightforward graph model for bilinear computations, the addition flow rep-
resentation. Next, we show that addition flow representations are natural models
for studying the additive complexity of matrix multiplication problems. After a
brief review of the multiplicative symmetry theorem [1], [7], [12], we present an

analogous theorem on additive duality of matrix multiplication problems. As an
application of this additive symmetry, we show that fast bilinear algorithms for
multiplying 2 2 matrices (algorithms which use fewer than 8 multiplication steps)
must use no fewer han 15 additions/subtractions. For the sake of comparison,
Strassen’s algorithm uses 18 such operations. To show that this lower bound is
achievable, we include a fast algorithm due to S. Winograd, which does not
assume commutativity, and which meets the lower bound of 15 additive opera-
tions.

The additive complexity of inner product and matrix-vector product are
immediate corollaries of additive symmetry. Finally,.we conclude with a generali-
zation of additive duality to systems of dual problems, and with suggestions for
further applications of addition flow representations.

2. Basic definitions. We refer to the computation of the product of two
matrices A,,,B,, Y,,, with elements belonging to a ring (with unit) R as the
computation of an (m, n, p) product, where the left-hand matrix is (m n), and the
right-hand matrix is an (n p) matrix. Then the multiplicative complexity, M(m, n,
p) of computing (m, n, p) products is the smallest number of multiplications of the
form :{aq}. :{bq} which can be used to compute AB Y. A, B, Y and matrix
variables, not particular matrices. n{xq} denotes a K-linear form in the elements
xq, where K is a subring of the center of R. Usually K- {0, 1, -1}.

We denote the not necessarily optimal set of multiplications used by an
algorithm for (m, n, p) products by M={M,... ,M,}. Then the additive
complexity (minimum possible number of addition/subtraction operations) of
computing (m, n, p) products by means of the fixed set M of multiplications is
denoted /(m, n, p, M). The smallest possible number of addition/subtraction
steps which can form and combine any set of exactly multiplications to compute
(m, n, p) products is denoted s(m, n, p, t).

For example, (m, n, p) products are computed by the classical algorithm in
mnp multiplication steps and mp(n-1) additions/subtractions. Thus (m, n,
p) <-_ mnp and sg(m, n, p, t) <- mp(n 1), where mnp.

A K-bilinear algorithm (see also [12]) for computing the entries of the
product of matrices A and B (denoted E(AB)) from E(A)U E(B) is a finite
sequence f, f2,""" such that

By the result mentioned in the previous footnote, this is the case.
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(i) for each k, fk E(A)t3 E(B),
or fk fi "op" f for i, j < k and "op" {’+ ’,’-’,’ ’},
or fk r fi, where r 6 K,

(ii) whenever fk fi f, f and f. must be K-linear forms in elements of A
and B, respectively, and

(iii) for each element z E(AB), there is at least one k such that fk Z.

In other words, we can think of a computation of A B according to a bilinear
algorithm as consisting of four disjoint stages. Suppose a bilinear algorithm used
multiplication steps M1, M2,’", M,. The corresponding computation would
proceed as follows:

1. form left-hand factors (linear forms in A) for the multiplications,
2. form right-hand factors (linear forms in B) for the multiplications,
3. compute the values {M1, M2,""", M,},
4. form the produc, elements from the Mi values.

This definition can be generalized in a natural way to n-linear algorithms for
computing n-linear forms. Unless otherwise specified, the term algorithm will
mean bilinear algorithm in this paper. We remind the reader that this type of
algorithm cannot exploit the commutative law for multiplication.

In order to facilitate analysis, we can define a natural correspondence
between matrix products and matrix-vector products as in [3] and [13].

The tensor product Amn ( Brs is Cmrxns, where Ci+k,j+p--aijbk+l,p+l, O
k =< r- 1, 0 =< p _-< s 1, for all and j. If Brs has the s columns bl, ", bs define
K(B)=[bT T "r-r

1, b2,""", bs i.e., an rs-column vector. Then, any (m, n, p) product
AB can be encoded as a matrix-vector product Xy where X Ip A, y K(B),
i.e., E(AB)= E(Xy). Again, this method can be iteratively applied to translate
the product of n matrices into a sequence of n 1 matrix-vector products. Now we
can employ the following decomposition theorem.

THEOREM 1 [3]. One can compute Xy (matrix-vector products) with mul-
tiplications by a K-bilinear algorithm if and only i[X-D CUB, where B, C, D
are fixed matrices with elements in K and U is a diagonal matrix with entries in
,,{x;}.

Thus searching for faster bilinear algorithms for (m, n, p) products is
equivalent to encoding the problem as a matrix-vector product Xy and then
decomposing X into a product of 3 simple matrices C, U, B, where the dimension
of U is minimized. This approach was suggested in [3] and employed in [12] for
studying the mu|tiplicative complexity of matrix multiplication.

We present a natural graph-theoretic model of computation which lends
itself to the investigation of lower bounds on additive complexity as well.
Essentially, the model consists of an ordered triple of three graphs (G1, G2, G3)
such that G1 encodes the addition/subtraction steps used to form left-hand factors
of the fixed set of multiplication steps, G2 encodes the addition/subtraction steps
used to form the corresponding right-hand factors, and G3 represents exactly how
to combine the results of the multiplications to form the elements in the product
matrix. In other words, given a (bilinear) algorithm a which computes (m, n, p)
products using the multiplications M={M1, M2, "", M,}, an addition flow
representation of a, denoted F, is an ordered triple (G1, G., G3), where each Gi is
an acyclic, multisource, multisink flow graph with vertex and edge sets denoted
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VGi, FGi, respectively. As well, if the source and sink set of each G is denoted R,
S, respectively, then

1. IRll ran, IN2] np, Is] rap,
2. [Sll Is2l- IR3l-- t,
3. there exists a labeling morphism g which maps each intermediate result in

the bilinear algorithm a into a possibly, but not necessarily, unique vertex
in exactly one of VG, VG, VG3. (A complete, formal definition is given
in [13].)

As an example, consider a representation for as, Strassen’s algorithm for
computing A2x2B2x2 Y2x2 15]. The 7 multiplications Ms {M1, , M7} used
by as are:

Ml(all + a22)(bll + b22),

M2(a21 + a22)b11,

M3a11(b12-b22),

m4a22(-bll at- b21),

ms(al + a12)b22,

M6(-al + a21)(bl, + b12),

M7(al2-- a2)(b2, + b22).

Then as will have flow representation Fs (G1, G2, G3), where (depending
on the addition/subtraction steps in as) G1, G2 and G3 might be as shown in Figs.
1, 2 and 3, respectively.

all a12 a21 a22

Mf M M M M# M M

FIG. 1. Graph G1 offlow representation Fs

To simplify diagrams, we adopt the conventions that all edges are directed
downwards, solid edges have weight 1, dashed edges have weight -1. For
example, Ml, (bll + b22), according to G2 is computed as fl bll + b12,

f2=b12-b22, Mf:h fl--f2.

The circled sink vertices represent "placeholders" in a computation of as,
representing a step of the form fi 1 x f. Such steps are clearly not counted in
evaluating the arithmetic complexity of the computation, but the representing
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vertices provide us a uniform encoding for all final values for each stage of the
computation.

FIG. 2 Graph G2 ofF

M M2 M g,, M5 Mo M7

Yll YI2 Y21 Y22

FIG. 3 Graph G offs

The reader should verify that G3 in Fig. 3 specifies the computation of the
product elements from the results of the seven multiplication steps.

3. Properties of graph representations. In [13], we show the following.
LEMMA 2. For any (bilinear) a which computes (m, n, p) products in

multiplications and a additions there is a (bilinear) algorithm a’
which performs the same computation in multiplications and no more than a
addition steps, and ’ has an addition flow representation.

Thus this model adequately represents the class of bilinear algorithms with
respect to arithmetic complexity; hence we will consider only algorithms which
have flow representations.

We can show as well, that any computation with the final results of each stage
specified has a unique (up to graph isomorphism) representation. However, the
same representation can represent many algorithms depending on the method of
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traversing, since each computation involves a path from source vertices. We
define the standard algorithm with representation F--(G1, 02, 03) to be the
algorithm which follows the four natural stages of a bilinear computation in order.
For example, the multiplications represented by R3 are calculated before 03 is
processed.

Thus, instead of studying the class of (bilinear) algorithms which compute (m,
n, p) products, we investigate without loss of generality the class of flow represen-
tations.

The number of additions/subtractions represented at a particular nonsource
vertex v in some Gi is clearly indegree(v)- 1. Thus we have the next lemma.

LEMMA 3. The number of additions/subtractions used by algorithm a with
addition flow representation F,, =(G, 02, 03), denoted C+(F), is -,3

For example, the number of addition/subtraction steps represented by
Fs (G1, 02, 03) is (12-11 + 4) +(14-13 + 4) +(12-11 + 7) 18, as expected.

The sizes of the source and sink sets in a flow representation exactly specify
the parameters of the matrix multiplication problem. For example, given any
addition flow representation F= (G, 02, 03), the standard algorithm with the
representation computes (m, n, p) products using multiplication steps, where

t= IR3I, n =(IR,I. [R2I/Is3I)1/, m =lRll/n, p,= IR2l/n.

Thus it is not surprising to find that operations on addition flow representations
produce representations for matrix multiplication with modified parameters.

We now define two such operations, rotation and reflection (or dual).
Given an addition flow representation F--(01, 02, G3), the rotation of F,

D Ddenoted FR, is an ordered triple of graphs (03 G1, 02 ’). For any Gi, GiD is the
directional dual (edge reversal) of Gi with relabeling of the sink and source sets
appropriate to the position of Gff within the new ordered triple (we will later show
that rotation and reflection yield new addition flow representations). Gf is the
transposition of graph Gi, where, for example, each occurrence of aj, bj or yi
(whichever is appropriate to the position of Grin the new triple) in a vertex name
is replaced by a, bji, or yj, respectively. Gff denotes the graph produced by

Ttaking the transposition of the directional dual of Gi. Clearly, Gff G
The reflection (dual) of an addition flow representation F=(G1, 02, 03),

denoted F, is defined as the ordered triple of graphs (Gr, G’, G).
At this point, we should verify that the matrix multiplication parameters

corresponding to FR and F are permutations formed by a rotation and reflec-
tion, respectively, of the parameters associated with F.

LEMMA 4. Let F=(G1, G2, 03) be an addition flow representation for
computing (m, n, p) products in (nonscalar) multiplication steps. Then FR

represents a method of computing (p, m, n) products in multiplications, i.e., a
problem with parameters which are a rotation of the original problem’s parameters.
Similarly, F is an addition flow representation for computing (n, m, p) products, a

reflection of the original (m, n, p) product problem.
Proof. By definition, if FR --(ll, l12, 3 represents a matrix multiplication

algorithm (which it does, as shown later), then the algorithm computes (u, v, w)
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products, where

LJ[IIIIIR21 /2 graph(where(i)/i’ i are the source, and sink set, respectively, for

=(IS31klell)a/2 (mp "mrlta/2
en, u Il/m mp/m p, and w Il/m mn/m n.
us (u, v, w)= (p, m, n), which is a rotation permutation of the original

parameter triple (m, n, p);
Similarly, let F (G, 2, 3) represent an algorithm to compute (x, y, z)

products. Again, by the definition of addition flow representations,

en x I[/m mn/m n, and z 121/m mp/m p.
us (x, y, z)= (n, m, p), a reflection permutation of the original parameter

triple (m, n, p). e lemma followz.
Geometrically, we could represent these transformations R and D as rota-

tions and reflections on triangles (see Fig. 4). In other words, these operators on
addition flow representations form a dihedral group of transformations on an
ordered list of problem parameters.

m p

p n n m

m tl

p n p m

FIG. 4. Geometric representation oftransformations R andD

To show the standard algorithms corresponding to FR and FD are the
appropriate matrix multiplication algorithms, we first note that, as expected,
matrices representing the contribution of source vertices to the terms represented
by sink vertices in F,, provide a characterization of the algorithm a.

Given an addition flow representation F (G1, G2, G3), for each compo-
nent graph Gi of F, we define a connection matrix C’ with dimension Is, IR, as

follows:

Cjk hasvalue Z rl w,
pP ,3p
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where P is the set of all paths p from rk Ri to sj in Si, p is the set of edges in a
particular path, and w is the scalar weight assigned to edge 6 (if c is K-bilinear,
then w K). If P is empty, cjk is set to zero. Thus, ci indicates the contribution of
the value represented by r in Ri to the linear form represented by s in S.

Now in [13], we showed the next lemma.
LEMMA 5. Suppose is a bilinear algorithm for computing (m, n, p) products.

Let F,, (G1, G2, G3) be the addition flow representation for a. Then

E(A,,,B,p) E(Xy), where y K(B) andX= Ip ( A C3VC2,
where the source and sink vertices representing matrix elements ]ollow the
K(column-major) ordering, and V is a x diagonal matrix such that

=M,
and

vii=O fori
Proo]:. The result follows from the definition of connection matrices and the

bilinearity of a.
THZOrZM 6. IfC computes (m, n, p) products and has.representation F

G2, G3), then the standard algorithm with representation F= F (GT, G, G2D)
computes (n, m, p) products.

Proof. The source set/2 in the second graph of has the property that
112[=[S3[=mp.Assume without loss of generality that the mp elements
represented by R2 belong to an m p matrix U, i.e., that/2 represents
may be thought of as representing AT or an n m matrix W (since A, B are
matrix variables, not particular matrices).

Therefore c computes (C2)7-Q(C3)-n(U), where Q is V with each occurr-
ence of aij in V corresponding exactly to an occurrence of aji (or lWi) in Q. Thus
30. 0 for 1 and vii =(ci, ci2," "’, ci,,,n)n(A 7) or (c1, ., ci,,,n)K(W). But
(C2)7"(,’(C3)’(U) is Xz, where z (U). Since E(Xy)= ff.(Am,,B,,p) is com-
puted by a,& computes E(XTz)=ff.(Wnx,U,xp) or (n,m,p) products as
required.

COIOLIAr 7. If a with addition flow representation F computes (m, n, p)
products using no more than multiplication steps and a additive steps, then a’, the
standard algorithm for F, computes (n, m, p) products using multiplication steps
and a + (m n)p additive operations (scalar multiplications are not counted). More
concisely, C+(F) C+(F) (m n)p.

The simplest proof of the analogous result for Fn seems to depend on the
following observation from [13].

LEMMA 8. If a with addition flow representation F GI, G2, 63) computes
(m, n, p) products, then the standard algorithm with flow representation (G2, G(,
Gf) computes (p, n, m) products using no more multiplications or additive opera-
tions than a.

By successive applications of Theorem 6 and Lemma 8, we obtain Theorem 9
below.

THEOREM 9. Ira with additionflow representation F (G, G2, G3) computes
(m, n, p) products, then a’, the standard algorithm with representation FR (G,
G1, G), computes (p, m, n) products.
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Proof. By Theorem 6, the standard algorithm with representation

FD (G, G’, G2D) (H,, H2, H3),

say, computes (n, m, p) products.
By Lemma 8, the standard algorithm with representation (H2, H; Hr)

computes (p, m, n) products.
But

(H, H, H3T) {(G9 T, (G[) T, (G)T}
D D(63 al, 02 T)_ FR,

as required. This theorem directly yields an analogous result to Corollary 7.
COROLLARY 10. If has addition flow representation F and computes (m, n,

p) products in multiplication steps and a additive operations then ’, the
standard algorithm with addition flow representation Ft, computes (p, m, n)
products in multiplication steps and a+(m- n)p additive operations. Using our
notation, C+(FR) C+(F) (m n)p.

As a minor note, we. observe that by alternately applying the operations of
reflection and rotation to the addition flow representation of a given algorithm for
computing (m, n, p) products, we obtain algorithms of no greater multiplicative
complexity for computing the five symmetric matrix products, i.e., (u, v, w)
products where (u, v, w) is a dihedral permutation of (m, n, p). This result, which
we call the multiplicative symmetry theorem, was discovered and proved indepen-
dently by Dobkin and Brockett [1], Hopcroft and Musinski [7], this author [12],
and Strassen 17].

THEOREM 11 (multiplicative symmetry). (m, n, p)= (cr(m, n, p)), where
o’(m, n, p) yields any symmetric permutation of (m, n, p). Also, given an algorithm
which computes (m, n, p) products using multiplications, we can derive an
algorithm to compute any symmetric product using multiplication steps.

By these properties of addition flow representations, we have the main
additive symmetry result. The number of additive operations is not invariant over
symmetric algorithms, but we have an easily specified relationship between given
and derived algorithms.

THEOREM 12 (additive symmetry). Let a be an algorithm with additive flow
representation F,, [or computing m, n, p) products using multiplication steps. Let
be the standard algorithm corresponding to the addition flow representation F’
derived from F, by applying rotation and/or reflection operations. Then ’ is
additively optimal over the class o] algorithms using multiplication steps iff c uses
(m, n, p, t) additive operations, i.e., iff c is additively optimal.

Proo[. Assume c uses only (m, n, p, t) additive operations and c’ with
representation F’ is an algorithm for computing r(m, n, p) products in multipli-
cations, where cr is a symmetric permutation on three elements.

We note that by Corollaries 7 and 10 there is a fixed difference between the
number of additive operations used by F and FD, or by F and FR. Also, note that
FD= F, that is, D- D, where D is an operation on addition flow representa-
tions. In the same way, R-= R 2. In other words, {R, D} generate D3, the
dihedral group on three elements. Also, (X. Y)- Y- X-1, where X, Y D3.
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Thus, for any sequence ow of D and R operations on F to yield F’, there exists an
inverse sequence of D and R operations, -1, such that given any algorithm/3
with addition flow representation F using multiplications to compute o-(m, n, p)
products, the standard algorithm with addition flow representation (F)e-1 will
compute (m, n, p) products using multiplication steps.

By induction on the number of rotation and reflection operations in ow, we can
show that

C+(F)- C+(F) C+(F)- C+(F)-.
Thus, if a is additively optimal over t-multiplication algorithms, C+(F)<=

C+(Ft3)e-1. Therefore C/(F) <-C/(Ft3), where/3 was arbitrarily chosen. Then
a’ is an additively optimal t-multiplication algorithm for o-(m, n, p) products.
The proof of the converse is analogous. Thus the theorem holds.

In view of Corollaries 7 and 10, we have the following result.
COROLLARY 1 3. Given any algorithm a with addition flow representation

which computes (m, n, p) products using a additive operations, there exist algorithms
to compute

(p, m, n) a+(m-n)p
(n,p,m) a+(p-n)m
(n, m, p) products using a+(m-n)p
(m,p,n) a+(p-n)m
(p,n,m) a

additive operations.

Moreover, if we know of a bilinear t-multiplication algorithm which computes any
of the above five products in fewer additive operations than stated above, we can
derive a t-multiplication algorithm from it which uses fewer additive operations
than a to compute (m, n, p) products.

A unifying observation is that the increase in additive complexity from an (m,
n, p) product bilinear computation to a dual computation is exactly equal to the
decrease in product matrix size. For example,

,91( n, p, m, t) g m, n, p, t) =mp ran.

A different formulation of this principle and proof of additive duality were
first obtained by C. Fiduccia [4].

4. Ramifications of additive symmetry. In this section, we apply Theorem
1 2 to yield results about the essential additive complexity of matrix multiplication.

For example, we might ask which of the six related matrix products (listed in
Corollary 13) has the highest or lowest essential additive complexity.

LEMMA 14. Suppose it is possible to compute (m, n, p) products by an
algorithm using multiplication steps. Then (u, v, w, t) is greatest (least) for all
permutations (u, v, w) of (m, n, p) when v- max (min){m, n, p}.

Proof. Suppose we have an additively optimal algorithm a which uses
multiplications to compute (m, n, p) products. In other words, C+(F) sg(m, n, p,
t). Then, by Theorem 1 1, C+(F*)= g(u, v, w, t), where the standard algorithm
with representation F* (* is some combination of R and D operations) computes
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(U, V, W) products. If v max (min){m, n, p}, then u-v and w-v are each <_-0

(=>0). Thus, by Corollary 13, sg(u, v, w, t)>=(<=)sg(r(u, v, w), t).
This supports the intuitive feeling that for any fixed number of multiplica-

tions, the size of the inner product in any of six symmetric matrix multiplication
problems directly influences additive complexity. In other words, for this class of
matrix products, a set of a few product elements each with many terms has a higher
additive complexity than a larger set of product elements each of which is a sum of
fewer terms.

There are some matrix product computations which can be carried out at no
additive cost. Algorithms which achieve this trivial additive lower bound of zero
are therefore optimal. C. Fiduccia suggested to the author that by then employing
Corollary 13, we can obtain directly the additive complexities of symmetric
problems.

For example, sg(n, 1, 1, n)= s(m, 1, n, ran): O.
Thus we immediately have the additive complexity of inner product and the

product of a matrix by a vector from additive symmetry. Previous proofs of these
results employed independence arguments.

LEMMA 15. n- 1 additive operations are necessary and sufficient to compute
the inner product of two n-vectors.

Proof. From [19], (1, n, 1) n. By Corollary 13, s4(1, n, 1, n)= sO(n, 1, 1,
n)+(n-1). 1 n-l.

LEMMA 16. mn--m additive operations are necessary and sufficient to com-
pute the product o] an m n or n m matrix with an n-vector.

Proofi (m, 1, n) mn [19]. By Corollary 13, sO(m, n, 1, mn) sg(m, 1, n,
mn)+(n-1)m ran-m. By Theorem 12, 1(1, n, m, mn)= mn-m as well.

Now we derive the additive complexity of multiplying 2 2 matrices by
7-multiplication algorithms.

Since Strassen’s algorithm Cs introduced earlier uses 7 multiplications and 18
additive operations, s(2, 2, 2, 7)=< 18. Winograd communicated to the author a
variant of the following 15-addition/subtraction algorithm which he discovered.

LEMMA 17. S(2, 2, 2, 7)=< 15.
Proof. Compute AzzB22-- Y22 as follows (algorithm Cw): form

$1<-- a21 + a22, ss--b12-b11,

s2 <-- s a 11, $6 <- b22 $5

s3all-a21, s7--b22-b12,

s4 <-- a 12 $2, $8 <’-" $6 b21,

using 8 additions and subtractions.
Then calculate the following 7 multiplications:

M1 $2 $6, M4 <--- $3 $7,

Me--all bl, M5 sl Ss,

M3 - a 12 b21, M6- s4" b22,

M7 <-- a22 $8.
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Finally, using only 7 more additions/subtractions, form

S,o - M_-M,Sl MI-M2,

$12 $1 + M4,

S13 <--- Sll -" Ms,
S14 <--" S13 "- M6,
S15 <-’- S12 M7,

S16"S12-}-M5

Then

Yl S10 212 S14

Y21 S15 Y22 S16.

Although upper bounds are not really the main subject of this paper, we
should note that this algorithm can be used recursively according to various
implementation strategies to multiply square matrices.

THEOREM 18 [5], [13]. Using a dynamic implementation strategy (a strategy
tailored to the numerical properties of n), matrices of order n can be multiplied using
fewer than 4.54 r/g 7 total arithmetic operations. In the best case, when n 2p for
arbitrary positive p, only 3.73/2187 total arithmetic operations need be used asymp-
totically.

The remainder of this section is devoted to proving a lower bound on
d(2, 2, 2, 7).

C (Gi), whereSuppose F (G, G2, G3) is an addition flow representation. +

6 {1, 2, 3} will denote the number of additive operations represented by Gi.
Thus, C+(G,)--IUG, I-IVG, I+IR, I.
Now, if we examine all algorithms (with addition flow representations) which

compute (2, 2, 2, 7) products, we will find that every algorithm uses at least 4
additive operations to form the left-hand sides of the seven multiplications that
algorithm uses. In other words, for any addition flow representation F for a
7-multiplication algorithm which computes (2, 2, 2) products, we can show that
C+(Oi)>-4, where F=(G1, G2, G3). Initially, we consider only computations
over GF(2).

LEMMA 19. If the standard algorithm with addition flow representation F
(G1, G2, G3) computes (2, 2, 2) products using 7 multiplications, then C+(G1)_-> 4,
where the computation is over GF(2).

Proof. This result is proved in [13]; we present a sketch of the proof here.
Hopcroft and Kerr [6] prove that 7 multiplications are required to multiply

two general matrices A, B of order 2. Working over GF(2), they divide the set of
possible left-hand sides of the seven multiplications into two disjoint subsets" S,
the set of left-hand sides with "diagonal" character [6], [7], [13], and $2, the
remaining left-hand sides. For example, (al +a2+a2) is an element of S,
whereas (a +a2+a2 + a22) $2.

Then, they prove the following.
LEMMA 20. If an algorithm for A B has k left-hand sides from al,

(a + a2), (a + az + a2), then the algorithm requires 6 + k multiplications.
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COROLLARY 21 [6]. Similar theorems hold for left-hand sides from
(a) a21, (all 4- a22), (all 4- a21 + a22),
(b) a12, (al, + a22), (all + a2 + a22),
(c) a, (a, + a,), (a + a, + a).

Using a straightforward argument from linear algebra, they show the follow-
ing result.

LEMMA 22. Any algorithm for A x B whose multiplications have k left-hand
sides from

(a) all a12 all 4-a12 or
(b) a21, a22, a21 + a22

requires [6+ k/2] multiplications.
Now suppose that there exists a flow representationF (G1, G2, G3), where

C+(G1) _-<3, and a com]autes (2, 2, 2) products using 7 multiplications.
By Lemma 20, each of a, a12, a2, a22 can appear as a left-hand side at most

once; otherwise a would require 8 multiplications. In fact, we can use the original
statement of Lemma 20 [6] to demonstrate that no left-hand side of multiplica-
tions in a is repeated. Therefore, a has a, a2, a21, a22 as four left-hand sides,
and the remaining three left-hand sides are computable using 3 additive opera-
tions. This means that at least one left-hand side is the sum of exactly two elements
of A.

There are exactly six such possible sums. By Lemma 20, Corollary 21 and
Lemma 22, if any such sum were present, a would require 8 multiplications, a
contradiction. For example, (all + a12) could not be a left-hand side of a multipli-
cation in a; this would imply a contains 3 left-hand sides from group (a) of Lemma
22 and would therefore require 8 multiplications.

Therefore, no left-hand side can be the sum of exactly two elements of A.
Therefore no such standard algorithm, and hence no such addition flow represen-
tation, exists, proving Lemma 19.

COROLLARY 23. If the standard algorithm with addition flow representation
F=(G1, G2, G3) computes (2, 2, 2) matrix products in 7 multiplications, then
C+ G2) >- 4.

Proof. Assume C+(G2) 3. By,Lemma 8, the standard algorithm with addi-
tion T Tflow representation (G, G2, G3) (G2, G, G3) computes (2, 2, 2) products
in 7 multiplication steps. Then C+(G) C+(G2) C+(G2)-<3. Thus we have
derived a 7-multiplication algorithm which computes (2, 2, 2) products using only
three additive operations to form the left-hand sides of its multiplications. But this
contradicts Lemma 19, proving the corollary.

Thus, 8 additive operations are necessary and sufficient to form the left-hand
and right-hand sides of the multiplications in a 7-multiplication (2,2,2)
algorithm. Again using additive symmetry, we can show the following.

LEMMA 24. If the standard algorithm with addition flow representation F
(G, G2, G3) computes (2, 2, 2) matrix products using 7 multiplications, then
C+(G3) > 7.

Proof. The standard algorithm with representation F’=(G’I, G’2, G’3)
computes (2,2,2) products in 7 multiplications by Theorem 6. But
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C+(G) C+(G3) => 4 by Corollary 23. Therefore

IFG ’I-IVG I + R 4,

([FG3[-IVG31 + IRI)+ Is31 4 + JR31.
The first expression is C+(G3), IR31 7 and ISI-4. Thus we have

C+(G3)+4->4+7 or C+(G3)->7,

as required.
This completes the proof of a lower bound of 15 additive operations on the

additive complexity of computing (2, 2, 2) products with fast bilinear algorithms
over GF(2). This result, then, will hold for any algebraic structure from which
there is a homomorphism (over all operations) to GF(2). For example, since
bilinear computations over the ring of integers are homomorphic to bilinear
computations in GF(2) (with subtraction over Z mapped to addition over GF(2)),
this lower bound holds for bilinear computations over the ring of integers
involving addition, subtraction and multiplication. Thus, for such structures, aw is
additively optimal, and we have the next theorem.

THEOREM 25. S4(2, 2, 2, 7)= 15. In other words, 15 additive operations are
necessary and sufficient to compute the product of matrices of order two using no
more than 7 bilinear multiplications.

COROLLARY 26. The obvious way ofcomputing (2, 2, 2) products (8 multipli-
cations, 4 additions) is optimal with respect to total arithmetic operations.

5. Extensions and open problems. Several extensions of these results and
suggestions for further research are given in [13].

One of the more natural extensions would seem to be from a product of two
matrices to a product of n matrices, where n is any arbitrary integer greater than
or equal to two.

By generalizing the above definitions and iterating applications of Theorem 6
(reflection operation) and Theorem 9 (rotation operation), the reader can derive
the following.

THEOREM 27. Suppose a is an algorithm with addition flow representation F
which computes (m, , m+l) products (n >- 2) using multiplication steps. Then,
using rotation and reflection operations on F, we can derive an algorithm which
computes (pl, p2," , p,+l) products in multiplications, where (pl, p2," ",p,+l)
is any dihedral permutation of (ml, m2,. , m,+l). Also, by using Corollaries 7
and 10, we can directly relate the additive cost of any algorithm for matrix products
derivable from a to C+(F,,).

Thus the problem of multiplying n matrices by algorithms which have
addition flow representations is actually a set of subproblems which may be
partitioned into n!/2 equivalence classes of (ml,’", m,+l) products. Two
problems are in the same duality class if there is a dihedral transformation of a flow
representation of an optimal algorithm for one into a representation of an
algorithm for the other problem. All problems in a duality class have the same
complexity; problems in distinct duality classes may or may not have the same
complexity.
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It should be recognized that addition flow representations or generalized
versions of them facilitate the study of a wide variety of dual computations. One
important subclass of this class of dual computations consists of computations for
those problems which are preserved by duality transformations. Most of this
paper has treated only one such problem, namely the multiplication of two
matrices. The duality operators, R and D, applied to representations of matrix
product computations yield representations of matrix product computations.
Similar duality operators preserve the problem of computing sets of linear forms
by linear algorithms [13]. Some other "problems of dual complexity" together
with extensions of the type of duality presented above will be presented in a
subsequent paper.

It may be possible to combine independence arguments on algorithms with
addition flow representations to extend our knowledge of lower bounds on matrix
multiplication.

To be more specitic, we make the following conjecture.
Conjecture. If the standard algorithm with addition flow representation

F=(G1, G2, G3) is additively optimal for computing (n, n, n) products (n =>2)
over algorithms which use multiplications, then C/(G1)= C+(G2)= G+(G3).

Note that the converse does not hold; F,, is a suitable counter-example.
In other words, we conjecture that any additively optimal algorithm will be

uniformly additively optimal over each of the three additive stages, forming
left-hand sides of the multiplication steps, forming right-hand sides, and summing
the calculated multiplications to yield the matrix product elements. For example,
using the operations of R and D on Fv could not yield an additive improvement
over Cw in one of the three computation stages.

To use the conjecture, consider for now only the number of additive
operations employed in the first stage of any t-multiplication algorithm to
compute (n, n, n) products; i.e., consider C+(GI). Let us restrict the class of
algorithms under consideration to those algorithms with distinct left-hand sides of
the multiplications. This eliminates, for example, the classical algorithm from
discussion, but permits as and Cw. Then we can immediately see that

C+(G)>=t-n
since there are at most n 2 left-hand sides which consist of a single term. Thus we
have the following.

LEMMA 28. (n, n, n, t)-->4t--4n 2.
Proof. Assume F (G, G2, G3) is the addition flow representation corres-

ponding to an optimal t-multiplication algorithm a for computing (n, n, n)
products. Then, by the above argument and the conjecture, C+(G2)-- C+(G)=>
t-n2. By the conjecture, t-nZ<-C+(G3), which equals C+(G3)+[S3[-IR3[. In
other words,

C+(G3) C+(G3D) -Isl / IR I
=> (t n 2) n 2 h- 2 2n2

Therefore C+(F)>=4t-4n2. But a was chosen additively optimal over t-
multiplication algorithms.

Therefore (n, n, n, t)=> 4t-4n2 as required
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This would demonstrate that the additive complexity of square matrix
multiplication is essentially a linear multiple of the multiplicative complexity over
this restricted class of algorithms, since by [9] the multiplicative complexity grows
as fast as tl 2.

In [1] it is claimed that ,/g(n, n, n)>=3n2-3n+ 1. As a result, we would have
(over the class of bilinear algorithms) the following corollary.

COROLLARY 29. M(n, n, n, M(n, n, n)) _>-- 8n2- 12n / 4.
Thus, if the conjecture holds, algorithms with distinct left-hand and right-

hand sides of multiplications, which use as few multiplication steps as possible,
must employ at least 8t2- 12n + 4 additive operations to multiply two matrices of
order n.

Recently, this claim has been corrected to M(n, n, n)=> 2n2- 1. Thus, proof
of our conjecture would yield a lower bound on the number of additive operations
used by any multiplicatively optimal bilinear matrix multiplication algorithm of
4n2-4. In other words, (n, n, n,(n, n, n)) >=4n2-4.

6. Conclusions. In this paper, we introduced a graph-theoretic model of
bilinear algorithms, called an addition flow representation. In particular, we used
this model to investigate lower bounds on the number of additions and subtrac-
tions required to multiply matrices. By introducing operations of reflection and
rotation on these representations, we related the additive complexity of one
matrix multiplication problem to five symmetric problems in a constructive way.
In other words, any additive savings we may discover for a related problem can be
utilized to improve a given algorithm for the original matrix multiplication
problem. As an application of the model, this "additive symmetry" was employed
to prove that the essential additive complexity of multiplying 2 x 2 matrices using
7 multiplication steps is exactly 15 additive operations. This means, for example,
that recursive schemes to multiply matrices based on the algorithm aw given
above are in principle as efficient as possible; further improvements in arithmetic
efficiency can result only from improvements in implementation details (see, for
example, [5]), or from finding a base bilinear algorithm for multiplying rn x rn
matrices in fewer than 7g multiplication steps.
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GRAPH TRANSFORMATIONS FOR ROUNDOFF ANALYSIS*

WEBB MILLER
Abstract. When analyzing a numerical algorithm, it is often possible to show that a rounding

error at one floating-point operation is equivalent to errors at other operations. In such cases, it can
be concluded that no generality is lost if certain operations are considered error-free. Sometimes this
conclusion can be reached automatically and inexpensively compared to the cost of the ultimate round-
off analysis. It may be advantageous to use a preprocessor which performs this reduction before oth’er
automatic techniques are invoked.

In this report we consider a class of elementary rounding error reductions which are most naturally
interpreted as graph transformations. This leads to questions concerning heuristics and optimal
strategies for the application of these transformations.

Key words, automatic roundoff analysis, numerical stability

1. Introduction. In this paper we will consider a class of simple transfor-
mations which can be interpreted as relating rounding errors in various floating-
point operations of an algorithm. Our motivation is to explore the possibility of
automating the application of these transformations to lessen the cost of techniques
for roundoff analysis like those of Miller [6]-[8]. One of the methods derived here
is very inexpensive to implement and seems to be useful, especially for numerical
algorithms in which any input or intermediate computed values is used as an
operand in only a few subsequent operations.

To motivate later developments, let us consider the evaluation of z(a, b, c)
ab + ac + bc by the algorithm

(1.0)

w-b+c

x-b c

yaw

zy+x.

If the evaluation is performed in floating-point arithmetic, then relative errors fir
are committed, so the values actually computed are

w (b + c)(1 + w),

x bc(1 + 6x),
(1.1)

y a[(b + c)(1 + 6w)](1 +
z {a[(b + c)(1 + 6w)](1 + by)+ bc(1 + 6)}(1 +

The 6’s are bounded by some miniscule machine constant u > 0.
This evaluation can be pictured as Fig. 1. The exact result of an operation

(and later, an exact data item) is multiplied by the factor associated with that
vertex (the factor is assumed at unmarked vertices).

* Received by the editors October 17, 1974, and in revised form April 24, 1975.
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+6y)

FIG.

( +6,)

(1 +6)(1 +6:)

(I + 6.0(1 + 6=)

FIG. 2

b

a

(I + 6,,)v(1 + 6:) -- ">

FG. 3

)(1 + 6x)(l + 6..)



206 WEBB MILLER

Let us rewrite (1.1) as

(1.2) z a[(b + c)(1 + 6w)](1 + 6)(1 + 6) + bc(1 + 6x)(1 + iz).

This corresponds to moving copies of (1 + 6) up the two arcs entering z (Fig. 2).
The point to notice is this: for fixed a, b, c and arbitrary rounding errors 6w, 6,
by, 6 (at the corresponding vertices) giving a computed value z, we have that
z is also computed with rounding errors 6w in w, by + ,= + 6ybz in y (since (1 + by)
(1 + 6z) + (by + 6 + 6ybz)) and 6, + 6 + 6,6z in x. These last two errors
are each bounded by 2u + u2 or, neglecting second-order terms, by 2u. This means
that for many purposes we need only worry about the sensitivity of z to rounding
errors in the first three operations.

A direction commonly taken in roundoff analysis is to show the reducibility
of rounding errors in the operations to rounding errors in the data. Rewriting
(1.2) as

z [a( + 6)( + 6..)]. [(b + c)( + 6w)] + bc( + 6)( + 6z),

we have the graph interpretation that a rounding error has moved up to one
of the operands of y (not to both since the operation is multiplicative not additive);
see Fig. 3.

We can split the factor at x into two equal parts (1 + c5.)1/2(1 + 6_)1/2 which
can be slid up to the operands b and c. The resulting effect upon w can be neutralized
by a factor (1 + 8x)- 1/2(1 + 8z)- 1/2. Algebraically:

(1.4) z [a(1 + q,,)]. [b(1 + r/b + C(1 + r/,,)]- (1 + r/,,,)+ [b(1 + qb)]" [C(1 + r/,)],

where

( + ..)= (1 + 6)( +
( + )= ( + )= ( + 6)/2( + 6..) /,

(1 + r/w (1 + 6,)(1 + (x)-1/2(1 + gz) -1/2

Graphically:see Fig. 4.
The equivalence of Figs. and 4 intuitively implies that if we neglect those

rounding errors which are merely equivalent to a few rounding errors in the data,
then we can limit our attention to the error in the operation giving w. (Can the
reader find a reduction which proceeds further and shows that the computed z
is the exact result for slightly altered data, i.e., can the reader push all errors up
to a, b and c? See 3 for a solution.)

In the next section we will formalize a rule covering transformations which,
like those above, "clear" a vertex of rounding errors. Instead of trying to survey
the range of possible uses for such transformations, we will confine ourselves to a
particular type of roundoff analysis discussed in 3 and 5. We conclude by
mentioning some extensions and open questions.

The reader may find it informative to compare this paper with Bauer [2],
who touches on problems similar to those of this paper, namely: when can the
effect of the rounding error of a step in a computation be ignored’? In turn, the
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"computational graphs" of that paper should be compared with the
graphs" of McCracken and Dorn [4].

b

process

+ 6x)1/2(1 + lz) 1/2

FIG. 4

2. The transformations. A graph specifying a sequence of arithmetic opera-
tions +, -, or / (e.g., Fig. 1, possibly without the labels (1 + 6j)) will be called
a computation graph. Any vertex is either an input vertex with no predecessors or
an operation vertex with two predecessors. In addition, some of the vertices are
specified as output vertices.

Define a relation X between vertices u and v of a computation graph" uEv
if there is a sequence v 1,..’, vk of vertices with u v l, v vk and where for

1,..., k 1, v and vi/ are the operands in some _+ operation (this is meant
to imply uXu for all u). For example, in Fig. we have bXc and xXy.

X is an equivalence relation whose equivalence classes are called E-chains.
A proper E-chain has the additional property that if u and v are in S, then u is not
an operand for v. The Z-chains in Fig. are {a}, {b,c}, {w}, {x, y} and {z}.
All are proper.

If S is a set of vertices, then ID(S) denotes the set of immediate descendants
of elements of S. Thus a Z-chain S is proper if S ID(S) is empty. A proper Z-
family has the form S U ID(S), where S is a proper Z-chain. Two of the Z-families
in Fig. are {a, y} and {b, c, w, x}.

A floating-point graph is a pair (G, p), where G is a computation graph and p
assigns to every vertex v of G a rational expression p(v) in the variables 61,62,
There is a natural process for assigning to each v a rational expression YAL(v)
in the 6i and the (names of) the input vertices. Namely,

(i) if v is an input vertex, then VAL(v) v. p(v);
(ii) if v is an operation vertex v u # w, then VAL(v) [VAL(u) # VAL(w)]

In Fig. 1, VAL(z) is equivalent to the expressions appearing on the right of (1.1)-
(1.4).

DEFINITION 2.1. Let S be a proper E-chain in a floating-point graph (G, p)
and let e be a rational expression in the 6’s. The process of lowering .from S
produces (G, p*), where p* is defined as follows.
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1. p*() p() for not in S U ID(S).

2. p*(s) -1. p(s) for s in S.

3. For in ID(S), set
(a) p*(t) . p(t) if is a -t--vertex or if - s. v, v. s or - s/v with

s in S, v not in S.
(b) p*(t) -1. p(t) if - v/s with s in S, v not in S.
(c) p*(t) 2. p(t) if s. r with s and r in S.
(d) p*(t) p(t) if s/r with s and r in S.

(Notice that 2 and 3 do not conflict since S is proper).
DEFINITION 2.2. Let S be as in Definition 2.1 and let S 13 ID(S) contain t.

We exclude the case 3(d) - sir with s and r in S. According to Definition 2.1,
there is an 0 such that lowering z from S clears t, i.e., yields p*(t) 1.

Let us return to Fig. for an example. We can clear x either by lowering
(1 + 6,)-1/2 from (b, c} or by lowering (1 + 6,) from {x, y}.

The clearing of has only a localized effect upon the floating-point graph;
it changes VAL(s) for s in S, but otherwise leaves VAL(v) unchanged. For the
following result, let p* be gotten by lowering z from a proper E-chain S and let
VAL*(v) be gotten by using p* instead of p and VAL* instead of VAL in the re-
cursive definition (i), (ii). By, e.g., VAL*(v)= VAL(v) we naturally mean that
these rational expressions are equivalent (i.e., determine functions which agree
whenever they are both defined), not that they are identical expressions.

THEOREM 2.1. From the preceding assumptions we can conclude that VAL*(s)
z- 1. VAL(s)for s in S and that VAL*(v) VAL(v)for v not in S.
Proof First suppose v is an input vertex. If v is not in S U ID(S), then VAL*(v)

v. p*(v) v. p(v) VAL(v). The only other possibility is that v is in S, whence
VAL*(v) v p*(v) v z- 1. p(v) - 1. VAL(v).

Now suppose that v is defined by v x # y. By induction we may assume
the theorem true of x and y. If v is not in S U ID(S), then x and y are not in S and
VAL*(v) [VAL*(x)# VAL*(y)]. p*(v)= [VAL(x)# VAL(y)]. p(v)= VAL(v).
If v is in S, then neither x nor y is in S since S is proper, hence VAL*(v) [VAL*(x)
# VAL*(y)] p*(v) [VAL(x) # VAL(y)]. -1 p(v) -1 VAL(v). Lastly,
suppose v is in ID(S). The proof proceeds by subcases corresponding to parts
3(a) to 3(d) of Definition 2.1. For instance, if 3(b) applies (# is/, x not in S, y in S),
then VAL*(v) [VAL*(x)/VAL*(y)]. p*(v) [VAL(x)/(z -1. VAL(y))]. -1. p(v)

[VAL(x)/VAL(y)]. p(v)= VAL(v).
Intuitively, the motivation behind this section is the desire to make the simplest

possible transfer of the rounding error at one operation to other operations. If a
rounding error 0 (1 + 6j) is removed from one computed value, then the effect
upon operations using this value as an operand can be neutralized according to
two cases. The easier case is that of a multiplicative (i.e., x or/) operation, since
there small relative perturbations in one or both operands cause at most a small
relative perturbation in the result. On the other hand, the easiest way to guarantee
that the result of a dependent additive (i.e., + or -) operation suffers only a
small relative error is to introduce the same relative perturbation into both of
its operands. This leads naturally to the notion of a Z-chain and to the above
procedure.
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The reader may find it instructive to formalize and prove the following result.
Consider a straight-line program using only the operations +, -, x and / which
has the properties that (i) no output value is used as an operand in a subsequent
operation, and (ii) no input or intermediate value is used more than once. The
computed outputs are the exact results for slightly altered data.

3. A graph game for roundoff analysis. Many applications of the above ideas,
e.g., those discussed in 5, have the following properties..

1. It is not necessary to keep track of the exact form of the error p(v) associated
with vertex v. Instead we need only remember whether v is known to have p(v)
("v is cleared") or not ("v is marked").

2. Marks (i.e., nontrivial p’s) associated with input vertices can be ignored.
For such applications, the previous results suggest the following game.

GAME. Begin with a computation graph, all of whose operation vertices are
"marked". A move begins by selecting a proper E-chain S and a marked vertex
in S U ID(S) subject t’o the constraints (i)S may not contain an output vertex,

and (ii) may not have the form ,-- s/r with s and r in S. The move is completed
by marking all unmarked operation vertices in S U ID(S), then clearing t. The
goal is to find a sequence of moves after which as many as possible of the vertices
are cleared (if all of them can be cleared, then the algorithm enjoys a type of
numerical stability discussed at the end of 5 and in Miller [5]).

The fact that errors moved up to the input vertices can be ignored suggests
the following strategy.

The bottom-up heuristic. Let the computation graph be associated with a

straight-line program. Begin with the last instruction and work upward to the
first as follows. At vertex v ,-- x # y, try to make a move (S, v) with v in ID(S)
which marks no vertex already cleared (for multiplicative operations where the
operands lie in different E-chains $1 and $2, one is free to choose either ($1, v)
or ($2, v)). If no such move exists, then by-pass v.

Let us denote a move by, e.g.,M {sl, ..., Snli 1, ..., i,,},whereS s1, "’’, S,}
and ID(S) {il, "’", i,,}, and let us denote in bold face the in M which is cleared.
Thus in the example of 1, we essentially applied the bottom-up heuristic to clear
x, y and z with the moves {x, ylz}, {a[y} and {b, clw, x}.

For algorithm (1.0), the bottom-up heuristic does not produce an optimal
strategy for the GAME. The sequence of moves {x, ylz}, {b, clw, x}, {wly}, {aly}
clears all vertices, proving the numerical stability of (1.0).

Example 3.1. Consider the problem of solving for y in the system of linear
equations

alx + by .f,

CX + a2Y + b2z f2,

c2Y + a3z f3.
Figure 5 is Gaussian elimination without pivoting, while Fig. 6 shows "two-
sided" elimination from Babuka [1 . Figures 5 and 6 are the algorithms considered
in Case Study of Miller [6].

Applying the bottom-up heuristic to Fig. 5 clears all vertices except s2 (or
t2, depending on which is cleared first). If all vertices could be cleared, it would
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contradict results in Babugka [1] and Case Study of Miller [6]. Thus, not only
does the bottom-up heuristic produce an optimal strategy for the GAME in this
example, it in some sense gives an optimal strategy among all methods of roundoff
analysis.

If the bottom-up heuristic is employed in Fig. 6, then d2, d, g2 and g remain
marked. This represents an optimal strategy for GAME. To see why, consider
d2, d and w (similar remarks apply to gz, g and u). The only E-families containing
one of these vertices are {dz, dlw} and {sl, a2, s3, wld2, d, r}. Thus clearing one
of these vertices marks the other two.

However, in this case, the bottom-up heuristic is not an optimal strategy
for roundoff analysis. A better job can be done if we use more powerful "moves"
than those of the GAME (see 6).

On certain occasions, the bottom-up heuristic is clearly not appropriate. For
example, in Miller [8, 2] we consider a case where one begins with only the initial
vertices marked and tries to move all marks to operation vertices.

However, when the bottom-up heuristic is appropriate, it is easy to apply.
In particular, the E-chains can be efficiently located by the algorithm given by
Knuth [3, pp. 353-354].

4. Graph transformations in automatic roundoff analysis. Elsewhere we have
considered the problem of automating proofs of "numerical correctness" of
programs. In theory, this goal looks easier than that of automating general program
correctness proofs since one can profitably limit attention to verification of
decidable (in the technical sense) assertions which can be generated automatically
with little, or no, specific understanding of the method being tested. See Miller [5
for further discussion of this point.

In practice, it turns out that while it seems impossible to completely automate
roundoff analysis, automatic procedures are sometimes of definite assistance.
In particular, the following approach is effective, as is shown in [63-83. To each
set d of data for a given numerical method we assign a number, say og(d), which
measures the effect of rounding error at d. This is done in such a way that (i) a
large value of og(d) signals numerical instability at d, (ii) og(d) is easy to compute
and (iii) o is a continuous function of d. A "hill-climbing" routine is then used to
search for large values of o9.

The values og(d) are found by first numerically evaluating the partial deriva-
tives of the computed values (of the program being tested) with respect to the data
and to the rounding errors. Often the bulk of the computational cost lies in evaluat-
ing these derivatives. In such cases, the information that certain rounding errors
can be ignored leads to a speed-up approaching the factor (p + q)/(p + r) dis-
cussed in the next section.

5. Ignoring cleared vertices. The graph GAME of the previous section is
directly applicable to the method of automatic roundoff analysis discussed in
Miller [6-l-83. We will now formulate and prove two results which make precise
the connection. This section is a digression whose utility can be fully understood
only by the reader familiar with [6] and [7].

Consider a computation graph with input vertices d 1,..., dp, operation
vertices vl, "’", vr and output vertices z l, ".’, zs. Make this into a floating-point
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graph by setting p(vs) (1 + 6s), p(d) 1, and let

R(d, fi) (VAL(zl), ..., VAL(zs)),

where d (dl,..., dr) and (6,, ..., 6r). Define Z(d) to be the ’"exact value",
Z(d) _= R(d, 0).

Fix d such that Z(d) is defined. We sometimes wish to compute the number

(5.1) co(d)=g.l.b.{a>__0’ =<uR(d,f)=Z(d+n),where n[le-<au}.

Here [, max [$s[, u is again the machine roundoff level and I]" lie is a vector
norm depending on d. Informally, the computed value R(d, 8) is the exact value
Z(d*), where the data perturbation is d* d e --< co(d), u. It is often advantageous
to employ the "first-order" approximation to (5.1), namely, to redefine

(5.2) co(d)=g.l.b. =>0" 6 oo_-< l--(d,0)8=Z’(d)n,where n[=<

Suppose that the vs’s in the original computation graph are marked and that
the GAME is played. Let u l, ..., Uq, 0 =< q =< r, be an enumeration of the opera-
tion vertices which remain marked. Let us now consider the case q _>_ (i.e., not
all vertices are cleared), deferring the case q 0 to the end of this section. Set
p(uk) (1 + r/k), p(v) elsewhere, and let

Q(d, 1) (VAL (zl), ..., VAL (z)),

where the VAL’s refer to the new floating-point graph.
For an example, return to Figs. and 3. Rename a, b, c, w, x, y, z as d, d2, d3,

v l, v2, v v4, respectively, and let v4 z be the only output vertex. To get R(d, ),
we translate (1.1) as

R(d, i)- {dl[(d2 + d3)(1 + (1)(1 nt- (3) hI- d2d(1 -+ (2)}( + (4)"

Thinking of the (1 + as) as marks, we see that two moves clear v3 and v4 (Fig. 3).
Associate (1 + r/) with vx and (1 + t/z with v2, getting

Q(d, 1)-- dl[(d2 + d)(1 + t/,)3 + d2d(1 + F/2 ).

The goal of this section is to compare co with its analogue which arises when
Q is substituted for R. Assuming that Z(d) is defined, we set

(5.3) coo(d g.l.b. >= 0"[[llloo _-< -g(d,0)l Z’(d)n, where n =<
Notice that co(d) depends on the s x r matrix cR/c6 and on the s x p matrix Z’,
whereas coo(d) depends on the s x q matrix c?Q/cl and on Z’. Thus, roughly speak-
ing, evaluating coo instead of co reduces the cost by a factor (p + q)/(p + r).

It is intuitively clear that the sensitivity to rounding errors cannot be increased
if we ignore errors corresponding to cleared vertices. This is the thrust of Theorem
5.1.

THEOREM 5.1. Let co and coo be as in (5.2) and (5.3). Then coO.(d) <= co(d) whenever
Z’(d) is defined.
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Proof Let j(1), ..., j(q) be such that Uk v(k)for 1__< k __< q. For any
q (r/l, ..., r/q) define 6(q) (6(q), ..., fir(q)) by 6j(k)(q) r/k, and 6j(q)= 0
if j j(k) for no k. Clearly Q(d, q)--R(d, 6(q)) since they prescribe identical
rounding errors. Differentiating this identity by the chain rule gives

(5.4) (d, O) -(d, 0). ’(0).

Now 6’(0) is the r x q matrix which has unit (j(k), k)-entries and zeros elsewhere.
It follows readily that 6’(0)qlloo _-< q for any q.

Fix d such that Z’(d) is defined and let e be such that

cR
6 =< -;(d, 0)6 Z’(d)n,

O
where I1 lid ,

Suppose that Ilq -< 1. We need only show that

Q
--(d, 0)q Z’(d)n, where [In la =< ,

since this means just e > co(d) e me(d), whence re(d) me(d). But by (5.4),

Q(d 0)q
R R

(d, 0). 6’(O)q (d, 0)6,

where 61 ll6’(0).q q N 1. The result follows.
We will next show that under certain conditions, the uniform boundedness

of m is equivalent to that of m. This occurs whenever, as is usually the case, the
n are normed in such a way that small relative errors in the d correspond to small

I1, In particular, we usually have

diag(di).n d nlloo,

Here diag (di) denotes the diagonal matrix containing the di. Notice that if qg

rtid with Irtl _-< , __< _< p, then (5.5) implies IIqll diag (d). rtll _-< .
THEOREM 5.2. Let co and coo. be as in (5.2) and (5.3). Supposefor all d in some set

D that Z(d) is defined and that the norm associated with d satisfies (5.5). There exist

fl and 7 such that

co(a) <= . coo(d) +

for all d in D.
Proof It follows immediately from Theorem 2.1, using induction on the number

ofmoves, that there exist numbers a(i, j) and b(k, j), <_ <_ p, <= k <= q, <=j =< r,
such that

(5.6) R(d, 6) Q(d(6), q(6)),

where d(6) (d,(6), , dp(6)) and q(6) (r/,(6), , r/q(6)) satisfy

di(6)--di" fi (1 / (Sj)"(’’j), / r/k(6)-- II (1 / 6j)(k’j).
j--1
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Let [a] and [b] denote the matrices of a(i, j) and b(k, j). Thus if we again use Fig. 3
as an example, we have

0 0

[a] 0 0 0 0

0 0 0 0

We will show that the theorem holds with

(5.7) ?, max g=l

a(i,j)l fl max J:, ]b(k, j)]

The inequalities IIEa] "11oo " I111oo and II[b] "511oo =< fl" IIll are well known
(e.g., Stewart [9, p. 179]).

Applying the chain rule to (5.6), we get

R
( 0)

Q Q
(d, 0). d’(O) + (d, 0). ’(0)

(5.8)
Q

Z’(fl). (diag (d). [a]) + (fl, 0). [b],

using the easy identities (OQ/O)(, 0) z’(fl), if(0) diag (d). [a] and ’(0) [b].
Fix d in D and let e be such that

Q
qlloo =< -- (d, 0)1 Z’(d)t, where n e < a.

Suppose that 6loo =< 1. We need only show that

(d, 0)6 Z’(d)n, where IIt e =< fla + 7,

since this meansjust that > oo(d) a + 7 >_- o(d), whence o(d) __< ft.
Using (5.8), we have

OR OQ
( 0) Z’(){diag (d,). [a] .6} + (d 0){[b] .}

Q
Z’(d)x + (d, 0)y,

where lxld= diag(d).[a].611a [a].6 . ]and y l[b].][
N . By our choice of e and the linearity of OQ/O, we have

OQ
(a,0)y Z’(d)z, where zll

Setting x + z, we have

OR
(d,O)g=Z’(d), where a x
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The situation when q 0, i.e., when all vertices are cleared, is simpler. For
norms satisfying (5.5) and for 7 defined as in (5.7), one can prove the bound og(d) __< 7
by appropriate editing of the proof of Theorem 5.2.

6. Open questions and extensions. Here are some obvious problems concerning
the GAME. Give an algorithm which produces an optimal sequence of moves

(i.e., a sequence which clears as many vertices as possible) in time bounded by a

polynomial in the size of the graph. Otherwise, show that no such algorithm exists.
If none exists, then find and verify a polynomial-time strategy which always (or
at least often) reduces the number of marks to near minimum.

To a certain extent these problems, while interesting, are not the real issues
raised by the results of this paper. Reducing the number of marked vertices as far
as can be done using only the moves ofthe GAME in no way guarantees that further
reductions cannot be easily achieved by other means. In particular, it is sometimes
possible to perform simple analyses on chunks of the graph larger than E-families.

For example, consider Fig. 6. The results of Miller [5] can be interpreted as
showing that marks below sl, tl, a2, f2, $3 and 3 can be simultaneously moved
up tO S, 3 Then the moves ofthe GAME can be applied to clear all remaining
marks. (Actually, the moves implied by [5] can clear oll vertices in a single applica-
tion.)

Examples covered by neither this paper nor [5] are easy to come by. For
instance, it is not hard to see that the common operation of normalizing a vector

x, i.e., producing ( x2) /2. x, gives values with small relative errors. In other
words, the computed vector can be gotten by using error-free operations if a few
rounding errors are injected into the results. When applied to the 3 x 3 version
of the Gram-Schmidt method (Case Study III of Miller [6]) this rule immediately
shows that essentially no generality is lost if only 36 of the 60 rounding errors are
considered.

Let us close on a more positive note by mentioning an extension of the results
of this paper which is someti/nes useful. Suppose that we may neglect rounding
errors which are equivalent to a few rounding errors in the data and/or in the
computed values. In terms of the GAME, this essentially means that we can extend
(2) by ignoring marks on output vertices and that we can drop constraint (i) re-
quiring S to be free of output vertices. The results of 5 admit of a straightforward
extension to this case.

The extended game can be applied to the graph for the 4 x 4 instance of the
usual algorithm for triangular matrix inversion (making modifications to allow
the unary operations of minus and inversion). One fairly natural extension of the
"bottom-up heuristic" clears all but one node. This is optimal among all methods
of analysis since this program is known to suffer from a certain form of instability
(see the case study in Miller [7]).
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ON FAMILIES OF LANGUAGES DEFINED BY TIME-BOUNDED
RANDOM ACCESS MACHINES*

I. H. SUDBOROUGH AND A. ZALCBERG

Abstract. There are essentially two results described in this paper. First, it is shown that for any
random access machine (RAM) time-constructable function T(n) >= n, there are languages L such that
L can be recognized in time O(T(n)) by a RAM (using the unit cost measure), but L cannot be recognized
by any deterministic multitape Turing machine in time O(T(n)).

Secondly, a family of random access stored program machines (RASP’s) are considered. For
these RASP’s it is shown that there is an arbitrarily complex (infinitely often) partial recursive function
f(n) which has only 0-1 values (whenever defined) such that f(n) can be computed in time F(n) by
some RASP, but cannot be computed in time (1 e,)F(n), for any > 0, by any RASP in this family.

Key words, random aceess machine, Turing machine, time bounds

1. Introduction. The results described in this paper concern families of lan-
guages recognized by random access machines (RAM’s), random access stored pro-
gram machines (RASP’s), and deterministic multitape Turing machines operating
under certain time-bounded restrictions. Time-bounded RAM’s have been con-
sidered previously by Cook [1] and Cook and Reckhow I2]. Time-bounded
RASP’s were considered previously by Hartmanis in [3]. The multitape Turing
machines we consider are the standard model as defined, for example, by Hop-
croft and Ullman in [4].

In this section we review the definition of a random access machine as given
in [2]. Cook and Reckhow considered different classes of RAM’s by defining a
cost function l(n) which, roughly speaking, denoted the time required to store the
number n. We shall consider RAM’s in this paper in which the cost function l(n)
is identically one; in fact, we assume that each instruction takes one unit of execu-
tion time. Thus, throughout the paper, RAM means the unit cost RAM of [2].
Cook in [1] argues persuasively that the cost function l(n) should be log (n), not
l(n) 1, in order to more accurately measure the inherent complexity of a prob-
lem. However, a unit cost RAM is often considered in the literature; for example,
in 1 a linear time algorithm for two-way deterministic pushdown automata is
described with l(n) 1.

In 2 we show that any T(n)-time-bounded k-tape deterministic Turing
machine can be simulated by a (unit cost) RAM within time c(k)T(n), where
the constant (k) depends only upon k (the number of tapes). The best previous
result on the amount of time for a RAM to simulate a multitape Turing
machine required a constant which depended upon both the number of tapes and
the number of tape symbols. Using this result and a "diagonalization" argument,
we show that for "linearly honest" time bounds T(n) there are languages recog-
nized in time O(T(n)) by random access machines which cannot be recognized by
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supported in part by the National Science Foundation under Grants GU-3851 and GJ-43228.

f Department of Computer Sciences, Technological Institute, Northwestern University, Evanston,
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any multitape Turing machine in time O(T(n)). Thus a linear time simulation of a
RAM by a multitape Turing machine is not possible in these cases.

In 3 we show that there is a natural family of random access stored program
machines (RASP’s) such that arbitrarily complex (infinitely often) partial recursive
functions which have only 0 or 1 values (whenever defined) can be described which
can be computed in time (n) but not in time (1 e)(n) for any e >= 0. Hartmanis
in I3] considered other families of RASP’s for which there were arbitrarily com-
plex total recursive functions with optimal algorithms, but these functions were
not 0-1 valued. In fact, it was shown that these functions had optimal algorithms
by an argument based on the rate at which the size of the register values could be
increased. An open question, first raised in 3], is whether or not there are arbitrarily
complex 0-1 valued functions with optimal algorithms (in the sense indicated
above) on any RASP model. We are able to show the existence of a partial recursive
function with this property; our function is essentially a universal function and,
therefore, is not defined on all input values. The method is to show that if the
universal function could be speeded up by some constant factor, then all functions
could be speeded up by some smaller factor. However, this latter statement
contradicts a straightforward result obtained by "diagonalization."

We shall now review the definition of a RAM given in 2]. A random access
machine consists of a finite program operating on an infinite sequence of registers.
Each register can hold an arbitrary integer (positive, negative, or zero). The contents
of the registers are denoted by Xo, X1, X2,

The types of possible instructions are given in Table 1. The effect of most of the
instructions should be evident. For example, X ,- C means that register takes
on the value C. The instruction TRAm if X > 0 means that the RAM transfers
control to the mth instruction of the program if X > 0; otherwise, the RAM exe-
cutes the next instruction in its usual manner.

A RAM is defined to accept a set L over a finite alphabet E {a, a2, ap}.
An input string W aia a, is given to the RAM as a sequence of integers
i, i2, ..’, i,, 0, where 0 indicates the end of the string. The input is provided with
a pointer which initially points to the first input integer. Every time the instruction
READ X is executed, the number currently pointed to is stored in register X
and the pointer is advanced. A RAM M accepts the string w aai a, if it
eventually executes an ACCEPT instruction (in a computation with input
i, i2, ---, i,, 0); otherwise, M rejects w.

The indirectly addressed instruction X ,-- Xx means that register takes on
the value of the content of the Xjth register. That is, the content of Xj is used to
define the address ofthe register to be copied into register i. If the content ofa register
used in an indirect address is negative, then the RAM halts. The instruction X, X
has an analogous meaning. The indirectly addressed instructions are necessary in
order for a fixed program to access an unbounded number of registers.

A RAM program is started at the first instruction, with all registers initially
zero, and it halts when a transfer is made to a nonexistent instruction, when a
negative indirect address is encountered, or when an ACCEPT instruction is

A function g(n) is said to be O(f(n)) if there is some constant c such that g(n) < c f(n) for all
but some finite (possibly empty) set of nonnegative values for n.
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TABLE
RAM instructions

X C, C any integer
X Xj -q- X
X Xj X
X Xxj
Xx Xj
TRAmifXj> 0
READ X
ACCEPT

encountered. The computation time of a RAM (in this case, with l(n) 1) is the
number of instructions executed during a computation. A RAM M recognizes a
set L of strings within tfime T(n) if (i) for all but finitely many strings w, M halts on
w within T(lwl) steps, and (ii) M accepts w if and only if w is in L.

We shall need, also, to define the notion of a function which can be computed
in an amount of time bounded by a linear multiple of its functional values. A
function T(n) on the positive integers is RAM time-constructable if there is some
RAM program P such that, for all n, if P starts with n in one of its registers, P halts
in O(T(n)) steps with T(n) in some register. This notion of RAM time-construct-
able is essentially the same as that defined by Cook and Reckhow [2]. We shall
also define a similar notion of time-constructable functions computed by random
access stored program machines in 3.

2. Time-bounded random access machines. Cook in [13 showed that every set
recognized by a deterministic k-head two-way pushdown automaton can be
recognized by a random access machine in time O(nk). It is not known, however,
whether a multitape Turing machine can also recognize these k-head pda lan-
guages in time O(nk). The best known previous result relating time-bounded
random access machines and time-bounded Turing machines was given by Cook
and Reckhow in [2].

THEOREM 2.1 (Cook and Reckhow). Ifa set A is recognized by a RAM within
time O(T(n)), then A is recognized by some multitape Turing machine within time

(T(n))3. Conversely, if some multitape Turing machine recognizes a set A within
time T(n), then some RAM recognizes A within time O(T(n)).

It is not known whether or not these results are optimal. It is possible, for
example, that a multitape Turing machine could simulate a T(n)-time-bounded
RAM in time T(n) log (T(n)). We show here, however, that a linear time simulation
is not possible. That is, for a large class of functions (the RAM time-constructable
functions), there are sets recognized in time O(T(n)) by random access machines
which cannot be recognized in time O(T(n)) by any multitape Turing machine.

This result is obtained by describing a revised version of the Cook-Reckhow
simulation of a multitape Turing machine by a random access machine. The
straightforward method involves determining which symbols the simulated
Turing machine is scanning inside the fixed program of the RAM. Thus the pro-
gram size of the RAM and the number of steps used to simulate one step of the
Turing machine is dependent upon the number of symbols in the Turing machine’s
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tape alphabet. We avoid this problem by storing a representation of the Turing
machine transition table inside the memory of the random access machine. The
particular representation that we use enables the random access machine to
simulate one step of the Turing machine computation in a number of steps which
depends only upon the number of tapes the Turing machine possesses. Of course,
additional time must be spent at the beginning of the RAM computation in setting
up this representation of the Turing machine transition table, but the number of
steps to do this is independent of the length of the input. The initialization phase
consists of creating the representation of the transition table, giving initial values
to a few registers (to be described), and setting up in the remaining registers a
representation of the contents of each of the Turing machine tapes. The simulation
phase consists of altering the contents of the registers to denote the successive
configurations of the Turing machine. These comments are formalized in the proof
of the following theorem.

THEOREM 2.2. Let T(n) >= n. For k >= 1, there exists a constant c(k) such that
if L

_
Z,* is recognized by a deterministic k-tape Turing machine in time T(n),

then L is recognized by a RAM in time c(k)T(n).
Proof. Let L

_
E* and let Z be a k-tape Turing machine which recognizes L

in time T(n). Let Z have s states {1, 2,..., s} and tape symbols {1, 2, ..., t}.
Let m max {2, s, t}. Construct a random access machine Mz which performs the
following steps on any input w E*.

Phase 1. Mz constructs a representation of the transition table of Z in the
first (2k / 2)mk+x registers of its memory. Information concerning the transition
of Z when its current state is j and the scanned symbol on tape 1, 2,..., k is
il, i2, ik, respectively, will be in consecutive registers beginning with register
(jm + ilmk- + i2mk-2 q- q- ik)(2k + 2). The information will be in 2k + 2
consecutive registers. If Z in state j scanning symbols i, i2, ik moves to state
j, writes the symbols tl,t2,..., tk, and moves heads 1,2,. k to the right
’1,/].2, "’", /]’k squares, respectively, then the contents of the 2k + 2 registers in
this block would be as pictured in Table 2.

TABLE 2

Block of 2k + 2 registers rep-
resenting one transition of Turing

machine.f(j’) 1, ifj’ is afinal state;
otherwise, f(f) O.

Register

2
3

k+l
k+2
k+3

2k+l
2k+2

Contents

.j’ (2k + 2)m

i’ (2k + 2)m-i (2k + 2)ma-

i’a (2k + 2) m

2kk
.f(j’)
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After creating the representation of the transition table of the Turing machine
Z, Mz initializes the contents of the next block of k + 4 registers. The first register

mk-1 -2in this block, called POINT, will be assigned the value (jm + i + i2mk -t-
+ ik)(2k + 2) if the Turing machine Z begins in state j with the contents of the

scanned square on tape 1, 2, ..., k being i, i2,.", ik, respectively. In general,
the contents of POINT will be the address of one of the registers which describe
the next instruction of Z to be simulated. The next k registers, called POINT(I),
POINT(2), ,.., POINT(k), are initialized to contain the address of the register
containing the information aout the scanned square oftape 1, 2, , k, respectively.
The information concerning the contents of each tape will be located immediately
after the current k + 4 registers. For example, if d is the address of the last register
used so far, then the contents of cell 1, 2, 3, of tape will be in registers d + i,
d + k + i, d + 2k + i,.... Thus POINT(i) will be initialized to d + i. The last
three registers in this block, called TOTAL, TEMP and ONE, are initialized to
0, 0 and 1, respectively. The content of TOTAL is used to calculate the address of
the first of the block of registers describing the next Turing machine instruction to
be simulated. The content ofTEMP is used for temporary storage during the com-
putation. The content of ONE will always be one and is used to allow addition by
one.

The last stage of Phase 1 is to initialize the contents of the remaining registers
to contain a representation of the k tapes of the Turing machine Z. As stated before,
the contents of cells 1, 2, 3,... of tape will be represented in registers d + i,
d + k + i, d + 2k + i,... (where d the address of the last register used for
previous quantities). If tape contains the string of symbols ioi ...ip, then registers
d + i, d + k + i, d + 2k + i,..., d + pk + will contain the quantities io(2k
+ 2)mk-, ix(2k + 2)mk-, ip(2k + 2)mk-. Since initially only the first tape,
containing the input string, will have nonblank symbols, this stage of Phase 1 can
be completed by reading the input tape. All the other registers will contain zero,
which denotes the blank symbol; this is so, since tapes of a Turing machine not
used for the input are assumed to be blank.

Phase 2. In this phase, the RAM Mz simulates the computation of the Turing
machine Z on the input string w. The program to accomplish this simulation is
contained in the Appendix. An outline of the basic steps is provided below"

(a) Mz accesses the first register in the block describing the current transition
of Z; see Table 2 above. The contents of this register (a value describing the next
state of Z) is inserted into the register called TOTAL (used to accumulate the ad-
dress of the first register of the block describing the next transition).

(b) Mz accesses in sequence the next k registers in the current block; see
Table 2 above (these registers describe the symbols printed by Z on its k tapes
during this transition). Mz stores these values into the appropriate registers cur-
rently "pointed to" by POINT(I), POINT(2), ..., POINT(k). This enables the
registers of Mz to accurately portray the new tape contents of Z.

(c) Mz accesses in sequence the next k registers in the current block; see Table
2 above (these registers describe the head motions during the current transition).
Mz changes the contents of POINT(l), POINT(2), ..., POINT(k) as specified to
accurately represent the new positions of the k heads of Z.

(d) Mz adds to the register TOTAL the value currently in the registers pointed
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to by POINT(1),POINT(2), ..., POINT(k). This will assign to TOTAL the
address of the first register in the block describing the next transition of Z. (This
follows since the current symbols scanned on tapes 1, 2,..., k are represented by
the values in the registers pointed to by POINT(l), POINT(2), , POINT(k).)

(e) Mz checks the last register in the current block in order to determine
whether Z accepts or not. If Z accepts, then Mz accepts; otherwise, Mz simulates
the next transition of Z by repeating steps (a) through (e).

It should be clear from this description that Mz accepts w if and only if Z
accepts w. Thus Z and Mz accept the same language.

The RAM Mz requires some constant Co steps to set up the representation of
the Turing machine Z’s transition table and the k + 4 additional register values,
i.e., POINT, POINT(i), etc. It requires an amount oftime proportional to the length
of the input tape to set up the register representation of the k tapes, say cln steps,
where n is the length of the input. Finally, there is some constant c2 such that it takes
c2k steps to simulate each step of the k-tape Turing machine Z. Since Z operates
in time T(n), Mz operates in time T’(n)= Co + cln + czkT(n). Since T(n) > n,
there is a constant c(k) such that T’(n) <_ c(k)T(n), for all but finitely many n.

A close inspection of the proof of Theorem 3 in 2, p. 363] allows one to obtain
the following result for (unit cost) RAM’s (by "diagonalization").

THEOrtEM2.3. For every RAM time-constructable function T(n), where
T(n) >= n, there is a constant c > and a language L

_
{0, 1}* such that

(i) L is recognized by a RAM in time c T(n);and
(ii) L is not recognized by any RAM operating in time T(n).
The following result then follows from Theorems 2.2 and Theorem 2.3.
THEOrZM 2.4. For every RAM time-constructable function T(n) such that

lim inf,_. T(n)/n , there is a language L
_

{0, }* such that
(i) L can be recognized by a RAM in time O(T(n)) and

(ii) L cannot be recognized by any deterministic multitape Turing machine in
time O( T(n)).

Proof Let T(n) be time-constructable. By Theorem 2.3 there is a constant
c > and a language L

___
{0, }* such that L is recognized in time cT(n) by some

RAM, but L is not recognized in time T(n) by any RAM.
Suppose L were recognized in time coT(n), for some constant Co, by a k-tape

Turing machine Z0. By the classical speed-up theorem for multitape Turing ma-
chines, it follows that there is a k-tape Turing machine Z that recognizes L in
time2 Ta(n) [T(n)/c], where c is some constant greater than or equal to c(k),
(c(k) is the constant given by Theorem 2.2). Theorem 2.2 then states that L is recog-
nized in time T(n) by some RAM, contrary to our assumption.

The reader should note that the proof as stated of Theorem 2.4 is not sufficient
to show that there are languages recognized in linear time by RAM’s which cannot
be recognized in linear time by multitape Turing machines. Basically the problem
is that, for any constant c, if the time bound is T(n) cn, then c(k) will be larger
than c for some value of k and a Turing machine cannot recognize (nontrivial)
languages in time T(n)/c(k), for this value of k. However, one can achieve the linear
time result by noticing that, for all k, the constant c(k) in Theorem 2.2 may be

denotes the greatest integer less than or equal to x.
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made smaller than some fixed constant Co .3 This may be done by compressing the
size of the input tape when the simulating RAM stores the tape’s representation
initially into certain registers. In this way the new RAM may perform many steps
of the Turing machine in the same amount of time as the RAM in the proof of
Theorem 2.2 performed one step. (This is the same basic construction as in the
classic speed-up result for multitape Turing machines.) Thus there are languages
recognized in linear time by RAM’s which cannot be recognized by any determinis-
tic multitape Turing machine in linear time.

The authors are unable to extend these results to RAM’s with arbitrary cost
functions l(n), such as the perhaps more natural l(n)= log (n) discussed in [2].
We have also not been able to describe a more efficient simulation of a RAM by a
multitape Turing machine than that previously described in Theorem 2.1.

3. Random access stored program machines. Classes of functions computed
by time-bounded random access stored program machines were originally investi-
gated by Hartmanis in 3]. Hartmanis described some arbitrarily complex func-
tions which have optimal algorithms (with respect to execution time) on some
natural RASP models. These functions were such that their values grew rapidly
and could be shown to have optimal algorithms based on the rate at which register
values could be increased on the RASP models considered. Hartmanis then asked
the question are there arbitrarily complex 0-1 valued functions which have optimal
algorithms (in the same sense)’?

We shall describe in this section a family of RASP machines (called RASP3’s)
and a partial recursive function g(n) which can be computed by a RASP3 program
in an amount of time given by the partial recursive function G(n). However, for
any > 0, g(n) cannot be computed in time (1 e)G(n). This partial recursive
function is essentially a universal function. It cannot be speeded up by any constant
factor, since such a speed-up would imply (as we shall demonstrate) that all RASP3
programs could be speeded up by a similar factor. That not all RASP3 programs
can be speeded up by a fixed constant factor can easily be shown by "diagonaliza-
tion".

The function g(n) is constructed so that its value (whenever defined) is either
0 or 1. This partial recursive function, therefore, has an optimal RASP3 program
(in the sense indicated) for reasons unrelated to its rate of growth. The authors are
unable, however, to show that there are total recursive 0-1 valued functions which
are arbitrarily complex and have optimal algorithms on this (or any other general)
RASP model.

We shall give a brief review of the definition of RASP machines. The reader is
referred to [3] for further details. A random access stored program machine con-
sists of a memory M and finite set of instructions I. The memory M of a RASP will
consist of a finite set of special registers, such as the accumulator (AC) and the
instruction counter (IC), and an infinite sequence of auxiliary memory registers
R1, R2, R3,.... Each register is capable of holding an arbitrary nonnegative
integer. The content of the registers will be denoted by (AC}, (IC}, (Rn} or (n},
and (in general) (P} for a register P. We shall extend the number of special registers

The authors are indebted to one of the referees for this observation and a correction of an earlier
version of Theorem 2.4.
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from the two indicated above (the only ones defined in [3]) to include a base
register (BR) and a remainder register (RR).

The instructions of a RASP program will be encoded as nonnegative in-
tegers and stored in consecutive registers of memory beginning with register R1.
If there are less than m instruction types in a particular RASP model, then each
instruction will be assigned a machine code (cl, c2 C3), where cl is the integer oper-
and, c2 0, or 2, depending upon whether the operand is a constant, an address
of a register or an indirect address, and <= c3 < m describes which instruction
type is coded. Each machine code (c, c2, c3) will then be assigned the numeric
code cm2 + czm -+- c3

A program will consist of a finite sequence of instructions and initial data
values stored in memory. We assume that at the start of a computation (IC)
and that the content of all memory registers not specified by the program is zero.
The input to the RASP is the integer placed in AC at the start of the computation
and the result (if defined) is either 0 or 1, depending upon whether the RASP
executes a HALT-0 or HALT-1 instruction, respectively. The program is executed
by performing the instructions in the order indicated by the instruction counter
starting with (IC)= until either a HALT-0 or HALT-1 instruction is en-
countered.

Hartmanis in [3] considered many classes of RASP’s by specifying various
sets of instructions. We shall specify a set of instructions for a class of RASP’s
called RASP3. The base register (BR), which we have added to the set of special
registers, is used in RASP3 to offset the addresses given in each RASP3 instruction.
The content of the BR is added to each operand address to obtain the actual
location specified. In this respect it is similar to the index registers present in many
present-day computers. This base register was added in order to allow a program
to be shifted in memory without changing its running time. We are unable, however,
to show that the addition of this special register adds any additional computing
power in time-bounded computation. Since our RASP3 machines will have an
integer divide instruction, we have provided for another special register, called
the remainder register (RR), to contain the remainder after a division operation.
The RASP3 instructions are of the following types"

Name Code Meaninga"

(1) TRA, n (n, 1,1)
TRA, (n) (n, 2, 1)

Transfer control to register R(n + (BR)) and
R(n + (BR), respectively.

(2) TRZ, n (n, 1,2)
TRZ, (n) (n, 2, 2)

If (AC)= 0, then transfer control to register
R(n + (BR)) and R(n + (BR), respectively. If
(AC) -= 0, then continue to next instruction.

(3) STO, n (n, 1,3)
STO, (n) (n, 2, 3)

Store (AC) in R(n + (BR))and R(n + (BR),
respectively.

(4) CLA, n (n, 0, 4)
CLA, (n) (n, 1,4)
CLA, {n)) (n, 2, 4)

n, (n + (BR}, ((n + (BR}, respectively, is
stored in AC.

4ifx >__y, thenx-y x-y’otherwise, x "--y =0.
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(6)

(7)

(8)

ADD, n (n, 0, 5)
ADD, <n> (n, 1,5)
ADD, ((n) (n,2,5)

SUB,n (n,0, 6)
SUB, (n) (n, 1,6)
SUB, ((n) (n, 2, 6)

MLT, n (n, 0, 7)
MLT, (n) (n, 1,7)
MLT, ((n) (n,2,7)

DIV, n (n, 0, 8)
DIV, (n) (n, 1,8)
DIV, ((n) (n, 2, 8)

(9) STOR, n (n, 1,9)
STOR, (n) (n, 2, 9)

(10) INCB, n (n,0,10)

(11) HALT-0 (0,0, 11)
HALT-1 (1,0, 11)

(AC) is replaced by (AC)+ n, (AC)+ (n
+ (BR), and (AC) + ((n + (BR), respectively.

(AC) is replaced by (AC)- n, (AC)- (n
+ (BR), and (AC) ((n + (BR)), respectively.

(AC) is replaced by (AC) n, (AC) (n
+ (BR), (AC) (n + (BR)), respectively.

(AC) is replaced by L(AC) + n J, L(AC)
+(n+(Br))J, and L(AC) +(n+(Br))l,
respectively, and (RR) is replaced by
(AC) [(AC) + n] n,
(AC) /(AC) + (n + (BR)I (n + (BR),
(AC) [(AC) + ((n + (BR))] ((n + (BR,
respectively.

Store (RR) in R(n + (BR))and R(n + (BR),
respectively.

(BR) is replaced by (BR) + n.

Halt with output of 0 and 1, respectively

Hartmanis gave the name RASP1 to the class of RASP machines with the
instruction types (1)-(7) indicated in the previous list (without the use of a base
register and with output of any integer via the AC at the end of a computation).
Hartmanis proved the following theorem in 3].

THEOREM 3.1. There exist arbitrarily complex functions fi(n) which can be
computed in time Ti(n on RASP1 but cannot be computed in time (1 e)T/(n) on
any RASP 1, for any e > O.

As was indicated earlier, the functions fl, f2, f3, (indicated in Theorem 3.1)
are fast growing functions; whether or not there are arbitrarily complex 0-1 valued
functions with optimal algorithms on any RASP model is not known. We show,
however, that there is an (infinitely often) arbitrarily complex partial recursive
function which has only 0-1 values (when defined) with an optimal algorithm on
RASP3.

Let us fix some standard numeric encoding of RASP3 programs so that (i)
each RASP3 program is assigned some nonnegative integer, (ii) each nonnegative
integer corresponds to a unique RASP3 program and (iii) the RASP3 program
corresponding to an integer n can be determined and stored in consecutive registers
of RASP3 in no more than n steps, for all but finitely many n. Let q9o, ql, q92, be
an enumeration of the functions computed by the RASP3 programs encoded by
0, 1, 2, We shall say that is an index for 0 if the program whose index is
(denoted by Pi) computes 0i. Let @1,02,03, be an enumeration of the functions
describing the running times of P1, P2, P3,
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In order to describe the subsequent "diagonalization" arguments on RASP3
machines, we shall specify the following numeric encoding of RASP3 programs.

m2Each instruction (cl, c2, c3) will be assigned the integer code cl + czm -+- 3
(m 12, since RASP3 has only 11 instruction types). Let P be a RASP3 program
consisting of the successive integer codes (values) 11,12,13, ..., Ik, and let a2
be the "pairing" function defined by az(X, y) 2X(2y + 1) 1. The numeric code
for P will then be chosen to be az(k a2(l, 0"2(I2, a2(lk_ , lk)... ))).

Let rtl(n be the maximum power of two that divides n + and let t2(n
(((n + 1) + 2’’t")) 1) + 2. That is, n a2(rc(n), r2(n)), x rl(a2(x, y)), and

y 2(0"2(X, y)).
A RASP3 program can obtain the program P, corresponding to n by" (i) ob-

taining k rc (n), which corresponds to the number ofinstructions in P,, and (ii) ob-
taining rcl(r2(n)), rl(rc2(rc2(n))), rcl(rt- l(n)), and rc(n), which are the numeric
codes of the successive instructions. To obtain tel(n), a RASP3 program need only
count the number of times 2 divides n + 1. To obtain t2(n), the RASP3 need only
divide n + by 2’"), subtract one and divide by two. It is therefore clear that, with
the encoding, a RASP3 can obtain P, from n in a number of steps no greater than n,
for all but finitely many n.

After obtaining P, from n as described, it may be desired to simulate the
program P, on n, i.e., obtain qg,(n). There are at least two ways to do this" (i) store
P, in consecutive registers, starting with some register d, and then transfer control
to P, with n in AC and d in the base register; or (ii) store P, in consecutive
registers and simulate each instruction of P, by detecting the instruction in the
current register and performing whatever action is specified. The first method
requires the use of a base register, since the program P, is designed to operate (by
hypothesis) as if the first instruction were in register one, but P, has been shifted in
memory to begin with register d. However, by storing d initially in the base
register, the RASP3 program may execute P, starting at location d in the same
manner as if P, were located at register one with zero initially in the base register.
The second method of simulating P, on n will also be used. This method is desired
when a parallel computation is required (such as decrementing the "clock" value
in order to stop the simulation after a specified number of steps). Clearly a RASP3
can (by division) obtain cl, 2 and 3 from clm

2 -+- c2m if- C3 and simulate the
action of instruction type c3 on the argument cl (c2 indicates what type of argument
this is) in a fixed constant number of steps.

A function T(n) whose values are not necessarily 0 and can also be computed
by a RASP3 by defining, in this case, the result ofa RASP3 program to be the integer
contained in the accumulator when either type ofHALT instruction is encountered.
We shall need to consider this type of computation as well, as is illustrated in the
following definition.

DEFINITION. A function T(n) on the natural numbers is RASP3 time-construct-
able if there is a RASP3 program P which computes T(n) in time O(T(n)).

A RASP3 can compute T(n) n 2", for example, in T’(n) 2m steps by rn
iterations of (i) storing the content of AC, and (ii) multiplying the AC by the stored
value. Thus T(n) n2", for any m, is time-constructable. A RASP3 can compute
T(n) 2*’"), for any time complexity function i(n), in ci(n) steps, for some con-
stant c. Thus there are arbitrarily large time-constructable functions. By showing
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that the family of time-constructable functions is closed under various operations,
such as composition and multiplication, the reader may convince himself that the
family of time-constructable functions is rich indeed. We note that if T(n) is a
time-constructable function and > 0 is a rational number, then ctT(n) is also
time-constructable. If cz m/n, then a RASP3 program need only compute T(n),"
divide by n, and multiply by m.

THEOREM 3.2. For every RASP3 time-constructable function T(n) such that
T(n) > n, there is a 0-1 valued function (n) which can be computed by a RASP3
program in time O(T(n)) but cannot be computed by any RASP3 program in time T(n).

Proof The function is defined as follows"

(p,(n) if ,(n) =< T(n),
(n)=

0 otherwise.
It follows that is not computed by any RASP3 program in time T(n), since
if is an index for and i(n) <= Ti(n) for all n, then we have the contradiction
(pi(i) (i) (pi(i). We now show that is computed by a RASP3 program
in time c T(n), for some constant c > 1.

Let T(n) be computed by the RASP3 program P’ in time T’(n), where T’(n) is
O(T(n)). A RASP3 program P may compute as follows (on input n)"

1. P computes T(n) using the RASP3 program P’ and stores this result in a
memory register, called the "clock" register.

2. P obtains the RASP3 program P, corresponding to the input n and stores
this instruction by instruction in consecutive memory registers.

3. P simulates P, on n. After each instruction of P, is detected and executed,
P decreases the clock register by one. If the content of the clock register ever be-
comes zero, then P halts with the value 0. Otherwise, if P, halts with value (p,(n),
then P halts with the value (p,(n).

The RASP3 program P operates in an amount of time bounded by T’(n) + n
+ coT(n), for some constant Co. That is, T’(n) steps are required in step 1, at most
n steps are required for step 2, and each instruction ofP, can be detected (by division)
and executed in some small number of steps. Since T(n) >__ n, P computes in time
c T(n) >= T’(n) + n + coT(n) for some constant c and almost all n. [-I

COROLLARY 3.1. For every e > 0 there exist arbitrarily complex 0-1 valued
functions which can be computed by a RASP3 program in time T(n) but cannot be
computed in time (1 e)T(n) by any RASP3.

Proof The result will follow from the fact that there are arbitrarily large
RASP3 time-constructable functions. If F(n) is RASP3 time-constructable, then
F(n) is RASP3 time-constructable, for any rational number t > 0. Without loss
ofgenerality, let e > 0be a rational number. Consider the sequence F(n), (1 e)F(n),
(1 e)2F(n), By Theorem 3.2 there is a constant c > such that some 0-1
valued function (n) can be computed in time F(n) but cannot be computed in time
[F(n)/cJ. Since (1 e)i < c-1, for some >_ 1, there must be a j such that O is
computed in time (1 e)JF(n) but is not computed in time (1 e)j+ 1F(n). Let
T(n)=(1-e,)iF(n). [-1

The reader should note that if a RASP3 program P computes O(n) in time T(n) for all n > no,
then a RAS P3 program P’ which computes O(n) in time T(n) for all n can be constructed. P’ need only
store a table of values of O(n) and test if the input number n is greater than no or not.
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We note that the RASP3 program given in the proof of Theorem 3.2 is a
fixed program (it does not modify its instructions during the course of a compu-
tation). Corollary 3.1 states that for every e > 0 there is an arbitrarily complex
total recursive 0-1 valued function f such that f can be computed in time T(n)
but not (1 e)T(n). We can obtain a better result, if we agree to consider partial
recursive functions. For self-modifying RASP3 programs, the result can be shar-
pened to say’there is an arbitrarily complex partial recursive function f which has
only 0 or values (whenever defined) such that f can be computed in time T(n)
but cannot be computed in time (1 e)T(n), for any > 0.

Consider the function defined by g(n) qgl(n)(Ttz(n)). We will show that g(n)
can be computed by a RASP3 in time G(n) ctl(n) + (I)tl(n)(rCz(r/)), for some con-
stant c >= 1, and that no RASP3 can compute g(n) in time (1 e)G(n), for any e > 0.

LEMMA 3.1. The function g(n) can be computed in time G(n)= crc(n) +
Onl(n)(7z(n)) for some constant c >__ 1.

Proof A RASP3 program P to compute g(n) may be constructed as follows"
P stores in consecutive registers P(,), starting with some register d occurring after
the registers used by the resident program P, puts rt2(n) in the accumulator and d
in the base register, and transfers control to register d.

There exists a constant c _>_ such that the number of steps executed by P
before control is passed to P,(.) is at most crc(n). Thus the total amount of time is
G(n) CrCl(n + (I),l(,)(2(n)). [-]

Next we show that the function G(n) is infinitely often arbitrarily large.
LEMMA 3.2. For every recursive function r(n) there are infinitely many n such

that G(n) > r(n).
Proof Let r’(n) be a monotone nondecreasing recursive function such that

r’(n) >= r(n), for all n: Let j be an index such that j(n)> r’(2"), for all but finitely
many n. For large m, let nm 2J(2m + 1) 1; then (for some constant c => 1)

G(n,) Cl(/’/m) -+- (I)rl(n,)(’2(/m))

cj + Oj(m) > r’(2") => r(n,,)

Lemma 3.2 does not imply immediately that g(n) is arbitrarily complex.
However, after G(n) is shown to be the optimal time for computing g(n) (as will be
done in the following theorem), this fact will follow.

LEMMA 3.3. The function g(n) cannot be computed in time (1 e)G(n), for any
e<0.

Proof Suppose P were a RASP3 program which computes g(n) in time
(1 -e)G(n), for some 0 < e < 1. Let P be a RASP3 program such that oj(n)
cannot be computed in time (1 ez)j(n); i.e., Pj cannot be speeded up by a factor
of (1 e2). By Corollary 3.1 there are many such RASP3 programs. Construct
next a RASP3 program Pj to compute qgj(n) as follows. P on input n does the follow-
ing:

1. Pj forms 2J(2n + 1) in the accumulator and continues by executing step 2.
2. P) transfers control to a copy of the RASP3 program P which computes

g((AC)).
Note that P computes qgj(n), since g(2J(2n + 1)) qgj(n).
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About six steps are sufficient for step 1; thus P) operates in no more than
T(n) 6 + (1 e)G(2(2n + 1)) steps. Since G(n)= ct (n) + I),(,)(72(n)), we have’

T(n) 6 + (1 e)cj + I)j(n)]

< (1 ez)@j(n),
for all but finitely many n. This contradicts the fact that no RASP3 program can
compute pj(n) in time (1 -ez)cI)j(n). Therefore the assumption that a RASP3
program P exists which computes g(n) in time (1 e)G(n) is untenable.

We have shown by the preceding lemmas that g(n) is a complex partial
recursive functions with only 0-1 values and g(n) is computed by a RASP3 in
time G(n) but cannot be computed in time (1 e)G(n), for any e > 0. The following
theorem summarizes these results.

THEOREM 3.3. There are arbitrarily complex partial recursive functions g(n)
which (i) take only 0-1 values (when defined), and (ii) can be computed by a RASP3
in time G(n) but cannot be computed by any RASP3 in time (1 e)G(n),for any e > O.

Appendix. The following is the RAM program described in Theorem 2.2.
The initial contents of POINT, POINT(I), POINT(2), ..., POINT(k), etc., and
their significance are described in Theorem 2.2.

A: TOTAL - XpOlNT
POINT *-- POINT + ONE ]
TEMP ,-- XpOlNx
XpOINT(1) -- TEMPPOINT - POINT + ONE ]
TEMP ,-- XpoINx
XpOINT(2) - TEMP

"Change symbol on tape 1"

"Change symbol on tape 2"

POINT POINT + ONE
TEMP - XpOINT I "Change symbol on tape k"
XpoNX(k) TEMP
POINT ,-- POINT + ONE ]
TEMP XpONT I"Change position of head 1"
POINT(I) ,-- POINT(I) + TEMP
POINT .-- POINT + ONE
TEMP +-- XpONT I"Change position of head 2"
POINT(2) - POINT(2)+ TEMP

POINT POINT + ONE
TEMP - XpoNT I"Change position of head k"
POINT(k) POINT(k) + TEMP
TEMP - XpOINT(1)
TOTAL TOTAL + TEMP
TEMP - XpOINT(2)
TOTAL TOTAL + TEMP

TEMP - XpOINT(k)
TOTAL -TOTAL + TEMP

"Calculate address of next instruction"
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POINT
TEMP
TRA
POINT
TRA

B: ACCEPT

POINT + ONE
XpoiNT

if TEMP > 0
TOTAL
if ONE > 0

"Has a final state been reached’?"

The reader should note that in the above program, an instruction such as
TEMP - Xpor,rr is an indirectly addressed instruction, since POINT is a register.

Acknowledgment. The authors are indebted to the anonymous referees for
their many significant comments, which hopefully have created a more readable
paper.
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NONCANONICAL EXTENSIONS OF BOTI’OM-UP
PARSING TECHNIQUES*

THOMAS G. SZYMANSKI AND JOHN H. WILLIAMS$

Abstract. A bottom-up parsing technique which can make nonleftmost possible reductions in
sentential forms is said to be noncanonical. Nearly every existing parsing technique can be extended to
a noncanonical method which operates on larger classes of grammars and languages than the original
technique. Moreover, most of the resulting parsers run in time linearly proportional to the length of
their input strings.

Several such extensions are defined and analyzed from the points of view of both power and
decidability. The results are presented in terms of a general bottom-up parsing model which yields a
common decision procedure for testing membership in many of the existing and extended classes.

Key words, linear time parsing, noncanonical parsing, nondeterministic languages, bottom-up
parsing

1. Introduction. Since 1965 when Knuth suggested that the power of formal
parsing techniques might be increased by allowing them to reduce not only
handles but other phrases of sentential forms as well, there have been few
investigations exploring this possibility. In this paper we consider this technique
which we call noncanonical parsing. We present a descriptive framework in which
to consider bottom-up parsing techniques in general and noncanonical techniques
in particular, and we use this framework to describe some existing parsing
techniques and to suggest their noncanonical extensions.

Very simply stated, the class of grammars that can be parsed by bottom-up
reduction methods operating under a left to right scan has been progressively
approximated by the BRC notion of Floyd [4], then the LR(k) notion of Knuth [7]
and finally by the LR-regular notion of Cohen and Culik [2-] (we overlook the right
to left transduction of the latter method in making this oversimplified summary).
Essentially, each of these methods generalizes its predecessor in that it enlarges
the class of grammars (and sometimes the class of languages) to which it is
applicable. This generality has been obtained by discovering ways to increase the
amount of context used in making decisions without increasing the complexity of
the decisions so much that the parser can no longer parse in linear time. Note that
each of these methods has required the parser to produce a canonical parse.

Our approach has been to remove the restriction that a parser must always
reduce the handle of a sentential form and to study the properties of the resulting
noncanonical parsers. In 2 and 3 we present basic definitions and develop a
general model of bottom-up parsing techniques with which we can describe and
characterize some of the existing methods. Then, in 4, we consider the nonca-
nonical extensions of these methods and consider to what degree these extensions

* Received by the editors January 10, 1975, and in revised form June 30. This research was
supported in part by the National Science Foundation under Grants GJ 42-512 and GJ 3317 IX.

f Department of Electrical Engineering, Princeton University, Princeton, New Jersey 08540.
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possess the useful properties of (i) membership in the class being decidable, and
(ii) membership in the class implying the existence of a linear time parser for the
grammar. Finally, we demonstrate that the noncanonical versions of the various
methods considered are applicable to more grammars than their canonical
counterparts, and we compare the various classes of languages thus obtained.

In order to motivate the more formal treatment of 3, we will attempt to give
the flavor of noncanonical techniques by considering the non-LR-regular lan-
guage

L1 {a"b"c’d’+l[n, m, >- 1} (J {a nbZncmdmln, m >= 1}

and constructing a BCP grammar for it. A BCP grammar is essentially a grammar
which can be parsed by a noncanonical, bounded context parser [12]. We
emphasize that this is intended to be merely an intuitive discussion; the formal
definition appears in 4.

L1 is not Ll-regular since any grammar for L1 will require the handle of
some sufficiently long sentence to be at the a-b interface, and the context required
to distinguish between the two alternative parses, namely, whether there are more
d’s than c’s in the remaining portion of the string, cannot be determined by a
partition into regular sets. L is a BCP language, however, since the grammar G1
given in Fig. 1 is a BCP(1, 1) grammar for it.

Intuitively, G1 allows a noncanonical parser to postpone any decisions about
the a’s and b’s until the c’s and d’s have been reduced. It is then a simple matter to
tell whether there were originally more d’s than c’s. This information is then
transmitted back to the a-b interface via the B and B’ one-productions, in Fig. 1,
we associate with each production, Ai xi, of G1 a set of "parsing contexts," i.e.,
contexts in which it is always correct to reduce xi to A. For example, any
occurrence of the string Yd can always be reduced to a Y (production 7), but the
string b can be reduced to a B (production 12) only when it occurs next to a B or a
Y.

Actually, the parsing contexts listed in Fig. 1 are only a subset of those
produced by the general BCP analyzer. For example, the string Zd could be
reduced to a Y (production 8) not only when it follows a b but also whenever it

production parsing contexts

G1 1. S XY (, -t)
2. S X’ Y’ ( --t)
3. XaXB (A,A)
4. XaB (A,A)
5. X’ aX’B’B’ (A, A)
6. X’- aB’B’ (A, A)
7. Y Yd (A, A)
8. Y-Zd (b,A)
9. Y’Z (A, -q)

10. Z- cZd (A, A)
11. Z-cd (A,A)
12. B-b (A, B),(A, Y)
13. B’b (A, B’), (A, Y’)

FG. 1. A BCPgrammarfor L
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follows a B. The subset we have presented is sufficient to allow the correct parsing
of any sentence of G1. We illustrate this by considering the parse of the sentence

a2bZc2d3
in Fig. 2. At each step we have underlined the leftmost string which occurs in a
parsing context, and we indicate the appropriate reduction.

step string applicable reduction
1. - aabbccddd 11
2. - aabbcZdd--t 10
3. aabbZd- 8
4. r-- aabbY 12
5. -aab_BY 12
6. - aaBBY- 4
7. - aXBY- 3
8. - XY-q9. b- S-

FIG. 2. A sample parse ofa sentence in L(G1)

Notice that even though only one character of left and right context is ever
used, the important information can be passed back to the crucial a-b interface by
rippling back over the b’s via the one-production, B - b. This is the technique that
gives the noncanonical methods their additional power. It will be seen in the next
section that this increase in power has not been achieved at the expense of the two
important properties mentioned earlier, namely, decidability of membership in
the class and linear time parsing.

We want to reemphasize that the purpose of this example was to give an
intuitive feeling for the formal treatment to follow. To this end, the set of parsing
contexts exhibited in the preceeding example has been considerably simplified
from those contexts required by the formal definition of BCP parsing which will be
given in 4. In particular, it will be seen that BCP parsers can be applied to
arbitrary sentential forms as well as sentences. This simplification was made here
in order to expose the essential features of noncanonical parsing.

2. Basic definitions. In this section we exhibit our notation. First, we need the
usual grammatical concepts.

DEFINITION 2.1. A context-free grammar G is a quadruple (V, E, P, S)
where V and E are finite sets called, respectively, the vocabulary and terminals of
G (the set N V- Y_, is called the nonterminals of G), P is a finite subset of N V*
called the productions of G, and S 6 N is called the start symbol of G.

We adhere to the usual convention of using A, B, C, to denote elements
of N, X, Y, Z, to denote elements of V and a,/3, % to represent elements
of V*. Note that we distinguish between q, an element of V*, and , the empty
set.

DEFINITION 2.2. We define the binary relation :ff on V* by saying that
iff a aAa2, alla2 and A -/31 is in P for some A 6 N and
The set of sentential forms of G is the set SF(G) {a V*IS a}. The language
of G is the set of terminal sentential forms, that is, L(G) SF(G)VIZ*.
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In dealing with parsers, we need the concept of a phrase. We assume that the
reader is familiar with the concept of a derivation tree for a grammar. The next
definition is basic to this paper.

DEFINITION 2.3. Let T be a derivation tree for some sentential form flay of
the context-free grammar G. We say that the ordered pair (A -> a, i) is a phrase of
T if A --> a P and I/3al and there exists a derivation corresponding to T of the
form S flAy=)> flay.

Notice that phrases are defined only in terms of derivation trees. If G is an
unambiguous grammar, then and only then will it make sense to talk about the
phrases of a sentential form.

We next linearize the concept of a derivation tree in two ways. A description
language for a grammar will be a set of bracketed strings denoting a (unique)
derivation tree, and the phrase language for a grammar will describe the location
of all the phrases of a sentential form relative to a given derivation tree.

DEFINITION 2.4. Let G=(V, E, P, S) be a CFG. Let ={ ]ill =<i <-[PI} be a
set of new characters. We call the set of brackets for G. Let N {A ]A N} also
be a new set of characters. The description language for G is the language DL(G)
generated by the grammar G’= (NU VU 3, VU , P’, S), where P’= {A->
Y"" Y,,]i[A-> X.’.X,, is the ith production of P and Y. X or X for
l<-_j<-ni}. The ph_rase language PL(G) for G is defined by the context-free
grammar G"- (N(3 VU , VU, P", S), where P"= {A -> Y
X X,, is the ith production of P, Y X. or X for 1 _-< j _-< n and at least one

Yi Xi} L3 {A --> X X,]ilA --> X x, is the ith production of P}.
For example, consider the grammar whose productions are S-> SSIA and

A --> a. DL(G) is defined by the set of productions

--> S-]I IS]I Sg]l SS]l

-> A]21 ]2

A -> a].

PL(G) is defined by the productions
.---) S-- S S SS

S--> AIA]2
A - a]3.

Consider now the following derivation tree according to G"

S

S

This tree is represented by the strings

qo, Sa]3]e],a]3]], DL(G)
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and

q2 Sa]3a]3 PL(G).

Notice that the brackets in a string of DL(G) capture the complete structure
of some derivation tree, whereas the brackets of a string in PL(G) describe only
the locations of the phrases for that tree. Notice also that if G is ambiguous, there
may exist more than one string in DL(G) or PL(G) corresponding to a given
sentential form of G. The mapping between SF(G) and DL(G) or PL(G) is
provided by the string homomorphism defined below.

DEFINITION 2.5. Let G (V, Z, P, S) be a CFG and be the bracket set for
G. Let : be a special character not in VLJ . Define m: (VLI U{ 41:})*-
(VU { 41:})* by

Y-m(-y) ifa-Yy,
re(a) m(y) if cr- Y7,

A ifa-A;

define h (V 3 I{ })* =+(VU 3)* by

Y’h(7) ifa=Y%
h(a) h(y) if a Yy,

A if c =A.

Ye VUY3,
Y= 41:,

The maps rn and h are respectively referred to as the bracket erasing and marker
erasing homomorphisms. The reader may verify that the restrictions of rn to
DL(G) or PL(G) are one-to-one if and only if G is unambiguous. The reader may
further verify that m(DL(G) U{S}) m(PL(G) LI {S}) SF(G).

Throughout this paper we shall be dealing with various parameterized classes
of grammars and languages. All parameters are considered to be free variables
unless explicitly bound. Thus the term "class of LR(k) grammars" means "{Gl::lk
such that G is LR(k)}," and the statement "it is undecidable whether a grammar is
LR(k)" means "it is undecidable whether there exists a k such that a given
grammar is LR(k)."

3. A model of bottom-up parsing. In the sequel it will be necessary to discuss
the operation of parsers which make noncanonical reductions. For this purpose
we define a general model of bottom-up parsing which emphasizes the context
used by a parser when making reductions. No restriction will be placed on where
in a subject string the parser chooses to make a reduction.

DEFINITION 3.1. Let G V, , P, S) be a CFG. A reduction pattern for G is a
pair (R, A + a), where A + a 6 P and R V*a # V*. The reduction pattern is
said to apply to the string if q is of the form 12a34 and 2a : [3 R. The
string ’= 191f12Af13f14 is said to be a reduction of q implied by (R, A - a).

The set R thus specifies those contexts in which a given reduction may be
made.

Note that no restrictions have been made on the set R as far as finiteness or
even recursiveness are concerned. Of course, the interesting cases will involve
"nice" sets in the sense of being regular, bounded to the right of the #, etc.
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In order for a reduction pattern to be useful, we must place some additional
qualifications upon it. In particular, let us require that an implied reduction must
be correct in the sense that the substring "pruned" by the pattern from a sentential
form 0 is in fact a phrase of q relative to all derivation trees for q.

DEFINITION 3.2. Let (R, A a) be a reduction pattern for a CFG G-
(V, ,E, P, S) in which A- a is the ith production. We say that (R, A a) is a
parsing pattern for (3 if

(i) q PL(G),
(ii) m(q)= 12a34, and

(iii) flEa 4/33 6 R
imply q m-(fllflE)a]m-l(flafl).

Consider, for example, the grammar G whose productions are S - SSIA and
A - a. The reduction pattern ({a }, A - a) is a parsing pattern because any "a"
can only be derived from an "A." On the other hand, the pattern ({SS }, S - SS)
is not a parsing pattern because the pair of S’s in the sentential form SSA is not
always an immediate S derivative. This is captured by the definition in that both
1 SS]IA] and q2 SSA]2 are elements of PL(G), yet SS is not a phrase of SSA
relative to all derivation trees (e.g., q2 m-(A)SS]m-(A)).

At this point we are ready to give a language-theoretic characterization of
those reduction patterns which are also parsing patterns.

LEMMA 3.3. Let G be a CFG and 3 be the set of brackets for G. Let A a be
the i-th production ojG and (R, A - a) be a reduction patternfor G. Define the set

M h-I(PL(G)) [ m-( V*RV*) CI m-(V*) V (3 -]i)* Vm-l(V*).
Then (R, A - a) is a parsing pattern for G if and only ifM= .

Proof. Loosely speaking, M is the set of "mistakes" committed by the
reduction pattern, and a parsing pattern will be a reduction pattern whose set of
mistakes is empty. We proceed more formally.

Only if. Suppose M : . We must show that (R, A a) is not a parsing
pattern. Let q’ 6 M. q’ can be uniquely written as qX yX2qe, where q, (t)2
m-(V*), X,, X2 V, y (3-]i)*. Let q= h(q’). Then q PL(G). By definition
of M, :I/3, fie, 3, /34 t V* such that m(0Xl) =/3/3ea, m(X2q92) 34, and
/32a /33 e R. (Note that since 0 PL(G), m(0) it1fl201t3i4 SF(G).) Notice
that X is the last character of/3/32a and that X2 is the first character of 34. If

qgXl’yX2q92 m-(l2)a]im-(34), then 3’ would have to contain ]i. But
by hypothesis, 3’ (N -])*. Hence m-l(2)a]im-Sl(34) and we conclude
that (R, A a) is not a parsing pattern.

If. Suppose (R, A 3’) is not a parsing pattern. We must show that M .
Since (R, A a) is not a parsing patter, Elq e PL(G) such that re(O)= llllt2afl34
with flea 3 - R but q m-l(fllfl2)a]im-l(fl3fl4). By picking X1 last character
of flfl2a and X2 first character of f13f14, we can uniquely write.q qlX yX2q2,
with qg, q26(VLI)*, X,Xe V, V*, m(qX)=fllfl2a, and m(X2q2)
flail4. Moreover, since q m-(fllfle)a]im-(fl3fl4), we must have y6 (-]i)*.
(Note that in PL(G), any occurrence of ] must be immediately preceded by a with
no intervening brackets.) Now consider the string q’=qglX1 yX2q2. Since
h(q’) q and 6 PL(G), we have ’ h-I(pL(G)). Since m(’) flfl2a #e flail4
and fl2afl3R by hypothesis, we have d/’6m-(V*RV*). Finally, since
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,,ol, q26m-I(V*),X,X26V and /(-]i)*, we have q/m-(V*)V#e
(-]i)* Vm-I(V*). Thus ’M and M# , as was to be shown. [2

Since the set M defined in Lemma 3.3 is a context-free set whenever the set R
is regular, we have a corollary.

COROLLARY 3.4. B is decidable whether a regular reduction pattern is a
parsing pattern.

Notice that all commoqly used parsing methods use reduction patterns
which are in fact regular sets. This observation is easily verified for any of the
precedence or bounded context algorithms. The LR(k) method of Knuth [7]
essentially uses patterns which are regular sets but which have only k or fewer
characters following the . The LR-regular technique of Cohen and Culik [2]
uses a pattern set which is of unbounded length to either side of the but which is
always regular. All of the above methods, however, are strictly canonical in
operation. Our model thus not only includes them but also allows for their
extension to noncanonical operation.

A single parsing pattern allows us to make reductions for but one production
of the grammar at hand. In order to parse arbitrary sentences, we need a pattern
for each production along with some guarantee that the parsing process will not
"block." In other words, the set of parsing patterns must cover the set of sentential
forms which are generated by the parsing process itself while processing strings of
L(G). Since this set of sentential forms is not necessarily a "cleanly" structured
set,2 we will substitute a simpler requirement, namely, the ability to cover the
entire set of sentential forms. We thus are led to the following.

DEFINITION 3.5. A parsing scheme for a grammar G is a finite collection of
reduction patterns such that

(i) each reduction pattern is a parsing pattern, and
(ii) for every sentential form of G other than S, there exists some pattern in

the collection which applies to it.
This concept left unrestricted is sufficient to allow us to parse any unambiguous
context-free grammar. Moreover, we have Theorem 3.6.

THEOREM 3.6. Let G (V, Z, P, S) be a CFG in which SS. Then there
exists a parsing scheme for G if and only if G is unambiguous.

Proofi Only if. Suppose we have a parsing scheme 5 for G but that G is
ambiguous. Therefore there exists some sentential form ( with two distinct
derivation trees T and T2. We may further assume that T and T2 have no
common phrases (if they do, we can "prune" the common phrases until the
desired condition occurs). The sentential form q cannot be S (because we have
hypotheized that S S), and therefore some reduction pattern in 5v applies to 0.
The "phrase" located by this pattern cannot be a phrase of both T1 and T2, and
thus the reduction pattern fails to be a parsing pattern. Thus O could not have
been a parsing scheme after all.

If. If G is unambiguous, we can meaningfully talk about the phrases of a
sentential form instead of just the phrases of a derivation tree. So now we take as a
reduction pattern for the ith production, A a, the set R {/3a 4 T]S), flAy}.
This (context-free) pattern is a parsing pattern for G because whenever q flat 6

Indeed, with regular reduction patterns, this set need not be context-free.
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SF(G) and/3a # Ri, then there is but one derivation tree for q and (i, ]/3a 1) must
be a phrase of that tree. Furthermore, the collection of parsing patterns {Rill _-< _-<

IP[} clearly covers every sentential form except for S. [3
An immediate and somewhat unfortunate corollary to the above theorem is

given next.
COROLLARY 3.7. It is undecidable whether there exists a parsing schemefor an

arbitrary context-free grammar.
Thus it appears as if our original conception of a parsing scheme is too

powerful to work with. The obvious restriction (with an eye toward meaningful
implementation) is to require that each reduction pattern be a regular set. This
restriction yields a class of parsing schemes which can be tested for correctness as
described in the following theorem.

THEOREM 3.8 [Decidability theorem for correctness of bottom-up parsers].
Let G be a CFG and be a finite collection of regular reduction patterns for G. Then
it is decidable whether is a parsing scheme for G.

Proof. We first check that each member of the finite collection ow is a parsing
pattern. Corollary 3.4 tells us that this is decidable. We must next check that some
pattern applies to each sentential form. Let t be the regular set UR., V*RV*.
Then every sentential form is reducible if SF(G) -{S}

_ . Since the set on the left
of the c__ is a context-free set and t is regular, this question is also decidable. [-1

In the next few paragraphs let us consider the implementation of a parser
based on regular reduction patterns. If we require that only canonical reductions
be made, then we essentially have a model of the LR-regular parsing process [2]
and can implement the parser on a one-stack DPDA which is allowed to perform
an initial right to left finite state transduction of its input. If noncanonical
reductions are allowed, then one stack is no longer sufficient, and we are forced to
turn to a two stack implementation. We thus have Theorem. 3.9.

THEOREM 3.9. Let G be a CFG and 5 be a parsing scheme for G, all of whose
patterns are regular. Then L(G) can be parsed by a deterministic two-stack
pushdown transducer. Furthermore, there exists a constant c depending only on G
such that this transducer makes at mostcn 2 moves while parsing a string oflength n.

Proof. The two stacks are used to hold those portions of the current sentential
form which are, respectively, to the left or right of the current "point of interest."
Each reduction can be made by a left to right sweep followed by a right to left
sweep over the sentential form recording states of the regular patterns as we go.
Let us sketch the details of this process.

Let Mi (Qi, i, V, qi,0, Fi) be a finite slate automaton which accepts the
parsing pattern for the ith production. Assume that Qi Qj whenever j.
Let Q Y’,i Qi. Suppose that 0 X1 X,, is the sentential form we wish to parse
and that 0 is initially stored completely in one stack with XI on top.

During the first left to right pass, we "pour" into the other stack, converting
it to 0’= SX1SzX2 S,,X,,, where each Sj is a set of states from Q. Specifically,

qi, k. Si iff qi, k 6i(qi,o, X X ).

Similarly, during the second pass, we "pour" ,’ back into the original stack,
producing q," S1XTSX2T S,X.,T.,, where

qi, T iff 6,(q,,k, Xi+l Xm) Fi.



NONCANONICAL PARSING TECHNIQUES 239

At this point there will be at least one i, j and k such that qi, k E Sj (’] Tj; in other
words, the ith production may be reduced at position j of q. We perform this
reduction by making an additional "pour," discarding all S and T sets as we go.
We have thus produced a new sentential form YI"’" Y,,, stored completely in
one stack, and may repeat the entire process until we have reduced the original
form to the start symbol.

The details of recording the sequence of reductions on the output tape of the
transducer are left to the reader. Not only must we output the index for each
reduction, but also an indication as to where the reduction is to be made.

To establish the time bound, observe that if a grammar is unambiguous, then
there exists a constant cl such that any derivation of a string of L(G) of length n
takes at most cn steps. Furthermore, no intermediate sentential form of this
derivation is of length longer than cn. Hence the parsing process described above
takes at most time (Clrt) 2. [-]

If we limit ourselves to reduction patterns, the second component of which
are bounded on one or the other side of , we can establish a linear time bound
for parsing. Such patterns can be implemented in the simple automaton of
Definition 3.10 below.

DEFINITION 3.10. Let G (V, E, P, S) be a CFG. A reducing automaton for
G is a quadruple (Q, k, 6, qo), where Q is a (not necessarily finite) set of states, k,
the lookahead factor, is an integer >_- 1, 6, the move function, is a map 6 Q x Vk

QU{i[l<-i<-_lP]},qoEQ is the start state. The extension of 6 to Qx vkv* is
defined inductively as follows"

J6(g(p, cq3),/32) if [/32[-- k and (p, cq3) Q,
[undefined otherwise.

A reducing automaton functions in a manner similar to that of a finite state
automaton except (i) each move consults the next k characters of input, and (ii) the
machine stops as soon as the move function yields the index of a production
instead of a new state.

A natural collection of reduction patterns can be associated with any reduc-
ing automaton. If this collection constitutes a parsing scheme, then we call the
automaton a parsing automaton. More formally, we note the following definition.

DEFINITION 3.11. Let A (O, k, 6, qo) be a reducing automaton for G
(V,Z,P,S). Let Ri={/371/3V*,yeVk and g(qo, /33’)= i}. Let oW=
{Rill _-< NIP[}. A is said to be a parsing automaton (PA) for G if 5e is a parsing
scheme for G.

Restricting a parser to a fixed amount of lookahead beyond the right end of a
phrase yields a linear time parser.

THEOREM 3.12. Let sd be a parsing automaton for G. Then there exists a
deterministic pushdown transducer which parses sentences ofG in time O(n), where
n is the length of the input string.

Proof. Suppose that q l2YlY2 is a string with [f12[ ]Yll-- k. Suppose
further that 6(qo, l2ayl) and the ith production is A - a.This means that
g(qo,/3/32) is well-defined and is a member of Q. If we now reduce q to
0’= fllflzAT’g2 and reapply s to find another phrase, the found phrase must be
to the right of/3. Thus in implementing s as a parser, after each reduction we
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need only "back up" k characters in the sentential form before continuing a left to
right scan.

The total time spent during parsing can thus be divided into three parts:
t the time spent backing up, t2 the time spent moving forward over regions of
the string already scanned and t3 the time spent advancing over previously
unscanned characters. The time t3 is clearly equal to n. The time t is bounded
above by cln(k + l), where cn bounds the total number of reductions made (see
proof of Theorem 3.9) and is the length of the longest right side of a production.
Similarly t2 is at most cln(k + 1). In any case, since cl and depend only on G, we
conclude that tl + t2 + t3 O(n). 1-]

Thus the parsing automaton is just the model which we need to develop the
desired linear time, noncanonical extensions of existing parsing algorithms.

4. Noncanonicai extensions. In this section we will show how several existing
parsing methods can be extended to operate noncanonically while remaining
within the framework of the theory developed in 3. We will then analyze the
generative power of these extensions with respect to both classes of parsable
grammars and classes of recognizable languages.

Let us start with Floyd’s bounded context grammars [4]. A grammar is m, n
bounded context (BC(m, n)) if every phrase of every sentential form is uniquely
distinguished by the rn characters to its left and the n characters to its right.
Extending this idea, a grammar is said to be m, n bounded context parsable
(BCP(m, n)) if at least one phrase of every sentential form is uniquely disting-
uished by the m characters to its left and n characters to its right [12]. This
extension is actually noncanonical because a BC parser was intended to operate in
a strictly left to right fashion.

An equivalent definition may be phrased in the terminology of 3. Thus a
grammar is BCP(m, n) iff there exists a parsing scheme for it such that every
reduction pattern takes the form of an m character string, followed by the right
side of the production in question, followed by a = and then an n-character string.

The results of 3 immediately yield the following.
THEOREM 4.1. It is decidable whether a grammar is BCP(m, n) for fixed m

and n.

Proof. One simply generates all possible sets of reduction patterns which fit
the BCP condition and tests their correctness using Theorem 3.8. Such a proce-
dure is guaranteed to halt by the fact that there are but a finite number of such
patterns. [3

A simple example of a BCP(1, 1) grammar is G. It has also been shown that
the BCP grammars are sufficiently powerful to generate a proper superset of the
deterministic languages 12].

We mention in passing that the work of Colmerauer [3] was intended to be a
noncanonical extension of simple precedence parsing. It has been shown [1],
however, that the resulting class of grammars is too powerful in the sense of
including some ambiguous grammars. This will never be the case with our parsers
as was shown in Theorem 3.6.

Let us consider next the noncanonical extension of LR(k) parsing. Knuth [7]
suggested a partially noncanonical extension by defining an LR(k, t) grammar as
an unambiguous CFG in which every sentential form has the property that one of
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its leftmost phrases is uniquely distinguished by its left context and first k
characters of right context. An example of an LR(1, 2) grammar is provided by

Aa

Ba

"-> bc bc.

The reader should note that G2 is not an LR(k) grammar or even an LR-regular
grammar.

Parsers for LR(k, t) grammars can be constructed using a technique similar to
that used for building LR(k) parsers (see 1 for details of this latter construction).
The only major difference is that the lookahead string associated with an
individual LR(k) item is allowed tb contain nonterminals as well as terminals.
Whenever an inadequate item set (i.e., one in which the correct parsing action is
undefined due to the presence of conflicting items) is reached, the parser post-
pones any implied reduction(s) and shifts to a new set of items. This new item set
includes in its closure any items produced by expanding the leading nonterminal in
the lookahead string of any postponed items. Complete details ofthis construction
appear in [10]. The construction also serves as a test for LR(k, t)-ness.

Since the process of postponing an individual item can be repeated at most
times, no lookahead string need have a length which exceeds kt. Hence the above
construction is finite and we have the next theorem.

THEOREM 4.2. It is decidable whether an arbitrary CFG is LR(k, t) for fixed
values ofk and t. Furthermore, an LR(k, t) grammarcan be parsed in linear time.

Proof. The construction sketched above gives rise to a set of regular reduction
patterns whose adequacy can be tested by Theorem 3.8. The linear time result
then follows immediately from Theorem 3.12. However, since an LR(k, t) parser
has to back up at most times in succession and since each back up is of distance k,
we can claim a stronger result, namely, that LR(k, t) grammars can be parsed by a
DPDA.

Note that parsing with a DPDA implies that all LR(k, t) languages are in fact
deterministic languages; that is, every LR(k, t) grammar is equivalent to some
LR(k) grammar. This suggests that we should consider instead the fully nonca-
nonical generalization of the LR(k) grammars.

Accordingly, we define an LR(k, co) grammar as an unambiguous CFG in
which every sentential form has some phrase which can be uniquely distinguished
by its left context and first k characters of right context. G1 is an example of an
LR(1, oo) grammar which is not LR(k, t) for any k and t.

The generalization actually introduces more parsing power than intended.
More specifically, if one considers the parsing patterns induced by an LR(k, oo)
parser, one finds that these sets can in fact be nonregular context-free sets. This in
turn implies the need for a PA with infinitely many states in order to do parsing.
Even more serious is the fact that the following theorem holds.
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THEOREM 4.3. Let k be any nonnegative integer. The class of LR(k,
grammars is not recursively enumerable.

Proof. Consider the set C={(G’, G")[G’ and G" are LR(k) and L(G’)f-)
L(G") }. It is easy to show that C is not recursively enumarable. For instance,
consider the "standard" linear grammars describing potential solutions to Post’s
correspondence problem.

We next show that given any two LR(k) grammars G and G2, we can
effectively construct a new grammar G(G1, G2) such that G is LR(k, ) iff
(G1, G2) E C. Accordingly, let G (V1, Y_,, P, S1) and G2 V2, _a, P2, $2). With-
out loss of generality, assume that G and G2 have disjoint sets of nonterminals.
For each o-i E Z, we replace all occurrences of o-i in P by a new nonterminal trl and
all occurrences of o-i in P2 by a new nonterminal o-’[. At the same time, we add
o’i - o- to P and o-’[ h to P, and call the resulting sets of productions P’l and P.
Now we let G be the grammar

G- (V, U V2 U Y-.’ U E" U {S}, Y_.,, P, U P2 U{S--> S, IS2}, S).

It is well known that with this standard construction, G is unambiguous iff
L(G1) n L(G2) Q. We claim that G is LR(k, ) iff G is unambiguous. The only
if direction is obvious. For the if direction, note that if G is unambiguous, then
L(G1) and L(G2) are disjoint. Therefore in every sentence of L(t), the last
character, o-, will always be able to be reduced to atr’ or a tri considering the left
context (the entire rest of the sentence) and the right context (the -). Once a
sentential form contains a nonterminal, that nonterminal will serve as sufficient
context for its neighbor until the entire string has been reduced to a word in either
,E’ or E". At this point, the parsing schemes of the original LR(k) grammars can
complete the reduction to -S1---] or -S2--q. Hence (G1, G2) C iff G(G1, G2) is
LR(k, c). Since C is not recursively enumerable, the class of LR(k, ) grammars
cannot be recursively enumerable either.

COROLLARY 4.4. It is undecidable whether a CFG is LR(k, ) even for
fixed k.

Suppose, then, that we try to capture the favorable aspects of the LR(k, c)
method, i.e., the ability to reduce arbitrary phrases of sentential forms, while still
preserving the applicability of the theory developed in the previous section. This
suggests that we must weaken the discriminatory power of the left contexts by
restricting them to be regular sets. If a grammar is parsable (perhaps noncanoni-
cally) by using regular reduction patterns that are k-bounded on the right, then we
say that it is FSPA(k) (the abbreviation follows from the fact that such a grammar
has a finite state parsing automaton using k characters of lookahead). The results
of 3 guarantee the next theorem.

THEOREM 4.5. An FSPA(k) grammar is unambiguous and is parsable in
linear time on a 2PDA.

Proof. The theorem follows directly from Theorems 3.6 and 3.12.
Let us next investigate whether this restriction to regular parsing patterns

yields a decidable class of grammars. The BCP(m, n) grammars formed a recur-
sive class (for fixed rn and n) because of the fact that only a bounded number of
potential reduction patterns needed to be checked via Theorem 3.8. On the other
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hand, since there are arbitrarily many regular reduction patterns that are candid-
tates for being FSPA(k) parsing patterns, such an argument will no longer work.
In fact, the question of whether an arbitrary CFG is FSPA(k) for any fixed value of
k will be shown to be undecidable by the next two theorems.

The argument turns on the following general problem for deterministic
languages first posed in [2]:

Is it decidable of two arbitrary deterministic languages, L1 and L2, whether
they are regularly separable, i.e., whether there exists a regular set R such that
L1
_
R and L2 R .9

Regular separability implies the existence of an f.s.a, which accepts all strings
from L1, rejects all strings from L2, and can do what it pleases with strings in
Z*- (L U Lz). Obviously, a necessary condition for regular separability is that L
and Lz be disjoint.

The regular separability problem can be shown to be undecidable by modify-
ing Ogden’s proof [8] that it is undecidable whether an arbitrary CFG is LR-
regular.

THEOREM 4.6./t is undecidable whether two arbitrary deterministic CFL’s are
regularly separable.

Proof. Let M be an arbitrary Turing machine with tape alphabet Z and state
set O. Let idi Z* (O Z) Z* represent the ith instantaneous description of M
when started on blank tape. Using well established techniques [5], [9], we may
define the following disjoint DCFL’s.

L {w # we # # w_, 41: a’[k >= 1, W C= Z:g (O X Z) E:g for =< _-< 2k,

W2i-1 M W2Ni for 1 k};

Le {w : w2 := : W2k #a Zklk => 1, w ido,

wiE*" (QZ). E* for 2=<i=<2k,
R

W ei W2i+ for 1 =< --< k 1}.

To establish the theorem, we will show that L and L2 are regularly separable if
and only if M never halts. We will thus have reduced the halting problem to the
regular separability problem. The essential idea to be used here is that if M
diverges, L1 and L2 will have arbitrarily long common prefixes which will
"confuse" any f.s.a, which attempts to separate them.

Case 1. Suppose M diverges. Assume A is an (n-1)-state f.s.a, which
separates L from L2. Consider the string

R Rz ido # id # id *= ld2 @ #l id.!_ 41= ldn! #.
2nThen w=za"L, and wz=za L2. Suppose that 6a(%,z)=p and

)6a(p, a r. Then by the usual repeated state arguments, there exists an s such
+is)that 1 N sNn and a(p, a =r for any value of i. In particular, choose

n+s to see that 6a(p, a2") r. Thus a(qo, w)= a(qo, w) and hence A
cannot possibly separate L and L.
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Case 2. Suppose M halts in n steps. Thus ido - idl b- id. x id+l and
the length of each id_-<n+l. Suppose Z=Wl # wz #... # w2 # ai
L1 [..J L2. Then z can be classified by means of the following algorithm:

if k =< n then
if j k then z s L else z s L
else
for i= 1to n+l do

if w_ id_ then z L
if w2i # idff then z L2

end

The above algorithm can be performed by an f.s.a., and hence L and L2 are
regularly separable.

In Theorem 4.3 we constructed a grammar which was LR(k, oe) iff its two
"halves" were disjoint (i.e., separable by a context-free set). Exactly this same
construction can be used to combine two LR(1) grammars G1 and G2 into a new
grammar G which is FSPA(1) itI L(G) and L(G2) are regularly separable. We
thus conclude the following.

THEOREM 4.7. It is undecidable (even for fixed k) whether or not an arbitrary
grammar is FSPA(k).

The classes of LR(k), FSPA(k) and LR(k, eo) constitute a natural hierarchy.
Each class is more powerful than its predecessor (with respect to both grammars
and languages). The price paid for this power is the loss of manageable decision
procedures. Thus, for any value of k, the classes of LR(k), FSPA(k) and LR(k,
grammars are, respectively, recursive, recursively enumerable (r.’e.) and non-r.e.

If we consider context-free grammars without A-rules, we can show that the
classes are related as depicted in the set inclusion lattice of Fig. 3. For the most
part, these inclusions are reasonably straightforward consequences of the defini-
tions. It is also not difficult to show that each inclusion is proper. One simply
constructs a grammar that requires the additional parsing power of the higher
class. The necessary examples are included in the Appendix.

Let us next turn our attention to a comparison of the generative power of
these classes of grammars. We say that a context-free language L is of type x if
there exists some grammar of type x which generates L. It frequently turns out
that unequal classes of grammars generate equal classes of languages. For
example, we have the following.

THEOREM 4.8. The following classes of languages are equivalent: (a) deter-
ministic CFL’s, (b) LR(k) languages, (c) BRC languages, (d) LR(k, t) languages.

Proof. The equivalence of (a), (b) and (c) is due to Knuth. The reason for the
equivalence of (a) and (d) was alluded to in the proof of Theorem 4.2. Details may
be found in [10]. [51

Closely related to the deterministic languages are the LR-regular languages
which are essentially those languages which can be mapped into LR(0) languages
by means of a right to left gsm transduction. Cohen and Culik have shown that the
LR-regular languages properly include the deterministic languages [2]. The
LR-regular languages in turn are properly contained within the BCP languages, a
fact which is proven below.
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UCFG

LR(k,)

FSPA(k)

BCP(m,n)

LR-regular

LR(k,t)

LR(k)

BRC(m,n)

FIG. 3. Inclusion diagramfor A-free grammars

THEOREM 4.9. The class of BCP languages properly contains the class of
LR-regular languages.

Proof. (a) We will first demonstrate containment. Let L be any LR-regular
language and g be its associated right to left gsm. Suppose that the alphabet of L is
E and the set of states of g is Q. Suppose further that the start state qo of g is not in
the range of the move function 65. Define a new language L’ with alphabet
QxZx Q by

L’={po, a, p)(p, a2, P2)""" (Pk-, ak, p.)lk >-- 1, a,a2 ak eL, Pk =qo,

65 (Pi, ai)= p_ for 1 --_< =< k }.

L’ then is an LR(0) language. Williams has shown that every deterministic
language is a BCP language [12]. So, let G’= (N’, Q x Z x Q, P’, S’) be a BCP
grammar generating L’.

We next define a new grammar

G"=(N’UQZx Q,Z,P’UP", S’)

by adding some productions to G’. More specifically, we let

P"= {(p, a, q) alGa(q, a)= p}.

Clearly L(G")= L. We also claim that G" is a BCP grammar. The necessary
reduction patterns are

(i) for H P’ the appropriate pattern for parsing G’;
(ii) for (p,a,q)-aP", then {a(q,b,s)bZ,sQ} if qCqo,{a-} if
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Thus G" is a BCP grammar for L.
(b) To see that the containment is proper, consider L(G1) from 1. L(GI)

has been shown not to be LR-regular [2], yet clearly is BCP(1, 1) as demonstrated
inl.

Thus the ability to parse noncanonically significantly broadens the class of
recognizable languages beyond the deterministic languages. It is obvious from the
definitions that the BCP languages are contained within the FSPA languages.
However, we have not been able to prove or disprove that this containment is
proper.

We now turn to analyzing the power of the LR(k, oo) languages. Our results
are presented in a sequence of lemmas.

LEMMA 4.10. Every FSPA(k) language is an LR(k, oo) language.
Proofi Recall that the FSPA(k) grammars were defined by a restriction

applied to the LR(k, ee) grammars. Hence every FSPA(k) grammar is an
LR(k, co) grammar, and the lemma follows immediately.

LEMMA 4.11. The sets {ancb"ln >- 1} and {a"cb2"ln >-_ 1} are not separable by
any regular set.

Proof. The proof is left to the reader.
LEMMA 4.12. If a one-tape off-line Turing machine M performs all of its

computations within time Kn, where K is a constant and n is the length of its input
tape, then the set accepted by M is regular.

Proof. This result was first shown by Hennie [6].
LEMMA 4.13. There exist LR(1, oo) languages which are not FSPA(k) for any

value of k.
Proof. Consider L {ancb"ln >- 1}U{a"cbZ"ln >- 1}. L can easily be shown to

have an LR(1, oo) grammar. We will show that no grammar for L can be FSPA(k).
Suppose that some grammar G for L were FSPA(k) for some k. Let us

analyze the properties of this grammar. Assume without loss of generality that G
is reduced.

1. If A is a nonterminal of G which can generate infinitely many strings, then
it must be the case that any terminal string produced by A contains a c. If this were
not the case, some sentential form of G would contain a string such as way, where
w and y are strings of terminals and y (say) contains a c. By letting A derive a
string of length 2 x lYl, we produce a string which certainly is not in L.

2. If a is a sentential form of G, then there can be at most one nonterminal in
a which generates an infinite set because otherwise we could produce a string with
multiple c’s.

3. Suppose that A is a nonterminal and that A a"Abn for some values of
rn and n. We claim that either n rn or n 2 m. Using 1 above and the fact that G
is reduced, there exist q, r, s, such that Sy, aqAb and Aarcbs. Therefore,
since Aak’Abkn for all k, we conclude that aqak’arcbSbkbtL(G)Vk.
Examine the ratio of number of b’s to number of a’s in such a form. This ratio is
[(s + t) + kn]/[(q + r) + km] and must for any value of k be either 1 or 2. The only
way that this can happen is for n m or for n 2m.

4(a). Let A, a’Ab2m for some m. Then A never can occur in a sentential
form a which derives a string in {a"cbln >- 1}.



NONCANONICAL PARSING TECHNIQUES 247

Suppose otherwise. Thus a lA2 and a a"cb" for some n. Then there
exist q, r, s, such that :, aq, A ), arcb and/32 b t. Furthermore, q + r s + t.

._.qkmaL2kmLtSince flAfl2 is a sentential form, so are aqAb, u u v v, and
a "a kmtIrCb Sb 2grab t. Examining the ratio of b’s to a’s in this latter sentence, we have

s+t+2km
f= q+r+km

In particular, letting k q + r and recalling that s + q + r, we have

f_
(q + r) + 2(q + r)m_ 1 + 2______ram.
(q+r)+(q+r)m m

but then 2>f> 1 and the string could not have been in L(G).
4(b). Similarly, if A a"Ab for some m, then no sentential form contain-

ing an A can ever derive a string of the form a"cb2".
5. We can now pavtition the vocabularly of G into four subsets:

V1 {a VIL(GA) is finite},

V2 {A VIL(GA) is infinite but A is not recursive},

V. {A VIA is.recursive and A), a’Ab" for some m},

V4 {A VIA is recursive and A /, a’Ab2" for some m}.

6. There exists q such that any sentential form whose length is greater than q
can only be derived using recursive nonterminals. Pictorially then, a tree for a
long string looks like Fig. 4, where only elements of V2 LI V3 occur along the
"core" or else elements of V2 U V4 occur along the "core." All characters on the
side branches are elements of V.

S

FG. 4.
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7. Suppose G is FSPA(k) with machine M (a 2PDA) as its parser. We will
generate a two-stack acceptor M’ which will simulate M on any input whose
length is greater than q. However, the first time that M produces an element of V3
or V4, M’ will halt. Furthermore, M’ will indicate acceptance of its input if and
only if the nonterminal which caused the termination is in V3. On the other hand,
if the input string has length_-< q, then M’ accepts it if and only if it is of the form
{a"cb"ll<-_n<-_q/2}. Thus M’ separates {a"cb"ln>=l} from {a"cbZ"ln>=l}.
Furthermore, M’ does this in linear time on a 2PDA.

8. M’ can be simulated by a Turing machine M" which also runs in linear
time. When M" makes a reduction such as A - BCD on its tape, it will actually
change the instance of BCD to Abb. Thus M" does not attempt to "shrink" its tape
as the two-stack device M’ does. Since the side trees occurring on a derivation tree
belonging to G are bounded in size (i.e., width) by some value p, we can never
produce more than 2p blanks in a row before producing one of the nonterminals in
V_ or V4. Thus, M" runs slower than M’ by at most a constant factor, namely, 2p.

9. T(M") is a regular set by Lemma 4.12. However, since T(M") T(M’), we
conclude that T(M") is a regular set which separates {a"cb"ln >- l} from
{a"cb2"[n >- 1}.

This, of course, contradicts Lemma 4.11, so we conclude that G could not
have existed in the first place. Hence no grammar for G is FSPA(k). [--1

The last four lemmas can be combined to give us the desired result as
follows.

THEOREM 4.14. The class of LR(k, oo) languages properly includes the
FSPA(k) languages.

Proof. Inclusion follows from Lemma 4.10. The fact that this inclusion is
proper is a consequence of Lemma 4.13.

The relationships between the classes of languages induced by the parsing
methods we have studied is depicted in Figure 5. Solid lines indicate proper
containment, whereas dashed lines indicate a containment which has not yet been
shown to be proper. It is interesting to note that the fairly "messy" lattice of
inclusions of grammar classes shown in Fig. 3 collapses into a linear order when
viewed in language space. UCFL

LR(k, oo)

FSPA (k)

BCP(m,n)

LR-regular

LR(k,t) - LR(k) BRC(m,n)
FIG. 5. Inclusion diagram ]:or some classes o] A-]’ree languages
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4. Conclusions and open problems. We have attempted to construct a
general framework for bottom-up parsers and, within that framework, to examine
the noncanonical extensions of some existing methods. It has been shown that the
only noncanonical extension to enjoy both linear time parsability and decidability
is the BCP technique. We intend to consider further restrictions to the FSPA
method to see if we can achieve decidability with some class significantly more
general than the BCP grammars. Even so, we conjecture that in language space,
the two classes will prove to be identical, probably for the same reason that BRC
languages are the same as LR(k) languages.

Additional extensions are possible within the current framework. Define a
grammar G as being regularpattern parsable (RPP) if there exists a parsing scheme
for G, each of whose reduction patterns is a regular set (possibly unbounded on
both sides of the :). The class of RPP grammars is essentially the noncanonieal
extension of the LR-regular grammars. This class is nonrecursive because it
contains the FSPA(k) grammars yet certainly is recursively enumerable (Theorem
3.8). Several interesting questions can now be asked. Does every unambiguous
context-free language have an RPP grammar? Can RPP grammars be parsed in
linear time and if so, what sort of computer is needed to achieve this bound?

We finally point out that the requirement that a parser be able to locate a
phrase in any sentential form is overly restrictive. What is really desired is that
every sentential form which arises during parsing be reducible. Is it possible to
refine the theoretical framework of 3 to incorporate this idea? As an example,
one can easily construct a grammar G for {wwn[w {a, b}*} and a parser for G
which utilizes the order in which reductions are made to produce a parser while
still only using a finite number of states.

Appendix. Grammars used in constructing the lattice of Fig. 3.
LEMMA A.1. G1 of the paper is BCP but not LR(k, t) or LR-regular.
LEMMA A.2. Ge of the paper is LR(k, t) but not LR-regular.
LEMMA A.3. G3 below is LR(1, oo) but not FSPA(k).

G3 S A [B
A aAA ]aA
B aB;[a

B - bb

LEMMA A.4. G4 below is LR-regular and FSPA(1) but notBCPor LR(k, t).

G4 S- aAa[bAblaBblbBa
A -AAIc
B- BBIc
A - c

B - c
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LEMMA A.5. G5 below is unambiguous butneither LR(k, o) nor LR-regular.

Gs S-> aSa bSb aa bb
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TERMINATION PROPERTIES OF GENERALIZED PETRI NETS*

Y. EDMUND LIEN"

Abstract. A generalization of Petri nets and vector addition systems, called GPN and MGPN, is
introduced in this paper. Termination properties of this generalized formalism are investigated. Four
subclasses of GPN’s are considered. We distinguish forward-conflict-free, backward-conflict-free,
forward-concurrent-free and backward-concurrent-free GPN’s. We also study the concept of strongly
connected, strongly repetitive and conservative GPN’s. The main results obtained are (i) every
strongly connected, strongly repetitive and forward- (or backward-) conflict-free GPN must be
conservative, and (ii) every strongly connected, conservative and forward- (or backward-) concurrent-
free GPN must be strongly repetitive. Since the class of forward-conflict-free GPN’s contains properly
the structures of computation graphs of Karp and Miller and marked graphs, some results appearing in
these studies can be obtained as corollaries. Specialized versions of our results for the case of Petri nets
are also included.

Key words. Petri net, vector addition system, vector replacement system, computation graph,
marked graph, termination property

1. Introduction. Among models for parallel computation, Petri nets have
been considered a simple but elegant formalism for concurrent and asynchronous
events. Theoretical aspects of Petri nets have been presented mainly in the work
of Petri [11], Holt [3], Holt and Commoner [4], Commoner, Holt, Even and
Pnueli [1] and Genrich [2]. Some applications can be found in Shapiro and Saint
[13], Patil [10] and Noe [12].

Another important model is the vector addition systems introduced by Karp
and Miller [5]. Although developed independently, this model is closely related to
Petri nets. The similarity of these two models has been observed by Keller [7].
Karp and Miller have also studied another similar structure called computation
graph, which was introduced as a model for a restricted type of parallel computa-
tion. Keller generalized the concept of vector addition systems and introduced
vector replacement systems [7]. Independently, Lien [8] presented the same
generalized notion in a different formalism. This formalism was called transition
systems in [9]. Transition systems can also be considered generalized Petri nets.

The central topic of this paper is on the termination properties of several
subclasses of the generalized Petri nets. The results are an extension of the work in
[1] and [6].

2. Generalized Petri nets (GPN). In order to study the structural aspects of
Petri nets, we need to distinguish Petri nets and marked Petri nets. A Petri net is
here defined to be a bipartite directed graph (PU T, A), where nodes in P are
called places and nodes in T transitions. Arcs in A connect places to transitions or
transitions to places. It is assumed that P, T and A are all finite sets. A marked
Petri net is a triple (PU T, A, x0) where (PU T, A) is a Petri net and Xo is a
nonnegative integer-valued function, which assigns for every place a number of
tokens.

* Received by the editors August 21, 1973, and in revised form February 21, 1975.
"t Department of Computer Science, University of Kansas, Lawrence, Kansas 66045. This

research was supported in part by Kansas General Research Grant 3298-5038.
This definition is different from the ordinary way of defining Petri net. What is called a marked

Petri net here is usually called a Petri net.
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The notion of Petri nets can be generalized by introducing labeled arcs.
However, we choose to present our generalized Petri nets in a different manner.
Let P {A, A2, An} be a finite set of symbols. Let + be a commutative and
associative binary operation. We shall define a set P* recursively as follows:

(i) A (called empty state) is in P*,
(ii) Vi, Ai is in P*,
(iii) if x and y are in P*, so is x + y.

Since + is assumed to be commutative and associative, a distinct element x in P*
can be identified by the number of times each Ai (1 -< n) appears in x. In other
words, elements in P* can be represented in the general form xA +x2A2 +. -t-
xnAn, where the xi’s (l=<i=<n) are nonnegative integers. We abbreviate this
general form by i= xiAi If x i=l xiAi and y i= yiAi, then x + y is the
element i= (Xi hI- yi)Ai. We say that x _-< y if xi =< Yi for 1 _-< _-< n. When x _-< y, y x
denotes the element ni= (Yi- xi)Ai. A is the element i= ziAi, where zi(1 < <

n) is zero.
DEFINITION 1. A generalized Petri net (GPN) is a pair (P, T), where
(i) P is a finite set of symbols. Each symbol is called a place;

(ii) T is a finite subset of P* P*. Each element in T is called a transition.
An element (x, y) in T will be written as x - y. Also, each transition will be

given a name tj, l=<j_-<m. In the sequel, we will assume that P is the set
{A1, A2,’’’, An}, T is the set {t, t2,"" ", tin} and each transition tj is of the
following form:

ti" aiiAi- bqAi,
i=1 i=1

where i= aiiAi and i= bijAi are sometimes referred to as LHS(ti) and RHS(ti),
respectively. Although a transition can have A as its LHS and RHS, the removal of
this type of transitions will not affect most of the properties we studied. In case we
consider the size of the set T, it is assumed that no transition of the kind is
included.

DEFINITION 2. A marked GPN (MGPN) is a triple (P, T, Xo), where
(i) (P, T) is a GPN, and
(ii) Xo is an element in P*, called the initial state of the MGPN.
Since a MGPN has a GPN as its underlying structure, most of the definitions

related to GPN’s can be extended naturally to MGPN’s.
Starting from the initial state, an MGPN can enter into other states. To

specify the rules of state transitions, we define the relation and on P*.
Each element in P* is called a state. If x is a state and t- is a transition such that
LHS(t) <_- x, we say that t. is enabled or fireable in state x, or write t E(x). The
action of firing t. in state x results in a new state y x LHS(t.) + RHS(ti). Here x
and y are said to be x =), y or x t- :::5 y.

A state y is said to be reachable from a state x, or x :=5 y, if there exist a
sequence of states t, or2," , etk and a sequence of transitions "r, "r_, , l’k_
such that tii "ri =),tli+l for 1 _-< -< k 1, eel x and 11t[k y. We also say that
x "r’r2 ,r_ :::5 y, and the sequence of transitions is called a firing sequence in
x, or simply a firing sequence.
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An MGPN can fire an enabled transition to reach a new state. In a given state,
many transitions may be fireable. We leave it unspecified as to which transition is
actually fired. It is to be noted, however, that a transition firing may lead to a
situation that some other transitions can never be fireable. This is one of the
reasons for studying the termination properties of MGPN and GPN. Similar work
has been done in a special class of MGPN [6], which we shall discuss later.

3. Graph representation and characteristic matrix. We can generalize the
graph notation of Petri nets to GPN’s. The generalization is a natural one. Each
GPN corresponds to a labeled directed graph. Places are represented by circles
and transitions by line segments. Each arc is associated with a positive integer. A
place is an input place of a transition if there is an arc from the place to the
transition. An output place is defined similarly.

Each place is capable of holding some number of tokens. The initial state of a
MGPN can thus be represented by a token distribution.

Example 1. Let P {A, B, C}, T= {tl, t2, t3, t4}, with

t: A - B,

t2: A ->C,

t3: 2B--> B +A,

/4: 2C--> C+A.

Let the initial state Xo be 2A. The graph representation is given in Fig. 1. A
token is shown as a dot.

C

FIG. 1. An MGPN

The firing of a transition tj is exhibited by first removing from each input place
Ai of the transition some number of tokens specified by the integer associated
with the arc from Ai to tj, and then adding to each output place Ak tokens
according to the number associated with the arc from ti to Ak. We obtain another
token distribution after firing a transition.

Here we shall adopt some basic definitions in graph theory. A sequence of
nodes n l, n2,""", /3,k is said to be a path between n and n if there is an arc
between ni and ni+ for 1 =< =< k 1. The path is called a directed path from n to
n if the orientation of the arcs is from ni to ni+ for 1 =<i<= k- 1. The directed
path becomes a directed circuit if n and n coincide. A directed graph is said to be
connected if there is a path between any pair of nodes. A directed graph is strongly
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connected if there is a directed path from any node .to any node. These definitions
also apply to bipartite directed graphs.

DEFINITION 3. A GPN is said to be connected (or strongly connected) if its
graph representation is connected (or strongly connected).

We now turn to another important concept. Let P be the set of places
{A1, A2, An} and Tbe transitions {t, t2," tin}. Any element x i--1 xiA
in P* can be represented by an n-dimensional vector whose ith component is x.
We shall denote this vector by Y. The jth component of Y is indicated by (Y)j. Let
transition tj be Y= aAi-= biA. The characteristic matrix F of a GPN is
defined to be an n x m matrix such that (F)i- bi- aij.

We shall see in the later part of this paper that a GPN H is closely related to
another GPN H’ whose characteristic matrix is the transpose of that of H. The
transpose H’ of a GPN H is constructed from the graph representation of H as
follows. First convert all the places in H into transitions and transitions into
places. Next, revorse the direction of every arc. It is easy to see that the
characteristic matrix of H’ is indeed the transpose of that of H.

4. Some preliminary results. In order to analyze the termination properties
of generalized Petri nets, we need some definitions. Associated with each transi-
tion ti is a function F.. For every firing sequence o-, F(r) gives the number of times
that ti appears in r. When ti appears infinitely many times in r, F.(o’) is defined to
be o. For convenience, we say that o is larger than any integer. For any sequence
r of transitions, F(o’) is defined to be a vector whose jth component is the value
F(r). The next result follows from our definition.

LEMMA 1. (a) /f x r: y, then x + F. F(r) y.
(b) If is a nonnegative m-vector, then there exists a state x and a firing

sequence r in x such that F(r) F.
DEFINITION 4. A transition ti is terminating in a state x.if there is an integer k

such that for every firing sequence r in x, F(a’) =< k. Otherwise, tj is nonterminat-
ing in x.

A similar definition first appeared in [6]. The definition also appeared in
Keller [7]. In fact, ti is nonterminating in x is the same as warm({ti}, x) of Keller.

A state x is said to be terminating if all transitions are terminating in x.
Otherwise, we say that x is nonterminating.

The order of the quantifiers (::lk), (Vr), (3 ti), etc., in the previous definitions
seems to be important.2 In general, we have the following observations.

THEOREM 1. The following three statements are equivalent:
(A) A state x is nonterminating, i.e.,

::lti, Vk, ::la- in x such that Fi(r) :> k.

(B) There exists an infinite firing sequence in x, i.e.,

::itj, ::ttr in x such that Vk, F(tr) > k.

(C) There are infinitely many firing sequences in x, i.e.,

Vk, ::lti, Zltr such that F.(tr) :> k.

It was kindly pointed out by the referees that the quantifiers (:lk) and (’q’r) in Definition 4 are not
reversible. Theorem 2 is inspired by their suggestions.
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Proof. The equivalence of (A) and (B) was shown in [9]. It was also shown
independently in [7]. That (A) implies (C) is obvious. If every transition is
terminating, say tj, for 1 _<-j <_-m, appears no more than kj times in every firing
sequence, then no firing sequence can be longer than k + k2+"" + kin. The
number of firing sequences in x is thus finite. This concludes the proof that (C)
implies (A). Q.E.D.

A state x is said to be strongly nonterminating if there is an infinite firing
sequence rin x such that for any transition ti, any integer k, F(r) > k. (Again, this
definition also appeared in [7]. That a state x is strongly nonterminating is the
same as hot(T, x), where T is the set of all transitions.)

It is interesting to know that the order of the quantifiers in the previous
definition makes a difference. Consider the following statements:

(D) A state x is strongly nonterminating, i.e.,

::lr in x such that Vt and Vk, F.(r) > k.

(E) In a state x every transition can be fired infinitely many times, i.e.,

Vt, :ltr in x such that ’k, F.(tr) > k.

(F) In a state x,

’k, ::lr in x such that Vt, F.(tr) > k.

(G) Every transition is nonterminating in x, i.e.,

Vtj, /k, ::ltr in x such that F.(tr) > k.

The following theorem shows the interrelationship of these statements.
THEOREM 2. (i) (D) implies (E), but the converse is not true.
(ii) (E) implies (G), but the converse is not true.
(iii) (D) implies (F), but the converse is not true. (This is due to J. Bruno.)
(iv) (F) implies (G), but the converse is not true.
(v) B is not true that E implies F or the converse.
Proof. (i) It is obvious that (D) implies (E). The MGPN given in Example 1 is a

counterexample to the converse. Let x be the initial state Xo. Note that (tl)(/ t3) k,
for an arbitrarily large k, is a firing sequence in x. Here we use rk to denote the
concatenation of k identical copies of r. Also (t2)(tet4) k, for an arbitrarily large k,
is a firing sequence. However t3 and t4 can never appear in the same firing
sequence in x. Hence x is not strongly nonterminating.

(ii) Again, (E) implies (G) is trivial. For the converse, we have the following
counterexample. Let P be {A, B, C} and T be the following:

tl: 2A 2A + B,

t2: A C,

/3: B+2CA+C.
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Let x be 2A. For any k, (t1)k+1(t2)2(t3t2)k+l is a firing sequence in x which fires tl, t2
and t3 for more than k times. Hence no transition is terminating. On the other
hand, once t2 is fired, the number of times that t2 or t3 can be fired is bounded by
the number of times that tl has been fired. Therefore, there is no firing sequence in
x in which t2 or t3 appears infinitely many times.

(iii) That (D) implies (F) is trivial. The example in the proof of (ii) is a
counterexample to the converse. The proof of (iii) is first due to J. Bruno, as
reported in [7]. A different example was given there.

(v) For Example 1, (E) is true and (F) is not. For the MGPN in the proof of
(ii), (F) is true and (E) is not.

(iv) Again, (F) implies (G) is trivial. Since (E) implies (G), "(G) implies (F)"
contradicts (v). Hence it is not true that G implies F. Q.E.D.

It is conjectured that (E) and (F) is a necessary and sufficient condition that a
state x is strongly nonterminating. We leave this for the future investigation.

According to Theorem 1, a nonterminating state x has an infinite firing
sequence , 2, 3, ", where i denotes a transition. Correspondingly, there
exists an infinite sequence of states So, s, s2, , such that x So, and si_l

s for _-> 1. For our next result, we need the following lemma from [5].
LEMMA 2. Let o, 1, 2, be an infinite sequence of n-dimensional vectors of

nonnegative integers. There must exist an infinite subsequence i,, 2, 3, such
that <= +,. The relation <- is a componentwise comparison.

Hence, if x is nonterminating, there must exist two states si and sj such that

s-<-s.. A necessary and sufficient condition for a state to be nonterminating can
thus be given as follows.

THEOREM 3. A state x is nonterminating if and only if there exist two states y
and z such that y <= z, x =)> y and y :z> z for some nonempty .

COROLLARY 1. A transition ti can be fired infinitely many times in a state x if
and only if there exist states y and z such that y <-_ z, x y and y =), z with
F(() <- 1.

COROLLARY 2. A state x is strongly nonterminating if and only if there exist
states y and z such that y <= z, x :z> y and y :z)> z, where is a firing sequence
with F(r)>= 1 for every transition ti.

Whether a transition is terminating in a state x depends not only on x but also
on the structure of the GPN. In order to study the structure of a GPN and its effect
on termination properties of transitions, we introduce the following definitions.
The termination properties so established are therefore independent of the choice
of initial states.

DEHNITION 5. A transition t. in a GPN is terminating if for every state x, t. is
terminating in x. tj is nonterminating if there is a state x such that t, is nonterminat-
ing in x.

DEFINITION 6. A GPN {P, T) is said to be nonterminating (or strongly
nonterminating) if there is a state x in P* such that x is nonterminating (or strongly
nonterminating) with respect to (P, 7).

Therefore a strongly nonterminating GPN has the potential to fire every
transition arbitrarily many times, provided an initial state is properly chosen. The
following result relates the termination properties of a GPN to the properties of
each individual transition.
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Consider the following statements.
(D’) A GPN is strongly nonterminating, i.e.,

(E’a)

(E’b)

(F’)

(G’a)

5Ix, :qtr in x such that Vt, Vk, F(tr) > k.

::Ix, Vti, :qtr in x such that Vk, Fi(tr) > k.

Vt, :ix, tr in x such that Vk, Fi(tr) > k.

:Ix, Vk, Eltr in x such that Vti, F/(r) > k.

::Ix, Vt, Vk, Eltr in x such that F(r) > k.

(G’b) Every transition is nonterminating, i.e.,

Vti, :Ix such that Vk, ::lr in x with F.(r) > k.

It is not difficult to see that quantifiers (::Ix) and (’q’ti) are reversible when
appeared in tandem. We shall use (E’) to represent both (E’a) and (E’b) and (G’)
for (G’a) and (G’b).

THEOREM 4. The statements (D’), (E’), (F’) and (G’) are equivalent.
Proof. It is clear that (D’) implies (E’) and (F’), (E’) or (F’) implies G’. it

remains to show that (G’) implies (D’). Suppose that in a state x every transition ti
appears exactly k (k >_- 1) times in a finite firing sequence rik. Let x rik :ff Yik. By
Lemma 2, we find from y., Y2, an infinite sequence Yjkl, Yik, such that

Yik, =< Yik,+l for all -> 1. Note that ki < ki+l for all >- 1. For each firing sequence
trik we construct an m-dimensional vector &ik, such that F(trik,) appears in the/th

component. By Lemma 2 again, we can find two vectors 6% and &, such that p < q
and tip -< (rio. Note that rjp # i, since they must differ in jth component. Take rr
to be 6% -(rip. We must have F-rri--)Tiq- )Tip =>0, where F is the characteristic
matrix of the GPN. For each transition ti we can find such a nonnegative vector rr
such that F-;ri->0 and the jth component of ;r is nonzero. Consider the
componentwise summation rr= Y_.rr over all transitions. By Lemma l(b), there
must exist a state x’, a firing sequence ,r in x’ such that for every j, F/(,r) (/) ->_ 1.
Since F-’r-> 0, by Theorem 3, (’r) k for any k is a firing sequence in x’. Q.E.D.

COROLLARY 1. A transition is nonterminating in a GPN ifand only if there is
a state x in which ti can be fired infinitely many times.

COROLLARY 2. A GPN is strongly nonterminating if and only if F y >-0 has
a positive solution, that is, (y)j _-> 1 for each j.

When compared to Theorem 2, the previous result reveals that the choice of
an initial state can be very critical, for it may result in different termination
properties. Basically, we have identified those GPN’s which have the potential to
have strongly nonterminating initial states.

5. Strongly connected GPN. When MGPN’s are used to model systems of
concurrent events, two major features are of concern. The first feature is the
termination property and the other is the finiteness property. Karp and Miller
presented a model for parallel computation in [6], which is basically a restricted
form of MGPN except for some minor deviations. In their model, a transition
describes a computation step and a place is viewed as a queue which holds data
items (corresponding to tokens) to be processed by a computation step. They have
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investigated the problems of determining whether a certain computation step will
become active and whether a certain queue has an adequate storage capacity.

We observe that a GPN with a strongly nonterminating state will mean that
no computation step will be indefinitely blocked as a result of other computation
steps if computation steps are carefully scheduled. In an MPGN with the initial
state Xo, let the set of states reachable from x be called the reachability set of the
MPGN. We also observe that when the reachability set is finite, no queue will have
the danger of "explosion", i.e., requiring an infinite storage space to hold data
items. Therefore, it is reasonable to assume that many computation structures
described in this type of framework can be modeled by MGPN’s with a strongly
nonterminating initial state and a finite reachability set. In this section, we
consider these two features in the context of GPN’s.

Based on the same reason for introducing Definition 6, we define finite
GPN’s.

DEFINITION 7.’A GPN is finite if for every state x the reachability set
{y]x * =5 y} with respect to x is finite.

It is conceivable that some MGPN (P, T, x) may have a finite reachability set
and yet the underlying GPN (P, T) is not finite.

For convenience we shall say that a GPN is well-behaved if it is both strongly
nonterminating and finite. The following necessary and sufficient condition for a
GPN to be well-behaved was given in [8] and [9].

THEOREM 5. A GPN is well-behaved ifand only if F g 0 and f F 0 have
positive integer solutions for variables g and f. F is the characteristic matrix of the
GPN.

When there exists a positive integer vector f with f. F 0, we say that the
GPN in question is conservative. The vector f is called a weight function which
assigns a weight (f) for a token .in place A. The total weight of a MGPN in a state
x = xA is defined to be= x(f), or f(x) for short. Note that the total weight
of a conservative MGPN in every state of the reachability set is a constant.

When a GPN is conservative, it must be finite. If a state x of the GPN is also
strongly nonterminating, then x must reach a state which can return to itself, after
a nonvoid sequence of transition firings. Thus we consider the following defini-
tion.

DEFINITION 8. A state x is repetitive if x r :ff x for a nonempty sequence r.
If r contains every transition, then x is said to be strongly repetitive.

DEFINITION 9. A GPN (P, 73 is repetitive (or strongly repetitive) if there is a
state in P* which is repetitive (or strongly repetitive).

It is easy to show that a GPN is strongly repetitive if and only if F. g 0 has a
positive solution.

It was also proved in [8] and [9] that a conservative, strongly repetitive and
connected GPN must be strongly connected. However, not every strongly con-
nected and conservative GPN is strongly repetitive. Such an example is easy to
find. We therefore turn our attention to a restricted class of strongly connected
GPN’s. It is hoped that the study of this class of GPN’s can reveal the graph-
theoretic properties of well-behaved GPN’s.

We consider conservative and strongly connected GPN’s which are minimal
in the sense that the removal of any transition from a GPN in this class results in a
GPN which is not strongly connected.
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DEFINITION 10. A GPN (P, T) is said to be primal if (i) it is conservative, (ii) it
is strongly connected, and (iii) there exists no proper subset T’ of T such that
(V’, T’) is strongly connected, where V’ consists of all places which appear in the
transitions in T’.

Condition (iii) in the previous definition ensures that the GPN considered is
"minimally" strongly connected. It is easy to find a strongly connected GPN which
is not minimally strongly connected.

It is interesting to know that statements (D), (E), (F) and (G) are all
equivalent with respect to primal MGPN’s. In fact, a state which is nonterminating
must be strongly nonterminating. Essentially, we have the following results.

THEOREM 6. Let H (P, T) be a primal GPN and F be its characteristic
matrix. IfH is nonterminating, then

(i) H is strongly repetitive,
(ii) if F’gl 0 and F’g2 0, then gl and g2 are linearly dependent,

and
(iii) IP[->_IT[.
Proof. (i) If H is conservative, then the reachability set {y[x :=> y} with

respect to any state x. must be finite. If H is also nonterminating, then H must be
repetitive. Suppose H is not strongly repetitive. We can find a state x such that
x (r :ff x, where r contains some transitions in T but not all. Let T’ be the set of
transitions included in (r. Let P’ be the set of places present in the transition in T’.
We observe that (P’, T’) is conservative and strongly repetitive. Therefore,
(P’, T’) is strongly connected, which violates the condition (iii) in Definition 10.

(ii) Assume to the contrary that g and g2 are linearly independent. We
consider two cases.

(a) (g)i i for 1 =< -< ITI. Let min {(g2)i[1 -< _-< ITI} (gz)j h. Define a new
vector g to be (g)i (g2)i- h(gl). Note that F.g= 0 and (g)j 0. With the same
argument in (i), we conclude that H is not primal, a contradiction.

(b) Suppose not every component of g (or g2) is 1. We will transform H into
another GPN H’ with the same graph representation except the positive integers
associated with the arcs in the graph. Note that merely altering these integers
cannot change a nonprimal but conservative GPN into a primal one. If t in H is

aA- biiAi,
i=l i--1

then H’ has t as follows:

’, [(gl)i" a,j]Ai [(gl)i b,i]Ai.
i=1 i----1

Let F’ be the characteristic matrix of H’. Define two vectors h and h2 as
follows-

(hl)=l forl_--<i

(h2)i [(g2)/(gl),] for 1 _-< i_-<

where is the least common multiple of {(g)ll --< -< ITI}. It should be clear that
U’ h 0, U’ h2 0 and hi and h2 are linearly independent. We have reduced the
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problem to case (a). The result in (a) shows that H’ is not primal. Hence H is not
primal. We have a contradiction.

(iii) We have shown in (ii) that the column nullity3 of F is 1. Thus rank
(I’) TI-column nullity (F)= TI- 1. Also IPI rank (I’)+ row nullity (F). It is
known that H is conservative, hence row nullity (F)_-> 1. In other words, IPI _->

ITI. Q.E.D.

6. Some subclasses of primal GPN’s. The purpose of this section is to
introduce some special types of GPN’s and study their termination properties. We
distinguish several classes of GPN’s by the structure of their graph representa-
tions.

In the following definition, transitions and places are nodes in the bipartite
directed graph representation of a GPN. Indegree (or outdegree) of a node is
defined to be the number of arcs entering (or leaving) the node.

DEFINITION 1 1, Let H be a GPN.
(i) H is said to be forward-conflict-free if every place has outdegree 1.
(ii) H is said to be backward-conflict-free if every place has indegree 1.
(iii) H is said to be forward-concurrent-free if every transition has indegree

1.
(iv) H is said to be backward-concurrent-]ree if every transition has

outdegree 1.
The concept in Definition 11 first appeared in [4]. However, no results

related directly to these types of Petri nets were reported there.
For convenience, we shall use ff as an abbreviation for forward-conflict-free,

bf for backward-conflict-free, fc for forward-concurrent-free, and bc for
backward-concurrent free.

DEFINITION 12. A GPN is said to be conflict-free if it is both ff and bf. A GPN
is concurrent-free if it is both fc and bc.

Much of the work on Petri net or its generalized form is concerned with
conflict-free or concurrent-free cases. The computation graphs presented in [6]
are essentially conflict-free GPN’s. Many interesting results for conflict-free Petri
nets, which are termed marked graphs, were presented in [1], [2] and [4].
Concurrent-free Petri nets were considered in [4] also. Results on other classes of
Petri nets can be found in [14].

We first present an elementary result which can be easily derived from our
definitions.

THEOREM 7. (i) The transpose of an ff GPN is fc.
(ii) The transpose of a bf GPN is bc.
(iii) The transpose of a conflict-free GPN is concurrent-free.
We can also see that the transpose of an fc GPN is if, the transpose of a bc

GPN is bf, etc. It is straightforward that the transpose of a strongly connected
GPN is also strongly connected. In addition, a GPN is conservative if and only if its
transpose is strongly repetitive. These simple observations, together with
Theorem 7, suggest that many subsequent results for one class of GPN’s can be

3The column nullity is the maximum number of linearly independent vectors in the set
{g[F- g 0}. The column rank of F is the maximum number of linearly independent column vectors of
F. The row nullity and row rank are defined in the same way. It is known that column rank (F)= row
rank (F). Hence the number is called the rank of F.
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presented in a dual form for their transposes. In fact, a later theorem is found
easier to prove in its dual form than in the original form. In the rest of this section,
the main stream of presentation will be on ff GPN’s, although occasionally we may
mention other classes.

The first theorem on it GPN’s is concerned with the structure of the
reachability sets.

THEOREM 8. Let G (P, T, x) be an ff MGPN. If x o.:ff y and x ="tz=32 z,
then there must exist a state w such that y =o:ff w, z :=), w for some firing
sequences oz and [t with F(a)--max(F.(o.),F(-r))-F(o.) and F.(B)=
max (F/(o.), F(,r))-F(,r) for every transition ti in T.

Proof. Since G is if, a transition once enabled remains enabled as long as the
firing of the transition does not take place. In particular, if and t’ are in E(x), then
both tt’ and t’t are valid firing sequences in x. Suppose o. o.o.2 o.t, where
o., o.2,’", o.t are transitions in T. We use o. to denote the sequence
o.lo.2 o.. Assume that q is the greatest integer such that F(o.q)<--F(,r) but
there exists a transition t such that F(o.q+)> F(,r). We can inductively show
that o.q+ E(z). Let z o.q+l :=)’ z. Similarly, one can find a transition o.p+l such
that o.p+ E(zl) and F(lo.p) F(’l’o.q+l) but Fk’(lo.p+) " Fk’(’ro.q+l) for some k’.
Iteratively, a firing sequence 13=o.q+o.p+"" can be constructed such that
z =B:ff w for some state w and F/(I])= max (F(o.), F/("r))-F.(’r) for 1
The firing sequence x can be established in the same manner. Q.E.D.

COROLLARY 1. Let G =(P, T, x) be an ff MGPN. If the initial state x is
repetitive, then any state in the reachability set is repetitive.

COROLLARY 2. If the initial state x of an ff MGPN is strongly repetitive, then
any state y in the teachability set is strongly repetitive and y x.

If no transition is fireable in a state, we say the state is a dead state.
COROLLARY 3. If the teachability set of an ff MGPN contains a dead state y,

then every state z in the reachability set must be terminating and z * y.
Since every conflict-free MGPN is also if, the previous result also applies to

the conflict-free case. The specialized version of the result in the case of marked
graphs was obtained in ]-1] and [4].

The second theorem on ff GPN’s shows that any strongly connected ff GPN
automatically satisfies condition (iii) of Definition 10.

THEOREM 9. IfH (P, 73 is a strongly connected ff GPN, then there exists no
other strongly connected GPN Ho (Po, To) with Po - P and To

_
T.

Proof. Assume that Po_ P, To T and (Po, To) is a strongly connected ff
GPN. Let t be a transition in To. The proof proceeds by cases.

Case 1. Every output place of t is also its input place. T must contain only
one transition or else there is no directed path from tl to other transitions.
Therefore (Po, To) is (P, T).

Case 2. At least one output place A of tl is not its input place. Let A be an
input place of t2. Since H is if, tz must be in To. If each output place of t2 is also its
input place, H can not be strongly connected. By induction, we can show that for
any transition ti if there is a directed path from tl to t, ti must be included in To.
This implies that T= To. Hence (Po, To)= (P, T). Q.E.D.

COROLLARY. LetH be strongly connected and ft. If x is a repetitive state in H,
then x is strongly repetitive. If x =o.1 z:32 x and x =o.2:ff x for some nonempty
sequences o. and o’2, then F(o.) and F(o.z) must be linearly dependent.
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The third theorem on ff GPN’s is concerned with their conservation property.
THEOREM 10. Let H be a strongly connected and ff GPN. If H is (strongly)

repetitive, then it is conservative.
We shall prove Theorem 10 by showing a dual theorem in fc GPN’s, namely,

every strongly connected, conservative and fc GPN must be strongly repetitive.
Two immediate lemmas are required.

LEMMA 3. If H (19, T) is a primal and fc GPN, then H must be strongly
repetitive.

Proof. Let f be a weight function of H. Since H is fc, every transition has only
one input place. Define a state D i= diAi as followg. For every place Ai, di
min {aqlZltj, LHS(tj)= aqA}-1. Hence D is the "maximum" dead state in the
sense that D1 --< D for any dead state D1. Take a sufficiently large integer k such
that k > 1 and define a state x as i=1 (k d + 1)A. State x must be :,,9nterminat-

ing, since f(x) > (D) and H is conservative. Furthermore, when H is conservative
and nonterminating, it must be repetitive. Since H is also primal, it must be
strongly repetitive. Q.E.D.

COROLLARY. IfH= (P, T) is primal and fc, then it is also ft.
Proof. Since n is strongly connected and fc, we have IT] _-> IPI. But n is primal

and repetitive, we also have TI =< IP[, by Theorem 6. Hence [PI TI. No two
transitions can share a common input place. Q.E.D.

The next lemma gives a sufficient condition for an fc GPN to be primal.
LEMMA 4. IfH (P, T) is a conservative, strongly connected and fc GPN with

IP T[, then H is primal.
Pro4 Since IPI rl and every place is an input place of some transition, H

must be ft. By Theorem 9, H is primal. Q.E.D.
Now we are ready to prove the main theorem in this section. The following

theorem is the dual version of Theorem 10.
THEOREM 11. Let H= (P, 79 be a strongly connected fc GPN. If H is

conservative, then it is strongly repetitive.
Proof. We prove that H is strongly repetitive by showing that every transi-

tion in H is nonterminating. We will show that every transition is in a primal and
fc GPN Ho (Po, To) such that Po - P and To

_
T. Consider the graph representa-

tion of H. If LHS(t) RHS(t), the proof is easy. Otherwise, repeat the following
steps.

Step 1. Find a directed circuit which contains at least two places and t.
Step 2. Let Po be the set of all places in the circuit and To be the transitions in

the circuit.
Step 3. If all places appearing in transitions in To are already in Po, terminate

the process. Otherwise, go to the next step.
Step 4. Let A be an output place of a transition in To but not an input place of

any transition in To. Since H is strongly connected and fc, there must exist a
directed path from A to some place A’ in Po such that all intermediate nodes,
places or transitions, are not in Po or To. Add all places in the path, including A, to
Vo and all transitions in the path to To. Go to Step 3.

When the process terminates, (Po, To) is strongly connected. Step 4 also
guarantees that IPol Tol. By Lemmas 3 and 4, (Po, To) is primal and strongly
repetitive. Therefore, H must be strongly repetitive. Q.E.D.
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COROLLARY. Let H={P, 73 be a strongly connected bc GPN. If H is

conservative, then it is strongly repetitive.
Proof. Reversing the direction of all arcs in the graph representation of H, we

obtain an fc GPN. Q.E.D.
Theorems 10 and 11 characterize the well-behaved if, bf, fc and bc GPN’s. In

the remainder of this section, we shall investigate the interrelationship of these
four classes of GPN’s.

If a strongly connected GPN is ff, bf, fc and bc, its graph representation must
correspond to a directed circuit. Let C be a directed circuit of 2k nodes in a graph
representation of a GPN. The gain qc is defined in [6] to be the number
b. b2 bk/al’a2 ak where the ai’s are associated with arcs from
places to transitions in C and the bi’s are associated with those from transitions to
places. The following result can be easily established.

LEMMA 5. Let C be a connected, conflict-free and concurrent-free GPN.
(i) C is conservative if and only if qc 1.

(ii) C is strongly repetitive if and only if qc 1.
(iii) If qc > 1 (or qc < 1), there exists a state x such that x tr:ff y for some

sequence r and x < y (or x > y respectively).4

When we consider a directed circuit in any GPN graph representation, we
also say that the circuit is ff (or bf) if the outdegree (or indegree) of every place in
the circuit with respect to the entire graph is i. Similarly, we define fc and bc
circuits.

THEOREM 12. LetHbe a well-behaved GPN. Let h be a directed circuit in the
graph representation of H.

(i) If h is ff or fc, then qh <= 1.
(ii) If h is bf or bc, then qh >- 1.
(iii) If q 1, then h is both ff and bf or neither, and h is both fc and bc or

neither.
(iv) If q 1, then h is neither conflict-free nor concurrent-free.
Proof. (i) Suppose h is ff and q > 1. By Lemma 5, the GPN Ho formed by the

places and transitions in h is not conservative nor repetitive. Moreover, we can

find a state Xo for Ho such that xo r:ff Yo with Xo< Yo. Let X be a strongly
repetitive state of H such that x "r::> x. By Lemma 1, we can find a state x2, a

sequence o in x2 such that F(a) F(r) + F("r). Suppose x2 a :ff Y2; we must have

x2 < Y2. This contradicts the conservation property. Since the transpose of an fc

GPN is if, the proof for fc case can be reduced to ff case.

(ii) This case is similar to (i).
(iii) Suppose qh 1 and h is ff but not bf. The new tokens added to the circuit

by firing transitions not in h will increase the total token weight in the places of h.
Since the circuit h forms a conservative GPN, the firing of transitions in h can not

reduce this total weight. In a long run, the total weight of tokens in h increases. H
can not be repetitive. The rest of the proof is similar.

(iv) If h is conflict-free, then qh must be 1; otherwise H can not be strongly
repetitive. The concurrent-free case can be reduced to conflict-free

case. Q.E.D.

4
X y if and only if x y and x y.
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COROLLARY. If H is a well-behaved ff Petri net, H is a marked graph.
Proof. Every directed circuit h in a Petri net has qh 1. Q.E.D.
The implication of the previous theorem on conflict-free or concurrent-free

GPN’s is interesting. Consider a well-behaved conflict-free GPN H. By Theorem
12, every directed circuit h in H must have qh 1. By Lemmas l(b) and 5, we can
also show that a strongly connected conflict-free GPN in which every directed
circuit h has qh 1 must be strongly repetitive and hence conservative (Theorem
10). Therefore the following result, which was implicit in [6], can be derived from
our previous analysis.

THEOREM 13. LetHbe a strongly connected conflict-free (or concurrent-free)
GPN. H is well-behaved if and only if every circuit h in H has qh 1.

Since any directed circuit in h in a Petri net has qh 1, the following result in
[1], [2] and [4] becomes a corollary of Theorem 13.

COROLLARY. A connected marked graph is well-behaved if and only if it is
strongly connected.,

Finally, we establish the following result for Petri nets.
THEOREM 14. The class of all primal and ff Petri nets is exactly the class of all

strongly connected marked graphs.
Proof. Every strongly connected marked graph is conservative. By Theorem

9, we can see that it is primal. If a Petri net is strongly connected and if, we put one
token in each place and then fire all transitions once. Since every place is an output
place for some transition at least one token is received by every place. If any place
receives more than one token, the Petri net can not be conservative. If every place
receives exactly one token, then no place has indegree greater than one. There-
fore the Petri net is also bf. Q.E.D.

7. Conclusion. In 2 we have presented a generalized form of Petri nets
called GPN and MGPN. Two formalisms for the generalized Petri nets were given
in 3. In 4 we have investigated several levels of termination properties. These
properties can be different for general classes of MGPN’s, but they coincide in the
case of GPN’s.

In 5 and 6 we define the conditions for a GPN to be (i) strongly connected,
(ii) strongly repetitive, (iii) conservative, (iv) well-behaved, (v) primal, (vi) if, (vii)
bf, (viii) fc and (ix) bc. These properties were summarized in Table 1. The class of ff

TABLE
Summary o]" main concepts

GPN properties

(i) strongly connected
(ii) strongly repetitive
(iii) conservative
(iv) well-behaved
(v) primal
(vi) ff
(vii) bf
(viii) fc
(ix) bc

Definition

The graph representation is strongly connected
F.g 0 has a position solution
f. F 0 has a positive solution
Both (ii) and (iii)
(iii) and "minimally" strongly connected
For every place A, outdegree(A)=
For every place A, indegree(A)
For every transition t, indegree(t)=
For every transition t, outdegree(t)=
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or bf GPN’s contains properly all the marked graphs [1] and all the structures
which were presented in a modified form called computation graphs in [6]. The
main result in the last two sections is to characterize the property of being
well-behaved or primal for the four subclasses of GPN’s. The result is summarized
in Table 2. The roman numerals in the table refer to the properties in Table 1.

TABLE 2
Summaryomain results

GPN subclass

ff
bf
fc
fc
bc
bc

(i)/(ii)
(i)/(ii)
(i)/(iii)
(ii)
(i)/(iii)
(ii)

then

(iii)A(iv)A(v)
(iii)A(iv)A(v)
(ii)A(iv)
(v) iffff
(ii)A(iv)
(v) iffbf
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ALGORITHMIC ASPECTS OF VERTEX ELIMINATION
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DONALD J. ROSE,’t R. ENDRE TARJAN$ AND GEORGE S. LUEKER

Abstract. We consider a graph-theoretic elimination process which is related to performing
Gaussian elimination on sparse symmetric positive definite systems of linear equations. We give a new
linear-time algorithm to calculate the fill-in produced by any elimination ordering, and we give two
new related algorithms for finding orderings with special properties. One algorithm, based on
breadth-first search, finds a perfect elimination ordering, if any exists, in O(n + e) time, if the problem
graph has n vertices and e edges. An extension of this algorithm finds a minimal (but not necessarily
minimum) ordering in O(ne) time. We conjecture that the problem of finding a minimum ordering is
NP-complete

Key words, graph, breadth-first search, lexicographic search, Gaussian elimination, sparse linear
equations, perfect elimination, triangulated graph, chordal graph

1. Introduction and notation. A graph is a pair G (V, E), where V is a
finite set of n--Ivl elements called vertices and

E
__

{{v, w}lv, w v, v # w}

is a set of e IE unordered vertex pairs called edges. Given v e V, the set

adj (v)= {w 6 Vl{v, w} E}

is the set of vertices adjacent to v. The notation v--w means w e adj (v); v-/--w

means w, adj (v). If A
_

V, the induced subgraph G(A) of G is the subgraph
G(A) (A, E(A)), where E(A) {{x, y} EIx, y A }.

For distinct vertices v, w V, a v, w chain of length k is a sequence of distinct
vertices tz =Iv--Vl, v2,""", Vk+- W] such that vi+--vifori- 1, 2,..., k. Simi-
larly, a cycle of length k is a sequence of distinct vertices tz Ivy, v2, , vk] such
that vi/--v for 1, 2,. , k- 1 and vk--v. We will always assume that G is
connected; that is, for each pair of distinct vertices v, w e V, there is a v, w chain.

For a graph G=(V,E) with VI-n, an ordering of V is a bijection
c :{1,2,...,n},--V. Sometimes we denote an ordering by V={xi}=l. G
(V, E, c) is an ordered graph. In G,, the set of vertices monotonely adjacent to a
vertex v is defined by

madj (v)= adj (v) f-I{w e VIo-l(/.)) < o-l(w)}.
The notation v w means w e madj (v).
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partially sponsored by the Office of Naval Research under contract N00014-67-A-0298-0034 at
Harvard University, by the National Science Foundation under Grant MCS 72-03752 A03 at Stanford
University, by Miller Research Fellowship at the University of California, Berkeley, and by an NSF
Graduate Fellowship at Princeton University. Part of this work was completed while the first author
was visiting the Computer Science Department at the University of Colorado and the second author
was visiting the Weizmann Institute of Science, Rehovot, Israel.

Applied Mathematics, Aiken Computation Laboratory, Harvard University, Cambridge, Mas-
sachusetts 02138.
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For a vertex v, the deficiency D(v) is the set of edges defined by

D(v) {{x, y}lv--x, v--y, x-/--y, x y}.

The graph Gv obtained from G by
(i) adding edges so that all vertices in adj (v) are pairwise adjacent, and
(ii) deleting v and its incident edges

is the v-elimination graph of G. That is,

Gv (V-{v}, E(V-{v})U D(v)).

For an ordered graph G (V, E, a), the elimination process

P(G)=[G= Go, G1, G2,..., Gn_]

is the sequence of elimination graphs defined recursively by Go G, Gi (Gi-1)x,
for 1, 2, , n 1. If Gi V, Ei) for 0, 1, , n 1, the fill-in F(G) is
defined by

n-1

F(G)= U -;,
i=I

where ’ D(x) in Gi-l, and the elimination graph G* is defined by

G*=(V, EUF(G)).

The notion of vertex elimination arises in the solution of sparse symmetric
positive definite systems of linear equations by Gaussian elimination. Given any
symmetric n x n matrix M= (m.) which represents the coefficients of a set of
linear equations, we can construct an ordered graph G V, E, c), where vertex

x corresponds to row (and variable i), and {xi, x-} E if and only if mij # 0 and
i# j. The unordered graph G (V, E) corresponds to the equivalence class of
matrices PMPr, where P is any permutation matrix.

Suppose we solve the system with coefficients M using Gaussian elimination,
eliminating variables in the order 1, 2, , n. Assuming no lucky cancellation of
nonzero elements, the edges ’ correspond exactly to the new nonzero elements
created when variable is eliminated. For further discussion of this correspon-
dence, see 19], [21 ]. In order to make the elimination process efficient, we would
like to create no more nonzero elements than necessary; that is, we would like
to find an elimination ordering which minimizes the fill-in.

Given a graph G V, E), an ordering c of V is a perfect elimination ordering
of G if F(G) . Thus c is a perfect elimination ordering if v w and v - x in
G imply wmx or w x. A graph which has a perfect elimination ordering is a
perfect elimination graph. An ordering c is a minimal elimination ordering of G if
no other ordering/3 satisfies F(G c F(G), where the containment is proper. An
ordering c is a minimum elimination ordering of G if no other ordering/3 satisfies

Any elimination graph G* is a perfect elimination graph, since c is a perfect
ordering of this graph. Any perfect ordering of a graph is minimum, and any
minimum ordering of a graph is minimal. If a graph is a perfect elimination graph,
any minimal ordering is perfect.
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The problem we would like to solve is that of finding a minimum elimination
ordering for any graph G. However, this seems to be a very difficult task in
general; we conjecture that the problem of finding a minimum elimination order is
NP-completel, based on our proof that the corresponding problem for directed
graphs is NP-complete [22]. Thus we restrict our attention to finding a minimal
ordering for any graph and finding a perfect ordering for any perfect elimination
graph.

Perfect elimination graphs arise in contexts other than Gaussian elimination.
Rose 19], [21 has given several characterizations of perfect elimination graphs,
including the one below.

A graph G is called triangulated if for every cycle z =Iv1, )2,"’", )k] of
length k > 3, there is an edge of G joining two nonconsecutive vertices of z. Such
an edge is called a chord of the cycle. For an arbitrary graph G (V, E), a set of
edges F is a triangulation if G’=(V, E UF) is triangulated. F is a minimal
triangulation if Go- (V, E L Fo) is not triangulated for any Fo c F.

THEOREM A (Rose 19], [21 ], Dirac [4]). A graph G is a perfect elimination
graph if and only if it is triangulated.

Triangulated or perfect elimination graphs have also been called chordal [7],
monotone transitive [21], and rigid circuit graphs [4]. Gavril [6] has presented
efficient algorithms for finding all maximal cliques, maximum cliques, minimum
colorings, maximum independent sets, and minimum clique coverings in triangu-
lated graphs (for arbitrary graphs, these problems are NP-complete). These
algorithms depend upon exploiting the necessary perfect elimination ordering.
Assuming that such an ordering is given, it is easy to implement Gavri|’s

algorithms to run in O(n +e) time. (O(n +e) is optimum to within a constant
factor; the time bounds in [6] are not as tight as possible.) Several important
classes of graphs, such as trees, k-trees [20], and interval graphs [5], [9], are
triangulated, and a recognition algorithm for triangulated graphs can be used to
recognize interval graphs efficiently [5], [9], [16].

The recognition problem for perfect elimination graphs bears a superficial
resemblance to the problem of testing a directed graph for transitivity. It is easy to
construct an O(ne) algorithm to find a perfect ordering of a graph, if one exists.
Gavril [7] has developed a way to find a perfect ordering of a graph G in
O(t(n, e)+ n + e) time, where t(n, e) is the time required to square the adjacency
matrix of G. If Strassen’s method of matrix multiplication [25] is used, this
algorithm has an O(n2"1) time bound. Below we present an O(n + e) algorithm
for finding perfect orderings. The algorithm uses a lexicographic search (or
ordering scheme) which is a special type of breadth-first search. Surprisingly, a
similar ordering scheme is useful in solving certain scheduling problems [2], 12],
[24].

1The NP-complete problems, roughly speaking, are the hardest problems solvable using
nondeterministic polynomial-time algorithms. Either all the NP-complete problems have determinis-
tic polynomial-time algorithms or none of them do. Many people have tried and failed tO find
polynomial-time algorithms for problems in this class, but no one has proved that such algorithms do
not exist. The tautology problem of propositional calculus, the traveling salesman problem, the
maximum clique problem, and many other well-known problems are NP-complete. See [3] and [13]
for further information.
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Ohtsuki, Cheung, and Fujisawa 17] have extended Rose’s results in order to
develop algorithms for finding minimal orderings. Given a graph G (V, E), let
V* be the set of vertices such that v V* if and only if, for each {x, y} D(v), there
is a chain from x to y which contains no vertices in {v}U adj (v)-{x, y}.

THEOREM B [17]. An ordering on G is a minimal elimination ordering if
and only if (i)6 Vi*-l, where P(G,,)=[Go, G1, G2, Gn_I] and Gi (V/, Ei)
fori=O, 1,...,n-1.

This theorem leads to an algorithm for finding minimal orderings. Ohtsuki
[18] has refined this method to get an O(ne) algorithm for finding minimal
orderings. The lexicographic ordering we consider here gives a different O(ne)
algorithm for finding minimal orderings, and our analysis of the properties of a
lexicographic search leads to a characterization of minimal triangulations in terms
of the cycle structure of the minimal triangulated graph.

We shall first study the more general problem of finding minimal orderings
and then streamline our algorithm to solve the easier problem of finding perfect
orderings, in 2 we derive some properties of minimal and perfect orderings. In
3 we motivate the idea of a lexicographic search by considering the relationship

between breadth-first searches and perfect orderings. In 4 and 5 we consider in
detail the analysis and implementation of lexicographic orderings, and in 6 we
present some additional remarks. Although our results deal mainly with the
application of lexicographic search to produce minirr/al and perfect elimination
orderings, we feel the notion of a lexicographic search is algorithmically interest-
ing and may have wider application.

2. Properties of elimination orderings and fill-in. We begin by developing
some properties of elimination orderings and of the fill-in they produce.

LEMMA 1. Let t be a perfect elimination ordering of a triangulated graph
G V, E), and let x V. Then is also a perfect ordering of G’ V, F_, CJ D(x)).

Proof. We must show that for any {w, y}, {z, y}EUD(x) with c-l(y)<
min (c-l(w), c-l(z)) and w # z, we have {w, z} EU D(x). There are three cases.
If {w, y}, {z, y} E, then {w, z} E since c is perfect. If {w, y}, {z, y} D(x), then
w, z adj (x) and {w,z}EUD(x). The last case is {w, y}E, {z, y} D(x) (or
equivalently {w, y} D(x), {z, y} E). This means y, z adj (x) and {y, z} E. If
w x, z adj (x) means {w, z} E. Otherwise (i.e., if w # x), c-l(x) > c-l(y)
since c is perfect, and {x, w}E since x, wadj (y) and cr is perfect. But w,
z adj (x) imply {w, z} E U D(x). E]

COROLLARY 1. IfG V, E) is triangulated and x is any vertex, the elimina-
tion graph Gx (V-{x}, E( V-{x}) U D(x)) is triangulated. (This corollary is also
proved in [21].)

COROLLARY 2. If G V, E) is triangulated and x is any vertex with D(x)
there is a perfect elimination ordering with c(1) x. (This corollary appears in

[4], [5] and [21].)
LEMMA 2. Let G V, E) be a triangulated graph. Suppose G’= V, E U F)

with F - (, F_, f3 F ( is also triangulated. Then there exists some f F such that
G’-f V, E U F-{f}) is triangulated.

Proof. We prove the theorem by induction on n IV[. If n -< 3, the result is
obvious since any graph with three or fewer vertices is triangulated. Suppose the



270 DONALD J. ROSE, R. ENDRE TARJAN AND GEORGE S. LUEKER

result is true for n _-< no and let n no + 1. Let R {xlD(x) }, where D(x) is the
deficiency in G. Let S {x]D’(x)= }, where D’(x) is the deficiency in G’. We
know R # and S 4: . There are two cases.

(i) For some x S there exists an edge f {u, x} F. By Corollary 2 there is a
perfect elimination order /3 for G’ with /3(1)= x. Then /3 is also a perfect
elimination order for G’-f.

(ii) Case (i) does not hold. We prove that there exists some x S with
F D(x). Pick any z S. If F D(z), let x z. Otherwise, since D(z)_ F, F=
D(z). In this case, let x be any vertex such that x R. By Corollary 2, there is a
perfect ordering c of Gsuch that c(1)= x, and by Lemma 1, since F= D(z), c isa
perfect ordering of G’. Thus x S. Since D(x)= Q3, F: D(x).

Now Gx (V-{x}, E( V-{x}) t_J D(x)) and G’x (V-{x}, E( V-{x})
FU D(x)) are triangulated by Corollary 1. By the induction hypothesis, there
exists f F- D(x) such that G’x-f is triangulated. But then G’-f is triangulated
since fe D(x).

THEOREM 1. Let G V, E) be a graph, and let G’= V, E (_J F) be trian-
gulated with E 0 F (. F is a minimal triangulation if and only iffor each f F,
G’-f V, E (_J F- {f}) is not triangulated.

Proof. One direction is immediate from the definition of minimal triangula-
tion; Lemma 2 gives the other direction, l-I

LEMMA 3. Let G (V, E) be triangulated and f E. Then either G-f is
triangulated or G-f has an unchorded cycle of length 4.

Proof. If G-f is not triangulated and has an unchorded cycle of length _->5,
then adding f to G-f will not suffice to make G-f triangulated; i.e., G is not
triangulated. [-1

THEOREM 2. Let G V, E) be a graph and G’ V, E t_J F) be triangulated.
Then F is a minimal triangulation if and only if each f F is a unique chord of a
4-cycle in G’.

Proof. If F is minimal and f F, G’-f is not triangulated and hence contains
an unchorded cycle/x of length 4 by Lemma 3. If each f F is a unique chord of a
4-cycle in G’, then f F implies G’-f has an unchorded cycle of length 4, and
Theorem 1 implies F is minimal, l--1

Theorems 1 and 2 provide two useful characterizations of minimal triangula-
tions (and of minimal orderings, since ce is a minimal ordering if and only if
is a minimal triangulation). In 4 we prove that the lexicographic ordering scheme
defined there produces an ordering whose fill-in satisfies the unique chord
property of Theorem 2. Thus any lexicographic ordering is minimal.

LEMMA 4. Let G (V, E, a) be an ordered graph. Then {v, w} is an edge of
G*=(V, Et_JF(G)) if and only if there exists a chain /z=[v=vl,
v, Vk+l W] in G, such that

(1) a-l(vi)<min (a-l(v), a-l(w)), 2<-i <=k. 2

Proof. We show by induction on l=min (a-l(v), c-l(w)) that, given any
edge {v, w} in G*, there exists a v, w chain with the required property (1). Suppose

For convenience, although at the risk of possible confusion, we adopt the following convention:
in the vacuous case where vmw and hence {v2," , vk} , the condition is regarded as satisfied.
Similar conventions are followed below.
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1. Then v--w in G, hence in G*, and (1) holds vacuously. Suppose the result
holds when <_- lo, and consider the case lo + 1. If v--w in G, then again (1)
holds vacuously. Otherwise {v, w} e F(G), and we have by the definition of F(G)
an x Vwith a-l(x) < min (a-l(v), a-(w)) and x--v, x--w in G*. The induction
hypothesis implies the existence of x, v and x, w chains in G satisfying (1), and
combining these chains gives the required v, w chain.

The converse is established by induction on k, the length of Ix. If k 1, v--w
in G* trivially. Suppose the converse holds for k < ko, and consider the case
k ko+ 1. Let Ix =[v )1, v2, Dk+l W] and choose x v, where a--l(Di)--
max {a-(vi)12 _-< ]_-< k}. The induction hypothesis implies that v--x and xw in
G*; hence v-w in G*. [-1

This lemma provides a characterization of the fill-in produced by any
elimination ordering. It is useful to have an efficient algorithm for calculating the
fill-in. We derive another characterization for this purpose.

LEMMA 5. Let G (V, E, a) be an ordered graph. Then E U F(G) is the
smallest set E* of edges such that E c_ E* and

(2) (v->w in E*) ==)>(m(v)=w or m(v)->w in E*),

where m(v) is the vertex u with minimum Ol -l(u) such that v-> u in E*.
Proof. E* E U F(G) clearly satisfies E

_
E* and (2). We must prove that

any set E* satisfying Ec_E* and (2) contains EUF(G). Suppose {v, w}e
E U F(G). Without loss of generality, assume a-l(v)< a-l(w). We prove by
induction on i= a-l(v) that {v, w}e E*. Suppose this result holds for iN io, and
consider the case i= io+ 1. If {v, w}eE, then {v, w}E*. If {v, w}eF(G), there
is some u with u --> v, u --> w in G*. By the induction hypothesis, u --> v, u -> w in E*.
Pick the u such that u --> v, u --> w in E* and a -l(u) is maximum. Then v m(u)
(otherwise m(u)--> v, m(u)--> w in E* by (2) and a-l(u) is not maximum). But
then m(u)-> w in E* by (2); i.e., {u, w} E*.

The following algorithm uses Lemma 5 to compute the edges in G* for any
ordered graph G (V, E, a). If A(v)= {wlv--> w in G} for all vertices v when
the algorithm starts, then A(v)={wlv--> w in G*} for all v when the algorithm
finishes.

ALGORITHM FILL: begin
loop: for := 1 until n- 1 do begin

v := a(i)
re(v) := a(min {a-(w)I w 6 A(v)});

add: for w A(v) do if w m(v) then
add w to A(m(v));

end end FILL;
It is immediate from Lemma 5 that FILL correctly computes the edges of G*.

Efficient implementation of FILL is discussed in 5.

3. Breadth-first search and perfect orderings. Given a graph G, a breadth-
first search of G starting at a vertex s is a systematic examination of the edges of G
using the following algorithm.
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ALGORITHM BFS" begin
initialize queue to contain s;
level(s) := 0;
mark s explored;
while queue is nonempty do begin

remove first vertex v on queue;
explore" for w adj (v) do if w is unexplored then begin

add w to end of queue;
level(w) := level(v)+ 1;
mark {v, w} as a tree edge;
mark w explored;

end end end BFS;
At each step, this algorithm picks an edge incident to the oldest reached

vertex and finds out where the edge leads. The edge may lead either to a vertex
already reached or’to a new vertex, which is now considered reached.

During execution of this algorithm, statement explore processes each edge
exactly twice; once for w E adj (v) and once for v E adj (w). The effects of BFS are
(i) to generate a spanning tree of G, given by the edges {v, w} such that w is
unreached when statement explore is executed with wadj (v), and (ii) to
partition the vertices of G into levels: if v is a vertex, level(v)= if the shortest
chain from s to v has length i. Figure 1 illustrates BFS applied to a graph.

3

8 9

7 6

1(3)

5(2) .., 3(2) /2 (2)

\ / ’,
\ ..x/ /’,

B()
()

o(o)

2

(a) (b)

FIG. 1. Breadth-first search of a graph starting at vertex 10. (a) Graph. (b) Tree produced by BFS,
with level numbers in parentheses, and nontree edges dashed. Vertex numbers give a perfect elimination
order which is consistent with level order.
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Each edge joins two vertices on the same level or on adjacent levels. If a is a
perfect elimination order for a graph G, and a vertex v is joined to a vertex w with
level(w) level(v) + 1 and to a vertex u with level(u) level(v)- 1, then a-l(v) >
min (a-l(u), a-l(w)) since {u, w} is not an edge of G. This suggests that any
perfect elimination graph has a perfect ordering which is consistent with the
partial ordering by levels. This conjecture is true. The numbering in Fig. 1 shows a
perfect ordering with this property.

Thus the levels given by BFS convey some information about perfect
orderings. But we must break ties within the levels. We can use a breadth-first
search within each level to accomplish this, if the new searches are guided by the
inter-level edges. This idea leads to a highly complicated way of generating perfect
orderings which uses BFS applied recursively. Fortunately, there is a simpler way
to look at this method. We present it in the next section. In its full generality, the
resulting algorithm gives minimal orderings, not just perfect orderings, and it is
very efficient.

4. Lexicographic search for minimal and periect orderings. To find minimal
orderings and perfect orderings, we use a lexicographic ordering scheme which is a
special type of breai:lth-first search. The vertices of the graph are numbered from n
to 1. During the search, each vertex v has an associated label consisting of a set of
numbers selected from {1, 2,..., n}, ordered in decreasing order. Given two
labels L [p, Pc," ",P,] and L2 --[q, q2,’" qt], we define L < L2 if, for
some j, p q for 1, 2, , j- 1 and p < qi, or if p q for 1, 2, , k and
k < I. L L2 if k and p q, 1 <- =< k.

4.1. Minimal orderings. Consider the following ordering scheme.
ALGORITHM LEX M" begin

assign the label to all vertices;
for := n step -1 until 1 do begin
select: pick an unnumbered vertex v with largest label;

comment assign v the number i;
a(i) := v;

update: for each unnumbered vertex w such that there is a chain [v-
vl, v2,’", vk+ w] with vj unnumbered and label(vj)<
label(w) for =2, 3,..., k do add to label(w);

end end LEX M;
This algorithm constructs an ordering a for an initially unordered graph

G V, E) and constructs a label L(v) given by the final value of label(v) for each
v V. We call any ordering which can be generated by LEX M a lexicographic
ordering. Figure 2 shows the application of this algorithm to an example graph.
The complicated condition in statement update for updating labels is necessary
because there may be fill-in edges; we are trying to find minimal orderings, not just
perfect ones. Label updating can be simplified if the object is to find perfect
orderings, as we shall see.

To establish the fact that algorithm LEX M produces a minimal ordering, we
will prove that the fill-in produced by a lexicographic ordering has the unique
chord property of Theorem 2. We need two lemmas which characterize the labels
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7(9,8)

9

8(9)

5(8,7,6)

3 (7,6,5,4)

/ //
(9,8,7) //

/111
I ii
"4,8,7, 6,5)
/

2(6,5,4,3)

1(5,2)

Flo. 2. Minimal ordering of a graph generated by LEX M. Final labels are in parentheses, nine

fill-in edges are dotted. Ordering is not minimum since there is another ordering with only five fill-in
edges.

L(v). For any vertex w with label L(w), let

L,(w)= L(w)f’l{n, n- 1,..., i+ 1};

that is, Li(w) is the value of label(w) in LEX M just before the number is
assigned to a vertex. (Note: L,(w)= for all w.)

LEMMA 6. Let G V, E) be a graph with lexicographic ordering and labels
L(v), v V.

(i) If Li(v) < L(w), then Li(v) < Li(w) for all 1 <-_ j <- i.
(ii) L(w) <- Li(w) for all j <- i.
(iii) If c-l(w) j < c-(v) i, then either L(w) < L(v) and L(w) < L(v), or

L(w) Li(v) and L(v) <-_ L(w).
(iv) If L(w) < L(v) with c-(w) =j and c-(v) i, then either j < with

Li(w) < L(v), or < j with Li(w) Li(v).
(v) j eL(w) if and only if c-l(w)<j and there exists a v =c(j), w chain

-1[V=Vl, Ve,"’,v+=w]suchthatLi(vi)<L(w) and (vi)<j, 2 -<
ink.

The proofs of (i)-(v) are straightforward. Properties (i) and (v) follow from
the definitions of the labels and the order relation; (iii) and (iv) summarize
statement select of LEX M. Property (v) follows from (i), (ii) and statement update
of LEX M; (v) means that the updated labels produced by one execution of
statement update depend only on the old labels and not on the order of updating.

LEMMA 7. If C is a lexicographic ordering of G V, E), then in G*,

]:or w 6 V.
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Proof. Suppose a (v) e L(w). Then, by (v) of Lemma 5, a l(w) < and
there exists a chain [v= vl, v2," ", Vk+l W] with Li(vj)<Li(w) for 2<-j<<_k.
Thus, for each such j, L,(vj)< Lm(w) for all m _-<i and hence
Then w v follows from Lemma 4.

The proof of the converse is somewhat less direct. Suppose that w - v, and let
i=a-l(v). By Lemma 4 there exists a chain [v= vl, v2,’", Vk+l W] with

--1a l(vi)<c l(w), 2<=j<=k. Since a (v)<a (w)<i, we have Li(vi)<-Li(w),
2 -< j -< k. If Li(vj) < Li(w) for all j such that 2 _-< j =< k, then L(w) directly from
Lemma 6, part (v). Otherwise, suppose jo is the least such j with L(vi,,)= L(w).
Since c (vi,,)< a (w) m (say) we have, in addition (Lemma 6, parts (i) and
(iii)), Lp(vio) <- Lp(w) for m _<- p =< i. The chain [v Vl, v2," , rio] is such that
L(vp) < L(vjo) for 2 =< p =< jo- 1; hence e G-l(Vio). But Li_l(v,,) _-<
Li(vjo) L(w), and L_(vi,,) imply L_(w) by the lexicographic ordering of
the labels.

THEOREM 3. Let G V, E) be a graph with lexicographic ordering a and
labels L(v), v e V. Then any edge {v, w}eF(G) is the unique chord of some
4-cycle [p, v, q, w] in G*.

Proof. Without loss of generality, we may assume a- (w) < a- (v). Since
w - v in G*, from Lemma 7 we know that a-l(v) L(w). Thus by Lemma 6, part
(v), there exists a v, w chain [v v, v2,"’, Vk+t W] in G such that Li(vi)<
Lj(w) and a-(v) < j for 2 _-< _-< k, where j a-(v). Let
max {a-l(v)12 =< <- k} and let p cr (1). Then p- v and p- w in G*by Lemma 4.

Now p w in G* implies madj (p)-{w}
_

adj (w) in G*. Thus L(p)
_
L,(w)

by Lemma 7. Since L(p)< Li(w), there is some q emadj (w)-madj (p) with
-1

a (q) > j. Then p-/--q in G*, w - q in G*, and vq in G* since w - v and a is a
perfect elimination ordering for G*. Hence =[p, v,q, w] satisfies the
theorem.

Theorems 2 and 3 now immediately imply the following.
THEOREM 4. Let G V, E) be a graph with lexicographic ordering

is a minimal ordering.
Proof. F(G) is a minimal triangulation by Theorems 2 and 3. [-1

4.2. Perfect orderings. Since any minimal ordering of a perfect elimination
graph is perfect, we can test a graph G to see if it is perfect by generating a minimal
ordering a using LEX M and testing whether F(G,,) Q using FILL. There is a
better way, however. If G is perfect and a is a lexicographic ordering, then
F(G,,)- ; and by Lemma 7, L(w)= {a-l(v)lw v} in G. Suppose we modify
LEX M by simplifying statement update.

ALGORITHM LEX P" begin
assign the label to all vertices;
for i:= n step-1 until 1 do begin
select: pick an unnumbered vertex v with largest label;

comment assign v the number i, a(i):= v;
update2: for each unnumbered vertex w 6 adj (v) io add to label(w);

end end LEX P;

Algorithm LEX P will generate an ordering a which, by the observation
above, must be perfect if G has any perfect orderings, although if G has no perfect
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5(6) 4(6)

FIG. 3. Order generated by LEX Pfor a nontriangulated graph. Fill-in edges are dotted. Ordering is

not minimal since another ordering has fill-in {{3, 4}, {3, 5}}.

5(9,8)

8 (0,9) 9 (0)

7 (10) 6(10,7)

2(7,6)

FIG. 4. Final labels and perfect elimination order generated when LEX P is applied to graph in

Fig. 1.

orderings a may not be minimal (see Fig. 3). Figure 4 shows the application of
LEX P to the graph in Fig. 1. The relationship between LEX M, LEX P, and BFS
is as follows: if a is a LEX M ordering of a graph G, then a is a LEX P ordering of
G*; if/3 is a LEX P ordering of a graph G, then/3 is a BFS ordering of G.

5. Implementation and complexity. In this section we give linear-time
implementations of FILL and LEX P, and an O(ne) implementation of LEX M.

5.1. Computation of fill-in. To get algorithm FILL to run fast, we must
make sure that the adjacency lists A(v) do not contain too many redundant
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elements. During the ith iteration of statement loop in FILL, we read through the
elements in A(a(i)) and eliminate duplicates. We use a Boolean array test(j),
setting test(j) to true if and only if a(j)A(c(i)). The implementation appears
below in ALGOL-like notation.

ALGORITHM FILL" begin
for j := 1 until n do test (j):= false;

loop" for := 1 until n- 1 do begin
k:=n;
v := c(i);
comment eliminate duplicates in A (v) and compute m(v);

dup: for w A (v) do
if test(c-(w)) then delete w from A(v)
else begin

test(o-l(w)) := true;
k := min (k, a-(w));

end;
m(v) := c(k)
comment add required fill-in edges and reset test;

add" for w A (v) do begin
test(a-(w)) := false;
if w m(v) then add w to A(m(v));

end end end FILL;

Suppose this algorithm is applied to an ordered graph G (V, E, a) whose
elimination graph G* has e’ edges. Each time statement add is executed, A (v) is
free of redundancies since dup eliminates such redundancies. The number of
entries made to adjacency lists by one execution of add is thus bounded by IA (v)]
(defined in *G), and the total number of additions to adjacency lists made by add
over all iterations of loop is bounded by e’. The total time spent in dup over all
iterations of loop is bounded by the total number of additions made to adjacency
lists and is thus O(n + e’). The total running time of add over all iterations of loop
is also bounded by the total number of additions to adjacency lists and is O(n + e’).
Thus the total running time of FILL is O(n + e’).

5.2. Perfect orderings. The programming of LEX P is an interesting exer-
cise in list processing, since the search requires that verticles be kept in a particular
order depending on their labels. To make the implementation efficient, we do not
actually calculate the labels of the vertices. For each label value, we keep a set of
all vertices which have that label. We keep the sets in a queue ordered lexico-
graphically by label (highest to lowest). When a new vertex v is numbered, we
create a new set S’ for each old set S containing a vertex w such that vmw. We
delete from S all such vertices w and add them to the new set S’, which is then
inserted in the queue of sets just in front of S. It is easy to see that this method
maintains the proper lexicographic ordering without actually calculating the
labels. This method is similar to that used by Sethi [24] to implement the
Coffman-Graham two-processor scheduling algorithm [2].

An implementation of this method is given below in an ALGoL-like notation.
To maintain the queue and the sets, we use cells, each containing four items: flag,
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head, next, and back. Certain cells are used as set headers. These cells are doubly
linked using head and back in a queue which is ordered lexicographically by set
label. A single cell is used as a header for this queue (it does not head a set of
vertices).

Other cells are used to contain the vertices in the sets. Cells representing a set
are doubly linked using next and back. If c is the header cell of a set, next(c) points
to the list of elements in the set. If c is an element cell, head(c) contains the name
of the vertex in the cell and /ag(c) points to the header of the set containing the
cell. Figure 5 gives an example of this data structure.

Cell

(10,9)

(IO)

(9)

FIG. 5. Data structure ]:or Fig. 4 example after vertices 10 and 9 have been numbered. For
convenience, vertices are assumed to be identified by their elimination number. Implicit labels of the sets

are in parentheses.

The program uses certain other variables. If v is a vertex, cell(v) points to the
cell containing v. The list fixlist contains pointers to the headers of the new sets
created after a vertex v is numbered. Each such header h has ]tag(h)= 1 until
after all the new sets are constructed. The algorithm then empties fixlist, resetting
all the flags of the corresponding headers to zero.

ALGORITHM LEX P: begin
comment (implicitly) assign label to all vertices;
head(l) := 2;
back(2) := 1;
head(2) := back(l):= next(l) := ]/ag(1) :-f/ag(2):= 0;
c:=3;
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comment c is the number of the first empty cell;
for v V do begin

head(c) := v;
cell(v) := next(c 1) := c;
flag(c) := 2;
back(c) := c 1;
c:=c+l;
a-’(v) := O;

end;
next(c- 1) := O;
or := n step- 1 until 1 do begin

comment skip empty sets;
while next(hed(1)) :-- 0 do begin hed(1) :- hed(hed(1));

back(head(l)) :- 1 end;
commenl’pick next vertex to number;

select: p :-- next(hed(1));
comment delete cell of vertex from set;
next(head(l)) :-- next(p);
next(back(cell(w))) :-- next(cell(w));
it next(cell(w)) 0 then back(next(cell(w))) :=
comment assign the number i;
a(i) := v
c-(v) := i;
fixlist := ;

update 2" for w e adj (v) do if a-(w) 0 then begin
comment delete cell of w from set;
next(back(cell(w))) := next(cell(w));
if next(cell(w)) 0 then back(next(cell(w))):=

back(cell(w));
h := back(flag(cell(w)));
comment if h is an old set then create a new set;
if flag(h)= 0 then begin

head(c) := head(h);
head(h) := c;
back(head(c)) := c;
back(c) := h;
flag(c) := 1;
next(c) := O;
add c to fixlist;
h:=c;
c :=c+l;

end;
comment add cell of w to new set;
next(cell(w)) := next(h);
if next(h) # 0 then back(next(h)) := cell(w);
]tag(cell(w)) := back(cell(w)):= h;
next(h) := cell(w);

end;
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[or h fixlist do flag(h):= v;
end end LEX P;

It is routine to verify that algorithm LEX P, as implemented above, operates
correctly and requires O(n + e) time and space to order a graph.

We can use LEX P to generate an ordering and then use FILL to calculate its
fill-in, ff the fill-in is empty, the graph is triangulated, and the ordering is perfect. If
the fill-in is nonempty, the graph is not triangulated. Thus we have an O(n + e)
algorithm to test whether a graph is a perfect elimination graph and to generate a
perfect elimination ordering if there is one.

5.3. Minimal orderings. Algorithm LEX M apparently requires more
execution time than LEX P, because statement update in LEX M requires more
graph searching than statement update2 in LEX P. Here is an implementation of
LEX M which runs in O(ne) time.

To keep track of the labels, we use a less complicated scheme than used in the
implementation of LEX P. Each unnumbered vertex w has an associated label
number/(w), such that/(y) l(z) if and only if y and z have the same label, and
/(y)< l(z) if and only if the label of y is less than the label of z. These label
numbers are integers between 1 and k, where k is the number of distinct labels.
When a new vertex/) is numbered, each vertex w connected to/) by a chain of the
type defined in statement update is assigned a new label number l’(w)= l(w)+.
Label numbers of other vertices are not changed. The resultant label numbers are
then sorted (using a radix sort) and new label numbers assigned so that all label
numbers are integers between 1 and the new value of k.

To find chains of the type defined in statement update, we conduct a search
starting from the newly numbered vertex/). First the search passes only through
vertices of lowest label. Then the search is extended through vertices of second
lowest label, and so on. In this way all appropriate chains can be found efficiently.
The program appears below in ALGoL-like notation.

ALGORITHM LEX M: begin
-1tor/) V do begin l(/)) := 1; a (/)) :-- 0 end;

k:=l;
loop" tot :-n step-1 until 1 do begin
select: pick an unnumbered vertex/) with l(/))= k;

comment assign v the number i;
mark/) reached;
c(i) := v;
a--l(/)) :--- i;
tor j := 1 until k do reach(j) := ;
mark all unnumbered vertices unreached;

-1tor w 6 adj (/)) and a (w) 0 do begin
add w to reach(l(w));
mark w reached;
l(w):=l(w)+l/2;
mark {/), w} as an edge of G*;

end;
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search: for j := 1 until k do
while reach(j)# ( do begin

delete a vertex w from reach(j);
for z adj (w) and z unreached do begin

mark z reached;
if (z) > j then begin

add z to reach(l(z));
l(z) := l(z)+ 1/2;
mark {v, z} as an edge of G*;

end else add z to reach(]);
end end;

sort: sort unnumbered vertices by l(w) value;
reassign l(w) values to be integers from 1 to k, redefining k appro-
priately;
end end LEX M;

It is an easy exercise to show that this program correctly implements
algorithm LEX M to compute a minimal ordering. The time required per
execution of statement search is O(e) since each vertex can only be marked
"reached" once and thus each edge can only be examined once. Statement sort
requires O(n) time when implemented as a radix sort [15]. The running time of
the program is thus O(e) per execution of statement loop, or O(ne) time
altogether. LEX M requires O(n + e) storage space.

6. Remarks. This paper has given an O(n + e) algorithm for finding a perfect
elimination order on a graph if one exists and a related O(ne) algorithm for finding
minimal elimination orderings. The algorithm for finding perfect orderings is
optimum to within a constant factor and is asymptotically faster than anything
previously published. The minimal ordering algorithm, as implemented here, has
the same asymptotic time bound as Ohtsuki’s algorithm [18], but his algorithm
does not calculate the fill-in produced by the ordering. The approach here solves
both the perfect ordering and minimal ordering problems efficiently, reveals
certain properties of lexicographic search, and provides a new characterization of
minimal triangulations. It is not known whether there is a better algorithm for
finding minimal orderings, or whether the problem of finding a minimum ordering
is NP-complete.

It is possible to extend the notions of perfect, minimal, and minimum
elimination orderings to directed graphs; such orderings are related to trying to
minimize the fill-in when performing Gaussian elimination on sparse asymmetric
matrices [10], [14]. Lemmas 1, 2 and 4, Corollaries 1 and 2, and Theorem 1 all
generalize to directed graphs. However, lexicographic search does not seem to
help in finding good orderings on directed graphs. We have constructed O(ne)
algorithms to compute the fill-in of any ordering and to find a perfect ordering if
one exists. We have devised an O(n4) algorithm for finding a minimal ordering,
using the proof of Lemma 2. We can show that testing whether a directed graph
has a perfect ordering or computing any ordering’s fill-in requires as much time as
testing a directed graph for transitivity, and that finding a minimum ordering on a
directed graph is an NP-complete problem [22].
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Minimum orderings are desired in practice, but finding them is time-
consuming. Minimal orderings are not necessarily close to minimum; for instance,
if the lexicographic ordering scheme described here is applied to a graph repre-
senting an n x n square grid, the fill-in is O(n3), while the nested dissection
method [8], [23] gives an ordering with O(rl 2 log n) fill-in, which is minimum to
within a constant factor [11]. The development of good ordering schemes for
special cases (such as grid graphs) and the theoretical.study of heuristics seem to be
fruitful areas for future research.

In particu|ar, two heuristics which seem to work well i.n practice are the
minimum-degree heuristic and the minimum-fill-in heuristic [21]. It seems possi-
ble that the minimum degree heuristic produces minimum fill-in to within a
constant factor, at least on grid graphs. A proof of such a statement would be
extremely interesting.

When performing Gaussian elimination in practice, it might be important to
minimize something other than the fill-in, such as the total operation count [1],
[21 ]. The problem of finding an ordering which minimizes the operation count or
some other criterion can be formulated graph-theoretically; only the fill-in
criterion has been studied extensively.
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DECOMPOSITION THEOREMS FOR VARIOUS KINDS OF
LANGUAGES PARALLEL IN NATURE*

SVEN SKYUM

Abstract. In this paper we give a method for decomposing subclasses of different families of
languages, parallel in nature, into other families. These decomposition theorems can be used to

produce languages not in a family by using examples of languages not belonging to some "smaller"
family.

Key words, formal languages, parallelism, L systems, definable sets, level grammars, decomposi-
tions

Introduction. Within the last few years there has been a growing interest in
various forms of parallelism in rewriting systems. This is mainly due to the large
amount of work done in the area of L systems or developmental languages.

In this paper we will examine the ability of different systems to generate
languages in which the words of the language are composed of words from
languages belonging to other families. These decomposition theorems can be used
for examining the relation between various families of languages.

On this basis we can give examples of languages not belonging to a certain
family by giving examples of languages not belonging to some smaller family.

Ehrenfeucht, Rozenberg and Skyum [3] employ this technique to show that
the family of ETOL languages is properly included in the family of INDEX
languages.

It is assumed that the reader is familiar with the basic notions concerning
formal language theory. For unexplained notions, we refer to Salomaa [12].

The following notations are used in this paper:
I denotes the set of nonnegative integers.

denotes the cardinality of Y_,.

Ixl denotes the length of x.
]x] denotes the number of occurrences in x Y_,*

of symbols belonging to some subalphabet
min (x) denotes the set of symbols occurring in x.

1. L systems. For a general introduction to L systems, we refer to [7] and
[11].

DEFINITION 1. An E0L system is a 4-tuple G (V, P, w, ,Z) where V (the
alphabet) is a finite set of symbols, P (the productions) is a finite subset of V V*,
such that for each A V there exists an x V* such that (A, x) is in P, w (the
axiom) is a word in V+, and E (the target alphabet) is a subset of V.

DEFINITION 2. The E0L languageL(G) of an E0L system G V, P, w, Z) is

(G)={x*lwx},

* Received by the editors November 6, 1974.
+ Department of Computer Science, Institute of Mathematics, University of Aarhus, 8000

Aarhus, Denmark.
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where o: is the transitive and reflexive closure of defined by z::> y if[ z y A
or there exist al, a2,"’.ak V and Vl, v2,"’, vk V* such that z--
ala_ a, y vlv2 v, and (ai, vi) P for each 1 -< _-< k.

DEFINITION 3. An E0L system G V, P, w, Z) is deterministic
(abbreviated EDOL) if for each A 6 V there exists exactly one x V* such that
(A,x)P.

DEVINITION 4. An ETOL system is a 4-tuple G (V, , w, ) where V, w,
and Z are as in the definition of an E0L system and is a finite set (whose
elements are called tables) such that for every P , V, P, w, ) is an E0L system.

DEFINITION 5. The ETOL language L(G) of an ETOL system G--
(V, , w, Y)is

L(G)={xX*lwx}
where : is defined by z :ff y iff z y ) or there exist P , a 1, a2, , a V,

and v, v2, , Vk V* such that z ala2 a, y vve vk, and (a, v) P
for each 1 -< -< k. (We will then write z y.)

DEFINITION 6. An ETOL system is deterministic iff each of the underlying
E0L systems is deterministic.

DEFINITION 7. An EFOL (ETFOL) system is defined as above, but here we
allow a finite set of axioms instead of a single axiom w. The language generated
by such a system consists of the union of the languages generated by the system
obtained by choosing in turn each element w f to be the axiom.

DEFINITION 8. A 0L (FOL, TOL, TFOL) system is an EOL, (EFOL, ETOL,
ETFOL) system G V, P, w, Z), (G V, , w, Y_.)) where Y_. V.

For any class of systems, we will use the same notation for the family of
languages generated by these systems.

DEFINITION 9. The prefix H attached to the name of a language family
indicates that we are considering homomorphic images of the languages in the
family, e.g., L _Y_.* belongs to HDFOL if[ there exists a DFOL system G
(V, P, , V) and a homomorphism h V* * such that L h(L(G)).

Some of the relations between different L families are shown in Fig. 1. If two
nodes labeled X and Y are connected by an oriented edge, then X% Y, and if two

ETOL HTOL

H0L E0L EDTOL HDTOL HDTFOL

EDOL

FIG.
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nodes labeled X and Y are connected by a broken edge, then X and Y are
mutually incomparable. The proofs of the relations can be found in [1] and [9].

2. Definable and extended definable sets. Simple and extended recurrence
languages. The following five definitions define notions introduced by Rose 10].

DEFINITION 10. A (n-ary) format is any triple (Z; so; F), where Z (the
alphabet) is a finite set of symbols, sc is a n-tuple (SOl, G) of symbols (called
variables) not in Z, and F is an n-tuple (F1,"" ", F,) of finite subsets of (E U

DEFINITION 11. The generating function gz;;v for a given (n-ary) format
(E; :; F) is defined thus: for each n-tuple W= (W1," ", W,) of finite subsets of
(;U{:,,’’’, ,})*,

gs;;,(W) ( U o’(F1), U o’(Fn)),
where R.;e(w) is the set of all substitutions o- such that, for each x e E, r(x) {x}
and r(:i) is a subset of W with at most one element (1 _-< _-< n).

DEFINITION 12. The approximating sequence E(k)=(E(k),.. ",En(k))
(k I) for a given (n-ary) format (E; :; F) is defined thus: G(0) (1 _-< _-< n),
and for all k >0, E(k)= g;e;v(E(k-1)). Then n-tuple E=(Uk>=oE(k)," ",

LJ k>=o E,(k)) is said to be generated by (E; :; F).
DEFINITION 13. A language L

_
Y_,* is said to be extended definable if it is the

nth coordinate of the n-tuple generated by some (n-ary) format. We will denote
the family of extended definable sets as ED.

DEFINITION 14. The polynomial function Py.;#;F for a given (n-ary) format
(; ; F) is defined thus: for each n-tuple W=(W,..., W,) of finite subsets of
O:U{5,,""", ,})*,

p.;;v( W) (SV(F,), S/(F,,)),
where sVis the substitution o- such that, for each x Z, o-(x) {x} and o-(sc) W/.

The following lemma is due to Rose [10].
LEMMA 1. A language L c_ Z* is definable (defined by Ginsburg and Rice [4])

if and only if it is the n-th coordinate for the minimal fixpoint (mfp) of the
polynomial function p;e;v for some (n-ary) format (E; :; F).

The mfp for P.:e..v is D=(D,,..., D,)=(Uk_>__oD,(k),"’, U__>o D,(k)),
where Di(0) (1 _-< =< n) and, for all k _<- 1,

D(k)=p;;e(D(k-1)).

We will denote the family of definable sets by D.
If we use the notion from Definitions 10 and 14, we can give the following

definition of the simple recurrence languages introduced by Herman [6].
DEFINITION 15. A recurrence system is a 4-tuple R =(Z; so; F; a), where

(2,; so; F) is a (n-ary) format and a (a, , a,) is an n-tuple of finite subsets of
*.

We define the simple recurrence language L(R) of R by

L(R)= U D’,,(k),
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where D’(k)=(D](k),...,D’n(k)) is defined inductively by D’(0)=
(al,’",an), and for k=>l, D’(k)=px,e;v(D’(k-1)). The family of simple
recurrence languages is denoted by SR.

DEFINITION 16. Let R =(Z; :; F; a) be a recurrence system. The extended
recurrence language LE(R) of R is defined by

LE(R)= U E’.(k),
ko

where E’(k) (E’l(k), , E’n(k)) is defined inductively by E’(0) (al," ,
and for k -> 1, E’(k)= g.;e;v(E’(k- 1)).

The family of extended recurrence languages is denoted by ER.
PROPOSITION 1. For every recurrence system R (Y; ; F; a), there exists a

recurrence system R’= (Z; ’; F’; a’) such that F’= (F’l, F;, , F’n) is an n-tuple
offinite subsets of {], ;,. , ’n}*, and for 1 < < n, ai is either empty or consists

of a single element in 2,, L(R)= L(R’), and LE (R)= LE (R’). (The proof can be
found in [6] and [15].)

DEFINITION 17. A level grammar is a 4-tuple G (V, P, S, Z), where
V is the alphabet,
P (the productions) is a finite subset of V x V*,
S e V is the start symbol, and
y_, _c V is the terminal alphabet.
DEFINITION 18. We say that w(A, n)w’ directly yields w(A1, n + 1)

(Ak, n + 1)w’ in G(w(A, n)w’ w(A1, n + 1) (Ak, n + 1)w’) if w, w’ 6 (V, I)*
G

and (A, At Ak) P. is the transitive and reflexive closure of =),. As usual,
G G

we will write =)> and if it is clear which grammar G is involved in.

DEFINITION 19. The level language L(G) is generated by a level grammar
G=(V, P, S,Z) if

L(G) h({w (V, I)*I(S, 0)= w})flY_,*,

where h:(V, 1)*- V* is a partial function only defined on strings, where all
variables are associated with the same level number n e/.

More specifically, h is defined as follows:
(i) h(A) A;

(ii) for all A1,. , Ak e V and n I, h((A, n) (Ak, n)) A A
(iii) for all other strings in (V, I)*, h is undefined.
We have that

L(G)= U [h({we(V, n)*[(S, 0)=)> w})fflY_,*] U L(G, n).
>=0 0

We say that L(G, n) is the language of level n generated by G.
Example 1. Let G ({S, a, b}, {(S, ab), (a, aa), (b, b), (b, bb)}, S, {a, b}).
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Then

L(G, 0)=,
L(G, 1) {ab},
L(G, 2) {aab, aabb },

L(G, n) {a2"-’bill -< _-< 2n-l},

L(G) U L(G,n)={a2"biln>=O, l=<i=<2"}.

The family of level languages will be denoted by LL.
DEFINITION 20. Let G=(V, P, S,Z) be a level grammar. We write

wl(A, n)wz(A, n,). wk_(A, n)wk=)ewwwzw w_ww if wi((V, I)\

(A, n))* (1 =< _-< k) and (A, n) w. p is again the transitive and reflexive closure

of =)e. We say that w derives w’ in parallel if wp w’.
DEFINITION 21. The parallel level language Lp(G) generated by a level

grammar G V, P, S, Z) is

Lp(G) h({w6(V, I)*I(S, O) :p w}) f"l Z*.

Again Lp(G) U,,__>_0 Lp(G, n), where

Lp(G, n)= h({w6(V, n)*l(S, 0)=),p w}) f"l E*.

Example 2. Let G be the level grammar from Example 1. Then

Lp(G, O) )
Lp( G, 1) {ab},
Lp(G, 2) {aab, aabb},
L,(G, 3) aaaab, aaaabb, aaaabbbb},

gp(G, n)= {a-lb’-ll --< -< n},

L(G) Lp(G, n)={ab’lO<-_i <-_ n}.

The family of parallel level languages is denoted by PLL.
DEFINITION 22. A restricted level grammar G V, P, S, Z) is a level gram-

mar with the restriction that for each A Z, (A, A) is a production in P.
The corresponding families of restricted (parallel) level languages are

denoted by RLL (RPLL).
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Figure 2 shows the relations between the families defined in this section. The
proofs of the relations can be found in [6], [10] and [15].

ER PLL

RPLL ED SR LL (=EOL)

D RLL (=CF)

FIG. 2

3. Russian and Indian parallelism. For definitions and discussion, see [8],
[13], [14] and [16].

DEFINITION 23. A Russian parallel context-free grammar is a 5-tuple
G =(V, Z, P, Po, S), where the only difference to an ordinary context-free
grammar is that the set of productions is divided into two sets of productions, P,
(the universal productions) and Po (the ordinary productions).

DEFINITION 24. The language generated by a Russian parallel context-free
grammar is

L(O) {x E*lS*o x}

where :)G is the transitive and reflexive closure of ::)G defined by z GY iff either

(i) Z ZlAZ2 and y= ZlVZ2 for some v, zl, z2e (VUY-,)*, and A e V such
that (A, v) is in Po, or

(ii) Z=ZlAZ2A... AZk and y=ZlVZz2"’’t)Zk for some v6(VUY_,)*,
A 6 V, and zi6((VUZ)\{A})*, 1-<i-<_ k, such that (A, v)6Pu.

We will denote the family of Russian parallel languages by RP.
DEFINITION 25. An Indian parallel context-free grammar is a 4-tuple G

(V, Z, P, S) like a context-free grammar, but P consists of universal productions
only. That means that V, :E, P, , S) is a Russian parallel context-free grammar.

RP

CF IP

LIN

FIG. 3
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We will denote the family of Indian parallel languages by IP.
The relations between RP, IP, CF and LIN (linear languages) are shown in

Fig. 3. The proofs of the nontrivial relations can be found in [12] and [16].
In Fig. 4 we summarize the known inclusions between the families defined in

1-3.

IND EX

ED

lED
T

CFP

RG

0L

FIG. 4

4. Results. In this section we will examine the possibility of decomposing
some languages from a certain family into languages from some smaller family.

THEOREM 1. Let , be some alphabet and K_Z*. Let #e and c(K)
{(w )n-lw] w 6 K}. The families HDOL, EDTOL, ED, ER, and IP are closed
under the operators c .

Proof. The proof is straightforward and is omitted.
DEFINITION 26. Let L h(L(G)), where G=(V, , w, V) is a T0L system

and h V* Z* is a homomorphism, a 6 V is called essentially nondeterministic
with respect to h and G iff

(i) there exist words x, x2, x3 6 V*, such that xax2ax3 L(G);
(ii) there exists a sequence of tables Pi,, Pi2, ", P. and words w, w2 6 V*

such that for j 1, 2,

Pi Pi Pi Pin

and h(w) # h(w2).
LEMMA 2. Let L= h(L(G)), where G=(V, , w, V) is a T0L system and

h V* Z* a homomorphism. If there are no essentially nondeterministic symbols
in V with respect to h and G, then L HDTOL.

Proof. Let G V, , w, V) be the DTOL system where 5 is defined by P
iff P

_
P’ for some P’ and V, P, w, V) is a D0L system. Now it is obvious that

L(G)c_L(G).
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Let x h(y) where y L(G). Let

w WoZff w, :if- :ff w, y
Pi Pi Pin

be a derivation of y in G. For 1 < j < n, let P’ij be a table in such that P’ij_ Pi, and
if a V only occurs once in wj_, and is rewritten as z in the derivation, then
(a, z) P. If a occurs several times in wj_, then just choose one production from

P to be in PI. Note that because a is not essentially nondeterministic, it does not
matter which production one chooses. Then

W-- W() W,"’w y

is a derivation in G, and h(y)-- h(y’).
THEOREM 2. Let Z be an alphabet and let K

_
Z*. Let @ ,.

(a) If c2(K) ET,0L, then K EDTOL.
(b) If c3(K) EOL, then K HDOL.
(c) If C 2(K) RP, then K IP.
(d) d c:(K) ED, then K ED.
Proof. (a) Let c(K)= h(L(O)) HTOL ETOL for some T0L system O and

homomorphism h. Because of the form of c(K), it immediately follows that there
is no essentially nondeterministic symbol in G. Therefore by Lemma 2 it follows
that c(K) HDTOL EDTOL.

Let then 2c.(K) h(L(G)), where G=(K , w, is a DTOL system and
h V* (G U { })* is a homomorphism.

Define V G V to be the set satisfying a V iff there exists an x such that

a x and rain (h(x)). Note that every symbol in V can occur at most once in
every word in L(G).

Define a DTOL system H (, , , ) as follows-
If (a0, aa2 ak, bak,+ akb2 b,ak+ ak,+,)P (n 0), where

a V, 1 k+, b V, 1 n, and P , then for all N G V, ([ao, N],
[al M][a2 M]’’’ [ak,, M][bl MU{bl}][ak+l MU{bl}]"""
[62, MU{6, 62}]""" [6,, MU{, :, , }][a+,, MU{,, 2, , ,}]
[ak.+, MU{b, b:, b,}]) is in a corresponding table P in . M=min (y) V
for some y such that there exists an x, where N{ao} rain (x) and x p y. Note
that M is uniquely determined by N.

If w a...akxbak,+.., a:baak+l" .a,b,ak+...ak+,, where
aV, lik,+, and bV, lin, then =[a,]’"
lake, ][b, {bl}][ak+,, {b,}]... [aka, {b,}][b2, {bl, ba}][ak2+,, {bl, b2}]’""
{6,,-.., 6,_,}][6, {6,,..., 6,}][a+1, {6,,’’’, 6}]’’’ [a+,, {6,,..., 6,}].

If we now define a homomorphism g" ** by

h(a) if 4 min (h(b)) for all b N,
g([a,N])= v ifa6Nandh(a)=v4uforsomeu6Z*,

A otherwise,

then it follows that K g(L(H)) HDTOL EDTOL.
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3(b) Let c(K)=h(L(G)), where G=(V,P, w, V) is an 0L system and
h V* (Z U { : })* is a length preserving homomorphism. This is no restriction
(see, e.g., Ehrenfeucht and Rozenberg, [3]). Let n V], m be an integer such that

Iwl--< m and if (a, x) P, then Ixl--< m, Let Vm
___
V be the set of mortal symbols in

V; that means that a Vm iff a :fin x implies that x A. Let Vv V V,, be the set
of vital symbols. Let Vs

_
Vbe defined by a Vs iff there exists an > 0 such that if

x L(G), Ixl > then a min (x). Let Vb V

Observations. 1. If a 6 Vb and a : x, then min (x)c_ Vb.
2. There exists a k >0suchthatifx L(G)andlxlv> k, then min (x)c_ Vb.
3. If X L(G) and Ixl > m k, then min (x)

___
Vb.

To see the correctness of (3), let w :ff wl :ff w2 :" : wn x be a derivation
of x L(G), where Ixl > m k. Assume that a min (x)f"l Vs. Then because of
Observation 1 there exists a symbol b min (wl) f-) Vs which implies that IWllo --< k
and Ixl -< k m n, so our assumption cannot be true.

Let now x L(G), Ix] > m k, and a 6 min (x). We will prove that if a :i w
and a :ffi w2 for some >0 and w, w2 V*, then h(w) h(w2). From that it will
follow that c3.(K) HDFOL HDOL because we can just choose one production
for every symbol, and choose {x L(G)[Ixl <= mn" k} to be the set of axioms. Now
back to the statement.

Let/=max {[wl, Iw21}. Because of Observation 3 above, a Vb and there-
fore there exists a word y6L(G) such that a6min(y) and [ylv>3t+2. Let
y=zlaz2 and zj :ffivj for j= 1,2. Then ]VlWiV2]>3t+2 for j= 1,2, and since
]w.I < for j 1, 2 h(Wl) and h(w2) must be equal. To prove that K HDOL if
3J(K)6HDOL, we can use exactly the same technique as in the proof of
K 6 HDTOL if c 2(K) 6 HDTOL.

(c) Let c 2.(K)= L(G), where G (V, Y_,tO{ 4 }, Pu, Po, S) is a Russian paral-
lel context-free grammar. As for ordinary context-free grammars, we can assume
that all nonterminals are useful. That means that for all A V there exist words

x, y (VUEU{})* and v (Y_,U{})* such that S:ffxAyzffv.

Assume that Szz),XlAx2Ax3zvAvzA Ark t)lWlVzW2 Wk-ll-)k for
some words xi6(VUZU{})*, 1-<i_-<3, vi(Y_,U{})*, l<-j<-_k, wi
(,E t_J { 4 })*, 1 -< -< k 1, and some A Vsuch that A is not rewritten anywhere in

the subderivation XlAx2Ax3 z: vAv2A Ark.
Then w-- w2 wk- because VlW,V2Wi2 W_,Vk L(G) for all

l<-i,i2, ...,ik_l<=k-1. It then follows that c2(K)=L(G’), where G’=
V, E U { }, Pu U Po, (, S), which means that c2(K) IP. .

Define V c_ V t_J { } to be the set satisfying A V iff A. x x2 for some
Xl, X2 ::.

Let G=(V,Z,P’, f,S), where P’ is defined as follows" if (A, A1A2
A,BAt,+At,+2 A,,) Pu I,_J Po, where Ai VUY_,, 1 -< =< n, and B V, then
(A, A1A2 A,B) P’ if B : , and otherwise (A, AIA2 At,)- P’. (Note
that in every sentential-form in G’ there is exactly one occurrence of a letter in
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If (A, x) Pu U Po and V. f’l min (x) , then (A, x) P’. No other produc-
tions are in P’. It is easy to check that K L(G).

(d) The proof of part (d) is very similar to the last half of the proof of part (c) if
we use the fact that ED RPLL.

Remark 1. Note that it is an open question whether c2.(K)e E0L implies
K HDOL or not.

Remark 2 If c 2.(K)CF, then Ke RG. This is in fact a special case of
Theorem 2.3.2 in [5].

Conjecture. If c(K) ER, then K ER.
Theorem 2 is visualized in Fig. 5. If two nodes labeled X and Y are connected

by an oriented edge, then c3(L) X implies that L e Y. We can give a more
general theorem than Theorem 2, namely the following.

INDEX

ER

ED

ETOL

E0L EDTOL

RG

FIG. 5

THEOREM 3. Let E be an alphabet and let K1, K2
_
E*. Let # :E and let

f K1 K2 be a bijective function from KI onto K2. Let K {w # f(w)[w K1}.
(a) If K ETOL, then K, K1, K2 e EDTOL.
(b) If K RP, then K, K1, K2 IP.
(c) If K ED, then K, K1, K2 ED.
Proof. The proof is analogous to the proof of Theorem 2.
Remark. Note that it is not true that K e E0L implies that K2 HDOL. Let

,Z {a, b}, K1 K2 E*, and f K -> K2 be defined by w 6 KI f(w) mir(w).
(mir(w) denotes the mirror-image of w.)

K= {w #f(w)lw K1}e E0L because it is generated by the following E0L
system.

({S, a, b, # }, {S aSa, S- bSb, S- # a - a, b b, # # }, S, {a, b, #}).

But E* is not a HDOL language.
Instead of having a special marker # which divides the words into two parts,

we could have disjoint alphabets such that the words are concatenations of words
in the alphabets.
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THEOREM 4. Let El, ’2, En be n alphabets, not necessarily disjoint, and
let fi’E*-Z*, 2 <- n, be homomorphisms. Let K E and c’,(K)
{wf2(W)fa(W) f,(w)]w K}. en EDTOL and HDOL are closed under the
operator c’,.

Proof. The conclusion is easy to check.
If f is bijective for 2 n, then we will denote the operator by c,. Note that

ED, ER and IP are not closed under c’
LEMMA 3. Let E and Z2 be two disjoint alphabets and let K Z, K2 .

Letf be a bijective function from K1 onto K2. Let K= {wf(w) w K1}. IlK 6ER,
then K SR (= EOL).

Proof. Let K=LE(R), where R =(E; , 2,"’, ,; F, Fz,..., F,; 1, az,., a,) is a recurrence system satisfying the properties of Proposition 1. Assume
that there exist integers 1 i, i, , i n, l, q > 2, words Wk {1, ", -1,
i+,." ", ,}* for lk l, and words w]k), w{,. ., ,}* for 1 <km
such that

(i) WllW2iw3" iWll
(ii) i n;
(iii) W]k)ikWk)Fik+l for lkm;
(iv) if r min (w w2 Wl), then E(q)
(v) if min (wk)" k)) then E(q + k) # for 1 < k < m"2

(vi) there exist words v, v2 E(q).
Then there exist words Xk *, 1 k l, w, e such that x VlX2Vl VlX
wf(w) and Xl v2x2v2"’" v2x fir(if). Since w, e and f(w), f() and is
a bijection, we must have that v v2. Since the conclusion of our assumption is
that v, v2, it does not matter whether we substitute in parallel or not. Therefore
K= L(R) and K SR (= EOL).

THEOREM 5. Let 1, 2 and 3 be disjoint alphabets and letK , 1 3.
Letf K K2 and g K K3 be bijective functions. LetK {wf(w)g(w)w K}.

(a) If K ETOL, then K, K2, K3, K G EDTOL.
(b) If K EOL, then K1, K2, K3, K HDOL.
(c) If K ER, then K, K2, K3, K HDOL.
Proof. (a) In [3] it is shown that if {wf(w)lweK}ETOL, then K, K2,

{ wf(w)]w K} EDTOL. This statement is stronger than the one in this theorem.
(b) The proof is quite similar to the proof of Theorem 2 (b).
(c) This follows from Lemma 3 and part (b) of this theorem.
THEOREM 6. Let 1, Z2 be disjoint alphabets and let K , K2 . Let

f g K2 be a monotone bijective function, monotone in the sense that xl lyl
implies that If(x)l If(y)l. Let K {wf(w)lw K}.

(a) If K RP, then K LIN and K, K2 RG.
(b) If K ED, then K LIN and K1, K2 RG.
Proof. (a) Let 2. Let K L(G), where G V, , Pu, Po, S) is a

Russian parallel context-free grammar. We will assume that there are no useless
letters in V.

Assume A V and A w, A w2 for some w, w2 *. We have then

SxAx2vAv2A Ark for some x, x2e(VUZ)* and v6E*, lik,
and therefore vwv2w WlVk eL(G) and vw2v2w2 W2Vk L(G). Since f
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is a monotone bijection, we have that if w : W2, then A can occur at most once in
a sentential-form and w, w2 cannot both be words in Y_.* or E2*.

Now construct H V, E, P, S) as follows. If (A, xiBx2) P, Po for some
x, x26(VUE)* and Be V such that B can generate more than one word, then

(A, vBvz)_P, where XlV,E* and XZDZG-.2. Note that XI, Xz, B, /31, /32
are unique.

If (A, x) Pu tO Po and no symbol in x can generate more than one word, then

(A, v) P where x :ff v. Note again that v is unique.
It is now clear that L(G)= L(H) and that implies that KLIN and K1,

K6 RG.
(b) This is similar to (a) when we observe that ED RPLL.
Let Z, Z2 and Z3 be three disjoint alphabets. Let Ki

_
E/*, 1 <_- <= 3, and let

fi’K Ki, i= 2, 3, be length preserving isomorphisms from K onto Ki. Let
K {wf2(w)f3(w)IW G_ ]1}"

Using Theorems 5 and 6, we can get Fig. 6.
If two nodes labeled X and Y are connected by an oriented edge, then K X

implies that K 6 Y.

INDEX

ER ETOL

FIG. 6

5. Applicalions. In this section we will show how the theorems in 4 can be
used to solve some of the open relations between families occurring in Fig. 4.

It is known from the literature that mutual incomparability holds between
families X and Y if there is no path from X to Y or from Y to X in Fig. 4 with the
following exceptions:

(ED, EDTOL), (ED, ETOL), (ER, EDTOL), (ER, ETOL),
(ED, IP), (ED, RP), (ER, IP), and (ER, RP).

Mutual incomparability between

(ED, EDTOL), (ED, ETOL), (ER, EDTOL), and (ER, ETOL)

follows by the following theorem.
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THWOREM 7. ED ETOL and EDTOL ER.
Proof. In [2] it is proved that there exist context-free languages which are not

EDTOL. Let L be such a language. Then by using Theorems 1 and 2, we get that
c2(L) belongs to ED but not to ETOL. Hence EDETOL. Let K_Z* be a
language in EDTOL\HDOL (e.g., {a,b}*) and let fi’Zl*-Z*, i=2,3, be
isomorphisms, where El, E2 and Z3 are disjoint alphabets. Then by Theorems 4
and 5, we get {wfl(w)fz(W)[W K1} EDTOL\ER.

COROLLARY. ED RP.
The remaining open problem is now whether or not IP is contained in ER.

Acknowledgment. I wish to thank Joost Engelfriet and Arto Salomaa for
many useful discussions and comments.
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RANKING ALGORITHMS: THE SYMMETRIES
AND COLORATIONS OF THE n-CUBE*

JAY P. FILLMORE AND S. G. WILLIAMSONt

Abstract. This paper discusses determination of the ranks, in lexicographic lists, of the symmetries
and proper symmetries of the n-cube and of its colorations by colors, up to these symmetries.

Key words, combinatorial algorithms, ranking algorithms, serial numbering schemes, n-cube

1. Introduction. Classically, "enumerative combinatorics" has been con-
cerned with counting rather than listing sets of combinatorial structures. A
systematic discussion of basic questions on enumeration from the latter point of
view was initiated by D. H. Lehmer in The machine tools ofcombinatorics 1 ]: a set
of combinatorial structures should be analyzed by first giving an algorithm for its
generation, and hence linearly ordering it, and second giving a ranking or "serial
numbering" function, an easily computable function giving the rank or position of
each structure within the linear order. Carrying out such an analysis is generally
more difficult than merely determining the cardinality of a set of structures; its
importance is amply indicated by Lehmer. A knowledge of the ranking function is
essential for the effective use of an algorithm, as the exponential size of the
outputs of many algorithms prevents their entire execution.

This paper deals with a classical problem, coloring the n-cube up to symme-
tries, from Lehmer’s point of view. We present the ranking functions for four
algorithms concerning the n-cube. A listing is:

1. the group of all symmetries,
2. the group of proper symmetries,
3. the colorations by r colors up to all symmetries,
4. the coloration by r colors up to proper symmetries.

In each case, the algorithm is the listing of the structures in a suitable lexicographic
order.

2. The groups of the n-cube. Let G and H be groups acting on the set A
and B, respectively. G acts on the Cartesian product A x B via the first factor,
g (a, b)= (g. a, b), a in A, etc.; the set H’ of all functions f from A to H is a
group under pointwise operations and it acts on A x B by f. (a, b) (a, f(a) b).
Together G and Ha generate the wreath product, the semidirect product G Ha,
in which Ha is normal, and which acts on A x B.

The set of 2n faces of the n-cube is the Cartesian product of the set
A {1, 2,. , n} of n axes and a set B {1, -1} of two elements which distin-
guish faces associated with an axis; that is, the centers of the faces are +/-e,
e (1, 0,..., 0), etc. The group of all n!2" symmetries of the n-cube is the
wreath product G Ha, where G is the group of all permutations of A and H that
of B. Denoting by tr an element of G and by (e l, 17’2, en), F-,i --t-- 1, a function in
HA, (o’, (El, ", en) is the symmetry ei eo--l(i) e-l(i.
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List the elements of G and HA in lexicographic order, and those of G HA in
the product lexicographic order.

The lexicographic rank g, 0-< g < n !, of the permutation

1
/ ala2 an

2
a a2 an

(n 1)! + a2 (n 2)! +. + a’n-1 1!

where a i, 0-< ai-< n- i, is the rank of ai in aia+l’" an [1, p. 20].
The rank h, 0-< h < 2", of the function (el, e2, , e,) is

2n-2h=e’. 2n-1+e2 "--"" ""{-6n-- 2+en,

’=0 or 1 as ei 1 or-1where e
The rank N, 0-<N<n!2", of the symmetry (al"" an, (el,"’, e,)) is

N=g’2"+h.

For example: the 118th symmetry of the 4-cube has rank N 117.

117 7.24+5,
so g=7, h=5;

7= 1.3!+0.2!+1.1!,

so a’la2a3 101, ala2a3a4 =2143;

5=0.23+ 1.22+0 2+ 1.1,

SO (el, e2, e3, e4) (1, -1, 1,-1).
The 118th symmetry is

(2143, (1,-1, 1,-1)) or

0 1 0 0

-1 0 0 0

0 0 0 1

0 0 -1 0

The group of all n !2"- proper symmetries of the n-cube consists of those
symmetries (o’,(el,..., e,)) for which o- and (el,’", e,) have like parity
el en

List the elements of G and HA as before and pair those of like parity.
The parity of the element of G of rank g is (-1)t(u+l)/21. If we observe that G

consists of n lists of permutations on n 1 symbols, each list prefixed by 1, 2, ,
or n, a proof is obtained by induction.

The parity of the element of Ha of rank h is p(h)= el e,, where
h e’ n--1 2,--2 2+ e’ with e’1" 2 q-e 2 + +en-1 i=0as e 1 or-1. p(h) may
be defined recursively by:

p(0)=l, p(1)=-I and p(h)=-p(h’),
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where

h’= h- (largest power of 2 not exceeding h).

The pairs of ranks 01, 23, 45, have one rank of each parity. It follows that
the kth element of HA of a given parity appears in the kth pair. Of the elements of
parity 1, the one of rank k appears for h 2k +(1-p(k))/2; of the elements of
parity -1, the one of rank k appears for h 2k +(1 +p(k))/2.

The rank N, 0-<_N< n!2n-’, of the symmetry (o-, (e,. , en)) in the lexico-
graphic list of proper symmetries is

N=g. 2n- + k,

where g is the rank of or, 0_-< g < n! and k is the rank of (e 1, ", en) in the list of
functions of the same parity as that of o-, 0_-< k < 2"-.

For example, the 118th proper symmetry of the 4-cube has rank N 117.

117= 14.2+5,
so g 14, k 5;

14=2.3!.+1 2!+0.1!,

SO a a2a3 210, aa2a3a4 3214.
3214 has parity (-1)(14+)/2J=-1.

+ p(5)
h=2.5+=11,

2

11 1 23+0 22+ 1 2+ 1 1,

The 118th proper symmetry is

0 0 1 0

1 0 0
(3214, (-1, 1,-1,-1)) or

0 0 0

0 0 1

Other algorithms for listing the elements of G and HA lead similarly to the
listing of the symmetries and proper symmetries of the n-cube. The method of
adjacent marks 1, p. 22] lists the permutations in G with alternating parity. The
subsets of A may be listed first by cardinality and then lexicographically within
sets of equal cardinality. A ranking function for the latter may be based on the
combinatorial representation of integers [1, p. 28].

3. The colorations of the n-cube. Let S be a set. H acts on the sets Sn of all
functions f from B to S via the action on B, (h .f)(b)= f(h- b); its orbit space
we denote S/H. Likewise, G acts on (SB/H)a via the action on A with orbit
space (Sn/H)A/G, and G Ha acts on San via the action on A x B with orbit
space Sn/G Ha. There is a well-known canonical bijection between these
latter two orbit spaces, as made evident in the geometric examples below. (For a
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proof, note that the canonical bijection sAB/G HA (SB/H)A/G is given by

f mod G" HA (the function a’ f(a’,. mod H) mod G.

Functions of two variables can be viewed as functions of the first variable with
values in the set of functions of the second variable; sAXO/G’HA=
(sB)A/G HA. HA is normal in G HA, so its action may be factored out first and
the action of G. HA/HA second; (sB)A/G HA =((sB)A/HA)/(G" HA/HA).
The action of HA on functions from A to S is one copy of the action of H on SB

for each element of A; (s)A/HA (S/H)A. Finally, G HA/HA G is clear.)
The set of all distinct (under the symmetries in G. HA) labelings of the cube

A x B by elements of a set S is the orbit space sA/G HA (SB/H)A/G. That
is, place all distinct (under H) labeled axes onto the cube in all distinct (under G)
ways.

For example, when n 3 and S {0, 1}, the distinct labeled axes are 00, 01,
and 11. The distinct colorations of the cube, ten in number, are

O0 O0 O0 O0 11 11

00 00 01 01 01 01

O0 O0 11 01 01 11

O0 01 01 01 11 11

00 01 11 11 11 11

Note that these are the lexicographically nondecreasing sequences of length three
on the symbols 00, 01, and 11.

In general, when S {0, 1, , r- 1} and G HA is the group of all symme-
tries of the n-cube, the distinct labeled axes S/H are described by symbols ij,
O<-i<-j < r; since G consists of all permutations of A, the colorations of the
n-cube up to all symmetries, sAxB//G HA =(S/H)A/G, are described by
lexicographically nondecreasing sequences of length n on the symbols ij. There
are (;) + r symbols ij and ,(t+"-l), nondecreasing sequences of length n on these
symbols; hence there are

colorations of the n-cube by r colors, up to all symmetries.
There is a bijection between nondecreasing sequences x lx2"" x., 0 <= x<=

x2 -<. -_-<x. < l, and (1- 1)- or n-element subsets of an (n + l- 1)-element set:

di d2 dl

xx2" x,-O 0 0 0 1 0 0 0 1 1 0 0 0

0 1 2 n+l--1
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where dx =>0 is the number of x’s in XlX2 X The subsets are specified by the
strictly increasing sequence of the ranks of the l-1 l’s or the n O’s. When the
sequences xx2"" xn are listed in lexicographic increasing order:

(i) the sequences of length n of the ranks of the O’s, read left to right, appear
in lexicographic increasing order.

(ii) the sequences of length l-1 of the ranks of the l’s, read right to left,
appear in colexicographic increasing order.

Every integer N, 0 _-< N< (,), has a unique combinatorial representation

with 0_-<b<b.<". <b<c [1, p. 28]; as N increases, all such strictly
increasing sequences blb" bt, are produced in colexicographic order (the last
unequal entry is strictly larger). Similarly, _

-(c--l--al

produces all strictly increasing sequences aa a in lexicographic order [1, p.
28].

For example, the (;) + r symbols ij, 0 <= <-_ j < r, are nondecreasing sequ-
ences of length 2 on 0, 1, 2,. ., r- 1. To i] corresponds

]-i r .i

1 1 1 1 0 1 1 1 1 0 1 1 1 1
0 1 2 r-1

The rank N of the strictly increasing sequence al, a2 i,/" + is given by

2 1 2

The colorations of the n-cube by r colors are ranked by ranking the
nondecreasing sequences of length n on the symbols i], O<-i <-] < r, |exico-

graphically ordered.
For example, there are

5
5006386

colorations of the 5-cube by 10 colors. The 1000000th coloration has rank
N= 999999.

(559) 1999999(58--1 as.) + (58- a4)+ (58-a3)+23 (58-4 a2)+ (58 al)5
4006386= () + (320) + (337) + (447) + (556),

so aa2a3a4a5 2 11 21 28 58.
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To the strictly increasing sequence described by

12 0 l 8 0 19 0 16 0 129 0

corresponds the nondecreasing sequence:

2 10 19 25 54.

These are the ranks of the symbols

02 11 22 28 99

in the list of 55 symbols ij, 0_-< _-< j < 10. This is the 1000000th coloration of the
5-cube by 10 colors.

In the opposite direction, the ranks of

01 23 45 67 89

in the list of 55 symbols ij are

1 20 35 46 53.

To this corresponds the strictly increasing sequence described by

1 0 119 0 1 5 0 111 0 17 0 1,

soaa2a3aaa5=l 21 37 49 57;

1
+

2
+

3
+

4

=N (1)+(9)+(2J)+(347)+(5)=4254518,575006386 1
\ 1 2

so N= 751867.
This coloration of the 5-cube by 10 colors is the 751868th.
Under the group of all symmetries of the n-cube, every coloration by r colors

0, 1,..., r-I is described by a nondecreasing sequence of length n on the
symbols i], O<-i <-] < r. Under the group of proper symmetries of the n-cube,
every coloration is equivalent to one of the above or to a coloration obtained by
interchanging the first and j in a strictly increasing sequence of symbols ij,
0 <= _-< ] < r. For whenever a symbol ij with j appears or a symbol ij is repeated,
a reflection perpendicular to an axis or an interchange of two axes leaves the
coloration unchanged. There are

strictly increasing sequences of length n on the symbols i/’, 0_-<i<] < r, lexico-
graphically ordered; hence there are

colorations of the n-cube by r colors, up to proper symmetries.
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For the purpose of ranking these colorations, the lexicographic list of
nondecreasing sequences on the symbols i, 0_-<i=<<r, is followed by the
lexicographic list of strictly increasing sequences on the symbols i, 0_-< < < r.

For example, there are

5006386+ 1221759=6228145

colorations of the 5-cube by 10 colors. The 6000000th coloration has rank

N 5999999 5006386 993613

in the list of strictly increasing sequences of length 5 on the symbols i], 0 <- < ] <
10.

(455) 1 993613=(44-) (44-a4)+ )+ )+ ),1 as/+ 2 (44-a3 (44-a24 5

soalaaa4as =12 15 17 30 42.
These are the ranks of the symbols

15 18 23 45 78

in the list of 45 symbols i], 0 N < ] < 10. Hence the 6000000th coloration of the
5-cube by 10 colors is

51 18 23 45 78.

In the opposite direction, the ranks of the symbols

01 23 45 67 89

in the list of 45 symbols i] are

0 17 30 39 44,

soala2a3a4as=0 17 30 39 44;

1 2 3 4

() (5)(134) (247) (44)=1103932,1221759-1-N= +
2
+ + +

5
so N 117826.

Hence
10 23 45 67 89

has rank

5006386+ 117826= 5124212

and is the 5124213th coloration of the 5-cube by 10 colors.
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The number of colorations of the n-cube up to these symmetries may also be
obtained from an extension of P61ya’s theory of counting; such a counting neither
produces the structures nor ranks them.
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LOCAL ADJUNCT LANGUAGES AND REGULAR SETS*

LEON S. LEVY

Abstract. The class of regular sets is shown to be contained in the class of local adjunct languages.
The essential idea in the proof is an intercalation theorem for the Myhill congruence classes.

Key words, congruence, finite state machine, grammar, intercalation, language

1. Introduction. String adjunct grammars were introduced by Joshi,
Kosaraju and Yamada [3] as a formalization of the base component of a
transformational grammar for natural language along the lines suggested by
Harris [2]. Local adjunct grammars are a special case of string adjunct grammars,
defined as follows.

DEFINITION (Local adjunct grammar). Let Z be a finite alphabet, and E* the
set of finite strings over 2;. A local adjunct grammar is G (Ec, J), where Ec is a
finite set of center strings, and J is a finite set of rules. Each rule in J is of the form
(x, y, p), where x and y are finite strings over E called the host and adjunct,
respectively, and p is a point of adjunction. Each p is lk or rk, 1 _--< k _-< length(x).

In the grammar, a syntactic class of strings, E(x), is generated by repeatedly
adjoining to a string, x, any strings of syntactic class y for which there is a rule
(x, y, p). The adjunction is performed to the left of the kth symbol of x if p is 1,
and to the right of the kth symbol of x if p is rg. (As 1,3ng as we are adjoining to x,
the adjunction rule refers to the symbol in the host string.)

Example. J= {(aab, ac, rl), (aab, aab, /2)}. Using the first rule, ac may be
adjoined to aab, yielding _aacab, where we have underlined the host to identify its
symbols. Then, using the second rule, aacab, which is of syntactic class aab, may
be adjoined to a_acab to yield a_acaacabab.

DEFINITION (Local adjunct language). The language, L(G), generated by a
local adjunct grammar, G, is the union of the syntactic classes of all center strings.
(For a more formal definition, see Levy [5]).

Example. Zc {ab}, J= {(ab, ab, rl), (ab, ab, r2)} yields the Dyck language
over matching symbols a and b.

In Joshi, Kosaraju and Yamada [3], it is shown that the class of local adjunct
languages is properly contained in the class of context-free languages. The
relationship of the classof local adjunct languages and the class of regular sets was
left open. (An attempt to answer this question led to a conjecture about null
symbols, which was shown in Levy [5] to be incorrect.)

In 2, the basic ideas of congruences are presented, and a new intercalation
theorem is presented. This theorem is used, in 3, to show that every regular set is
a local adjunct language.

2. Congruences. A finite state machine (see Ginzburg 1 ]) is a system M (S,
E, 6, So, F) where S is a finite state set, E is a finite alphabet, 6 is a mapping,
6 S E-> S, So is a distinguished state in S, the start state, and F_ S is the set of

* Received by the editors April 21, 1975, and in revised form September 3, 1975.
t Department of Statistics and Computer Science, University of Delaware, Newark, Delaware
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final states. We can extend 6 to a mapping g. g" S x E* - S by g(s, h) s, where h
is the null string, and 8(s, xy)= (8(s, x), y).

Alternatively, the mappings can be parametrized, to obtain a set of mappings
{(x)lx in *} where each (x) S- S and where (x) s -* s2 iff g(s, x) sa.

lslSince there are at most IS[ distinct mappings associated with a given finite state
machine, the mappings set is finite, and of cardinality -< [S[ Isl. Two strings x, y are
said to be congruent, x =- y, if[ (x) (y). Analogous to the well-known interca-
lation theorems, we have the following.

THEOREM 1. LetMbe a finite state machine with k states and input alphabet E,
and let no k k. If w is a string over 2, such that length(w) -> no, then w uvx, v h,
length(ux) < no and U(v)rx =-- W, r >--_ O.

Proof. There are at most no different mappings associated with different
strings. If w ala2 arq, each a in Z, w/i a_ aae a-i, then at least two of
{w/0, w/1,. ., w/no} must have the same associated state mapping. Suppose i, ]
are the smallest and ], ] > i, such that w and w/] have the same associated state
mapping. Then aa2""aia+’"al,=-w, and the theorem is satisfied with
u ala2 ai, l) ai+l aj and x aj+l aN.

Remarks. 1. This theorem is just the usual intercalation theorem for finite
state machines applied to the semigroup machine.

2. By analogy, the canonical system of Buchi for regular sets can be applied
to the semigroup machine to obtain a set of congruence reduction rules. (See
Rounds [6].)

3. The statement of the intercalaction theorem follows the usual form.
Strictly speaking, in the local adjunct language proof we should use the following:
if length(w) > no, then w uvx, u h, v h, length(ux) _-< no and U(v)rx =-- W,
rO.

3. Application to the local adjunct language problem. It remains to be shown
that the string reduction rule implicit in the intercalation theorem given above can
be incorporated into a local adjunct grammar. The main definition required is the
following.

DEFINITION. Let x, y be strings over , and (x), (y) be the corresponding
associated state mappings in a finite state machine, M. Also, let x x x2 and
length (xl)= k. Then (x, y, k) is said to be free, or "y is free in x at k" if
(xl)M (Xly)M

Theorem 1 can now be rephrased as follows: let M be a finite state machine
with k states, and input alphabet Z, and let no k . If w is a string over Z such that
length(w) > no, then w uvx, u h, v h, length(ux) _-< no and v is free in w at
length(u).

Note that given a finite state machine, M, strings x, y, and index, k, one can
readily decide if y is free in x at k by computing the appropriate mappings.

POeOSITON 1. Ify is free in x at k and y2 is free in x at k, then z {y, y2}* is

free in x at k.
POeOSXWON 2. If y is free in x at k, Y2 is free in y at 1, and S(y, Y2, I)

denotes the result of adjoining Y2 to yl at 1, then S(y, y2, 1) is free in x at k.
Remarks. The distinction between adjunction to the left of the (1+ 1)st

symbol and adjunction to the right of the Ith symbol is not essential here as it is
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elsewhere. (See Levy [4].) Accordingly, we have only noted the point of adjunc-
tion. However, the ability to adjoin between any pair of symbols, to the left of the
initial symbol, and to the right of the final symbol, is needed to obtain the full
power of local adjunct languages.

Propositions 1 and 2 assure us that freeness of adjunction allows arbitrary
sequences of adjunctions because in every case the state mapping associated with
the resultant string is the same. Hence a string adjunct grammar may have a rule
(x, y, p). Providing that y is free in x at p will assure that all strings generated by
this rule will have the same associated state mapping as x.

Now the construction of a string adjunct grammar for a given finite state
machine is straightforward. Let M have S states, and let k ss. Each string of
length -<-k which is accepted by M is a center string. For each pair of strings
1 _-< x, y =< k, the adjunction rule (x, y, rp) is in J if y is free in x at p.

We have the following lemma.
LEMMA 1. Let G be the grammar constructed above. Then for each string w,

there is a string w’, length(w’) <- k, such that w is in the syntactic class of w’.
Proof. If length (w)_-< k, then choose w’-- w. Assume that the lemma is true

for strings of length less than n. Let w be a string of length n. Then by Theorem 1,
w ala2 arar+l awas+l an and there is a wl al aras+l an,
length(w1) -< k and wl w. Also, by the inductive assumption, ar+l as is in the
syntactic class of some string w2 and length(w2)=< k. By the construction of G
there is a rule adjoining w2 to w l. Hence w is of syntactic class w and
length(w1) -< k. Q.E.D.

Clearly, each string generated by the grammar leads from the start state to a
final state, since by construction each string generated is congruent to a center
string, and each center string leads to a final state.

Conversely, assume that x is accepted by M. If length(x)_-< k, then x is a
center string. If length (x)> k, then by Theorem 1 it can be generated from a
center string by adjoining a string v to a host v’ whose length is less than or equal to
k. But by Lemma 1, v is in the syntactic class of some v" such that length(v") -< k.
And by the construction of the grammar, there is a rule of adjoining v" to v’.
Hence v is generated in the grammar.

Theorem 2 below follows from the above construction and further argument.
THEOREM 2. Every regular set is a local adjunct language.

4. Conclusion. The class of regular sets has been shown to be properly
contained in the class of local adjunct languages. This answers an open question in
the theory of adjunct languages.
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SYNTHESIZING A RESPONSE FUNCTION
WITH A FEEDBACK SCHEDULING ALGORITHM*

ARTHUR BERNSTEIN

Abstract. An algorithm is described for synthesizing a specified response function within the
framework of a feedback scheduler. The scheduler uses a single queue and feeds back jobs to positions
which are dependent on their attained service.

Key words, feedback scheduler, response function, synthesis, time-shared system

1. Introduction. A number of authors have analyzed the behavior of
algorithms for scheduling jobs in a computer system [1]-[7]. Models of such
systems include an arrival process, a server and a system of queues. A primary goal
of such work is to describe the performance of an algorithm with a response
function, T(t), which relates the service time of a job, t, to the expected total time a
job spends in the system.

In most models, the arrival process is assumed to be Poisson. The server
represents the central processing unit and, in most cases, a preemptive resume
strategy is assumed: a job is given a O second quantum of service and if it does not
complete, it is returned to a particular position in the system of queues so that
service can be resumed at a later time. In addition to the simple round robin

algorithm (RR), two queuing disciplines of particular interest to this paper have
been considered. These are the feedback discipline with multiple queues (FBMQ)
[2] and the feedback discipline with a single queue (FBSQ) [4].

As shown in Fig. 1, FBMQ uses an array of queues. At each decision point,
the job at the head of the lowest numbered, nonempty queue is selected and
receives a quantum of service. If it completes in the allocated time it leaves the
system; if not it is returned to the tail of the next higher numbered queue. New
arrivals are generally placed at the tail of queue 0. Thus a job which is linked to
queue has visited the server times. In the most general formulation of the
algorithm, the size of the quantum allocated to a job depends upon the queue to
which it is linked. In any case, the number of queues required can be computed
from the quantum sizes and the maximum service time which may be required by
any new arrival.

New
-] Queue0

arrivals -t" 7 -" :- ....... Departures
’--[ Queue !, ....222
t’- _.f Server
" -- Queue 2

FIG. 1. FBMQ model
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New arrivals

i ol ,141 ! 
Server

FIG. 2. FBSO model

The FBSQ, as shown in Fig. 2, is related to the FBMQ since in both, the
location within the queuing system to which a job is fedback is a function of the
job’s attained service. In this case, however, there is only a single queue
whose positions are numbered 1, 2, 3, starting at the queue head. The job in
position 1, J, is selected for service. If, at the end of the allocated quantum, J does
not terminate and if its attained service at that time is iQ, then the following steps
are taken to reorder jobs in the queue. J is removed from the queue; all jobs in
positions numbered less than or equal to 7ri are moved forward one position; and
then J is inserted into position 7ri. The job in position 1 is then, once again,
selected for service. Notice that jobs in positions numbered greater than 7ri are not
moved as a result of this event. Of course, if the length of the queue is less than 7ri, J
is simply returned to the end of the queue. New arrivals are inserted in the queue
at position 7r0. Jobs in positions numbered greater than or equal to 7ro must be
moved backward one position to make room for the new arrival. Thus a discipline
in which, for all i, 7/" 00, is in reality RR while if 7r0 o and, for > 0, 7r 1, we
obtain the first come first served discipline (FCFS). By choosing intermediate
values of 7ri, it is possible to obtain a wide spectrum of disciplines.

Note that in FBMQ the attained service of the job which is selected to be
served next is always less than or equal to the attained service of every other job in
the system. Since this is not the case in FBSO, one would expect that FBMO
would, in general, give better service to short running j6bs at the expense of long
running jobs. On the other hand, in FBMQ, jobs requiring the same amount of
service and which coexist in the system tend to terminate at roughly the same time
independent of their arrival times. Thus in FBMQ, one would expect that the total
time in the system experienced by these jobs would be more widely dispersed than
in FBSQ where jobs tend to progress at a more predictable rate independent of
the arrival process. Uniform turnaround time is clearly important in systems
attempting to give good service to longer running jobs. It is interesting to note that
FBMQ was first used in a system whose primary goal was to provide interactive
service [8] while the FBSQ model was motivated by an algorithm implemented in
a system designed to provide both batch and interactive service [9].

Although the analysis of scheduling algorithms has received a good deal of
attention, the synthesis problem has not. In this case, one would like to start with a
specification of a desired response function, T(t), and produce a corresponding
algorithm. Obviously, if the arrival process and the service time requirements of
jobs are given, then a desired response function will generally turn out to be
unrealizable. Thus it may be too conservative (i.e., not realizable without hold-
back) or too ambitious (i.e., the input load is too heavy to meet the response
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specification with existing processing power). To overcome this difficulty, the
description of the response function should be left incomplete and the synthesis
procedure should attempt to realize that part of the function which has been
specified and produce the best performance possible for the unspecified part.
Alternatively, the desired performance can be specified as a bound on the
response function.

The synthesis procedure is facilitated if one starts with an algorithm
schema--i.e., a parameter controlled algorithm--which can be tuned to provide a
wide range of response functions depending on the values chosen for the parame-
ters. This is essentially the approach taken by Michel and Coffman [7], where a
procedure is presented for generating an FBMO algorithm to meet a performance
goal specified in terms of bounds on the response function. In this case, the
parameters are the quantum sizes associated with each queue. Of course, it should
be realized that some schema may be better suited than others to achieve a
particular performanCe goal.

In this paper, a synthesis procedure will be developed for the FBSQ model.
The procedure is based on a partial specification of the response function and
produces the set of feedback points, 7ri, which determine the algorithm.

2. The model. We will assume that all jobs are identical with service times
chosen from an exponential density function f(t), where

(1) f(t) =/xe

The arrival process is Poisson with average arrival rate ,o. Since holdback is not
permitted, it follows from elementary queuing theory 10] that the utilization of
the server, p, is given by

o(2) 0

and that the steady state probability that there are n jobs in the system, p(n), is
given by

(3) p(n)=(1-p)p".

Jobs will be allocated a (9 second quantum of service and, if they do not
terminate, will be fed back into the queue. The overhead of job switching will be
ignored. We will make the approximation that each time a job reenters the queue
it sees the same queue length distribution (3). More detailed analyses in the
discrete [13] and continuous cases [5], [14] are consistent with such an approxi-
mation when it is assumed that the mean service time of a job is much greater than
the time quantum. We will make such an assumption in what follows. Since a job
being served may terminate before an entire quantum has elapsed, the average
service time actually used by a job, Q, when it has been allocated a quantum of
service is given by [5]

(4) ( 1(1 e-).
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An FBSQ algorithm is specified by choosing a vector with an infinite number
of components r (r0, r, r2, ). r is an integer with value greater than zero
which is used to determine the position into which a job, which has just received its
ith quantum of service without departing, is returned to the queue. If the current
queue length is n, then such a job is entered into position H(i) where H(i) is the
min {ri, n}. This mapping of attained service into positions in the queue does not
change with time. We will say that a job in the queue with an attained service of iO
seconds is a member of group [4].

It is convenient to restrict the form of the r-vector in several ways. First of all
we assume that

(5) ri -> r/ for > j > 0.

This restriction is for notational convenience only since the analysis below could
be carried through without it. Furthermore, it does not seem to eliminate any
realistic situations, since one would normally expect a job with a large attained
service to wait longer for additional service than a job with a small attained
service. Secondly, we will assume that there are only a finite number, M, of distinct
r for > 0. This is also not unrealistic since queues must adhere to bounds implicit
in the implementation anyway. Let 4i, for i= 1, 2,..-, M, be the distinct feed-
back points such that & > &i for > j. Then as a result of the previous assumption,
successive components of r will be equal and it will have the form r
(r0, 4a," ", 4), 42," ", 4)2, ", 4u, ")- Furthermore, for 1 -<_ j -< M- 1, let

(6)

where k0 0 and r bM for all j, j > kM-1.
The analysis of the FBSQ algorithm has been carried out [4], and it has been

shown that the response function is piecewise linear. A typical function produced
by an algorithm with three distinct feedback points and a fourth insertion point for
new arrivals is shown in Fig. 3. The function is piecewise linear as a result of (6)
since, for a range of attained service, jobs get fedback to the same point and

Response
function,

T(t)

, , __
O k / O (k + O Service time,

FIG. 3. Response function of an FBSQ algorithm with 4 distinct feedback points

therefore, on average, wait the same time for each successive quanta. Thus bl, 42
and 43 determine the slopes of the three line segments. Condition (5) assures that
the function is monotonically increasing. The vertical displacement of the line
segments is determined by the average time a job must wait to receive its first
quantum and is thus a function of ’0.
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In this paper, we will develop a synthesis technique for the special class of
FBSQ algorithms obtained with the restriction r0 oo (note that this does not
violate (5)). Since, in addition, we have assumed a finite number of distinct
feedback points, the scheduler has the form shown in Fig. 4. The restriction on 7r0
simplifies the synthesis procedure since it implies that a job in the queue never

/’[’DeparturesNew.._]
arrivals"-[

Server

FIG. 4. An FBSQ scheduler with a finite number of distinct feedback points and ro oo

moves away from the server. As a result, it follows that all jobs in positions
numbered greater than 4M have an attained service of zero.

3. Synthesis procedure. In developing a synthesis procedure, it is conve-
nient to decompose the response function, T(t), into the time a job spends actually
receiving service from the server and the average time it spends waiting in the
queue. Let W(t) be the average time a job requiring seconds of service spends
waiting in the queue. Since T(t) is equal to W(t) + t, the specification for a desired
response function can easily be translated into a specification for a desired waiting
time function.

The synthesis procedure produces a set of M feedback points 4i, i=
1, 2, ., M, which will realize the shape of a particular piecewise linear, continu-
ous and monotonically increasing waiting time function which has been specified.
The values of ki are obtained from the abscissas of points at which the line
segments intersect. The unspecified feature of the waiting time function is its
vertical displacement, W(O). This can be calculated once the 4i have been
determined. A mechanism for modifying W(Q) should its value prove unsatisfac-
tory is described in the next section.

Using Little’s law [11], Kleinrock and Coffman [12] have obtained a result
which relates the average number of jobs in the queue waiting for their (j + 1)st
quantum of service, NO’O), to the waiting time function as follows:

(7) N(jQ) A0(1 B(jQ))A(jQ), j >- O,

where B(jQ) is the distribution function for the service time and A(jQ)=
W((j + 1)Q)- W(j’Q). Clearly, NO’Q is also the number of jobs waiting in the
queue with an attained service of jQ seconds. The term A0(1 B(jQ)) is simply the
rate at which jobs are fedback to rj (enter group j) and will be referred to as Aj.
This is so since 1 B(jQ) is the fraction of new arrivals which require more than jQ
seconds of service. Using (1) we have

(8) A A0 e-m.
An alternate expression for N(jO) can be obtained by direct examination of

the queue. Let r be the sum of rates at which jobs enter all groups I, for
k-i + 1, k-i + 2, , k. Such jobs will actually be fed back into the queue at

position bi or at the end, if bi is greater than the total queue length. Similarly, let
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Ri be the rate at which jobs are fed back from the server into all groups for > ki,
plus the rate of arrival of new jobs into the system (A0). If the queue has length
greater than 4i, this reduces to the rate at which jobs are fed forward in the queue
into position 4i. The flow of jobs under this assumption is illustrated in Fig. 5. It
follows that

k

ri i1,
/=ki-l+l

M

Ri Ao + Y. rl.
/=i+1

Note that it follows from this and (8) that

A0(9) Ro 1 e-’"
ri

FIG. 5. Jobflow in FBSQ model

If 7rj bi+l, where i, j _-> 1, then, since jobs never move backward in the queue,
jobs with attained service jO can never occupy positions numbered greater bi+l.
The fraction of jobs between any two adjacent feedback points, b,,_l + 1 and bm,
where + 1 -> m > 1, with an attained service of jO seconds is just hj/Rm=, and the
average number of these jobs in this region is given by

Ai [ 4,,,, ]Z (n ck,,,_)p(n) + (chin ck,,,-) Z p(n)(10)
Rm-1 b,,-, +

In counting the number of jobs with attained service jO in the region between

41 and the server, we must be careful not to include the job currently being served.
Thus the number of such jobs in this region is given by

Aj 1
(n-1)p(n)+(4l-1) Z p(n)(11)

Since 7ri (Di+I, an expression for NO’Q) can be obtained by summing terms of the
form (10) for m 2, 3,..., + 1 with (11). Using (3), (4) and (9) and simp|ifying,

we get

(12)

where s,, b,n bm-1 and j > 0.
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Using (7) and (12), we can successively solve for the feedback points starting
with 41. Thus assuming rl 41 and setting j 1, we get

(13) N(O) AIO (O-P+’) A1A(O)
( -p)

which reduces to

(-P)A(O).(14) p4,, p_____
Since (1 must satisfy 1 =< (1 00, (14) has a solution for (1 as long as

p
O<=A(O)<-OI_ p

These bounds correspond to the two extreme cases of the model, FCFS and RR.
Note that too large a specification for A(O) implies holdback and that a response
function with performance uniformly better than specified can be obtained.

If A(2Q)=A(Q), then "/7"2-)1 and (12) yields no new information. An
equation for 42 in terms of 4 can te obtained by setting j kl + 1 and, in general,
we can solve for 4+, given that q, 4., ", 4 have already been determined, by
setting j k + 1 in (7) and (12) and equating the right-hand sides, yielding

(15) p,+, p,, R,
(1-O)A((k, + 1)O)-O(O-p’) Y, (O-Os+)

P m=2 R.,_

Once again the fact that 4i+i -< places an upper limit on A((k + 1)O). It follows
from the assumption that the response function is monotonically increasing (i.e.,
A((k + 1)Q)> A(kQ)) that the right-hand side of (15) has a value less than p’,
thus assuring that the solution for 4+ satisfies 4+ > 4.

Note that the solutions obtained for the feedback points will not in general be
integral. The approximation obtained by taking the nearest integer values for the
actual feedback points does not seem to be unwarranted in view of the other
simplifying assumptions made in this analysis.

Once the feedback points have been determined, the actual value of W(Q)
can be calculated by setting 0 in (7) and a modified version of (12), yielding

(16)

The last term on the right-hand side of (16) accounts for the jobs in positions
greater than 4)M, all of which have an attained service of 0 seconds. Simplifying
(16) we obtain

M O(1)m--l(p__p s,,,+ 1)
__
0 -{-O4)M(17) W(Q)= E (P V O41

m=2 R,,,,_I l-p \ 1-p / /x(1-p)"
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4. Adjustment of the initial waiting time. It has been shown in the previous
section that, starting with the slopes of the line segments comprising a waiting time
function, we can obtain a corresponding set of feedback points and from this,
using (17), calculate the initial waiting time, W(O). Should this value prove
unsatisfactory, it becomes necessary to adjust the feedback points, modifying
both W(O) and the slopes. For example, should W(O) prove too large, it can be
reduced by increasing the value of one or more of the qi. This can be done in a
number of ways. A particularly simple adjustment is to increase the value of all
feedback points by the same constant. Consider the effect of increasing each 4i by
c. Let W(O) be the initial waiting time using bl, 42, ", q)M and W’(O) be the
initial waiting time using bl + c, 42 + c, ., bt + c. Then it follows from (17) that

(18) W’(O)
p4.._,+ p_p p_p4,,+

,.=2 R,_ 1-p 1-p #(-p)

Substituting for W(O) on the right-hand side and simplifying, we get

(19) W’(O) ocw(o)-t
O_ (o__pc+l).
1-0

Note that for an RR discipline,

p(20) WRR(Q) Q
1 O

and that this is the minimum value of the initial waiting time achievable within the
restricted FBSQ model studied here, since once a new arrival is placed at the tail of
the queue, no insertions are made in front of it. It thus follows from (20) that
W(Q) _-> Op/(1-p) and that therefore, using (19), W’(Q) < W(Q) as predicted.

Similarly, we can calculate the effect that such a transformation will have on
the slopes of the line segments in the waiting time function. Letting A’(jQ)/O be
the slope when 41 + c, 4’2 + c,. "., 4’4 + c are the feedback points, we get from
(5)

(21)
0 =Pc 0 - 1-p

Using (19) and (21) it is possible to locally tune the response function if the result
obtained from the synthesis procedure of the previous section is not totally
satisfactory.

5. Condusions. A synthesis procedure has been described which can be
used to achieve a particular response function using a feedback queuing
algorithm. The system is approximated using a simplified model which assumes a
single server with an exponential distribution of service times and a Poisson arrival
process.

Acknowledgment. The author would like to thank Dr. Y. S. Chua for several
helpful discussions.
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ON PRESERVING PROXIMITY IN EXTENDIBLE ARRAYS*

D. BOLLMAN-

Abstract. A. L. Rosenberg [4] has shown that fully extendible array storage schemes cannot
preserve proximity of array positions in any global sense but only in a local sense. The purpose of this
note is to consider two problems suggested in [4]. Our first result shows that, for any k array positions of
an extendible array, there is a storage scheme which stores array elements that are "close to" the given
k positions optimally "close" to each other. The "local diameter of preservation" of a storage scheme
is essentially the cardinality of the smallest set of contiguous locations assigned to array positions in a
"neighborhood" of a given array position. Our second result shows the nonexistence of "almost
everywhere" polynomial bounds of a certain type for local diameters of preservation.

Key words, extendible array, array realization, local preservation of proximity

1. Introducti6n. In some recent papers, A. L. Rosenberg, [2], [3], [4], has
investigated storage allocation schemes for arrays which allow for "easy" dynamic
extendibility. Extendibility along given directions is modeled by viewing arrays
schematically as multiple-dimensional spaces of tuples of positive integers which
are infinite along the given directions, and the allocation scheme ("realization") as
a one-to-one function from this space to the set of positive integers.

In [4], certain questions regarding the "preservation of proximity" in exten-
dible arrays are studied. A metric is defined on array schemes, and the basic
question dealt with is of the following type: what is the relation between proximity
of array positions and proximity of their allocated positions? The purpose of this
note is to resolve two problems suggested in that study. In the next section we
introduce the necessary notation and definitions to formulate the problems
precisely.

2. Definitions and background. Let N denote the set of positive integers.
Call any set of the form {m, m + 1, , m + k 1}, where m, k 6 N, an interval of
length k. For any k 6 N, let Nk denote the interval { 1, 2, ., k}. For any d 6 N, let
Na denote the Cartesian product NN...N taken d times. Denote
(1, 1,. ., 1)6 Na by ea. For each zr Na and each i6 Na, let zri denote the ith
coordinate of zr. Also define for each zr 6 Na, m(zr) min {rili Na} and M(zr)
max {zri[i Nd} (with respect to the usual -< order on N).

An (extendible) realization of Na is any one-to-one function r from Na to N.
We follow the convention in [4] that every realization r is "normalized" so that
r(eu) 1.

Let dist be a metric on Na. For any 7r Na and any n N{0}, define an
n-neighborhood of 7r by N(Tr ;n) {p Naldist (Tr, p) =< n}. Also let A(Tr; n)
N(Tr; n) N(Tr; n 1) for each n N and each 7r Na. Let C(Tr; n) and @(Tr; n)
denote the cardinalities of N(Tr; n) and A(Tr; n) respectively. In the rest of the
paper, we assume a metric on Na for which each C(Tr; n) is finite.

* Received by the editors January 3, 1975, and in revised form August 4, 1975.
? Department of Mathematics, University of Puerto Rico, Mayagfiez, Puerto Rico 00708. This

research was done while the author was visiting the Mathematical Sciences Department of the IBM
Thomas J. Watson Research Center, Yorktown Heights, New York.
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For points 7r Na whose minimal distances from the coordinate axes is larger
than n, the value of Af(Tr; n) depends only on d and n. In such a case N(Tr; n) is a
radius n d-sphere, and we shall denote the value of (Tr; n) by V(d, n). It is shown
in [5] that for the "Ll-metric", defined by dist (p, or)= Y,i= IPi- ril,

It is shown in [4] that realizations of Na, d > 1, chnnot "globally preserve
n-neighborhoods". That is, for no realization r of Na does there exist a function
("global diameter of preservation") Dr: N->N with the property that for all
7r Na and all p, o- N(Tr; n), Ir(p)- r(tr) < Dr(n). However, given a realization r
of Na, such a function can be defined at each 7r Nd. If r is a realization of Na, the
local diameter of preservation of r, Dr:NNa-N, is defined by Dr(n,
max (r(N(Tr; n)))-min (r(N(Tr; n))) + 1, for each n N and 7r Na. Note that for
any n N and 7r Na, Dr(n, 7r) is simply the length of the smallest interval of N
containing the image of N(Tr; n) under r.

An obvious lower bound for Dr is A;. (Dr(n, 7r) >-_ Af("; n) for any realization r
of Na, n N, and 7r Na, since any such r is one-to-one). This lower bound is
attained at points 7r such that for each n N, r maps N(Tr,; n) onto an interval of N.
Such a situation is described by saying that r is "centered" at 7r. That is, a
realization r of Na is said to be centered at 7r, and 7r is called the center of r, if for all
n N, p, o- N(Tr; n) implies [r(p)-r(tr)[ < Af(Tr; n).

Rosenberg [4] shows that, under the Ll-metric and for any 7r Na, there is a
realization of Na which is centered at 7r, but that no realization can be centered at
more than one point of N. However, in an earlier version of [4] (IBM Rep.
RC-4874, 1974) he raises the question of whether given k points 7rl," ., 7rk of
Na, there exists a realization r of N which is "k-centered" at all of these points in
the sense that, if p, o- (’1/k_-i N(Tri ni), then It(o)--!’(o) < k" min .Jf(7"/-i n). Our
first result answers this question in the affirmative.

Rosenberg also shows that for the L-metric on Na, there is a constant c > 0
depending only on d, such that for all n N, Dr(n, 7r)>c’n "M(Tr)a-1 for
infinitely many 7r Na. This raises the question of whether this lower bound can
be strengthened to an "almost everywhere" bound. Our second result shows that
the answer is no if "almost everywhere" means for all but finitely many n (i.e., for
all n > A for some A N), and for all but finitely many 7r Na (say, for all 7r N
with M(Tr) >/3 for some B N).

3. Quasi-centers. This section is devoted to proving the following.
THEOREM 1. Let X6 {7rl, 7r2,""", 7rk} be an arbitrary finite subset of Na.

There exists a realization r of Na such that, for any family {N(Tri; r/i)}/g=l, /f
p, o- 6 f-) N(Tr, n), then Jr(p)-r(o-) < k. min (Tri ni).

Proof. If ea X, define r(ea)= 1 and r(Tr)= i+ 1 for each i Nk. If ed X,
say ed 7rl, then define r(Tri) for each N.

The idea in assigning values to points p N -X is as follows: let p Na be
arbitrary, and let 7r X be the "quasi-center" which is "closest" to p in the sense
that A/’(Tr; dist (Try, p)) is minimal. (If there is more than one such quasi-center,
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take the one with the smallest subscript). The point p is then assigned a value of
the form r(ri) + Ik, where < W(ri dist (r p)).

More specifically, for each n N and each i N, define images of points
in A(rr; n) recursively as follows: first, tag all members p ed of A(rri n) having
the property that [jENk[dg’(Tri ;n)<W(r-;dist (r. ;p))/[W(rj ;n)=
2’(ri;dist(ri;p))/j>=i]]. Then assign, in any order, the values m+k,m+
2k, m + 3k, to the tagged members of A(r n), where m is the largest number
assigned to a tagged member of A(r; n- 1).

This assignment defines a realization r of Nd, since every p Nd will be tagged
(and hence assigned a value) exactly once. Furthermore, every value is of the form
+ lk, where 1 _-< =< k (or 2 =< -< k + 1 if ed X) and N. Hence, if r(p)

il + Iik i2 + 12k r(o-), then il i2 and ll 12, and consequently p o-. Thus r is a
realization of Nd.

Now suppose ,that pl, p2(’llN(ri;ni). For each t{1,2}, let i,
be the index of the quasi-center "closest" to pt, i.e., let it=
min {i NIVj Nk[W(rri dist (r, rt)) =< W(rr dist (), err))]}. Then for each
{1, 2}, r(o-t)= r(%) + ltk for some It with 1 =< It < W(ri, dist (%, crt)). By definition
of it, dg(ri, dist (%, ot)) =< W(r n) for each Nk. Hence, for each N,

Ir(cr)- r(r2)[--___ Ir(rh)- r(r) + Ill- 12lk
< k + k- (W(r n) 1) k- W(r n),

which completes the proof of the theorem.
Taking k 1, we have the result that for any r Nd, there exists a realization

r of Nd which is centered at " (a result proved in [4]).

4. An attempted lower bound for D,. Rosenberg [4] defines the cumulative
local diameter of preservation by D*,(n, rr)=max {Dr(n, )]M()-<M(r)}. He
then shows that there is a constant c > 0, depending only on d, such that, for all
realizations r of Nd, and for all n N and r Na, D*(n, r) > c "n" M(r)d-1. As a
corollary, it follows that there is a constant c > 0, depending only on d, such that,
for all realizations r of Nd, and all n N, Dr(n, rr) > c "n" M(rr)d-1 for infinitely
many r Nd. This raises the question of whether this bound can be strengthened
to hold for "almost all" rr Nd. It will follow from the theorem of this section that
the answer is no. In fact, there is no positive-valued polynomial which serves as an
almost everywhere lower bound for Dr(n, 7).

In the proof of the theorem, we assume the L-metric, but as we point out
following the proof, the result holds for more general metrics as well. The term
"strictly increasing" in the statement of the theorem is intended to mean under the
strict partial order <d on N defined by: rr<dp if and only if r < p for each
N.

THEOREM 2. For any d N-(I, there exists a realization r and a strictly
increasing sequence (ri)=l of points in Nd such that, for all n N and m n,
Dr(m, rr,,)= V(d, m).

Proof. The idea of the proof is to define a sequence (vr)i_- of points on the
diagonal of Nd, all sufficiently far from the origin to ensure that for each
n N, N(r n) is a d-sphere and such that, for m n, 1N(vrm n) fl N(rr, n) .
Values are assigned to points of each N(’/rm ;t) in a one-to-one fashion so that
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each r(N(Tr n)), as well as each r(N(Tr. m)), m -< n, constitutes an interval of N.
These values are chosen in such a way that the complement of r(UN(%, n)) is
infinite, so that r can be extended in a one-to-one fashion to all of Na.

Given d N, d _-> 2, define a sequence (ai)il in N as follows-

a V(d, 1),

ai/l ai + V(d, i) + 1 for each N.

Define 7ri aied. Note that (ai)=l is a strictly increasing sequence of points in N,
and hence (ri)_-i is a strictly increasing sequence of points in Nd.

Now for each n e N, assign values to points p N(Trn n), p ed, as follows:
assign 7rn the value a,. Assign points of N(Tr,; 1) the values an + 1, an +
2,"’, an + @(Trn 1), in any order. Assume inductively that values have been
assigned to points in N(Trn m) for 1 _-< m < n. If b max (r(N(Trn m)), then assign,
in any order, the values b + 1, b + 2, , @(Trn m + 1), to points in A(Trn m + 1).

Note that for each n N and each m _-< n, points in N(Trn m) are assigned the
values an, an + 1," ", an + (Trn, m)- 1. But for any n, m(Trn) a, > n, and so
ag(Tr,, m) V(d, m) for any n z N and any m n. Thus, for any n N and any
m-< n, the points of N(Tr, m) are assigned the values a,, a, + 1,. ., a, +
V(d,m)-l.

To complete the proof, we need only show that there is indeed a realization r
of N which assigns values to points O N(Tr, n) according to the above rule. That
is, we must show that via the above assignment,

(i) no point of UN(Tr, ;n) is assigned more than one value;
(ii) there are infinitely many n e N which are not values of points in

UN(Trn n).
To prove (i), note that N(Trm m) fl N(% n) for m # n. For suppose that

O N(Trm rn) f-I N(Tr, n) where n m + k for some k N. Then for d >_- 2,

m + n =>dist (Tr.,, p) +dist (Tr., p) => dist (Tr,., 7rn) d "(a.-am)

=d’[V(d, m)+. .+ V(d, m+k-1)+k]

>=d.[k V(d, m)+ k]_-> 2 V(d, m)+ k > 2m + k rn + n,

a contradiction.
To prove (ii), note that for any n N,

max r(N(% n)) an + V(d, n)- 1 < an + V(d, n) + 1 an+l

min r(N(%+l n + 1)).

Hence, for any sequence (pn),= in Nd with On 6 N(Trn n), we have

r(o) < a2 + V(d, 2) < r(p2) < a3 + V(d, 3) <. <

<an++ V(d, n + l)<r(o,+)<" "’.

Thus, (an + V(d, n)), is a strictly increasing sequence of positive integers none
of which is a value of any point in UN(Trn n).
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The reader can readily verify that the proof of the theorem, with minor
changes, carries through for any metric dist on Na for which dist (r, p)_->
max {lri- 0,1} and for which radius n d-spheres contain more than n points. (In
this general case, to guarantee (i), we could define ai/l ai + 2 V(d, i)+ 1). Note
that in addition to the Ll-metric, the "Euclidean (or L2-) metric" defined by
dist (r, O)= (=1 (ri-oi)z) /2, and the "maximum (or Loo-) metric" defined by
dist (w, p)= max {lri-0il}, also have these properties.

COROLLARY. There is no polynomial, p(x, y) > 0, depending on both x and y
such thatfor all realizations r ofNd, d >=2, D,(n, r) > p(n, M(r)) for all butfinitely
many n N and all but finitely many r N.

Proof. Let r be a realization of Na and let (ri)i be a sequence in N having
the properties described in Theorem 2. Suppose that there is a polynomial
p(x, y) > 0 such that for some A, B N,

D,(n, .n’) > p(n, M(Tr))

for all n > A and all r with M(r) > B. Then

D,(A + 1, 7r))> p(A + 1, M(Tr))

for all 7r N with M(Tr) > B. Since (Tri)-= is a strictly increasing sequence, there
exists C N such that

Dr(A + 1, rn) > p(A + 1, M(r,)) for all n > C..

By definition of (ri)= ,

Dr(A + I, rn) V(d, A + I forn>A+l.

Thus (p(A + 1, M(Tr,))= is bounded. But this implies that p(A + 1, M(Tr,)) does
not depend on n, which is a contradiction.

The question remains as to whether or not there exists a polynomial p(x, y) >
0 which serves as a |ower bound for Dr(n, 7r) under some other reasonable
interpretation of "almost everywhere". We conclude by commenting on two
remaining possibilities.

First, given d N, does there exist a polynomial p(x, y)>0 and a function

f" N-N such that, for any realization r of N and n N, Dr(n, p) > p(n, M(’))
for all r Nd with M(r) >f(n)? The answer is no, since, as indicated in the proof
of the corollary, for any d 6 N, d >= 2, there is a strictly increasing sequence (r)i
in N and a realization r of N such that, for any fixed m 6 N, the value of
Dr(m, r,) eventually becomes constant (i.e., for n > A for some A 6 N). How-
ever, for any polynomial p(x, y)> 0, p(m, M(r,,)) grows with increasing n.

Lastly, given d 6 N, does there exist a polynomial p(x, y) > 0 and a function
f-Na-N such that, for any realization r of N and any r 6 Nd, Dr(n, r)>
p(n, M(r)) for all n > f(r)? The answer in this case is yes. It is shown in [4] that for

the L-metric, Af(r, n)> -(n + d)- Hence for any d 6 N, any realization r of N, and

any ’Na, Dr(n, r)=>Af(’; n)>na>n .M(-)- for all n >M(r).
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COMPUTATIONAL COMPLEXITY OVER FINITE FIELDS*

VOLKER STRASSENt

Abstract. We give nonlinear lower bounds for the complexity of evaluation of a polynomial
function at many points and of interpolation in the case of a finite groundfield.

Key words, computational complexity, symbolic manipulation, interpolation, modular method,
finite field

1. Introduction. If S is a set, : S means its cardinality, log always means
log2.

Let k be a finite field, d a natural number, D a subset of ka and fl,’" ", fr
functions from D to k. We are concerned with the minimum number of multiplica-
tions and divisions sufficient to evaluate the functions fl,..., fr at some point,
when an arbitrary ntamber of additions, subtractions and multiplications by fixed
elements of k are allowed for free (we restrict ourselves to straight line algorithms,
i.e., to algorithms which do not contain any branching instructions; see, however,
Remark 2 at the end of the paper). This minimum number is called the complexity
of the set {f,-.., f} and is denoted by L(f,..., f,). Our aim is to find lower
bounds for the complexity of interesting sets of functions.

To this end, we try to employ the following result of [4, Satz 2.3] (see also 1 ]):
let K be an algebraically closed field and let F, ., Fr be rational functions from
Ka to K (so each F has its individual domain of definition, which is a dense
Zariski-open subset of Ka). Define L(F,.. ",Fr) in a similar manner as
L(f,..., fr) above. Let 3" be the degree (in the sense of algebraic geometry) of
the graph of the rational map from Ka to K associated with the functions
F,. ., F. Then

L(F1," ", Fr) __-> log 3’.

How can this be used for our present purpose? We take for K an algebraic
closure of k. It is an immediate consequence of the notion of a straight line
algorithm or computation (see [2]), that any such algorithm for computing
fl, ",f over the finite field k can be set to work over the algebraic closure K as
well and serves there to compute rational functions F,..., Fr from Ka to K,
which are everywhere defined on D and whose restrictions to D coincide with
fl, ", fr. Let S be the graph of the map from D to k defined by fl, ", f. Then S
is a finite subset of k a+r and therefore of Kcl+r. What we need is a practical
condition on S which ensures that any graph W of a rational map from Ka to K
containing S has large degree. (Then any set of rational functions F1," "’, F
extrapolating f,. ., fr will be hard to compute by the result quoted above, and
therefore fl," ", fr will be hard to compute.)

Below we will give such a condition, which in fact works in a slightly more
general situation: S may be any finite subset and W an arbitrary irreducible
subvariety of dimension d of some K.

* Received by the editors December 27, 1974, and in revised form July 12, 1975.
] Seminar fiir Angewandte Mathematik der Universitit Ziirich, 8032 Ziirich, Switzerland.
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As a concrete application, let d 2n + 2 and D k2n+2, and define functions
fo,"" ", fn from k2n+2 to k by

fo(o,""", ., o,""", n) := 0 +’’" + .,.(0,"" ", ., 0,"" ", .):= 0 +’’" +.
for any (c0, "’, c,, s%," "’, so,) ]2n+2. Then

cn log m < L(fo, ", f) < c’n log m,

where m min {n + 1, : k} and c, c’ are universal constants. Thus the order of
magnitude of the complexity of evaluating a polynomial of degree n at n + 1 points
over a finite field is n log m. A similar result holds for interpolation. (Here, of
course, we have to assume that the field k has at least n + 1 elements, since that
many different base points are needed.)

2. The method. Let K be an algebraically closed field, and N natural
numbers. We will call a finite subset S of KN a t-set iff for any d with 0 <- d <- N and
any d-dimensional closed irreducible subvariety W of KN, we have

(2.1) deg W>= (S fq W)/td.
Obviously any set with at most elements is a t-set and any subset of a t-set is again

Na t-set. On the other hand, taking d N, one sees that a t-set can have at most
elements. The following lemma is crucial for the construction of large t-sets.

LEMMA 2.1. Let S K and let H1, , H, be hypersurfaces in K with the
following properties"

1. ideg Hi ---t.
2. SUH.
3. For every i, S (3 H is a t-set.

Then S is a t-set.

Proof. Let W be a closed irreducible subvariety of Ku of dimension d.
Without loss of generality, d > 0. Assume first that W H/for some i. Then since
S fq Hi is a t-set, we have

(2.2) deg W>= (S (q H (3 W)/t (S f3 W)/t.
Next assume that W is not contained in any H/. Since the are hypersurfaces, W
intersects each Hi properly. Therefore, by B6zout’s theorem,

(2.3) deg (W). deg _-> Z deg (C).
C component
of W(qHi

Each C has dimension d- 1 and is contained in/-/, so (2.2) applies to C, and we
obtain

deg C >- (S f’l C)/t-1.
Together with (2.3), we have, therefore,

deg W)- deg (Hi) +(SC)/t-1.
C component
of Wf-) Hi
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Summing over i, we get

t. deg (W) -> Z deg (W). deg (/-/)

>= Z Z (S I"1C)/td-’ >= (S f"l W)/td-a.
C component
of WfqHi

(The first inequality follows from condition 1, the last inequality from condition 2
of the lemma.) This completes the proof.

In this paper we will use Lemma 2.1 only by means of the following
COROLLARY 2.2. Let S c K, let be a natural number and let ll, ", lq be

linear forms on KN with the following properties"
1. For any with 1 <=i<=q and ]’or any ca,’", ci-16 K, the linear form li

restricted to the set S f’l{x ll(X) cl," , li-l(X) c-1} assumes at most

different values.
2. ll, , lqseparate the points orS, i.e.,for any Cl, , co K there is atmost

one x S such that ll(x)= cl, lo(x)= co.
Then S is a t-set.

Proof. The proof is by induction on q. In case q 1, the assumptions of
Corollary 2.2 imply that S has at most points. In case q > 1, let Ii, ., o be given
and let Corollary 2.2 be true for q- 1 linear forms. By condition 1, the form 11
assumes on S at most values, say b,..., b,,. We apply Lemma 2.1 with

/4/:= {x KN" l(x) bi}.

Conditions 1 and 2 of Lemma 2.1 obviously hold, and condition 3 follows from the
induction hypothesis.

Corollary 2.2 may be viewed as a generalization of the following well-known
fact: if Tc K has elements, then any nonzero polynomial in K[x,..., x]
vanishing on all points of TN has degree _-> t.

Now let k be a finite field, let D ka be nonempty and A be the set of
functions from D to k. In A we specify the following operations:

O-ary operations" the constant functions 0 and 1, for any _-< d the projection
function

(1,..., :)- ,
restricted to D.

Unary operations" for each/3 k, the operation "multiplication by/3".
Binary operations" pointwise addition, subtraction and multiplication of

functions, as well as division by functions which do not vanish anywhere on D
(these are just the units of the ring A).

For the definition of computational complexity in A, we also need a cost
function: we will just count binary multiplications and divisions, all other opera-
tions being free (thus in the terminology of [2], z 1.,/). The complexity
L(fl," fr) of a finite set of functions {fl," ", fr} A is then defined as in [2].

THEOREM 2.3. Let fl, ", fi A and let S ka+ be the graph of the map

(f,, fi) D --> k .
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Suppose that there are k-linear forms 11, ", lq on k d+r with the following proper-
ties:

1. For any with 1 <= <- q and for any cl, , ci- k, the form li assumes at
most different values on the set

S ("]{19 kd+r: 11(/))= el," ", li-x(v) ci-1}.

2. l, lq separate the points of S.
Then

L(f,, fr) > log : D/td).

Proof. Let K be an algebraic closure of k and let B be the field of rational
functions from Kd to K (whose elements we view concretely as partial functions).
In B we allow the same operations as in A (so B is a K-field over the projection
functions [2]) and use the same cost function. If /3 is a computation which
computes fl, ", fr in A, the same/3 computes in B rational functions F1, ", Fr
such that D Def F and F ID fi for all (use induction along the steps of/3).
Thus the graph W of the rational map associated with F, , Fr contains the set
S. But the conditions on S of Theorem 2.3 imply the conditions of Corollary 2.2.
Therefore S is a t-set. Moreover, the closure of W is a d-dimensional closed
irreducible subvariety of Ka/r. The definition of a t-set now gives

deg (W)> #(SVI W)/td 4S/td 4D/td.
From [4, Satz 2.3], we conclude

L() >= L(F1, ", Fr) > log D/td).
Since/3 is an arbitrary computation, which computes [1,"’, fr, this yields

L(f, ", fr)-->log (D/te).
3. Applications. We keep the notation of the previous section. In particular,

k is a fixed finite field.
PROPOSITION 3.1. Let n ->- 2 be an integer and letA be the ring of allfunctions

from k2n+2 to k. Define fo, ", fn A by

/0(,, ) := o:, +"" +

f. (,, ) := o: +"" +.
for any (or, t):= (ao,""", an, 0, so,) k2n+2. Then

n+l
L(fo,"" /n) > logm-n,

2

where m min {n + 1, : k}.
Proof. We choose pairwise different A 1," , A, k, and put

Next we choose a0, , an k such that on the set {A1, , A,,}, the polynomial
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function

assumes only the values A 1, , At and each value at most times (since m =< n + 1
this can be done by interpolation). Now let

b := {;,. , m}+’ k+’

and define functions ] from/ to k as follows"

fi(O, n) :=fi(aO, n, O, n)

for any (:o, ",,)e/. Since there is a hoomorphism from A to the ring ft. of
functions from D to k which carries fi into fi, we have

(3.1) LA(fo, f,)>=LX(fo, L).
We will apply Theorem 2.3 to );0,""", ];n. Let be the graph of the map

i.e., is the set of all (so, n, /o, , /n) kn+2 which satisfy (so, sc,)e
/ and

rio ao +" +

Let Xo,’" ", xn, Yo," ", Yn be the coordinate projections of k2n/2 (i.e., xi(, 0)=
i, yi(lj, 1)- rti), and put

ll YO," ", 1,,+1 Yn, ln/2 Xo, /2n+2 Xn.

Then condition 2 of Theorem 2.3 is trivially satisfied since 11,"’, 12n+1 even
parate the points of k 2n+2. As to condition 1, the projection Yi assumes on all of
S at most the values A 1," ",A,, since by definition of S any value of Yi on is of
the form a0 +. + a, with : {A1,- ", Am}, and therefore the defining prop-
erty of a0, , an applies. Similarly, the,projection xi assumes on S 71 {Yi c} at
most values, since by the definition of S any such value j satisfies

c ao +" "+ an,

and therefore the defining property of a0," ", an applies again.
So both conditions of Theorem 2.3 hold. As a consequence, we have

L (ji,, , jn) => log (#//t + 1)

=> (n + 1) log (m/[m]) => (n + 1) log(m)
n+l-> log m n.
2

Together with (3.1), this yields the conclusion of Proposition 3.1.
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COROLLARY 3.2. With the notation of Proposition 3.1, we have

(n/4) log m <= L(fo, , f,) <- cn log m,

where c is a universal constant (e.g., c 40 will do).
Proofi Let ao, , a,, Xo, , x, be the projection functions of k2n+2. Then

[ aox’] +" + a,

for all i. The set {ao," ", a,, xo," ", x,, fo," ", [,} A is k-linearly indepen-
dent: let

(3.2) oao +" + ,a, + AoXo +" + A,x, + ofo +" "+ ttff,= 0,

where i, , tti k. Evaluating this equation at (e, ) k2n+2 with :i 1 and all
other coordinates 0, we get &i 0. Evaluating (3.2) at (a, ) with %-= 1 and all
other coordinates 0, ,we obtain i 0 unless j n. Thus we have

.a. + tofo +" + t.f O.

Evaluating this equation at (, ) with c,_ 1 and i 1 and all other
coordinates 0, we find tt 0. Then also , 0. Therefore
ao," ", a,, Xo," ", x,, fo," ", f, are indeed linearly independent. As is well
known and easy to prove, this implies

L(fo," "’, f.) n + 1.

If we combine this lower bound with the lower bound of Proposition 3.1, we get
the left-hand inequality of the present corollary.

The right-hand inequality follows directly from [4] or 1] in case m n + 1.
Now if m + k, we have " for all j k, and therefore,,, +’" +. =/3o +... +/3_,

where each/3i is a sum of certain of the c. Thus the problem is to evaluate a
polynomial of degree m-1 at n + 1 points, which can be done by separately
treating blocks of m points each.

PROPOSITION 3.3. Let k have at least n + 1 elements, and let

D := {(o, ", ,, no, ", n,) 6 k 2n+2. i 7: j for j}

and let A be the ring of all functions from D to k. Define go, ", g, A by

no go(, ),+’" + g.(, ),

for any (, ) D. Then

L(go, , g,) >= (n/2) log n 3n,

and therefore L(go, ", g,) has the order of magnitude n log n (by [4]).
Proof. Since the graph of (go," ", g,) is the same as the graph of (fo," ",

up to a permutation of the coordinate axes, the proof of Proposition 3.1 would
seem to carry over immediately. This is not the case, however, as there is no
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obvious way to handle the transition from (fo,’ "’, fn) to (]to, ., it,). (Intersect-
ing with a linear space does not work because the dimension of the intersection
might be too large.) So we will give a separate proof, which is nevertheless quite
similar to the proof of Proposition 3.1. We choose Ao," ", An k to be pairwise
different and put

,:-- +
Let

/ :’-- {(0,""", n)I {/0, ln}n+l’i j for i#j}c k n+l,
and define

/i(:0,""", n):-- gi(O, n, 0, n)
for any (sCo,..., :n)/), where

for 0 --<_ --<_ n. Because of Ln/t] -<_ 1, there are at most different ]. If A denotes
the ring of all functidns from/ to k, we have

(3.3) LA (go," ", g,) ----> L, (o," ", ,).

We will apply Theorem 2.3 to o, ", n. Let S be the graph of the map

b- k
i.e., is the set of all (, a) ke"+2 such that b and

(3.4) i ()7 +’’" +n
for 0 n. Denote the coordinate projections of ke+2 by
Xo, , x,, ao, , a,, and put

l aoAo+" "+a,,

1,+ aoA +" + a,,

/n+2 X0

/2n+2 Xn.

Then condition 2 of Theorem 2.3 is satisfied, since l, .,/,+2 even separate the
points of k 2+e. As to condition 1, if < n + 1, then l assumes on all of at most
the values Ao," ", A,, since for (, a) S some is equal to A_ and therefore

l (, a) aoX +" + a,

by (3.4). But there are not more than different elements among o," ",
,. On

the other hand, l,+e+i =x assumes at most values on T:=
{l =c,-.., l,+ =c+} for the following reason: we may assume that T is
nonempty. The conditions l c, ., l,+ c,+ are equivalent to fixing the last
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n + 1 coordinates of points (j, or). Therefore all points of T have the same
c0," ", c,,. Considering one such point, we conclude from (3.4) that c0," ", a,
are the coefficients of a polynomial which assumes the value )tt/, at most
times on the set {0," , ,}, say for y,. ., ,. But then (3.4) implies that any
point (j, t) T has :i {’el,"" ", 3’s}. This confines the range of xi to at most
values. Theorem 2.3 now implies

L, (0, , ,,) --> log //t"+ 1)

-> log ((/n + 1 + 1)-("+ 1)(n + 1)!)-> (n/2)log n- 3n.

Together with (3.3), this yields Proposition 3.3.

4. Remarks. 1. The complexity of the set of elementary symmetric func-
tions in n inputs over a (small) finite field remains open. On the one hand, no
upper bound better than n log n seems to be known even for k 7/2; on the other
hand, the method of this paper gives only linear lower bounds as long as, e.g.,
# k _-< n (since then the image of the elementary symmetric map has only exponen-
tial size).

2. While for the evaluation of rational functions over an infinite field the
model of a straight line algorithm is adequate (see [3]), this is not the case for the
evaluation of finite functions (unless one is interpreting algorithms as hardware
constructions). In fact, if we allow branching instructions of the form "if f 0 then
goto else goto ]" free of charge and if, e.g., k 7/p, then by a table look-up

dprocedure we may evaluate any function from 7/p to 7/v without a single multipli-
cation or division.

Nevertheless, if we count the branching instructions in the same way as
multiplications and divisions, the results of this paper remain valid. We can argue
as follows: given an algorithm for computing functions fl,’", fr from k a to k in
time - (worst case), we may apply it to inputs of Ka. The algorithm will then
compute partial functions Ft," ", Fr from Ka to K which in general will not be
rational but which will extend fl,’", fr. A variant of [5, 5, second Theorem]
shows that the graph of the map (F1,"’, Fr) is contained in a union of finitely
many closed irreducible subvarieties P1,""", P,, of dimension _-<d of Ka+r such
that

Now we can apply (2.1) to each P.
d|edges. Many thanks go to Joachim von zur Gathen and to a

referee for improving the presentation of the paper.
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PREFACE

The last decade has seen significant advances in our knowledge of program-
ming language semantics and of logics for reasoning about programs. This decade
is seeing these developments evaluated in practice. This special issue of the SIAM
Journal on Computing is devoted entirely to these two closely related subjects of
"semantics" and "correctness" of programs.

One way to perceive past developments is to consider the problem of proving
statements about algorithmic processes. Proofs about constructions in Euclidean
geometry are particularly vivid examples of how this has been done. There the
proofs serve to crystalize our intuitions about space. When we prove statements
about computer programs, we must deal with concepts such as "memory loca-
tion", "instruction seluence", etc. some of which may be special to a particular
computer; and therefore our proofs and even our axioms may not embody any
widely understood intuitions about computing. As we deal with higher level
programming languages and get further away from the idiosyncrasies of machines,
we might expect our reasoning to become more like the logic of constructions
learned in mathematics. However, this has not yet proved true.

Existing high level programming languages such as FORTRAN, ALGOL 60 or
PL/I are quite sophisticated and involve new concepts not found in ordinary
mathematics. Indeed, the principles of reasoning needed for these languages are
subtle; and when it becomes necessary to be quite certain that a program is
correct, one must move to a precise and more formal style of thinking. We are led
to seek explicit rules of reasoning and perhaps even systems of proof.

For rules of proof about algorithms to be useful, they should correspond to
our intuitive understanding of programs. They should also be general enough to
apply to programming language concepts rather than particular features of a
specific language. (These apparently simple criteria preclude using the logician’s
trick of arithmetizing programs and thereby reducing proofs about them to
number theory.) In the technical vocabulary, this means that the principles of a
programming logic should be applicable to abstract programs orprogram schemas.

In order to be precise about these rules, one must have a precise definition of
the programming language. Certainly one can give such a definition in terms of a
compiler or in terms of some other translation of the language into a simpler
algorithmic language or into a more primitive logical setting. But, if one is to use
this definition to ascertain the validity of rules for reasoning about programs, then
the definition should be of roughly the same level of detail as the logic. Moreover,
the definition should allow the nonspecialist to understand the language while at
the same time serving the expert as a standard for implementation and as a
definitive arbiter of disputes.

Progress toward a rigorous but intuitive logic and a precise but nonmachine
oriented semantics for high level programming languages has been slow. Not only
are there serious conceptual problems to be solved, but the results of the work
must be applicable to "real" programming languages. In fact, much of the early
work on semantics was oriented toward the very real language ALGOL 60.
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The ALGOL 60 report generated early interest in formal semantics partly
because the syntax of the language was presented in an elegant formal way which
contrasted with its vague and informal semantics. The challenge was to give a
similarly formal semantics.

In this same period, computer scientists recognized the need for fresh logical
concepts to enable them to reason about new notions appearing in ALGOL 60,
such as block structure, assignment tatements, recursive procedures, etc.; how-
ever, no logical systems nor successful semantic descriptions were proposed for
this language until the late sixties.

One of the reasons that progress on the axiomatics of ALGOL-like languages
was slow is that early work on their semantics encountered unexpected complex-
ity. For instance, the use of the lambda calculus to model the procedure mechan-
isms suggested that finding a high level semantics for AL6OL 60 would be as hard
as finding one for the lambda calculus. But the lambda calculus poses serious
logical problems because it involves type free procedures, e.g., procedures which
could take themselves as arguments. Logicians had already discovered serious
difficulties in developing a logic for such objects. Dana Scott’s paper in this volume
reports substantial progress on this difficult problem, while the paper of Chris-
topher Wadsworth is concerned with the lambda calculus as representative of
questions about programming languages that arise when using a "denotational
semantics" for programs in the style of D. Scott and C. Strachey.

Essentially, progress on the logic of AL6OL-like programs had to wait until
the effort was concentrated on fragments of ALGOL. It is now argued by some that
we cannot hope to develop understandable proof rules for languages as complex
as AL6OL 60. The paper by Edward Ashcroft and William Wadge presents the
language LtJcio which illustrates the type of logic that one can expect if the
language is tailored to the logic.

The earliest progress on the problem of specifying a logic for reasoning about
programs came from the direction of applicative languages like Lisp. In his 1963
paper, A basis for a mathematical theory of computation, John McCarthy pro-
posed the principle of recursion induction for reasoning about recursive programs.
He illustrated his rule using program schemas in the form of recursion equations.
(The Russian Y. I. Ianov had presented a study of program schemas of a more
elementary form (flowcharts) which influenced McCarthy.)

A substantial mathematical theory of program schemas was developed in the
late sixties. The paper by Ashok Chandra in this volume illustrates the style of
some of this work, and the paper by Steven S. Muchni’ek points to new directions
for the subject. This schema theory proved helpful in formulating logics for
reasoning about programs.

The discovery of fixed point induction as a proof rule and its formulation in
various logical systems such as the mu-calculus and the relational calculus, has
clarified some of the conceptual problems about programming logics. The success
of these logics has in turn affected the style of formal semantics. It is clearly
important to use a semantics compatible with the logic. This means that the use of
leastfixedpoint methods has become important in formal semantics. The paper of

See D. Scott’s bibliography.
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Peter Downey and Ravi Sethi discusses the connection between fixed point
semantics and other more operational approaches to program meaning. The
paper of Zohar Manna and Adi Shamir considers the alternatives to the least fixed
point semantics. The paper of Gordon Plotkin considers extending the theory to
cover parallel programs.

The logical foundation for programming logics provided by the fixed point
induction rule can also be used to support proof systems for ALGOL-like
languages. The most popular logics of this type are based on C. A. R. Hoare’s
adaptation and extensions of the inductive assertion method of Floyd (see Hoare
(1969 and Floyd (1967) in D. Scott’s bibliography). In particular, Hoare’s axiom
for recursive procedures is a version of the fixed point induction rule. In this
volume some practical aspects of axiomatics for ALgOL-like languages are
considered in the paper by Susan Gerhart.

As of 1976 the methods and results of the past decade of study of program-
ming language semantics and programming logics stand on the verge of their most
serious testing. Computer scientists are trying to apply these methods and results
to the design and description of programming languages and to the construction of
embryonic program verification systems. Developments in the next decade should
be exciting and critical. We hope that the interested reader can find his way into
this diverse subject through this special issue.

There are many figures whose influence on these fields cannot adequately be
reflected in the dry statistics of bibliographic cross-reference. Among these we
have chosen to single out Christopher Strachey, whose death in 1975 came as a
personal blow to many of those contributing to this volume. Strachey’s dogged
insistence that the act of programming was often an excursion into a world of
ill-understood abstractions was profound stimulus to his colleagues. Without that
insistence, and without Strachey’s own pioneering work in the field, much that is
described below would not have happened.

ROBERT L. CONSTABLE
DAVID PARK
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LUCID---A FORMAL SYSTEM FOR WRITING AND
PROVING PROGRAMS*

E. A. ASHCROFT]" AND W. W, WADGE:

Abstract. Lucid is both a programming language and a formal system for proving properties of
Lucid programs. The programming language is unconventional in many ways, although programs are
readily understood as using assignment statements and loops in a "structured" fashion. Semantically,
an assignment statement is really an equation between "histories", and a whole program is simply an
unordered set of such equations.

From these equations, properties of the program can be derived by straightforward mathematical
reasoning, using the Lucid formal system. The rules of this system are mainly those of first order logic,
together with extra axioms and rules for the special Lucid functions.

This paper formally describes the syntax and semantics of programs, and justifies the axioms and
rules of the formal system.

Key words, program proving, formal semantics, formal systems

Introduction. Lucid is both a language in which programs can be written, and
a formal system for proving properties of such programs. These properties are also
expressed in Lucid. This is possible because a Lucid program is itself simply an
unordered set of assertions, or axioms, from which other assertions may be
derived by fairly conventional mathematical reasoning. The statements in Lucid
programs are special cases of Lucid terms.

In this paper we present the formal basis for Lucid, giving its semantics and
justifying various axioms and rules of inference that are used in Lucid proofs. An
informal introduction to Lucid can be found in [1], together with a discussion of
implementation considerations. This paper will be rather formal, with motivating
explanations and examples confined mainly to this introduction.

The language considered here might be called Basic Lucid, since it does not
include features like arrays and defined functions. Such extensions are considered
in[l].

The main idea in Lucid is that programs should be "denotational" and
"referentially transparent", even when they contain assignment statements. This
means that all expressions in a program must mean something, and that two
occurrences of the same expression in a program must denote the same "some-
thing". Lucid achieves this aim, and yet manages to treat assignment statements as
equations. (Thus, if a Lucid program contains the (assignment) statement Y X+
Z, every occurrence of Y in the program can be replaced by X+ Z, without
changing the meaning of the program.) This is accomplished by considering the
program to be talking about the "histories" of the various variables. Semantically,
all expressions in programs without nested loops will denote infinite sequences of

* Received by the editors April 22, 1975, and in revised form November 20, 1975.
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: Computer Science Department, University of Warwick, Coventry, England CV4 7AL.

336



LUCIO 337

data objects. Reassignment to a variable must be done by using the special Lucid
function next, and the initialization of a variable must also be explicit, by using the
function first. Thus the two statements first X 0, next X X+ 1 define the value,
or history, ofXto be the infinite sequence (0, 1, 2, 3, .). (The numeral 1 denotes
(1, 1, 1, .), and + works pointwise. The function next drops off the first item of
its argument.) Note that these two statements imply the existence of a "loop", and
explicit control statements are unnecessary. Also, the order of the two statements
is irrelevant. If we also have first Y 0, next Y= Y+X X, then this loop also
generates a history for Y, namely, (0, 0, 1, 5, 14,...). We can get out of the
infinite iteration using the Lucid function as soon as: e.g., output Y as soon as
X> 3 gives the variable output the value of YwhenX> 3 is first true, i.e., the fifth
value, 14. (In fact, output is (14, 14, 14,..-).) With these three functions it is
possible to write programs without nested loops, in a very natural way.

For programs with nested loops we must generalize our notion of "history".
Consider the following Lucid program, which determines whether the first integer
N on the input stream is a prime number or not.

Program Prime.

N first input
first I 2

first multiple I x I
next multiple multiple + I
IdivN multiple eq N as soon as multiple >-_N

next I I+ 1
output IdivN as soon as IdivN v I I >-_ N.

The program contains one loop within another. The inner loop is delimited by
eyin and end. Intuitively, the outer loop generates successive values of potential
divisors I of N, starting 2, 3, 4,..., and, for each value of/, the inner loop
generates successive multiples of/, beginning with 12. The variable IdivN is set
true orfalse depending on whether or not a multiple of I is found which is equal to
N. In the outer loop, output is set false or true depending on whether IdivN is
ever true or not.

The predicate "eq" is like "=" except that its value is undefined if either of its
arguments is undefined (of course undefined undefined is true).

The program as it stands is not strictly speaking a set of assertions because of
the eyin and end. Informally, the effect of eyin and end is to "freeze" the
values of the global variables/, N and IdivN. (The global variables of a loop are
all those variables mentioned outside the loop.) The eyin and end can be
removed by replacing all enclosed occurrences of/, N and IdivN by latest/, latest
N and latest IdivN. (The meaning of the function latest will be given later.) Thus
the first line of the inner loop becomes first multiple latest I x latest L The
resulting transformed program Prime’ is an unordered set of assertions which can
be used as axioms from which to derive further assertions.

In practice, it is easier to write programs using the ein... end notation
rather than latest and, moreover, we have rules of inference which allows us to
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carry out proofs of programs in the eyin... end notation, without using latest, as
follows. We keep track of the loop associated with a program statement or other
assertion that we have derived. Informally, an assertion that does not contain any
of the special Lucid functions can be moved into loops, and can be moved out of
loops if in addition it only refers to global variables of the loop. Moreover, within a
loop we can add the assertion X first X for any global variable X (which states
that X is quiescent, i.e., constant for the duration of the loop). When proving
things "within a loop" we may only use statements from within the loop (which
may have been brought there or have been added as above).

This might be called the technique of "nested proofs". It reduces reasoning
about nested loops to reasoning about simple loops. Before we discuss generalized
histories we can illustrate this sort of reasoning by deriving from the statements of
Prime and the assumption first input > 0 the assertion

ouput -::IL=IK 2 _<- K < first input ^ L K fu’st input.

Proof. We will assume the only data objects are the integers, true, false and
the special object undefined.

The first step is to prove the correctness of the inner loop. We introduce a new
variable J by setting first J I and next J J+ 1 so that between the ein and
end we have

first J I
next J J+ 1
first multiple I x I
next multiple multiple + I
IdivN multiple eq N as soon as multiple >-N.

Since J does not appear elesewhere in the program, any assertion not
involving J which is true for the expanded program is true for the original. With J
so defined we can prove

(1) multiple I J.

The proof uses the basic Lucid induction rule"

(R1) first P, P- next P P,

where for any assertion A and set F of assertions, FA means that the truth of A
is implied by the truth of every assertion in F.

If we let P be "multiple I x J", then

first P first (multiple I x J)

(first multiple first I first J)

=(tI=I1)

which is true (we used the fact that first I I inside the inner loop).
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Now we assume that P is true at some stage; i.e., we assume multiple I x J.
Then,

next (multiple I x J) (next multiple next I x next J)

(multiple + I I (J+ 1))

(multiple + I I x J+ I)

which is true because of the induction assumption. We can discharge the assump-
tion P, giving P next P, and so we have proved multiple I J by induction.

We also used an axiom which says that first and next "commute" with
conventional operations like "+"" for any expression A not containing any special
Lucid functions and having free variables X1, Xe,""", XK we have

(A1) first A A(X1/first Xa,’" ", X,c/first xn)

(A2) next A A(Xa/next XI," , Xc/next Xn),

where A(X/Q) denotes term A with free variable X replaced by term O.
Having proved multiple I J we can replace any occurrence of multiple in

our program by I J. The program can then be simplified, to give program Prime

N first input
first I 2

first J I
next J J+ 1
IdivN I J eq N as soon as I J_->N

next I I+ 1
ouput --3IdivN as soon as IdivN v ! I >-_N

and if A is any assertion without free occurrences of J, then
PrimeA iff Prime A.

To finish the proof of correctness of the inner loop we must determine the
value of IdivN.

To do this we first introduce the function hitherto, defined by

(A3)
first hitherto P T

^ next hitherto P P ^ hitherto P.

Using this we can establish by induction that

(2) hitherto (I x J< N) (VKI_<--K <J - I x K< N).

If we define firstime P to mean P^ hitherto --a P, we can conveniently state an
axiom for the function as soon as, and a rule for Iirstime"

(A4)

(R2)

firstime P X as soon as P X,

firstime P - first Q, eventually P first Q.
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The first states that the value of X as soon as P is the value of Xwhen P is true for
the first time. The second states that if some property Q holds when P is true for
the first time, and Q is quiescent and P does eventually become true, then
property Q holds.

Using (2) we can establish

(3) flrstime(I+J>-N)-IxJeqN=(KI<-_K<N ^ IxK=N).
(A proof of this step can be found in [2].)

Since (A4) gives us

tirstime (I x J >-_ N) - IdivN I x J eq N

we can conclude

firstilne (I x J >--_ N) - IdivN (KI <-_ K<N ^ I xK N).

Since the term on the right-hand side is quiescent, to apply rule (R2) we simply
need to prove eventually (I x J_-> N). For this we use the following: "termination"
rule for integers:

(R3) integerL, L >nextL eventually (L =<0).

To apply (R3) we first prove that integer(N-IJ) and N-IJ>
next (N- I J). This is straightforward (but note that I> 0 must be established by
induction in the outer loop, and then brought into the inner loop).

Now, applying the as soon as rule (R2), we get

(4) IdivN=KI<-_K<N ^ IxK=N.
Assertion (4) contains no Lucid functions and all its free variables are globals, and
so it may be taken outside the inner loop. We now discard the inner loop yielding
"program" Primee:

N first input
first I 2
IdivN==lKI<-K<N ^ IxK=Nnext I I+ 1
output -aldivN as soon as IdivN v I x I >=N

and as before Primea A implies Prime A for any assertion A. Actually
Primee is no longer a program but rather a hybrid object halfway between a
program and statement of correctness.

Note that IdivN is always either true or false (it could be undefined if N were
undefined, but we know N> 0).

Now to finish the proof that

output --qZlL :IK 2 <-- K <N ^ L xK N

we must first show that

(5) firstime (IdivN v I x I >- N) - IdivN LK 2 <-_K<N ^ L xK N.
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The proof of this is similar to the proof of (3), provided we first prove that

(6) hithertoldivN - (LL <I - (-K 2 <=K<N ^ L xK N)).

This requires a straightforward induction proof, making extensive use of
properties of integers, and the property N> 0.

Since idivN is always either true or false, to establish the second premise for
the as soon as rule, namely, eventually (IdivN v I x J >- N), it is sufficient to show
that eventually (I x I_-> N). This follows from the termination rule (R3).

So finally, we can eliminate all the variables except output leaving "program"
Prime3:

output :lL:IK 2 _--< K < first input ^ L x K first input.

Note that --n::IL ::IK 2 _-< K < first input ^ K xL first input is either true or
false, when integer first input. Thus output is not undefined, and so program Prime
terminates with the correct result.

This sample proof shows that it is possible to reason about programs knowing
very little of the formal semantics, in particular knowing very little about the
semantics of nested loops. But .we must give a semantics for nested loops to justify
the nested proof style of reasoning.

In the program Prime, the history of I can be thought of as (2, 3, 4,. .), but
the history of multiple must be ((4, 6, 8,...), (9, 12, 15,...),
(16,20,24,...),...), i.e., a two-dimensional infinite sequence. A one-
dimensional infinite sequence can be considered as a function from the natural
numbers (including zero) to data elements, and, similarly, a two-dimensional
sequence is a function from xV to data elements. If we write I, instead of I(n),
we see that In n + 2. For two dimensions, we adopt the convention that the first
subscript is the more rapidly varying time parameter, the number of iterations of
the inner loop. Thus multiplenm (m + 2)(m + n + 2). The Lucid functions (except
latest) act on the first time parameter, e.g., (first multiple)n, multipleom.

To make this work we need to do two things. Firstly, we get rid of the
&,in... end’ notation as indicated previously, by introducing the function latest
which increases the number of time dimensions, e.g., (latest I)n, I,. (Note that
latest) act on the first time parameter, e.g., (first multiple),m multipleo,.
levels of loop nesting by considering all histories as depending on an infinite
number of time parameters (only a finite number of which will usually be
necessary for each variable).

Thus, in the rest of this paper we consider Lucid programs that use latest
instead of &in... end, and the semantics of Lucid is given in terms of functions
of infinite sequences of time parameters.

As a formal system Lucid is similar, in some respects, to first order logic. On
the other hand, Lucid can be viewed as a tense logic, a branch of modal logic which
formalizes certain kinds of reasoning about time. (The suitability of modal logic
for proofs about programs has already been recognized by Burstall [3].) In Lucid a
term, such as X> Y, need not be simply true or false. It can be true at some
"times" and false at others (and even undefined at others). As we have seen,
semantically, the value of X> Ydepends on various time parameters because the
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values of the variables X and Y themselves depend on time parameters. As a
result of this, certain properties of first order logic, such as the deduction theorem,
fail to hold for Lucid, except in special circumstances.

Lucid also differs from first order logic in that we wish to allow programs to
compute truth values, and therefore we have to allow an "undefined" truth value,
for sub-programs which do not terminate. (Since we have this undefined truth
value, we can abolish the distinction between terms and formulas, logical connec-
tives applied to non-truth-values acting as they would for the undefined value.
This uniform treatment is not essential however--it merely simplifies the formal
treatment.) The formal system must be able to deal with "undefined" within the
logic. This means, for example, that the law of the excluded middle does not hold.

Nevertheless, the rules of inference for Lucid are almost identical to those for
first order logic.

Sections 1 to 3 of the paper are devoted to setting up the interpretations on
which the semantics is based. Then in 4 we define the class of sets of terms that
are Lucid programs. We show that every program has a unique minimal solution,
or "meaning". In the rest of the paper we discuss a formal system for proving
properties of programs, justifying the sort of reasoning used in the proofs given in
the Introduction. In particular, in 7 we justify the "nested proof" technique for
proving things about programs with nested loops.

1. Formalism. The meanings of programs will be based on "computation
structures", which in turn are defined in terms of simple structures. We first define
a general notion of structure, and build on this in later sections.

1.1. Syntax. A Lucid alphabet X is a set containing the symbols "U", ":!"

and, for each natural number n, any number of n-ary operation symbols,
including, for n 0, the nullary operation symbol T.

We also have at our disposal a set of variables, e.g., X, Y, Z.
The set of E-terms is defined as follows:
(a) every variable is a E-term;
(b) if G is an n-ary operation symbol in X and A1, , An are E-terms, then

G(A1,’’’, An) is a E-term;
(c) if V is a variable and A is a E-term, then :iVA is a X-term.

1.2. Semantics. If E is an alphabet, then a Z-structure S is a function which
assigns to each symbol o" in E a "meaning" trs in such a way that Us is a set, :is is a
function from subsets of Us to elements of Us and, if G is an n-ary operation
symbol, Gs is an n-ary operation on Us.

An S-interpretation extends S to assign to each variable Van element V of
us.

If is an S-interpretation, V is a variable and a is an element of Us, then
(V/a) denotes the S-interpretation differing from I only in that it assigns a to V.

If A is a E-term, S a E-structure and an S-interpretation, then we define an
element [AI of Us (the "meaning" of A) as follows:

(a) for variable V, [V[ is V,
(b) for E-terms A1, A.,. , An and n-ary operation symbol G of E,

[G(A1,’’’,A.)I is Gs(IAII,IAI,’’’,IA.]),
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(c) for E-term A and variable V

IVAI s({lAlw,,): c Us}).

We say: A ( satisfies A or A is valid in ) iff IA la Ts; if F is a set of
terms, then F iff B for each B in F; F sA iff F implies A for all
S-interpretations .

2. Basic results. Even in general structures we can establish several useful
properties.

2.1. Substitation. An occurrence of a variable V in a X-term A is bound if
and only if the occurrence is in a sub-term of A of the form ::IVB; otherwise the
occurrence is free. If A and Q are E-terms and V is a variable, then A(V/Q) is the
term formed by replacing all free occurrences of V in A by Q. In this situation V is
said to be free for Q in A iff this substitution does not result in a free variable in Q
becoming bound in A(V/Q), i.e., iff V does not occur free in A in a sub-term of
the form ::!WB for some variable W occurring free in Q.

LEMMA 1. For X-structure S, S-interpretation #, X-terms A and Q and
variable V, if V is free for Q in A, then

Proof. The proof of the analogous result for first order logic carries over
directly, fi

2.2. Power structures. One way of building structures out of simpler struc-
tures is by a generalized Cartesian product.

2.2.1. For any E-structure S and any set X, Sx is the unique E-structure
such that

(a) U is the set of all functions from X to Us. If x X and a U, we will
write ax instead of a(x).

(b) If G is an operation symbol in and a,/3,... U and x X, then
(G(a, fl,’’ "))x Gs (ax, flx, ").

(c) If K is a subset of U and x X, then (::l(K))x ls({a, :a K}).
Thus Sx carries over the operations and quantifiers of S by making them

work "pointwise" on the elements of U. Thus all nullary operation symbols are
assigned constant functions. In particular, T is the constant function on X with
value Ts.

2.2.2. For sX-interpretation o0 and x X, denotes the unique S-
interpretation which assigns each variable V the value (Vs).

The following lemma establishes that every E-term acts "pointwise" in Sx,
even those terms containing quantifiers.

LEMMA 2. For any ,-structure S, sX-interpretation , ,-term A and element
x X,
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Proof. Let c be the structure Sx. The proof proceeds by structural induction
on A.

(a) If A is a variable the result is immediate.
(b) If A is G(A,, , A,) for n-ary operation symbol G in Z, and E-terms

A,, , A,, then

(Ial+)+ =:(IG CA,,...,

Gs((lA,ls),’’’, ([A,[))
GsCIA,I+++,’", IA,,I..+)

--IG (A,,
(c) If A is ::i VB for some variable V and E-term B, then

s({(lBl.<v/>)+ " U+})

.+({IBI+++<:,,,/<+>" ,+ e u+})

(since if #’= #(V/a), then 5’ #+(V/ax))

=:i.,({IBl...+<,:,,,l+:, a Us})

(since as a ranges over U, cz ranges over Us)

It follows that S and Sx have the same theory:
COROLLARY 2.1. For any Z-structure S, any setX, any ,-termA and set

,-terms, if c Sx then

FsA iff F-+A.

Proof. Suppose first that FsA. Let o be a -interpretation such that
y F. Then for any B in F and any x in X, Ts (Te)x (IBl)x [B[x by Lemma
2. Thus x F and so a; hence [a] Ts. Therefore ([a[)x [a[ Ts
(Te)x. Since x was arbitrary, [a [ Te and so ea.

Now suppose FeA. Let be an S-interpretation such that s F. Define
the qg-interpretation by setting Vy)x Vs for each x in X and each variable V,
i.e., oCx 5 for each x. Then, for any B in F, ([Bl)x [Bly IBis Ts (T,) for
any x in X and so o F. Therefore,. yA and, choosing any x in X, Ts
([A [)x IA ICx A Is and so s A. [:]

3. Models of computation. We now build up the structures necessary to give
meaning to programs. These will be power structures, based on certain elemen-
tary structures called standard structures.

We define Spec to be the set of special Lucid function symbols {first, next, as
soon as, hitherto, latest, followed by}.

3.1. Standard structures. An alphabet X is standard if in addition to Tand =:i

it contains the nullary operation symbols _1_ and F, the unary operation symbol -,
the binary operation symbols v and and the ternary operation symbol "if then



345

else", but none of the special Lucid symbols in Spec. (Z may contain numerals 0, 1,
etc., as nullary operation symbols.)

A standard structure is a structure S whose alphabet is standard and such that
(a) Ts, Fs and -l-s are true, false, and undefined, respectively.
(b) -as yields true if its argument is false, false if its argument is true,

undefined otherwise.
(c) Vs yields true if at least one argument is true, false if both are false,

undefined otherwise.
(d) =s yields true if its arguments are identical, false otherwise.
(e) if then elses yields its second argument if its first is true, its third if its first

is false, undefined otherwise.
(f) For any subset K of Us, ls(K) is true if true K, false if K= {false},

undefined otherwise.
(g) All other operations of S are monotonic, for the ordering on Us defined

by x _my iff x =y or x undefined. (Note then that the only nonmonotonic
operation is s.)

Standard structures are our basic domains of data objects and correspond
most closely to ordinary first order structures. Note that if we restrict -as and v s to
true, false and undefined, they agree with the corresponding operators in the
three-valued logic of Lukasiewicz.

3.2. Computation structures. Programs will use the special Lucid functions
Spec, and these functions are interpreted over certain types of power structures.

3.2.1. Comp(S). If S is a standard E-structure, then Comp(S) is the unique
(E 13 Spec)-structure which extends S to the larger alphabet as follows"

For a,/3 U and
(i) (first (a))= ao,,,
(ii) (nexte (a))=
(iii) (a as soon as/3)r a,rlt2.., if there is a unique s such that ]st, t2... is true

and rtlt2... is false for all r <s, undefined if no such s exists,
(iv) (hitherto (a)) true if ast, t... is true for all s <to, false if astlt2.., is

false for some s < to, undefined otherwise,
(v) (latest(a) a tlt2

(vi) (a followed by )ott aott
(a followed by )to+ltlt2...--- [3totlt2...

Note that all other operations are pointwise extensions of the corresponding
operations in S.

3.2.2. The function latest is used to formalize nested loops. If we have no
nested loops, a simpler structure suffices.

Loop(S). If E and S are as above and E’ is the alphabet of Comp(S), omitting
latest, then Loop(S) is the unique E’-structure ’ which extends S to :’ in such a
way that tirst,, next,, etc., are defined as for Cemp(S), but with tit2 omitted.
For example,

(first,(a))o a0 and (nexte,(a))to-- ato+l.

is the set of natural numbers andc is the set of functions from to , i.e., the set of infinite
sequences of natural numbers.
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The usefulness of Loop(S) lies in the fact that Loop(S) is easier to understand
and Loop(S) and Comp(S) have the same theory for terms not involving latest:

THEOREM 1. For any standard structure S and any term A and set of terms F
all in the language of Loop(S),

F Comp(S) A iff F Loop(S) A.

Proof. Let ’ be the restriction of Comp(S) to the language of Loop(S). It is
easily verified that cC is isomorphic to Loop(S)at1 and so the result follows from
Corollary 2.1. [-1

3.2.3. Note that if S is a standard structure and qg is an extension of Sx for
some set X, then = is not the identity relation on . Nevertheless, eA B iff
[A[ and IBI are identical.

3.2.4. Quiescence and constancy. Let Comp(S) and a U. Then a is a
function from infinite sequences totlt2"" of natural numbers to Us. If a is the
value of a variable V, then, intuitively, the value of V depends on the time
parameters tot1 t2. , where to is the number of iterations of the loop defining V,
tl is the number of iterations of the next outer loop, and so on. If a is independent
of the first element of i (i.e., atotl t2... aOtlt2.., for all to) then we say a is quiescent. A
term A is quiescent (in c) if A first A. Note that for terms A and B, first A,
latest A and A as soon as B are all quiescent.

If a is independent of , then a is said to be constant. Note that Gis constant
for any nullary operation symbol (3.

In Loop(S) we can use the same definitions, but then there is no difference
between quiescence and constancy.

4. Programs. We impose minimal syntactic restrictions on programs, to
simplify the formal treatment. In practice, other restrictions would probably be
required.

4.1. Syntax. A E-program P is a set of (E CJ Spec)-terms such that
(a) each element of P is an equation of the form b 0, where 0 is a

quantifier-free term having no occurrences of =, and b is of the form X, first X,
next X or latest X for some variable X.

(b) The variable input may not occur on the left-hand side of any equation
in P.

(c) Every other variable X occurring in P, when appearing on the left-hand
side of an equation, may only do so as part of a definition of X.

X must be defined exactly once, in one of the following ways:

directly, i.e., X i//1,

indirectly, i.e., latest X fie,

iteratively, i.e., first X 3,

next X

In the above, the terms I//2 and I//3 must be syntactically quiescent in P, a
property which is defined as follows:

(i) first b, latest b and b as soon as q, are syntactically quiescent in P.
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(ii) If (1, t2, n are syntactically quiescent in P and G is an n-ary
operation symbol in , then G(bl, b2," ", b,) is syntactically quiescent in P.

(iii) If Y= b is in P and b is syntactically quiescent in P, then Y is
syntactically quiescent in P.

4.2. Semantics. The meanings of programs are specified by Comp(S)-
interpretations, where $ is the standard structure corresponding to the domain of
data.

4.2.1. Solutions. For any E-program P and standard -structure S, if rE
Comp(S) and a is an element of U, then a (S, a)-solution of P is a
interpretation such that inputs a and s P.

4.2.2.
THEOREM 2. For any E-program P and standard ,-structure S, if c

Comp(S) and a U,e, then there is a (S, a)-solution ofP that is minimal, i.e., for
any (S, a)-solution’ ofP, ]’or all ag’Xand all variables Vin ,, Vs)

_
Vs,)g.

Proof (sketch). The first step is to transform P into a set of simple equations.
This is done by replacing each pair of equations of the form first X- 4, next X
th’ by the single simple equation X= 4 followed by 4’, and replacing each
equation of the form latest X 4 by the simple equation X-latest-1 4. The
operation iatestT is defined by (latestTl(a))ot... aOot

This transforms the program P into a "program" P’ of the form X -(X),
where X is the vector of all the variables in P other than input.

We now note that the "programs" P and P’ have the same solutions. That
every solution of the original program P is a solution of the transformed program
P’ is clear, and the converse follows from the quiescence restrictions on P, as
follows.

Suppose thatsX 4 followed by 4’. Then by the definition of followed by,
first X first-4 and next X 4". But if X 4’ followed by 4,’ in P’ came

from first X 4’ and nextX 4" in P, then the syntactic quiescence of 4’ ensures
that 4’ first 4, so s first X- th. Similarly, sX latest- 4’ implies
s latest X- first 4’, and so by syntactic quiescence latest X 4’.

Now we note that the ordering on U given in the statement of the theorem
makes U into a cpo (complete partial order), and it is easily verified that all the
operations in c that are used in the "term" - are continuous. Moreover, although

= is not equality on Uc, by 3.2.3 the solutions of P’ are fixpoints of -.
Therefore, the transformed program P’ has a unique minimal (S, a)-solution, and hence so does P. (In fact J =1 Ii0 I"i()]; see, e.g., [5].)

4.3. Syntactic enrichment. To facilitate the writing of programs we intro-
duce "nesting" in programs, as a syntactic abbreviation. We say that the
expression
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is shorthand for the set of terms

where b is obtained from bi by replacing each "global" variable Vby latest V. A
global variable is one which occurs within the rest of the program enclosing the
original ein... end expression. The symbols ein and end are used to delimit
inner loops, and the formulation using latest shows that within inner loops global
variables become quiescent. Loops can be nested to any depth. Note that for a
program using ein...end to be legal, the result of removing the

ein... end’s must be a legal program according to 4.1.

5. Axioms. We now describe the formal system of axioms and rules of
inference used for proving properties of Lucid programs.

5.1. The following abbreviations will be used in the rest of the paper:
A ^ B means -n(--hA v --nB),

AB means --n(A=T) vB,

V VA means -nlV-A.

Note that, in standard structures, ^ agrees with the three-valued logic of
Lukasiewicz, but - does not. In particular, we have _L F, but in standard
three-valued logic _L F would be _L. This difference is crucial, and allows, for
example, the use of the deduction theorem in standard structures. (However, is
defined in terms of =, and therefore it may not be used in programs.)

5.2. Parentheses will be (and have been) dropped from terms by using the
following ranking of priorities for operators (from highest to lowest):

first, next, latest, hitherto, -, ^, v, if then else, as soon as,

followed by, =,

Note the low priority of as soon as, and the even lower priorities of and . Thus
A -> B C as soon as D ^ E means A - (B (C as soon as (D ^ E))).

5.3.
THEOREM 3. The following are valid in Comp(S) for any standard ,-

structure S, and (E t_J Spec)-terms X, Y and P:
(a) (X= Y) v --n(X Y),
(b) ((A T) (--nA T)) ^ ((A F) (--hA W)),
(c) (first first X first X) ^ (next first X first X),
(d) (tirst(X followed by Y) first X) ^ (next(X followed by Y) Y),
(e) (first hitherto P T) ^ (next hitherto P P ^ hitherto P),
(f) X as soon as P if first P then first X else (next X as soon as next P),
(g) X as soon as P X as soon as P ^ hitherto-P,(h) first(X as soon as P) X as soon as P,
(i) P ^ hitherto-aP-X as soon as P X,
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(j) T as soon as P - first X as soon as P first X,
(k) (if T then X else Y X) ^ (if F then X else Y
Proof. These results (for variables X, Y and P) are easily verified in Loop(S)

and carry over to Comp(S) by Theorem 1. The variables can then be replaced by
( (.J Spec)-terms. []

If we define eventually P to be T as soon as P (with the same priority as as
soon as), we have the following corollary.

COROLLARY 3.1. With S X and P as above, the following are valid in
Comp(S):

(a) eventually P- first X as soon as P first X,
(b) eventually P eventually P ^ hitherto -P,
(c) eventually P if first P then T else eventually next P.
Proof. These follow from axioms of Theorem 3.

5.4. The next theorem justifies "pushing" first and next past quantifiers and
non-Lucid operations.

THEOREM 4. For any standard E-structure $ and any E-term A in which Xa,
X2, Xk are the variables occurring freely"

(a) first A A(Xa/first Xa, X2/lirst X2, .) is valid in Comp(S), along with
corresponding equations for next and latest.

(b) eventually P--> A as soon as P A(Xa/Xa as soon as P, X2/X2 as soon as
P, .) is valid in Comp(S).

Proof. We will consider only Loop(S). The results carry over to Comp(S) by
Theorem 1. Let be a Loop(S)-interpretation and let be any natural number.
Then, if X denotes X, X2," , Xk,

(lfirst A Is)t (IA I)o

IAIso (by Lemma 2) IA

(since A has no other free variables)

(IAls(z/I,,tZl,)), (by Lemma 2) (IA(J/first J)ls),
(byLemma 1).

Similar reasoning verifies the other results.

6. Rules of inference. Lucid cannot be a complete formal system because the
Lucid functions are powerful enough to characterize unsolvable problems that are
not even partially decidable. All we can do is add to Lucid whatever axioms and
rules of inference seem natural and useful. In this section we give rules of
inference for the logical connectives, and useful rules for the special Lucid
functions. The "logical" rules of inference are those of a simple natural deduction
system (see, for example [4]).

6.1. Natural deduction rules.
6.1.1.
THEOREM 5. Thefollowing rules are validfor standard E-structure S, E-terms

A, B, C, D, P, Q, finite sets F and A of E-terms and variable V, provided Vdoes not
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occur,freely in F or D, and is ]’ree ,for P and Q in A"

(vI)

(F)
(--,1)
(VI)
(I)
(=I)
(T/)

A,B sA ^B ^E) A ^B sA
A ^B sB

A sA vB (rE) A-->C,B-->C,A vB sC
BsAvB
A,AsF (FE) FsB
if A,A sB then A=sA-->B (E) A-->B,AsB
if FsA then Fs VA (X/E) VA sA(V/Q)
A V/Q) s :l VA (:iE) if F sA ->D then F, :I VA sD
s V= V (=E) A(V/P), P= O sA(V/O).
A sA-T (TE) A=TsA

Proo]’. The validity of the rules can be established by straightforward calcula-
tion from the definitions. [-]

There are no rules for because we do not have the law of the excluded
middle: A v --hA is not valid in general, because A may not be truth-valued. This
means that some of the tautologies and derived rules of first order logic are not
valid in standard structures. For example (A --> B) -->A v B is not valid, and if we
were to define A -->B to mean (A --> B) ^ (B --> A), then we would not have
substitutivity of <--> (note, for example, that _1_ <--> F).

6.1.2. Most of the rules of Theorem 5 hold also for Comp(S):
THEOREM 6. All the rules of Theorem 5, except (-->I), are valid ]’or in place

o]’ S (where qg is Comp(S)), and E t_J Spec in place o]’ X.
Proof. Apart from the quantifier rules, and (-->I), all rules are of the form

b and carry over directly because of the pointwise definition of the con-
nectives. We illustrate this for the (v E) rule. Consider any cO-interpretation
for which yA --> C, B --> C and A v B. Then, for all A;x, ([A --> fly
(IB-CI), and (IA v B[), are all true. By definition of qg, we then have
([A 1), --, s (1 Cls),, ([B Is), -s (1 C[), and ([A Is), v s ([B[), are all true. By the (vE)
rule for S (Theorem 1) we then have (Icl)-true. This holds for all A;x, so

sC.
We illustrate the proof for the quantifier rules by considering (’dE) and (:IE).
Rule (IE). Let # be any -interpretation for which 1/VA [ Ts. Then for

all 6 A;x

true (IX/VAIs)
Vs{(lAl(w) " U}.

Therefore for all [eACx and all a e U we have (IAl(w)=true. Now
[Al(wlol [A(V/Q)I, by Lemma 1, and so, for all i e A; (IA(V/Q)[), true,
that is A(V/Q).

Rule (::IE). Assume F A --> D and consider any c-interpretation # for
which B, for all B e F, and :i VA. Consider any [ e. By the definition of
::!,, there is some a e U, such that ([Ala(w)= true. Now o(V/a) is a -interpretation and y(v/) F, since V is not free in F. Thus a(v/,,) A --> D, and so
(IDl(v/>),-true. Since V is not free in D, we then have (IDI),. We choose e
arbitrarily, so a D. 1-1
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6.2. Lucid rules.
6.2.1. One of the most important rules is that a standard E-structure S and

Comp(S) have the same theory, when restricted to E-terms, so any "elementary"
property can be used directly in any proof about a program.

THEOREM 7. For any standard E-structure S, any ,-term A and any set F of
,-terms, F sA iff F A, where c Comp(S).

Proof. Since F and A are in the language of S and since Comp(S) is an
extension of Sx the result follows immediately from Corollary 2.1. i-1

6.2.2. Other Lucid rules including induction and termination are given by
the following theorem.

THEOREM 8. For any standard E-structure S, if cE Comp(S), then
(a) P first P and P next P,
(b) first P, P--> next P P (Induction),
(c) P ^ hitherto -aP-> first Q, eventually P first Q,
(d) P- -ahitherto (P F) X as soon as P L,
(e) integer Y, Y> next Y eventually Y-< 0 (Termination),
(f) X nextX X first X,

where in (e) we assume S includes the integers.
Proof. By calculation from the definitions.

6.3. Recovering the deduction theorem. We have seen that the (->/) rule is
not valid in Comp(S). However, we can recover this rule, at the expense of
weakening the (=E) rule, by a form of reasoning which intuitively corresponds to
confining oneself to a particular moment during the execution of a program.

6.3.1. Definition of . If S is a E-structure, qg Comp(S) and A is a term
and F a set of terms on the alphabet of , then we define F A to mean that for
any -interpretation o, if ([BI)g true for every B in F, then (IA I,) true.

Thus F A means that, at any time, if all the terms in F are true, then A is
true. It is immediate that A implies A, and that F A implies F A but
not vice versa; e.g., P next P but not P next P.

6.3.2.
THEOREM 9. For any standard ,-structure S, if c Comp(S)
(a) every rule of Theorem 5 except the (= E) rule remains valid if s is

replaced by ,
(b) ,for A, P, Q and Vas in Theorem 5, irA contains no Lucidfunctions, then

A (V/P), P= Q eA(V/Q),
(c) Theorem 7 is valid for in place of .
Proof. Let A, A, D and V be as in Theorem 5.
(a) We will illustrate the proof by considering the (:IE) rule and the (->I)

rule.
(i) Assume F A --> D and F VA. Let and let

interpretation such that (IBIs) for every B in F. Then by the second assumption
(l! VAI) true and so ([Al<v/))e true for some in U by the definition of
:i. Since V does not occur in any B in F, (IBlw)), (IB[), true for any such
B, and so by the first assumption (IDI) true. Therefore F D.

(ii) Let [ Av and suppose that every c-interpretation which makes A and
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everything in F true at also makes B true at . Suppose now that -interpretation
makes everything in F true at [. If J+ makes A true at , then it must make B true

at [ and so makes A -> B true at . On the other hand, if J+ makes A other than true
at , then A --> B will be true at [ regardless of the value assigns B at . In either
case A --> B is true at and so F A B.

(b) Suppose that (IA(V/P)I),= true and (IP= o),= true. Now
IA(V/P)I=IA[(v/e by Lemma 1 and ([AI(we),=IAI,(v/(e, since A
contains no Lucid functions. But ([P Q[y) true implies ([P[y) ([ Q[y). Thus

Therefore (IA(WO)l)+ true.
(c) Assume F +sA and let be a +-interpretation. For any [ W+, if (In/+)+

is true for all B in F, then by Lemma 2, IB I+, is true for all B in F; i.e., +, F. Hence
+, A, and so ([A I+). Conversely, assume F ++ A. erefore, F ++ A, and hence
F +s A, by eorem 7.

We call the rule in Theorem 9(b) the (weak E) rule. To illustrate that (= E)
does not work for +, note that next P, P O + next O is not valid (informally, if P
equals O at some time when P will be gue at the next step, it does not necessarily
follow that O will be gue at the next step).

We use + in the following way. Suppose we wish to prove F +A +B. We
assume F and A, and try to prove B using only axioms and Theorem 7 and the
natural deduction rules of Theorem 5, but with the (weak E) rule instead of the
(=E) rule. (We may not use Theorem 8.) If we manage to do this we have
F, A ++B and we can use (+ I) to get F + A + B. usF A + B. We see that
to use the deduction theorem we must not use any of the Lucid rules in eorem 8,
and use only the weak version of the (=E) rule.

6.3.3. There is another way in which we can regain the deduction theorem. If
we are reasoning about a simple loop, and we have made an assumption that is
quiescent, then the assumption can be canceled"

THEOREM 10. For any E-structure S, g + Comp(S) and A and B are terms
and F a set of terms on the alphabet of omitting latest, then

F, slA B implies F slA B.

Proof. e theorem holds for Loop(S) in place of Comp(S), because if
slA is ever true, it is always true. The result carries over to Comp(S) by
eorem 1.

7. Proois within ioos. The structuring of programs that is made possible by
the use of ei+ and e+ also allows "structured proofs". We will show that

(i) Within a +ei+... en loop, all the rules of inference are valid and so is
the assumption thatX stXfor every global variable X. Anything that follows
by introducing latest also follows without latest, in this fashion.

(ii) Any assertion about the globals of a eim... en loop, that does not
use Lucid functions, can be moved into or out of the loop.
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THEOREM 11. For any standard E-structure S, if c Comp(S), then for any
term A and set of terms F in the alphabet of c, and any finite set of variables X,

(a) 2=flrst2, reA iff
F(2/iatest 2) A (’/iatest ’).

(b) IfA is a E-term and X is the set of variables occurring freely in A, then

F A iff F A (X/latest X).

Proof. (a) Assume X=lirst X, F A, and that, for c-inte_rpretatio_n 3,
r(2/atest 2). Let & be Ilatest 21 and 3’= (2/a). Then,X= first X and, F; therefore ,A, and so yA(X/latest X).
Conversely, assume that _F(X/latest X)eA(X/latest X) and that for

interpretation #, first X and y F. Then I-% is lateste c for some c in
Ucg.2 Let #’ be #(/a). Then y, F(,/iatest), and so y,A(,/iatest).
Hence A.

(b) Let o be a c-interpretation such that y F. Then since
(llatest A I),...-" (IAI)..., (llatest AI) true for all f iff (IAI ) true for all
[. Then since y latest A =A(/latest ) by Theorem 4(a), the result
follows.

The theorem justifies (i) and (ii) of 7 as follows. Consider the program Prime
again.

N first input

first I 2

next I I+ 1

output -IdivN as soon as IdivN v I I >-N

first multiple I x I

next multiple multiple + I

first J I

next J J+ 1

IdivN multiple eq N as soon as multiple >-N

Prime is actually equivalent to Prime"

N first input

first I 2
0

next I I+ 1

.output= IdivN as soon as IdivN v I I >-N

2 In fact c Ilatest-1 2Is (see the proof of Theorem 2, 4.2.2).
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first multiple latest I x latest I

next multiple multiple + latest I

F’ first J latest I

next J J+ 1

IdivN multiple eq latestN as soon as multiple >- latestN

For program Prime’ it is possible to prove that

IdivN=K 2<-K<N ^ IK=N.
In the Introduction, a "nested" proof of this, using Prime, proceeded by
the following steps. First we proved, inside the inner loop, that multiple I J.
Then, still inside the loop, we used this to prove that IdivN= =IK 2<=K<
N ^ I K N. For this we needed that I -> 0. This had to be proved in the outer
loop, and could then be brought inside the inner loop, for use in the proof, because
it is a statement not involving Lucid functions. Finally, the statement IdivN
::lK 2 =<K<N ^ I K N could be brought out of the inner loop because it does
not use Lucid functions, and its free variables are all globals of the inner loop.

Formally we have 0 I _-> 0 and F, I -> 0, I first I, N first N IdivN
:IK 2 _-<K<N ^ I K N. From these we establish 0, F’ :iK 2 _-< K <N ^! K N as follows:

By Theorem 11 (a) we have

F’ latest I => 0 latest IdivN ::iK 2 =< K < latest N ^ latest I K latest N.

But 0 I => 0, and so by Theorem 11 (b) we have 0 latest I => 0. Therefore,

0, F’ latest IdivN ::IK 2 =<K < latest N ^ latest I K latest N.

Again using Theorem 11 (b) we get

O, F’ IdivN K 2 <-K <N ^ I K N.

This same sort of reasoning can be extended for loops nested to arbitrary
depth.
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PROOF THEORY OF PARTIAL CORRECTNESS VERIFICATION
SYSTEMS*

SUSAN L. GERHARTf

Abstract. The verification rules proposed by Hoare are an example of a system which can serve as
the basis for a mathematical theory of partial correctness of programs. The purpose of this paper is to
extend the previously developed basic theory by

(i) defining alternative verification systems and comparing them with the Hoare rules,
(ii) deriving several types of useful rules from the basic systems,
(iii) showing an ordering on verification systems,
(iv) discussing how semi-interpreted program schemas play the role of theorems in a more fully

developed theory,
(v) formulating a notion of correctness-preserving program transformations and giving a

procedure for their use.
These extensions provide a more flexible and efficient methodology for proving partial correct-

ness of programs and point to the potential of a mathematical theory which effectively organizes
knowledge about programs.

Key words, program correctness, program schemas, program transformations, reasoning about
programs, systematic program construction

1. Introduction. Partial correctness is defined to be the property that a given
program satisfies a given set of specifications in the form of an input-output
relation, if it halts. Total correctness adds to partial correctness the requirement of
proper termination whenever the program is executed for data satisfying the input
specification. In the inductive assertion method, the most commonway of proving
partial correctness, a global proof is broken into a collection of local proofs by
inserting appropriate assertions into the program.

When first proposed by Floyd [8] and King [19], the method used flow chart
representations of programs. An algorithm was applied to a flow chart to generate
verification conditions, or lemmas, which were logical statements to be proved in a
mathematical theory which embodied the semantics of the expressions of the
assertion and programming languages. Basically, verification condition genera-
tion expressed how the semantics of statements controlling sequencing and
changes to variables interacted with assertions.

In a series of papers [13], [14], [15], Hoare defined and illustrated a variation
of the inductive assertion method where the algorithm for generating verification
lemmas was replaced by a system of axioms and rules of inference. The global
proof of correctness is a deduction within the system from lemmas which are
similar to the logical statements obtained by verification condition generation.
Hoare’s formulation is attractive because it has the standard form of a mathemati-
cal system and because it works on program texts. The text form of programs is
presently preferred because it is a direct representation of programs in modern
programming languages and provides for easier restriction of control flow, which
has practical effects on the ease of construction of assertions.

This paper will present two forms of mathematical systems which correspond
to the verification condition generation version of the inductive assertion method,
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which will be called verification operator systems in contrast to verification rule
systems. A well known property, which is usually stated and used informally, is
that, when properly defined, there are equivalent forward and backward directed
methods of constructing verification conditions. This result will be formally
proved and verification operator systems will be proved consistent with rule
systems. All these results hold for a simple programming language.

Thus, it will be formally shown that there are several formulations of the
inductive assertion method which are the basis for a mathematical theory of
partial correctness of programs. However, a useful mathematical theory should be
developed beyond well-defined systems. It should have derived rules which serve
to reduce proof length by condensing common deductive chains. There should be
theorems which hold for classes of the mathematical objects of the theory so that
both more insight into the theory can be gained and properties of individual
objects can be proved more easily as instances of the theorems. A theory often has
a useful replacement theorem which permits certain types of replacements within
a known valid statement to obtain another statement known to be valid without
proof.

We will show that in our theory the role of general theorems is played by
semi-interpreted program schemas and that the notion of correctness-preserving
program transformations is supported by a replacement theorem. Also, the
inherent characteristic of the inductive assertion method that information must be
added to the program leads to a notion of ordering of verification systems where
degrees of completeness of assertions is expressed. Finally, some examples will
bring together these results to illustrate a new methodology for proving partial
correctness where it is possible to build upon previously proved results.

This paper uses a very simple programming language with unspecified
expression and assertion languages. In fact, every verification system and first
order theory must define the semantics of a specific language and thus there will be
one theory for each programming language. Of course, no such theory is accepta-
ble unless it has soundness and completeness properties, in appropriate senses.
This topic is treated in other papers; e.g., see de Bakker and Meertens [3] and
Cook [2]. The proof theory results of the present paper shoud remain substantially
the same for all programming language theories.

2. Verification systems. We will use a very simple programming language to
illustrate verification systems. The syntax is

(program) :: (statement- list)
(statement-list) ::= (statement)[(statement); (statement-list)
(statement) ::= nill(variable) := (expression)

[ff (boolean-expression) then (statement-list)
else (statement-list) fi

Iwhile (boolean-expression) flo

(statement-list) end

(boolean-expression) and (expression) are not further prescribed here, but it is
assumed that (boolean-expression) is always truth-valued and expressions have
no side effects. We will consistently use the following notation for syntactic units"
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G or S for program or statement list; V for variable; E for expression; B for
boolean-expression; P, O, A, for assertion.

An example of one of the verification rule systems proposed by Hoare is

System H.

Axioms
HN.

Rules

P{mdl}P HA. ov(V := E}O

P ^ B{S’}O, P ^ B{S"}Q
HC. HW.

P{ff B then S’ else S" fi}O
A ^ B{S}A

A{while B do S end}A ^ ---B

P{S’}P’, P’{S"}Q P P’, P’{S}Q’, O’ Q
HS. .HI.

P{S’ S"}O P{S}O

Example 1. For the following program, G, and unspecified P and Q

the proof in H is

V:= El;
while B do

V:=E2
end

1. Aa(V := EllA
2. AL{v := EZ}A

v3. A ABAE2
4. AA
5. A ^ B{V := E2}A
6. A{while B do V := E2 end}A ^ B
7. AI{V := El.; while B do V := E2 end}A ^ B
8. A ^9. pDAI

10. P{V := E1; while B do V := E2 end}O

HA
HA

HI, 2, 3, 4
HW, 5
HS, 1,6

HI, 7, 8, 9

"/" as a reason indicates that the statement should be proved in a first order logical
theory L which contains the semantics of the assertion and expression languages.
Thus if we interpreted V, E 1, E2, B and A and proved the statements reasoned
in L, we would be able to claim -n,LP{G}Q. This displays the two levels of such a
proof: Hshows how to translate control flow through statements and the effects of
assignment into logical expressions which are then submitted for proof in the
system L. Another important feature of system His that assertions are not directly
attached to the program, but instead are entered as part of the proof. There are
many ways of constructing proofs in H. One systematic way is to view the premises
of the verification rules as subgoals for the conclusion. Such a procedure is
nondeterministic in that there are choices where to break up statement lists using
rule HS and when to apply rule HI.

It is advantageous to treat assertions as parts of programs for two reasons: (i)
from a programming standpoint, assertions may be viewed as documentation and
requiring them in the program encourages some program proving during, rather
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than after, program construction and (ii) the proof generation process may be
made somewhat more systematic. Therefore we will hereafter usually discuss
asserted programs where the iteration statement has the form while (boolean-
expression) assert (logical expression): (statement-list) end with the (logical
expression) being from the assertion language. This gives rise to verification rule
systems like the following:

System HB.

HBN.
PQ

P{null}Q

HBNN.
P{S}Q

P{S; null}Q

HBS.
P{nuil; S}Q
P{S}Q

HBA.
P{S}Q

P{S; V := E}Q

HBC.
PI{S’}Q, P2{S"}Q, P{S}B ^ P1 v B ^ P2

P{S; if B then S’ else S" fi}Q

HBW.
A ^ -B Q, A ^ B{S’}A, P{S}A
P{S; while B assert A; S’ end}Q

System HF.

HFN. PO
P{nuil}Q

P{S; null}Q
P{S}Q

(=IV’)(P, ^ V= E,){S}Q
P{V := E; S}Q

where V’ is not used in V, E, P, Q, S

HFC.
P ^ B{S’}Q 1, P ^ B{S"}Q2, O 1 v Q2{S}Q

P{if B then S’ else S" fi; S}O

HFW.
P A, A ^ B{S’}A, A ^ B{S}Q
P{while B assert A: S’end; S}Q

HFNN.
P{S}Q

P{null; S}Q



PROOF THEORY 359

Example 2. Proof in HB for program G of Example 1"

1. A^-BQ
2. A ^BA2
3 A ^ B{nuil}A

v
E2 HBN, 2

4. A ^ B{null; V :-- E2}A HBA, 3
5. A ^ B{V := E2}A HBS, 4

v6. PAe,1
7. P{null}Al HBN, 6
8. P{null; V :-- E1}A HBA, 7
9. P{V := E1}A HBS, 8

10. P{V :- E1; while B assert A" V := E2 end}Q HBW, 1, 5, 9

The basic technique for generating a proof in either system is to work forward
through the statement list in HF or backward through the statement list in HB. In
this technique, no choices for assertions need be made during the proof: for
example, in HBC there are assertions P1 and P2, but these may be generated by
following the backward subgoaling technique on PI{S’}Q and P2{S"}Q. The
systems are related by the following:

THEOREM 1. Let G be a program in the original syntax, A denote a collection
o]’ assertions (called an annotation), and GA be G with the assertions o[A attached
to the appropriate iteration statements o[ G.

iff there exists A such that I--HB,I.P{GA}Q,

iff there exists A such that t--HF,I.P{GA}Q.

Proof. Show by induction on the syntactic structure of program G the
annotation. Likewise, from the annotation and the expressions generated by the
rules come the necessary assertions for the proof in H.

Remark. It is possible to have two annotations A’ and A" where
I---B,IP{GA’}Q and not n,t..p{GA"}Q because at least one assertion of A" may
not be sufficient to support application of rule HBW. The same remark holds for
HF.

The proof technique used here and in later proofs is structural induction:
assuming that a property holds for all substructures, show that it holds for each
type of structure. The syntactic structure of programs is being used here and the
types of structures are the statement types in the language. Hence, we will refer to
this as statement induction. The proofs are usually very long and occasionally
tricky. Many of the proofs omitted here will be found in a technical report,
Gerhart [9].

The other approach mentioned in the introduction uses an algorithm for
extracting verification lemmas from the program. The notion which captures this
approach will be called a verification operator system. Each such system has two
components: VO, a set of definitions of verification operators, and CS, a predicate
expressed in terms of the verification operators on the program and the specifica-
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tions. Examples of verification operator systems are
System BA.

VO {bt, bvc}
CS(P, G, Q)= (P bt(G, O))^ bvc(a, Q)
where bt and bvc are defined

G

V:=E

null

fib
then S’
else S" fi

while B
assert A:
S end

t,t(a, o)

Q

(B = bt(S’, Q)) ^(.--B = bt(S", O))

A

S’; S" bt(S’, bt(S", O))

System FA.

vo {it,
CS(P, G, Q) (ft(G, P) D Q) ^ fvc(G, P)
where ft and fvc are defined

bvc(G, Q)

true

true

bvc(S’, Q) ^bvc(S", Q)

(A A B Q) A

(A ^ B bt(S, A)) ^c(S, A)

bvc(S", Q) ^bvc(S’, bt(S", O))

G

V:=E

null

ifB
then S’
else S" fi

ft(G, P) fvc(G, P)

(:! V’)(V EW’ A P,,) true
where V’ is unique

P true

ft(S’, P ^ B) v fvc(S’, P ^ B) ^ft(S", P ^ B) fvc(S", P ^ B)

while B A A "--B (P A) A

assert A: (ft(S, A ^ B) D A) ^S end fvc(S, A A B)

S’; S" ft(S", ft(S’, P)) fvc (S’, P) ^fvc(S", ft(S’, P))
The basic idea of these operators is that bt and ft traverse the program

backward and forward, respectively, and transform a logical expression according
to the semantics of the statements traversed. At each while statement, the
previously transformed expression is dropped and the process continues with the
assertion attached to the statement. The bvc and fvc operators pick up this
expression and form the associated verification conditions. The correctness
statement then takes the form of a conjunction of expressions in the. system L.
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Example 3. Again using the asserted version of G from Example 1,

bt(V := El;while B assert A V := E2 end, Q)
=- bt(V := E1 bt(while B assert A" V" E2 end, Q))
=- bt(V := El, A)
--AVl

bvc(V := E1; while B assert A V := E2 end, Q)
=- bvc(while B assert A V := E2 end, Q) ^ bvc(V := E 1, A)
=-(A ^ -B Q) ^ (A ^B bt(V := E2, A)) ^ bvc(V := E2, A) ^ true
--= (A A B = Q) A (A A B AEv2)

CSBA (P, G, Q) (P A1) ^ (A A B Q) A (A A B Av2)
The reader should note the correspondence in Examples 2 and 3 between the

logical expressions generated in the proof of HB and the correctness statement
generated by BA. If we view the definition of the operators as a set of axioms, then
correctness in BA can be denoted -BA,LCSBA (P, G, Q). The following theorem
formalizes the above relationship.

THEOREM 2.

iff ,CS(P, , O),

ff ,CS,(P, G, O).

There is yet another version of verification operator systems which corres-
ponds to the original formulation of the inductive assertion method where paths
were explicitly used. This is captured in the systems

System BP.

VO path-operators U {bp} path-operators

{pp, cp, append, first,}middle, last

CS(P, G, Q) (Vp paths (P, G, Q))(first (p) bp(middle (p), last (p)))
where paths (P, G, Q) cp(G, {P}) LI append (Q, pp(G, {P})) and
pp and cp are defined

o pp(G, ps) cp(G, ps)

V := E append (V := E, ps) { }
if B pp(S’, append (B, ps)) [3 cp(S’, append (B, ps)) U

then S’ pp(S", append (--. B, ps)) cp(S", append (.-. B, ps))
else S" fi

while B
assert A"
S end

{A ^ --’B}

pp(S", pp(S’, ps))

ps

append (A, ps) (.J cp(S, {A ^ B})CI append (A, pp(S, {A ^ B}))

cp(S’, ps) [.J cp(S", pp(S’, ps))

{}
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append (x, ps) is {P’lP’ p with x attached at the end}and p ps

"first", "last", and "middle" return the first, last, and list with first and
last deleted, respectively

bp is defined (and [p is defined for FP below)

p bp((p)[) [p((p), f)

V:=Z f[
where V’ is unique

B (B=f) f^B
p’, p" bp(p’, bp(p", f)) fp(p", fp(p’, f))

System FP.

VO path-operators t^ {fp} CS(P, G, Q)= (Vp paths (P, G, O))

(fp(middle (p), first (p))
last (p))

The path operators pp and cp are similar to ft and fvc. pp forms partial paths
starting with an assertion, appending the Boolean expressions of conditional
statements and assignment statements as they are traversed, cp completes partial
paths by appending assertions when they are reached and accumulating these
complete paths as the whole program is traversed, bp and fp then translate a path
into the correctness predicates for the path.

Example 4. In system BP, for program G we get

pp(G, {<P>})
pp(while B assert A V := E2 end, pp(V := El, {<P>}))
pp(while B assert A V := E2 end, {(P; V := El)})
{<A A B>}

cp(G, {<P>})
cp(V := El, {<P>})t.J append (A, pp(V := El, {<P>}))

t.J cp(V := E2, {<A ^ B>})
t.J append (A, pp(V := E2, {(A ^ B>}))

={ }LJ append (A, {(P, V:= El>}) I_J append (A, {(A ^B, V := E2>})
{(P, V := E1, A>, (A ^ B, V := E2, A>}

paths (P, G, Q) {<P, V := El, A>, <A ^ B, V := E2, A>, <A A B, O>}

CSp(P, G, Q) =(Pbp(<V:=EI>,A))^
(A ^ B bp(<V := E2>, A)) A (A ^ B = bp(<>, O))
(P AEV1) A (A ^ B A’2) A (A ^ B Q)

Again there is an obvious relationship in the example between the correct-
ness statement of the explicit path method and the previous system, which might
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be called the implicit path method because the paths are subsumed in the
verification operators bt and bvc. This relationship is

THEOREM 3.

F"FA.CSA(P, G, Q) iff F"Fp.CSFp(P, G, Q).

Proo] By statement induction, the following relations may be proved:

Olp cp(G, {P}))(fp(middle (p), first (p)) = last (p)) 1vc(G, P),

(/p append (pp(G, {P}), Q))p(middle (p), first (p)) = last (p))-- fit(G, P) = O).

The conjunction of the left-hand sides and the conjunction of the right-hand sides
of the identities are the respective correctness statements of FP and FA.

It has long been informally recognized that the forward and backward
approaches should be consistent if the proper definitions are used. This can be
formally stated and proved.

THEOREM 4.

F--nA.CSnA (P, G, Q) iff F’-FA,CSrA (P, G, Q).

THEOREM 5.

I--Bp,LCSBp(P, G, Q) iff F"FP,LCSFp(P, G, O).

Proo[. The paths are the same in both systems. By induction on the length of
middle (p), it can be shown for each p,

(first (p) = bp(middle (p), last (p))) --- (fp(middle (p), first (p)) = last (p)).

To summarize, from Theorems 3, 4, and 5, we have
THEOREM 6. The systems HB, HF, BA, FA, BP, and FP are all consistent in

the sense that i.f given program G can be proved partially correct with respect to given
P and Q in one system, the same can be proved in any other system.

Thus, we have now formalized several implicitly assumed results of earlier
work in partial correctness theory. The key unifying idea is that of the verification
operator system which has been shown to be an alternative to verification rules.
There are two specific gains made by having these results about consistent
formulations of the inductive assertion method"

1. We can now intermix the systems in the proof of derived partial correct-
ness properties. It will be seen that this flexibility condenses the size and very often
the proof of properties which we will want to state and derive. Thus, we will
hereafter regard our partial correctness theory as based on the combination of all
of these systems, that is having as axioms and rules the union of those of all the
systems described above.

2. Semantic definitions of language constructs not discussed here, such as for
statements, jumps, and procedure calls, can become exceedingly complex. To
make sure a definition is adequate, that is, correctly captures the intuitive and
implemented semantics of the construct, the definition is often given in several
systems and then their consistency is proved. The alternative formulations both
give insight into different aspects of the construct and provide a checking
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procedure on the definition. In addition, a computational type of definition in
terms of a function Comp is often used to prove soundness of a denotational type
of definition above as follows:

-L(’ states )(P() Q(fomp (G, ))) if[ -s,LCSs(P, G, Q).

It may be easier to prove this result for each system S indirectly using symmetry
and consistency as above. These topics are discussed in papers by Hoare and
Lauer [16], Igarshi et al. [17], Cook [2], and Donahue [6].

The formulation of verification operator systems is a generalization and
unification of notations and ideas in Dijkstra [5], Igarashi et al. [17], King [19],
and Sintzoff and Lamsweerde [23]. Gerhart [11] shows that the verification
operators may be viewed as semantic attributes.

3. Derived rules. A standard technique in the practical use of logical systems
is to state only a fw rules in order to simplify proof theoretic results, such as
consistency of these systems. However, as shown in Example 1, while the rules
may yield the desired theorem, economy of rules may lead to longer proofs with
numerous trivial steps which serve only to make the rules fit together. Therefore
an accompanying standard technique is to derive from these basic rules further
rules which shorten proofs and permit a wider range of proof techniques. For
example,

P{S’}Q 1, O 1 02, Q2{S"}Q
D1.

P{S’; S"}Q
(derived in H)

leads to fewer steps in proving sequencing of statements and

P{G}O, 0 O’ P{G}O, P’ P
D2. D3.

P{G}O’ P’{G}O
(derived in HB or HF)

give the same effect as rule HI. Furthermore, rules (derived in H, HB, HF)

PI{G}O, P2{G}O
D4. D5.

P1 v P2{G}O

D6.
PI{G}O1, P2{G}Q2
P1 v P2{G}O1 v 02

P{G}O1, P{G}02
P{G}O1 ^ Q2

permit proof by cases of the preassertion and by separate proofs of conjuncts of
the postassertion. The following rule allows a condensation of a chain of applica-
tions of assignment rules"

VIV2
EllE2!D7.

P=(" "((O ")VNN
P{V1 := El; V2 := E2;... VN:= EN}O"

The advantage of multiple verification systems is shown in the proof of rule
D5 using the FA system and Theorem 2

P{S}Q’ and P{S}Q" iff (ft(S, P) Q’) ^ fvc(S, P) ^ (ft(S, P) Q") ^ fvc(S, P)

=- (It(S, P) O’ A O") A fvc(S, P)

iff P{S}Q’ A O"
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whereas an argument on proof structure would be necessary for a direct proof in
HB or HF.

If we use the theory obtained by combining the systems, the following rules
which mix notation may be derived"

D8.
fvc(S, P)

D9.
P{S}Q, ft(S, P) D Q’

P{S}ft(S, P) P(S}Q’

bvc(S, Q) P{S}Q, P’ D bt(S, O)DIO. Dll.
bt(S, Q){S}Q P’{S}Q

D12.
fvc(S, P), no variable of P assigned to in S

P{S}P

D13. P{S’;S"}Q iff P{S’}bt(S",Q) and ft(S’,P){S"}Q.

Rules D8-D11 identify conditions under which pre- and post-assertions may be
varied. D12 is an important rule which shows some minimal conditions under
which an assertion holds on both sides of a program. D13 is another important
rule which we will use to establish further proof theoretic results.

Some of these and other rules have been given by Manna [21].

4. Ordering of verification systems. The verification systems which we have
been discussing have a very strict requirement on assertions; each assertion must
be sufficient to serve as the pre-assertion of a local proof, i.e., as the antecedent in
a verification lemma. Therefore assertions have the characteristic that they must
summarize the input assertion and the effects of all statements on every path from
the input assertion to the point of assertion such that together with the paths and
assertions from that point to the program end, the final assertion must hold. This
results in assertions often being redundant with respect to both other assertions
and the program, in addition to the difficulty of finding the crucial inductive
aspects of loops. Consequently, there has been considerable research on automa-
tic and semi-automatic generation of inductive assertions from the program and
the specifications; e.g., see Wegbreit [24], Elspas [7], and Katz and Manna [18].

The notion behind this work is that the addition of certain types of verifica-
tion operators can result in relaxation of the strict inductive assertion method in
terms of the amount of annotation required to support a proof. Our concept of
verification operator systems can be used to formalize this notion. We will define
the following relations between two verification operator systems V and W:

V<=W

V<W

iff CSv(P, G, Q) CSw(P, G, Q)for all P, G, Q

if[ there exists a (P, G, Q) such that CSw(P, G, Q) ^--CSv(P, G, Q)

V<--W iff for all (P, G, Q) such that CSw(P, G, Q) there is a way of
constructing a G* such that CSv(P, G*, Q).
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As an example, we will consider
System FE.

VO {It, fvce, fte, C}
cs(P, G, O) fit(G, P) ^ fte(G, P) = O) ^ fvce(G, P, P)

G

V:=E

null

ifB
then S’

else S"li

while B
assert A:
S end

S’; S"

fte(O, [)
c-l({c e Cff) V is not in c})

c-l(c(fte(S’, f))
f) C(fte(S", f)))

[te(S, f)

[te(S", [e(S’, f))

fvce(G, P, f)
true

true

fvce(S’, e ^ B, f) ^

fvce(S", P ^ B, f)

(PAfA) A

(ft(S, A A B) ^ fte (S, f) A)

^ fvce(S, A ^ B, fte(S, f))

fvce(S’, P, f) ^fvce(S", ft(S’, P), fte(S’, f))

C(P) {clc is a conjunct of P} c-(s) A s
sS

The operator ft is defined in FA. C breaks a predicate into conjuncts and C-1

conjoins a set of predicates, fte propagates conjuncts of the input assertion
throughout the program as long as no assignment is made to any variable of the
conjunct, fvce uses both ft and fte in forming verification conditions. We will now
prove that the above relations hold between FA and FE.

THEOREM 7. (a) FA <--_ FE. (b) FA < FE. (c) FA <-- FE.
Proof. (a) We must show that (ft(G, P) Q) ^ fvc(G, P)

(ft(G, P) ^fte (G, P) Q) ^fvce (G, P), which follows immediately from logic and
fvc(G, P) fvce (G, P, P), which can be proved by statement induction.

(b) The program G and specifications P and Q used in the examples of 2
with the interpretation

El: 0 E2: V+I B: V<-_N A: true P: N_->1 Q: N_->1

is provable in FE but not in FA.
(c) Define yet another verification operator

lce(S,S,P)=P
lce(S, if B then S else S’ fi, P)

lce(S, if B then S’ else S fi, P) P
lce(S, while B assert A: S end, P) fte (S, P)
lce(S, $; S’, P) P
lce(S, S’; S, P)=fte(S’, P)
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lce(S, G, P) denotes the "left context of statement S in program G with respect to
operator fie" and is obtained by applying the fie operator to P and the program
statements preceding S.

For every statement S of G which is of the form while B assert A:S’ end
change A to A ^ lce(S’, G, P) to get the program G*. By induction it can be
proved that for every statement S of G where P’ Ice(S, G, P),

ft(S*, P ^ P’) fi(S, P) ^ [te (S, P’),
fvce(S, P ^ P’, P’) fvc(S*, P ^ P’).

from which CSrn(P, G, Q)
Other operators higher in this ordering could propagate internal assertions or

the Boolean expressions governing conditional and while statements, deduce
monotonicity of variables, solve systems of difference equations which describe
changes in variables through looping, or massage output specifications into
internal assertions, among other ideas suggested in the above referenced papers.
Each of these techniques can be viewed as a verification operator. With the above
ordering definitions, the higher order techniques can (and should) be proved
sound relative to the strict inductive assertion method. In practice, it is often
useful to refer to at least the propagation types of operators to supplement
program annotations. The intuitive extremes of this ordering are verification
systems where no internal assertions are required on any program or even where a
program can be synthesized to satisfy given specifications.

There is not a one-to-one correspondence between verification operator
systems and verification rule systems; e.g., it is impossible to distinguish in the rule
systems whether some predicate being propagated arose in the input or in an
internal assertion. The analogue is the addition of rules of the form

conditions on P, B, S, and A which yield an A’ such that A ^ A’ ^ B{S}A ^ A’
P{while B assert A S end}A ^ A’ ^ B

which allow the use of A as an inductive assertion even when additional
conditions (as stated in the premise of the rule) must be deduced. The above
ordering definitions still hold for rule systems. We conjecture that the ordering of
verification operations systems is a refinement of the ordering of verification rule
systems.

5. Program schemas. While the results about verification systems provide
the basis for a theory of partial correctness of programs, that theory does not yet
express and organize what programmers know about the programs covered by this
theory. A natural approach to remedy this situation is to identify schemas
expressing patterns which commonly occur as or within programs. In this section
we will see two such schema and how they can be used. Yet another aspect of
world knowledge about programming is that there are often manyways of writing
programs to obtain the same effect with respect to specifications, but with different
amounts of effort required to write the programs, levels of understandability, and
degrees of efficiency. This fact, along with the observation that otherwise the
number of schemas could grow excessively, motivates the notion of correctness-
preserving program transformations which will be discussed in the next section.
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Together, schemas and transformations constitute a formalization of a methodol-
ogy for systematic construction of correct programs which will be illustrated in 7.

Dijkstra [4] has observed a common pattern of programs called the "linear
search":

true

{I := l; D := f(O); }while g(D) asser D f(0) ^ unfound (I)"
D := f(D); I := I+ 1 end

D f(0) ^ unfound (I) ^ g(D)
where unfound (I) (Vi)(1 _-< < ! g(f (0))). The correctness statement for
this schema is

(true f(0) f(0) ^ unfound (1)) ^(D f(0)^ unfound (I)^ g(D)f(V)-f/l(o)
^ urlfound (I+ 1))

which is valid. Therefore, for any interpretation of D, f, g, the resulting program
will also be correct. A variation of this schema is

true

D := f(0); while g(D)assert (=li)(D- fi(0)A unfound (i))" /
D := f(D) end J

(=li)(D fi (0) ^ unfound (i)) ^ g(D)
Consider interpreting this latter schema to give a program which searches a vector
V for an element x.

D: I, f(x): if x 0 then 1 else x + 1, g(x): V(I) X

The following program is partially correct as an instance of the above schema after
simplifying using f(0) i:

true
I := 1; }while VII] X assert (1 _-< < I Vii] X)"

I := I+ 1 end
(1_--<i<I V[i]X) A V[I]=X

Notice that partial correctness becomes quite evident here since there is no
guarantee that X is anywhere in the vector V and the program could produce a
subscript error.

Another interpretation of the schema is

g(D):O Xmod D,/(X): if x 0 then 2 else x + 1

which finds the first divisor of X. A variant of this schema has been used in the
proof of a complicated permutation algorithm; see Yelowitz and Duncan [27].

Another common pattern is the initialization of a vector. To avoid redefining
our verification rules and operators for array assignment, assume that the seman-
tics of array assignment and selection is incorporated in the following axiom:

sel (assn (V, i, X), j) if j then X else sel (V, j)
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The following schema can be proved correct:

N__>I

I := 1;
while I -< N assert 1 -< I -< N+ 1 ^ (V 1 -< < I se V, i) g(i))"

V := assn (V, I, g(I));
I := I+ 1 end

(Vi)(1 -< -< Ssel (V, i)= g(i))

An obvious interpretation is to let g be the constant function O. Section 7 will
show how this schema can be manipulated when g is given a more specific, but still
general, form.

It will not usually be the case that all of the schematic proof can be carried out,
but the residue which is unprovable (due to lack of interpretation) can be left as
premises and packaged in rule form

the reduced correctness statement for P{G}Q
P{G}Q

The main point is that the proof of each program covered by the schema is
factored into two parts: (i) the common part which need be proved only once at the
schematic level and (ii) the more domain specific part.

The potential gains of such an approach are immense if a large enough body
of schemas can be found, if these schemas are sufficiently organized that the match
between programs and schemas can be readily seen, and if persons trying to prove
[rograms can be trained to use them. Such a body of schemas must be acquired
through constant generalization over a great variety of programs. Other examples
of the use of schema are found in Wirth [25], Gerhart [12], and Manna [22]..

6. Correctness-preserving program transformations. The idea of first writ-
ing a reasonably simple program which solves a set task and then improving that
program through systematic manipulation has been mentioned in Knuth [20],
Wirth [26], Burstall and Darlington [1], and Gerhart [11], [12]. Such transforma-
tions should be stated in terms of schemas in order to gain generality. We will now
show that this informal idea corresponds to a formal Replacement Theorem which
is often a part of a logical theory. Our goal will be to derive rules of the form

P{G}Q, (conditions on P, G, and Q)
P{G’}Q

where G’ is formed by the replacement of some part of G. The rule should show
that the replacement preserves correctness. An additional goal is to keep the
amount of extra conditions sufficiently simple that the replacement rule can be
applied with little required proof. We will often write rules like the above as

conditions on P, G, Q
P{G}Q:P{G’}Q

We have mentioned previously that the essence of the inductive assertion
method is that assertions serve to establish local contexts in which proofs of
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correctness are performed. The following theorem shows that there is a context
for each statement of the program. First we will define two verification operators
lc and rc which stand for "left context", whatever can be shown to hold for the
statement given preceding assertions and statements and "right context", what-
ever must hold after the statement such that it together with the succeeding
statements will guarantee succeeding assertions.

G Ic(S, G, P) rc(S, G, O)

S P O
if B then S else S’ fi P ^ B Q
if B then S’ else S fi P ^ -B Q

while B assert A: S end A ^ B A
S; S’ P bt(S’, Q)
S’ S ft(S’, P) O

LEMMA 7.

c(S’, S, l c(S, G, P)) c(S’, G, P),

rc(S’, S, rc(S, G, O))= rc(S’, G, O).

THEOREM 8 (Decomposition). P{G}Q iff either
(a) ]’or every substatement S of G, lc(S, G, P) bt(S, rc(S, G, O)) and

ft(G, P) Q.
or (b) ]’or every substatement S of G, ft(S, c(S, G, P)) rc(S, G, Q) and P

bt(O, O).
COROLLARY. P{G}Q iff
for every proper substatement S of G, lc(S, G,P){S}rc(S, G, Q) and
(G, P) = Q) ^ (P = bt(G, Q)).
THEOREM 9 (Replacement). Let S be a statement of G and G’ be G with S

replaced by S’. Then

lc(S, G, P){S’}rc(S, O, Q)
P{G}Q:ff P{G’}Q

Proof. Using the decomposition theorem on the premise P{G}Q we have
that every statement of G satisfies its context. The second premise requires that $’

satisfy the context of $ in G, but this context is the same as the context of $’ in G’.
The contexts of other statements of G’ may be different than in G, but it can be
shown by induction that the second premise guarantees that each statement of G’
other than S’ also satisfies its context. The decomposition theorem then applies to
yield P{G’}Q.

The replacement theorem suggests the following procedure for performing a
correctness-preserving transformation on a proved correct program.

1. Compute the context of the statement to be replaced.
2. Show that the replacing statement satisfies that context.
3. Perform the actual replacement yielding another correct program.
Concrete examples will be given in the next section. For now, consider two

types of somewhat abstract transformations. The syntax of the language includes



PROOF THEORY 371

the units statement, assertion, boolean-expressions, and expressions. These give
rise to generic types of transformations, for example, statement insertion and
deletion

P{S}bt(S’, Q), bvc(S’, Q)
Tla.

P{S; S’}Q

Tlb.
P(S}P

P(S’)Q =), P(S; S’Q

P bt(S’, Q)
T2a.

P(S; S’Q:P(S’}Q

and assertion replacement
T3.

H

Tlc.

Tld.

T2b.

fi(S’, P){S}Q, fvc(S’, P)
P{S’; S}Q

o{s}o
P{S’}Q ::> P{S’; S}Q

ft(S’, P) Q

P{S’; S}Q::> P{S’}Q

P{while B assert A :S end}Q > P{while B assert A’: S end}Q
where H is one of the following:

(a) (Replacement) P A’, A’ ^ B{S}A’, A’ ^ B Q
(b) (Weakening) A A’, A’ ^ B{S}A’, A’ ^ B Q
(c) (Strengthening) A’ A, P A’, A’ ^ B{S}A’(d) (A-introduction) A’-- A ^ A",PA", B ^ A’{S}A"(e) ^ -elimination) A A’ ^ A", A’ ^ B{S}A’, A’ ^ B Q
(f) v -introduction) A’=A y A", A" A B{S}A’, A" ^ B Q
(g) v-elimination) A A’v A", P A’, A’ ^ B{S}A’.

Another type of transformation is more specific, for example manipulations of
assignment statements

V not free in bt(S, Q)
T4a. T4b.

P{S}OC:P{V := E; S}O

T4c.

VO not free in Q
P = EI EIo) ^ E2’ E2o)

P{VO := EO; V1 := El; V2 := E2}Q
,P{V1 := El’; V2 := E2’}Q

T4d.

v not free in Q

P{S}OC:P{S; V := E}O
PE2’=E2
V2 not free in E1

P{V1 := El; V2 := E2}Q
CrOP{V2 := E2’; V1 := E1}Q

T4e.

PE1 =El’vl
E1

V1 not free in E2
P{V1 := El; V2 := E2}QCr
P{V2 := E2; V1 := E1}Q

and loops:

Loop manipulations.

T5a.
true

T4f.

P{while B 1 assert A: if B2 then S 1 else S2 fi}Q

PE=E’
P{V := E}OC:P{V := E’}O
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while B 1 assert A"

while B 1 h B2 assert A" S 1 end;
O

while B 1 h B2 assert A" $2 end

end

T5b.
true

P{iI B then S else nuil}P
ff P{while B assert P: S end}P

T5c.
P a =< b, I not assigned to in S

P{I := a; while I_-< b assert A: S: I := I+ 1 end}Q
::ff P{SI" I := a + 1" while I< b assert A h I> a + 1" S" I := I

+ 1 end}O

T5d.

E1 f(a), K f(I- 1){K := E2}K f(I)
K not free in A, S, P, O

P{I := a; while I_-< b assert A: S; I := I+ 1 end}O
I := a; K := E1;

while I<-b assert A h K f(I): S; I := I+ 1; K := E2 endJ
Q

Most of these rules can be easily derived by first writing down the correctness
statement for P{G}O and then the correctness statement for P{G’}O and figuring
out the difference H so that the first correctness and H will imply the second
correctness statement. For example, in rule T3e, the first correctness statement is

PA’ hA, A’ hA" hB{S}A’ hA",A’ hA" h "’BQ

and the premises for the second are

PA’,A’ hB{S}A’,A’ h .--BQ.

Only the second premise does not follow from the preceding premises.
For rule T5a, we need no premises H since

P{while B 1 assert A: it B2 then S 1 else $2 fi}O iff
PA, A h B1 h B2{S1}A, A h B1 h B2{S2}A, A h B1 O

P{while B 1 assert A: while B 1 h B2 assert A S 1 end; while B 1 h B2 assert
A :$2 end end}O iff
PA,A hBI A,A hB1 hB2{S1}A,A h (B1 hB2)A,A hBl h

---B2{S2}A,
A h ---(B1 h "-’B2)A,A h "B1O

As for program schema, we must systematically generalize from specific
programs transformations to find a larger body of transformations and we must
learn how to use such transformations. The examples of the next section illustrate
the methodology for constructing correct programs.
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7. Examples o| the use o| derived rules, schema and transformations.
Example 1. The following problem was considered in Wirth [26]: find the

product of two integers a and b (b nonnegative) by repeated addition, doubling,
and halving only. An informal attack on the problem attributed to Dijkstra
consisted of three steps:

1. Write down and prove the most obvious algorithm

x := a; y := b;z :=0
while y 0

b _->0 assert y _->0 ^ x*y + z a’b: z a*b
y := y-1;z := z+x
end

2. Notice that when y is even, the program may be speeded up by a different
operation which still preserves the invariant"

insert at the beginning of the loop body
if even(y) then y := y div 2; x := x*2 fi

3. Applying the informal notion "if a relation is invariant over a statement, it
remains so regardless of how often the statement is executed", replace the
statement inserted above by a loop, getting

x :=a;y :=b;z :=0;
while y 0

assert y -> 0 ^ x*y + z a’b"
while even (y)

b ->_ 0 assert y > 0 ^ x*y + z a*b"
y := y div 2; x := x*2
end;

y :=y-l; z :=z+x
end

More formally, the transformation which expresses step 2 is Tlb. P and Q in
the transformation are the context of the y := y- 1 where

Pis y>-O^x*y+z=a*b ^ y 0 which is y >0^ x*y+z =a’b,
S’ is y := y- 1, S is if even (y) then y := y div 2; x := x*2 fi,
Qis y >=O ^ x*y +(z + x) a*b.

The premise requires proof that
(i) y>0^x*y+z =a*b ^even (y) (y div 2)>0^ (x*2)*(y div 2)+z

=a*b.
Transformation T5b shows thatwhile even (y)assert P: y := y div2; x := x*2 end
also satisfies the premise of transformation and so may be inserted to give program
3.

Alternatively, using only the replacement theorem, we would replace
y := y-1 by preceding it with the while even (y)...statement. This requires
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P{while y := y- 1}O which includes (i) above and
(ii) y>O^x*y+z=a*b ^ -even(y)(y-1)>-O^x*(y-1)+(z+x)a*b and
(iii) y_->0^x*y+z =a*b ^ yOy>O^x*y+z=a*b.We can now compare proofs:

The correctness statement for 1 is
(iv) (b>=O=b>=O^a*b+O=a*b)^
(v) (y>-O^x*y+z=a*b ^ y#O(y-1)>-_O^x*(y-1)+(z+x)=a*b)^(vi) (y>=O^x*y+z=a*b^ y=Oz=a*b).

The correctness statement for 3 is

(iv) ^ (iii) ^ (i) ^ (ii) ^ (vi).

Using specific transformations requires

(iv) ^ (v) ^ (vi) ^ (i).

Using the replacement theorem requires

(iv) ^ (v) ^ (vi) ^ (i) ^ (ii) ^ (iii).

Thus, the smallest proof in terms of number of verification conditions is the
specific transformation proof because one condition is absorbed in the proof of
transformation T5b.

However, the main point of the methodology is not only reduced proof size,
but also flexibility to systematically modify an initial program until a more
efficient, or otherwise desirable, program is obtained, while knowing that the
program is correct after each modification. We now claim that the informal
reasoning used in Wirth’s example is supported by the above more formal
reasoning.

Example 2. In 5, we gave a schema for initializing a vector. Now suppose
we also know about g that it is g(i) if 1 then h 1 else h2(g(i- 1), i). We will
now show how to derive another correct schema using the more specific transfor-
mations of the last section. The two ideas for improvement of the efficiency of
computing g are to initialize for g(1) before the loop and to introduce an
additional variable K which will hold the last computed value of g. We start with
the schema

I<N

(1) while I =< N assert A" V := assn V, I, g(I)); I := I+ 1 end
1 < <Nsel (V, i)= g(i)

where A is (Vi)(l<-_i<Isel (V, i)=g(i))^ 1-<_I_-<N+I.

Application of the loop unraveling transformation T5c and T4f to simplify
g(1) to h 1 and 1 + 1 to 2 gives

I<N

(2) while I =<N assert A ^ I => 2;
V := assn (V, I, g(I)); I := I+ 1; end

(Vi)(1 --<i -<N sel (V, i)= g(i)).
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Now we apply the inductive variable insertion transformation T5d

I__<N
V := assn (V, 1, h 1); I := 2; K := g(I- 1);

(3) while I <- N assert A ^ I _-> 2 ^ K g(I- 1):
V := assn (V,/, g(I)); I := I+ 1; K := g(I- 1) ead

(Vi)(1 _-<i -<N sel (V, i)= g(i)).
Applying transformations T4d and T4e we can transform the program

fragment before the loop to

(4) V := assn (V, 1, hl); K := hl; I := 2

and then to

(5) K :- h 1; V := assn (V, 1, K); I := 2.

Similarly, the body of the loop can be transformed by T4d to

(6) V :- assn (V, I, g(I)); K := g(I); I := I/ 1

then by T4e to

(7) K := g(I); V := assn (V,/, K); I := I+ 1

and finally by T4f to

(8) K := h2(K, I); V :-- assn (V,/, K); I := I+ 1.

Altogether this gives the more efficient final program

I_<_N

{K:= hl; V:=assn(V, 1, K);I:=2;
while I _-< N assert A ^ I _-> 2 ^ K g(I 1):
K := h2(K, I); V := assn (V,/, K); I := I+ 1 end

(Vi)(1 -_<i _-<N sel (V, i)= g(i)).

The premises used in each of the above rules are easily seen to be true:
(2) 1<-_N^I=ll<-_N,g(1)=h1, l+l=2
(3) g(I- 1)= g(I- 1), K= g(I- 2){K :- g(I- 1)}K= g(I- 1), K not free in A ^
1_->2,

V := assn (V, I, g(I)); I := I/ 1, 1 =<N, (Vi)(1 _-<i _-<N sel (V, i)= g(i))
(4) g(2-1) h 1, K not free in 2
(5) assn (V, 1, h 1)- assn (V, 1, K):I, V not free in h 1
(6) g(I)= g(I- 1)[+1, K not free in I/ 1

K(7) assn (V, I, g(I))= assn (V,/, K)g(X), V not free in g(I)
(8) A ^I>-2^K g(I- 1) g(I)= h2(K, I).

The advantages of this methodology are that the steps which are taken
throughout the program modification process are very small and easily proved
since most of the proving is subsumed in the derivation of the transformations. Of
course, the disadvantage is that the transformations must be proved, but this is
worth the effort if the transformations can be used often. Another disadvantage is
the large amount of writing, but this is potentially mechanized bya program which
can store, retrieve, and apply schemas and transformations as well as perform
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some of the simplification types of theorem proving which are characteristic of this
approach.

8. Conclusions and directions for further research. The goal of a potentially
powerful methodology for systematically constructing correct programs through
partially proved schemas, correctness-preserving program transformations,
incremental proofs, completion of partial program annotations, and appropriate
mechanical assistance has been the theme of the last several years of research in
program correctness. The present paper has attempted to bridge the gap between
earlier work which laid the foundations of a theory of partial correctness and the
proof theory needed to support the full methodology. The main ideas are the
formal equivalence, and therefore interchangeability, of several versions of the
inductive assertion method, the fact that programming knowledge can be
expressed in partially proved schemas, the replacement theorem which supports
preservation of correctness under generic and specific types of transformations,
and extension of the basic systems with operators which augment given annota-
tions.

Much more work needs to be done before a fully developed theory of
program correctness will exist. The main needs are

(i) extending the present proof theory with similar results for proving
termination, and

(ii) defining the semantics of more powerful programming language con-
structs and then studying their properties within the theory, and

(iii) expressing and organizing world knowledge about programs as gained
through experience and the study of human factors in programming, which is the
subject of structured programming research.
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CORRECT COMPUTATION RULES FOR
RECURSIVE LANGUAGES*

PETER J. DOWNEY AND RAVI SETHVf

Abstract. This paper considers simple, LISP-like languages for the recursive definition of
functions. We focus on the connections between formal computation rules for calculation with
recursive definitions, and the mathematical semantics of such definitions. A computation rule is correct
when it is capable of computing the least fixpoint of a recursive definition. We give necessary and
sufficient conditions for the correctness of rules under (a) all possible interpretations and (b) particular
interpretations.

Key words, computation rules, recursive programs, mathematical semantics of programming
languages, correct rules

1. Inlroduetion. The factorial function f(n)(::: if n 0 then 1 else n,](n 1);
the Fibonacci sequence f(n)(:: if n =0 or 1 then 1 else f(n- 1)+f(n-2); BNF
definitions like (sequence) (sequence)(item)l(item) (or PBF as Ingerman sug-
gests [9]), are all examples of recursive definitions. Recursive specifications are a
natural way of viewing functions and programs. Gries [8] gives examples of
programs constructed from recursive specifications that are easy to prove correct.
Recursion and its implementation will be studied in this paper. While the
examples and motivation will tend to be drawn from the area of programming
languages, the results are equally applicable to formal languages. Downey [6]
considers the use of recursive equations for defining languages and language
functions.

ALGOL 60 is one of the first programming languages to admit recursive
procedures. ALGOL provides two mechanisms for procedure evaluation--call by
name and call by value [15, 4.7.3.1, 4.7.3.2]. It is well known [14] that the two
mechanisms are not equivalent; the difference lies in how the parameters or
arguments of a procedure call are treated. Call by value first evaluates the actual
parameters in the call, and then executes the procedures using the computed
values. With call by name, on the other hand, formal parameters are uniformly
replaced by the corresponding actual parameters in the procedure body.

Example 1.1. Consider the recursive definition of McCarthy’s "91-
function""

f(x)ifx > 100 then x- lOelsef(f(x + 11)).

We will study the evaluation of the above function with the actual parameter
99 substituted for x. Since 99< 100, f(99) will be given by f(f(99+ 11))=
f(f(110)). At this point we have two choices.

The first possibility is to view f(f(110)) as [(a), where a is the numeric value
of f(110). In order to compute f(f(110)) we will therefore start by computing
a f(110), which turns out to be 100. This strategy of evaluating all parameters
before making a procedure call is "call by value".

* Received by the editors May 23, 1975, and in revised form December 12, 1975.

" Computer Science Department, Pennsylvania State University, University Park, Pennsylvania
16802. The second author is now at Bell Laboratories, Murray Hill, New Jersey 07974.
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The computation sequence for ]’(99) under call by value is as follows"

f(99) f(f(110)) f(100) f(f(111))--*f(101) 91.

The second possibility in computing f(f(110)), termed "call by name", is to
uniformly substitute the string f(110) for x in the body of the procedure:

f(f(110))--- iff(110)> 100 thenf(110)- lOelsef(f(f(llO)+ 11))

In order to perform the test f(110) > 100, we will evaluate f(110), (still using
call by name)"

if 100> 100 then f(110) 10 else f(f(f(11 O) + 11))

f(f(f(11O) + 11))

At this stage call by name uniformly substitutes the string f(f(110) + 11) for x
in the procedure body. Eventually the computation halts with the value 91.

As in the above example, when faced with nested calls like f(f(f(b))), call by
value first determines a =/(b) and then f(f(a)). Call by value thus leads to the
evaluation of an "innermost" function call at each stage. Call by name requires the
textual substitution of the actual parameter in the procedure body; in this case
f(f(b)) is the actual parameter. Call by name thus leads to the evaluation of an
"outermost" function call at each stage. The next example shows that outermost
evaluation and innermost evaluation may sometimes lead to different results [ 14].

Example 1.2. Consider the recursive definition

f(x, y)<=: if x 0 then 1 else f(x, f(x y, y))

When started with f(1, 0) innermost evaluation does not halt"

f(1, 0)---> f(0, f(1, 0))---> f(0, f(0, f(1, 0))) --->. .
Outermost evaluation computes the value 1.

Example 1.2 demonstrates that outermost evaluation may sometimes com-
pute a value where innermost evaluation diverges. The difference stems from the
fact that outermost evaluation computes parameters only as required, while
innermost evaluation may embark on a fruitless sequence of evaluations. Outer-
most evaluation may be inefficient however. In Example 1.1, f(ll0) will be
computed twice by outermost evaluation" once in the test f(110) > 100, and again
in the "else" part.

in Example 1.2 it is reasonable to suggest that the value or "meaning" of
f(1, 0) is 1. By diverging, the call by value rule does not yield an answer agreeing
with this meaning, and is therefore incorrect in a well defined sense made precise
in Definition 3.1 below.

The central question at this point is: when is a computation rule correct?
The correctness of a rule b may be a trivial consequence of the definition, as

in: the meaning of a program is the result of executing the program using
computation rule b. The alternative to such an operational definition, employed
in this paper, is provided by the fixpoint semantics of programs following Scott
[20].
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Correctness of computation rules for procedures in which recursion is the
only form of iteration has been studied by Vuillemin [23], who gives a condition
for determining a class of computation rules called "safe" rules. In this paper we
build on the work of Vuillemin. We give necessary and sufficient conditions for a
computation rule to be correct. The correctness of safe rules is shown. A condition
for correctness more general than the safety condition is given here.

By way of related work, Snyder [21] studies the classes of recursive schemata
with call by name and call by value, using a model as in [2]. The class of functionals
computed with call by value is properly contained in the class of functionals
computed with call by name. The model permits side-effects to take place and is
different from the one in this paper.

The work of Rosen [18], Courcelle and Vtiillemin I-4] and Courcelle, Vuille-
min and Nivat [5] on "tree equivalence" of recursion schemes introduces the
notion of equivalence between schemes under every interpretation. This
"strongest possible" concept of equivalence forms the foundation of 4 on
universally correct computation rules.

2. Recursion schemes: Syntax and semantics. Here we define the general
notion of programming language used to discuss the process of recursive
definition. A language consists of a syntax of formal expressions and a semantics,
which interprets formal expressions in some chosen universe.

Syntax. The notion of program that we will use is the same as that in [23]:

(scheme)" F(XI, ., Xn) <::: (term)
(term)" AllA:[

Ix lx=l...
G((term)l,’’’, (term)p1)

Gk((term)l,’’’, (term)pk)

IF((term)l,..., (term),)

In the above definition, A1, A2,’", represent a set of fixed (nullary)
constants; G1, G2, , Gk represent base functions of pl, p2," , p arguments,
respectively; X1, X2,. , Xn represent a set of formal parameters of the function
variable F. An example of a scheme is given in Fig. 2.1. We sometimes avoid
subscripts by using G, H,. and X, Y,. for base functions and formal parame-
ters, respectively.

FIG. 2.1. A scheme
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As in [23], we limit ourselves to a single recursive equation. Extension to
systems of mutual recursions is straightforward. For a scheme F(X)P, we
assume that F, X1," , Xn occur in P, and that P is of the form G(P1," , Pn), for
some G.

A natural way of viewing terms is as labeled trees, as in [19]. Consider a term
T. Some nodes in T will be labeled by function symbols F. Let x be such a node
with U1, U2," , U, as subtrees. T(x P[U/X]) is the tree formed by replacing
node x in T by the tree for the scheme P modified as follows: the formal
parameters X1, X2,’", X, of P are replaced uniformly by U1, U2,"’, U,,
respectively (notation" P[ U/X]). A more precise definition may be found in [19].
Since the matching of actual parameters with formals always takes place we will
write T(x -- P) instead of T(x P[ U/X]). The replacement can immediately be
extended to sets. See [19] or [1] for details. We write T T(S .-- P) (read T is
macroexpanded to T(S <---P)) if S is a nonempty set of nodes in T labeled with
function symbols F. This notation allows us to refer to distinct occurrences of
function"calls" F(U1,. , U,) in T.

Semantics. In order to define the meaning of a program scheme S, we will
define an interpretation I of the base function symbols G of S over some domain
of data D. The meaning of a scheme will then be a mapping from arguments in D
to values in D. Following [ 13], [7] we take as domains complete posets rather than
the more restrictive complete lattices [20].

A complete poser (cpo) is a system (D, _-<, to) where D is a set, _-< is a partial
order on D and to D, subject to the axioms"

(i) (to is a zero for D) x D, to -_< x,
(ii) (D is complete) for every linearly ordered subset (chain) C D, there

exists a least upper bound lub C such that

Vx C, x _<-lub C,

(’x C, x =< y) implies (lub C_<- y).

A map g" Dk-- D is called continuous if g(lub C1,... lub Ck)=
lub{g(xl,..., Xk)l Cl X Ck}.

If D, D’ are cpo’s, [D - D’] denotes the set of continuous functions from D
to D’. This set forms a cpo ([D D’], _-<, f) where f_-< g iff Vx D, [(x) <- g(x)
and l Ax.to. Similarly (D D’, _-< _-<’, (to, to’)) is a cpo under componentwise
ordering. These observations allow us. to synthesize complex function and product
cpo’s from given basic cpo’s.

The most important fact about continuous functions is the Tarski-Scott
theorem:

THEOREM 2.1 [22], [20]. Any continuous ]unction ]]rom a cpo D to itsel] has
a least fixed point x* characterized by x*= lub,,fn(to).

DEFINITION. An interpretation I for a recursive scheme S in a cpo D is a map
I assigning to each function symbol G of rank k >0 a continuous function
gk [Dk_.. D], with the restriction that gk(to, to,’’’__ to)= to; and assigning to
each nullary symbol A an element a in D.
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The interpretation extends to finite trees (terms) as follows"

Z(T) a/ .Xx.

a if T=A,

x if T=X,

g(ITx,...,ITk) ifT=G(T1,...,Tk),

f(IT1, ITk) ifT=F(T1,...,Tk).

Notation. Capital letters T will represent syntactic objects (trees), and the
corresponding lower case letters their interpretations. By t[g] we denote the
function obtained by substituting g for every function variable in T under L Most
of the time g will be the function 12.

An input assignment (or simply input) d is an assignment of elements
dl,. ",d, in D to the variables X1,. , X,. (We choose to conceptually separate
"interpretation" from "inputs". An interpretation ! applied to a term or a scheme
yields a function. Further specifying an input yields a value.)

The scheme F(X) P defines a fixpoint functional recurrence f p(f). Using
the Tarski-Scott theorem, the meaning of a scheme P may now be defined as the
least fixpoint fp of f p(f), i.e., fp lub, p"[l’l]. For details consult [ 17], [ 11]. A
different view of the meaning of a scheme occurs in [12].

3. Computation rules; Correctness. The least fixpoint function fpS referred
to as the denotational or mathematical semantics of the scheme F(X)<:: P. An
alternative is available for assigning meaning to schemes" by formal computation.
We regard schemes as rewriting systems that start with an initial tree of the form
F(X) and repeatedly macroexpand to determine new trees. The value of the
scheme is then given by interpreting the macroexpansion sequence of trees. This
approach is referred to as operational semantics.

A computation rule dp is an algorithm for selecting some (possibly empty) set
of nodes, labeled with the function variable F, from each tree T. For a nonempty
set S, macroexpanding T at the nodes in S gives a new tree T’. The choice of the set
S may depend on the scheme F(X)<:: P, the interpretation I and the input d. For
rule b, the computation sequence {T} with starting term Tby (P,/, d) is given by:

(i) To T,
(ii) T+I T if the set S of nodes in T selected by is empty,

(iii) T+I T(S -- P) if the set S as in (ii) is nonempty.
Given a computation sequence {T/} for b, we write T---> T+I. Note that

macroexpansion T ---> T/I occurs only when some nonempty set of nodes in T is
selected for expansion, but T ---> T+I and T T/I is quite possible. The advan-
tages of permitting T T/x are brought out by Example 3.1.

If {T} is a computation sequence, then the interpreted functions {ti[fl]} form
a chain [1], [23], whose lub we shall regard as the function "being computed". We
will view computation rules as defining such a function. In order to get a value the
function is applied to the input data. The function computed by dp with starting term
T under (P, 1) is defined as

bp(T) Ad-. lub, {t[I]}(t),
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where {tiff/I} is the sequence of interpreted functions for the computation
sequence {T/} for rule b, with starting term T by (P,/, d). The next example
explores the influence of (P,/, d) on a computation rule.

Example 3.1. We will illustrate the above definitions by specifying a compu-
tation rule corresponding to "call by value" applied to McCarthy’s 91-function
with input 99 as in Example 1.1. The function definition in Example 1.1 can be
rewritten as the scheme F(X)4: G(X, FFHX), where H(X) is interpreted to be
Ax. x + 11, and G(X, Y) is interpreted to be

g Axy. if x > 100 then x 10 else y.

The computation rule b with starting term To F(X) is given in Fig. 3.1. Let
To, T1," , T5 be the terms in (i)-(vi) in Fig. 3.1. The computation rule selects the

X) xGF XG()
(99) (99) "( (99) (lOnG\

ii HX iii HX FFHHX
(110)

iv

HX FFHHX H.G
/\

HX FFHHX

(10I)

x"G’" G(99)

(I,G F,
HX ’FHHX H’GG((111)

N

HHG v

vi

FIG. 3.1. A sequence o.f terms modeling evaluation ofMcCarthy’s 91-function with input 99, under
call by value. Once the valueof a node n, shown here in parentheses, can be determined by interpreting
and supplying the input, no further expansion takes place in the subtree ]’or n.
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circled nodes in To-T4. In T5 no nodes are selected, so the computation sequence
is To, T1, Ta, T3, T4, Ts, Ts, Ts,’".

Let us relate the sequence of terms in Fig. 3.1 to the following sequence from
Example 1.1:

f(99) f(f(llO)) --> f(lO0) --> f(f(111)) --> f(lO1) --, 91.

The starting term F(X) corresponds to f(99). In T1, g(99, y) is y, so the
computation rule seeks to evaluate FFHX. In T2 when the term is interpreted we
will find that g(ll0, y)=100, so further expansion in the subtree for
G(HX, FFHX) is fruitless. In Fig. 3.1 once the value of a subtree can be
determined by eventually interpreting and supplying input data, that subtree is
ignored. In T5 the value of the root can be so determined, so no more expansion
takes place.

In the above example we saw that a computation rule may be sensitive to the
input and the interpretation. In [1], [11], [23], input sensitivities are permitted
through the notion of a "simplification rule".

We now turn to particular computation rules that will be used in the sequel.
Example 3.2. (a) The full substitution rule cr chooses to macroexpand all

occurrences of F in any term. This simultaneous expansion is done "bottom-up"
on a term; see [1, pp. 87-88] or [10] for details. The computation sequence of
F(X) by F(X) G(FHFX, HX) is

F X) -- G FHFX, HX) -- G G FHFHG FHFX, HX)

HHG(FHFX, HX)), HX) --- .
(b) The parallel outermost rule r chooses to macroexpand all nodes labeled F

with no ancestor nodes that are labeled F. For F(X) with the scheme from (a), as in
Fig. 3.2 we get

F(X) --> G FHFX, HX) --> G G FHFHFX, HHFX), HX) --
(c) The weird rule q operates on a term T as follows: it traces the paths of T

from root to leaf, looking for the outermost chain of uninterrupted occurrences of
F’s, and picks the lowest F in all such chains, in HFFX the inner F is chosen. In
G(FX, HFFHFX), the first and third F’s are chosen, etc. The computation
sequence of FFX by F(X) G(X, FHX) is

FFX FG(X, FHX) G G(X, FHX), FHG(X, FHX)).

At this point all chains of outermost F’s are single nodes. Since the scheme
does not introduce any such chains with more than one node, from this point on b
proceeds as 7r would.

A number of other computation rules are defined in [23].
A general question of validity of rules now arises: for what rules b is it true

that p(F(X)) fp 9.
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GI G/GI\G
2 /ix z--/G /G2/(E) G;G2 X

X /F I
/G?_ X/-

FIG. 3.2. Parallel outermost, r. Expand all nodes labeled F with no ancestors labeled F. Such F’s
are circled. The scheme is as in Fig. 2.1.

DEFINITION 3.1. A rule b is said to be correctfor (P, I, d) if for every term T

dpp(T)(d) t[fp](d).
A rule b is correct for (P, 1) if for all d, 4 is correct for (P,/, d).

Our purpose, as in [23], is to characterize correct rules. Fundamental facts are
given by

THEOREM 3.1 [1]. For every scheme P, interpretation I, and rule ok,

dpp T) <-_ t[fp] for all T,

i.e., the leastfixpointfunction is at least as well defined as any computedfunction.
THEOREM 3.2 [23]. Thefull substitution rule tr is correctfor every schemePand

every interpretation I.
Proof. Let F(X) P be the s,cheme, and let d be arbitrary. For arbitrary term

T, let T-To, T1," be the tr-computation sequence with starting term T by
(P, I, d).

Let pO[/] f be the identity functional, pl P and pi be the/-fold composi-
tion of p. Structural induction on R and the definition of tr establish

(1) if R ---> S then s[f] r[p[f]]

and since T/---> T/+I we have Vi

(2) ti[f] to[pi[f]].

Then

trp(To) lub, ti[fl]

lubi to[p’[fl]] (by (2)),

to[lub pi[fl]] (by continuity),

to[fp].
since lubi p[12]=fp bythe Tarski-Scott theorem. Thus trp(T) t[fp]fOr all T. [3

The above result suggests that we look for rules b that are correct under all
interpretations L Such rules are called universally correct.
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DEFINITION 3.2. A rule b is called universally correct for P if for all/, b is
correct for (P, I).

Section 4 below develops a characterization of all universally correct rules. In
5 we examine rules which are correct under particular interpretations, or classes

of interpretations.
Consider the set of all finite trees L {T’ T- T’} obtainable from T by the

macroexpansion relation defined by a s,cheme P.
THEOREM 3.3 [23]. The structure (L, ---, T) is a lattice (the computation lattice

of T by P), with zero T.
Each computation rule b defines a chain in this lattice. Note that the lattice is

not generally complete, since L does not contain infinite trees as elements.

4. Universal correctness and syntactic dominance. Theorem 3.1 tells us that
any computation rule b is "sound", i.e., that it computes a function bpF(X)
dominated by [p. A correct b is one which is also "adequate", i.e., which actually
achieves fp in the limit.

To show that a computation sequence To, T1, computes fp, it is enough to
show that the elements of {tiffS]} "eventually dominate" some "yardstick"
sequence {si[f]} which is known to have lubi s[f] [p (i.e., to be correct). One
such sequence is the computation sequence by full substitution p[f] (Theorem
3.2). A much more convenient yardstick to use, however, is the parallel outermost
computation sequence. We shall show (Theorem 4.1) that the parallel outermost
rule 7r is universally correct, and then show that it may be used to test whether an
arbitrarily given rule b is universally correct (Definition 4.2, Theorem 4.2). It
turns out that any universally correct rule b must "syntactically dominate" r
(Definition 4.2),

Here we construct a special poset which plays the role of a Herbrand universe
in the sequel [ 18], [3], [4]. LetH consist of all finite and infinite trees built up from
symbols {Gi}, {Ai}, {X/} and a new nullary symbol +/-. For U, V H define U_-< V
if there is a set N of mutually independent nodes in V such that U V(N .1.).
(Two nodes are independent when neither is an ancestor of the other). Then
(H, =<, .1.) forms a complete poset. The Herbrand interpretation IH of a scheme
assigns meaning Ai H to the symbols A, X H to X and to Gi the function
g(T1,’" Tk)= if TI=T2 Tk=’1" then .1. else G(T1,...,Tk) in

u]’.
DNITON 4.1. Let R be a finite or infinite tree over

{F}. tR is the tree in H formed from R by replacing all outermost function
variables by +/-, making them leaves.

Extend all interpretations I by setting I(+/-)=
LEMMA 4.1. For all interpretations I, all trees R and all d,

I(R)[a](d) I(lR)(d).

Proof. The proof is immediate from the definition of interpretation.
THEOREM 4.1. Parallel outermost 7r is a correct computation rule, for all I, P

and d; i.e., zr is universally correct for all P.
Proof. Let So be a given starting term and let So, $1," be the full substitution

computation sequence" S S+1. Let To=So, T1, T2,’" be the parallel
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outermost sequence" T T/+ 1. We show that for each Si there exists a T such
that/zSi _-</zT. It then follows from the above lemma thati :l.si[f](d) =< tj[f](d)
and zrpSo(d)= lubj tj[f/](d)= So[fp](d-).

Let be the depth of tree/zSi. If So- T, then the node of minimal depth
labeled _t_ in/xT has depth _->]. Consider T/I. We will show that/xS =</xT/I.

Since the set of trees derived from So under macroe.xpansion is a lat.tice under
(Theorem 3.3), there is some R such that Si R and T/I R. Thus

/xT+I =</xR and/xSi _-</xR. As a consequence any node n in/xS labeled with a
letter in {G, A, X} is of depth _-<l and so has the same label in/xT/I. All other
nodes of/xS are labeled _L. Hence

The next definition gives a criterion which we show characterizes all univer-
sally correct rules (Theorems 4.2, 4.3).

DEFINIrION 4.2. Given a computation rule b and a scheme P, syntactically
dominates the parallel outermost rule 7r for P if

/T.TU implies ::IV.TV and UV.

Remark. A diagrammatic representation [19] of the above definition is given
in Fig. 4.1. b syntactically dominates 7r if every outermost occurrence of F in T
eventually gets macroexpanded by b.

V

4, u

FG. 4.1. Computation rule 4 syntactically dominates r i.f for all terms T and U, if T-- U, then

there exists a term Vsuch that T-- Vand U-- V.

LEMMA 4.2. VT, U, V. T-- U & T2_ V implies t W. V W & U W.
Proof. In the language of [19], commutes with ---.
For Fig. 4.2, it is enoug,h to show that if T U and T-- V, then there exists

W such that V W and U -- W, from which the result lollows. This assertion is
proved by structural induction on the term T.

FG. 4.2. Parallel outermost "rr, ha.s a useful property. If T U, then .for all Vsuch that T-- V, it

must be true that i" V-- W, then U W.

Actually, we only need the fact that (L, --, T) is a "Church-Rosser system" [19].
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Basis. T is either A or X. From the definition of macroexpansion in 2, at
least one F-labeled node is expanded if T V. Since neither A nor Xhave such a
node, T-- V must be false and the assertion vacuously true.

Inductive step. There are two cases depending on whether the root of T is
labeled F or G.

Case T=G(T,..., Tk). If T- U, then U must be of the form

G(U,..., Uk), where T/ U/, from the properties of rule r. Also V=
G(V,"’,Vk) where TV or T/=V, l_-<i_<-k. From the inductive
hypothesis, for 1 <= -<_ k,

3W. V -- W &3ni. U , W.

But then U G(U) -- G(W), where n max n, and V G(V) -* G(W). Let-
ting W G(W), this case follows.

Case T= F(T1," ", T,). Since T U it must be true that U P[T/X]. Let
T-- V by macroexpansion at some nonempty set S of nodes in T.

Subcase a. The outermost F in T is not in S. Then V F( Va," , V,), where
T -- V or T/= V for 1 <- _-< n. In this case U P[T/X] - P[V/X] and V
F(V) - P[ V/X]. Choosing W P[V/X] proves this subcase.

Subcase b. The outermost F in T is in S. Then V P[ V/X], where T -- V or

T=V, 1-<i_-<n. Define W by V-W. Then V=P[V/X]W, and U=
P[T/X] -- P[ V/X] V- W. Clearly U --* W, proving the subcase and the case
T= F(T).

By structural induction on T, the lemma is proved. 71
We are now in a position to characterize universally correct computation

rules.
THEOREM 4.2. If 4) syntactically dominates r for P, then is universally

correct for P.
Proof. Let To, T1, T2, be the parallel outermost computation sequence.

Refer to Fig. 4.3. From Lemma 4.2 and the hypothesis,

VTi, Vi. Ti --- T/+I T/--> /

implies

W/+ V/---> W/+ / T/+ ---> W/+

and from syntactic dominance of r

VVb W/+1. V/----> W/+ implies 3 V/+1. V/--> V/+ & W/+ ---> V/+1.

Since VT ::! V. T/-- V. where the { V} are a subsequence of the b-computation
sequence {Z), we conclude that lub t[l]-< lub z[f] and 4pTo rpTo t[fp].
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FIG. 4.3. T} is the parallel outermost computation sequence. We construct the sequence V} which
syntactically majorizes {T}.

The next theorem proves the converse of Theorem 4.2. There is one issue we
must confront, however. A certain small set of schemes P will be correctly
computed by any rule whatever under all interpretations, e.g., F(X)
G(F(X), F(X)).

DEFINITION 4.3. A node n in a term T is hopeless if every leaf in the subtree
of n in/T is _t_. Let F(X)P be a scheme and let F(X)= To, T1,"" be the
r-computation by P. P is hopeless if the root of every/xT is hopeless.

The hopeless P are exactly those for which fp f in every interpretation,
since fp II in the Herbrand interpretation. It is trivial to decide whether n or P is
hopeless [18].

THEOREM 4.3., Let P be a scheme which is not hopeless. If h is universally
correct for P, then dp syntactically dominates 7r for P.

Proof. Let P G(P1," , Pk) be assumed not hopeless. Suppose b does not
syntactically dominate 7r for this P. Then we find a term U and an interpretation I
in which 4pU U[fp].

Since b does not syntactically dominate r, there exists a term U in which
some outermost F occurrence (at, say, node n) is never expanded by b in the
sequence U U0---> U1 --> U2" .
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Then the terms/U0--</zU1 -<" all have _t_ rooted at node n. Let In be the
Herbrand interpretation of the scheme. Now InUo <- InU1 <--" all have _1_ rooted
at some ancestor of node n (some ancestor of n might be hopeless), and so does
lubi InU IHU*.

Let the subtree at node n in U0 be F(V). The notion of hopeless P is defined
with starting term F(X). By structural induction on V and the fact that P is not
hopeless,

V’iT"li. F(Q) - W, where InW _1_

Consider the 7r sequence from U To T1---" . The F at n is eventually
macroexpanded in this sequence (say at T).

Thus the trees InT _-< InT/l -<" have a limit tree I.T* with a non-& tree
rooted at n. Since InT* InU*, rule b cannot be correct.

Syntactic dominance is a necessary and sufficient criterion for universal
correctness. We give here a sequence of two sufficient criteria for universal
correctness. Call a term constant if it has no node labeled F.

COROLLARY 4.1. Let P be given. Let the rule be such that
(i) for all base functions G and terms ’= (T1," , Tk), = (Si, Sk),

G(T)-- G(S) implies T -- S"
(ii) for_all.terms_F(T) there exists a base .function G and terms S such that

F(T) -- G(S);

(iii) for all nonconstant terms T, there exists S Tsuch that T-- S.
Then k syntactically dominates zr, the parallel outermost rule, for. P.

Proof. We must show that, for all T, if T U then ::! V. T-- V and U-- V.
The proof is by structural induction on T.

Case T is constant. Then T cannot be macroexpanded, so T U and we
choose V= U.

Case T F(r). Then by (ii), T F(r) - G(). Since only the outermost F in

T is expanded by r, if F(r)
_
U then U- G(). Let V G().

Case T G() and Tis not constant. Since T-- U it follows that U G(

and for 1 -< -< k, T U,. The inductive hypothesis applied to T implies :i V and

integers j(i) such that T 0. V and U -- V. Let be the largest of the ](i). We

will construct terms S such that G(T)- G() and G(Q)-- G().
Since G(T) is not constant, by (iii) there exist terms such that G(’) - G(,)

via the sequence G(r) G(’)-- G(I)--. -- G() G(i. From
+ + + j(i)

hypothesis (i), we know that T- T--* T--...--* T. Recall that T-, V
and ](i)<-_ I. It follows that V -- T for all i, 1 _-< -< k.

Clearly G(Q) -- G(S). Also G(U) G(V). Thus G(O) G(). Since
G(r)-- G(O), and G()--, G(), we have the result with V= G().
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Remark. In the hypothesis T - Si, the "+" is crucial. Replacing + with ","

makes the statement false. Consider the rule lo which expands the leftmost
outermost occurrence of F, e.g.,

G(F(X), F(X)) -- G(G(X, F(X)), F(X)) -- G(G(X, G(X, F(X))), F(X)) - .
lo lo

Then lo satisfies (i) with for +. Yet it is known that lo is not universally correct
[23].

Example 4.1. Consider the weird rule @ of Example 3.2(c). It is easy to see
from Corollary 4.1 that syntactically dominates r, and so is universally correct.
Note that @ is not a safe rule (Definition 5.6, below) for most interpretations, and
thus cannot be proved universally correct by the methods of Vuillemin [23].

Corollary 4.1 gives a "top-down" criterion for the performance of b"
condition (i) requiresthat if T U, then the subterms of T derive the subterms of
U under b. By contrast the next corollary gives a "bottom-up" criterion: the
action of b on subterms is required to extend to larger, containing terms.

COROLLARY 4.2. Let P be given. Let the rule 4 be such that:
(i) for all base functions G and terms T (T1,. ", Tk), T/--) Si for 1 <-_ <-_ k

implies there exist terms W=(W1, ’’’, Wk) with Si--- Wi and
G(T) G(W);

(ii) ]’or all terms ’ there exists a base function G and terms such that
F(T) 7 G(S).

Then 4) syntactically dominates r for P.
Proof. We use a straightforward structural induction on T such that T U.

Only the case T G( differs from Corollary 4.1. Details are omitted. [-1

Remark. The criterion of Corollary 4.1 implies that of Corollary 4.2. We
show that Corollary 4.1(i) implies Corollary 4.2(i). Assume G(T) G(S) implies

+
T- S. If now T-- R, then R-- S and G(T)-- G(S), showing 4.2(i) with

W=S.
The next example shows that the second criterion (Corollary 4.2) is strictly

weaker than the first (Corollary 4.1).
Example 4.2. Consider a modified parallel outermost rule which operates as

follows" on nonconstant terms of the form T G(T), 0 chooses for expansion
the leftmost F among those closest (in path length) to the root. (This is quite
different from picking the leftmost outermost F). On other terms, 0 behaves like

Now 0 satisfies Corollary 4.2(i) since T/-g Si implies G()- G(). How-
ever G(F(), F(Q)) -- G(P[l/, F((,’)) does not imply F(Q) 2_ F(Q) (which is

0 0
false). Thus 0 does not satisfy Corollary 4.1(i).

The next example shows that syntactic dominance is strictly weaker than the
criterion of Corollary 4.2.

Example 4.3. Consider the mixed rule/z which operates as follows: on terms
of the form G(. .),/x performs like r, the parallel outermost rule; but on terms of
the form F(. .),/x performs like tr, the full substitution rule.
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Let the scheme be FX,Cr. G(X, FFX). Let G(T1, T2)= G(X, FFX). Clearly
T2 FFX G(G(X, FFX), FFG(X, FFX)) $2. We need to show that there is
no W such that G(T) G(W) and $2--* WE. Consider the /x-sequence from

G(T)" G(T) - G(X, G(FX, FFX)) --- . It is characterized by the property: no
/

G is below any F in any term. Now consider any term R such that $2 -- R. Any
such R is characterized by the proper.ty: at least one Fdominates a G. Hence there
is no if’, G(r)- G(ff’) with $2
obviously syntactically dominates

We have shown that for any computation rule to be correct for a given
program under all interpretations and for all inputs, it must syntactically dominate
the parallel outermost rule r. Common computation rules, like call by name and
call by value, depend on both the interpretation and the input data, choosing not
to macroexpand function symbols under some circumstances (Example 3.1). We
will study such computation rules in the following section.

5. Security: An interpretation-dependent correctness criterion. Requiring a
rule b to be correct for all interpretations imposes a severe restriction on b, as we
have seen from Theorem 4.3. One is in fact usually interested in b’s which are
correct for one particular interpretation I and input values d restricted to a certain
set. Thus we need a correctness criterion which is semantic, i.e., which uses the
properties of the interpretation I and input data d in the test for correctness.

One such criterion is given in Definition 5.5. Theorem 5.1 shows that rules
meeting this criterion for (/, d) exactly characterize the correct rules for (/, d).
Theorem 5.2 shows the correctness of Vuillemin’s "safety" criterion [23].

These results require us to think carefully about outermost occurrences of F’s
and whether they are expanded. Given a tree Twe shall think of nodes as existing
quite apart from their labels; indeed they can exist whether or not they have any
label at all in that tree. For a precise treatment, see Rosen [19]. We need the
following definitions.

DEFINITION 5.1. For a term R, let z(R) be the set of nodes of R that are
labeled with outermost occurrences of F.

DEFINITION 5.2. Let R - S. Let p(R, S) be the subset of nodes in r(R) which
remain unexpanded by th in S.

Note that no copies are made of elements of -(R) since they are all outer F’s.
DEFINITION 5.3. Define

p(R) f’l p (R, S),
R $

the set of outermost nodes of R which are never expanded under b. Note that if
Ro ---* R R2 --)" ", then p(Ro)

_
p(R1) P(R2)" "’.

A node n dominates node m if n m or n is an ancestor of m.
DEFINITION 5.4. Let R be a term, let N be a subset of independent nodes of

R. ByR S is meant that S is obtained from R by parallel outermost restricted
’[N]

to the forest dominated by nodes in N.
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Given a rule b and a starting term Ro, two distinct cases are possible. Either
there is an infinite sequence Ro--- R1 R2 ---" of (k-successors (Tr is such a
rule), or else for some Rk, Rk has’no (k-successor ((k "chooses" the empty set of
nodes). Then ’(Rk)= p(Rk). In the latter case, it is true that Rk -- Rk. Note this
does not imply that is reflexive: it is reflexive only on "stuck" terms. From these
observations we see that each Ro defines an unique infinite sequence {R} by
Ro --> Rj.

Fhe main semantic criterion is now definable.
DEFINITION 5.5. Let 4 be a rule and let (P,/, d) be a triple of program P,

interpretation I and input d. For each starting term R0 and all ], define a sequence
{Sj} by:

if Ro R then Rj , S.

Rule b is called secure for (P, I, d) if for all terms Ro
lubj s[12](d)<_-lub rj[a](d).

In other words, the limit of the terms formed by expanding the subtrees under
the outer F’s in R that will never be expanded contains no more information than
the limit of the sequence {R}.

Two useful lemmas follow immediately from the above definitions, and will
be stated without proof.

LEMMA 5.1. Let R, S be terms and let M, Nbe sets of nodes such thatM rR
and N S. IfR S, R. > R’, S > S’ and M N, then R’ S’.

[M] [N]
LEMMA 5.2. Let R, S, T be terms and M rR a set o nodes. I R S,

+
R >Tandi<j, thenS >Z

[M] [M]

We are now ready for the main result of this section.
THeOReM 5.1. Given program P, interpretation Iand input d, a rule is correct

for (P, L d) if and only if it is secure for (P, L d).
Proof (secure correct). Let Ro To be the starting trm, and define

sequences {Ri}, {S}, and {} by Ro R, Ri R]r i and To .
CLAIM. For every . there is an Sq) such that S).
The claim is proved by induction on ].
Basis =,13 Note that Ro To. By definition there is a term R(), i(1) 1,

such that Ro R,() and all nodes of rRo-pRo have been expanded in R(). Let
S be such tha R() S. All nodes in rR0 have been expanded in S, so

[pRo]
TS.

Since i(1)1 then R,() R,(,,] S,(). Since Ri(1) Ro] ) S and pRopR(),
it follows that S S() and so T S,().

Induction step. Refer to Fig. 5.1. By the induction hypothesis S0.).

Consider the nodes in zR,o)-pR(i). From the definition of pR,q) there exists a
term R,q+) such that Rq) Ri(i+I) and all nodes of rRq)-pRo.) have been
expanded in Rq+).
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)s(I)

i(O]

R

FIG. 5.1. {Ti} is the parallel outermost computation sequence, and {Ri} is the sequence .for dp. We
determine a new sequence {Si} which syntactically majorizes {T}, but [rom security o[ dp, contains no
more information than {R}.

ifd+l)
Consider Si(j+I) such that Riq+l) Si(j+l). We will show that

"tr[pRi(j+l)]

r+l "-> Si(j+l).
i(j)

Define S such that Rq+--<oR,/1.1.... S. Since Rq R0.+,
i(/’)

> Sq) and pRo. pRq+a), then by Lemma 5.1Riq)
"n’[pRi(j)]

(3) Siq)-* S.

iq) i(j+l)
S, R#+a) So+a) and iq + 1)> iq), thenSince R0.+x

by Lemma 5.2

+
(4) S ) Si(j+l).

"tr[pRiq+ )]

From the induction hypothesis T S,q), so all F-labeled nodes of ’T are
either expanded in Siq) or are labeled with outer F’s. We will show that all the
nodes of rT have been expanded in Siq/l).
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Let n be any node of zT still labeled F in Si(). There are two cases.
Case a. n is in the forest dominated by tgRi0.). Then since

+
S() S

=tpR,+,l
; S0"+1) by (3) and (4), since n is in the forest dominated by

oRo+I), and since n is an outermost F-labeled node in S(), then the F at n has
been expanded in Si0-+l).

Case b. n is not in the forest dominated by pRij. Since R0.
and the expansions in deriving $(/ from R0. are confined to the forest dominated
by pR(/, then n must be an outer F-labeled node in R0.. Clearly n tgRi(. Thus
this F at n is expanded in R(+I, and hence in S(+1.

In either case, all zT. are expanded in S(+ and T S(+, so Tj/I Si(j+I)
as required. Induction completes the claim.

From the claim and the security hypothesis, it follows that

lubj tj[12](d) _<-lub s,o[f](d) <_-lubi s[12](d)
and

lub s[fl](t) _-< luby

Since zr is a correct rule, it follows that lub r[l-l](d) ro[fp](d) and b is correct.
(correct::> secure). Suppose the security condition is violated. Then for some

Ro and d-, lub r[f](a);lub s[f](). Since 7r is a correct rule lub s[12](a)_-<
lub t[f]() (it is obvious that S Z. S/), and so bpRo() ro[fp]() and b is

incorrect.
Though the security criterion is necessary and sufficient for correctness, it

may be easier in a given instance to apply a simpler yet sufficient test. We give a
sequence of progressively weaker criteria, each of which is sufficient to imply
correctness.

We will need a way to denote functional substitution in interpreted terms. Let
T be a term, I an interpretation, and let N and N be disjoint sets of nodes of T
labeled by F. Then t[f/N1] means: under interpretation/, substitute the function f
for each occurrence of a function variable at nodes N1. Then t[f/N][g/N2]
means" substitute the functions f and g for the F-labeled nodes of N1 and N2,
respectively. As an abbreviation, when N2 consists of all F-labeled nodes not in
N1, we write t[f/N1][g].

Let b be a rule and let Tbe a term. By e(T) we mean the set of all F-labeled
nodes of T chosen for expansion in one step of th (not just the outermost F’s).

COROLLARY 5.1. Let dp be a rule, Pbe aprogram and Ian interpretation. Ofthe
criteria listed below, (i) implies (ii) implies (iii). Each criterion implies is correctfor
(P, I) and all d.

(i) VT. t[/r(,T)-p(T)][fp]<= t[f]
(ii) VT. lS. T-g S & s[f/z(S)-p(T)][fp]<-s[f]

(iii) b is secure for (P, I) and all d.
Proof. The second assertion in the statement of the corollary follows from the

first and Theorem 5.1.
(i) ::> (ii). Let T S.
(ii)::>(iii). Assume th satisfies (ii) and let T=Ro-- R, under scheme

F(J’),-P.



396 PETER J. DOWNEY AND RAVI SETHI

Define {Si} by Ri- $i. To establish security of b we must show that for
r[pRi]

arbitrary d,

(5) lub, si[n](d) <= lubi ri[f](d).

Let pR {nl, ", n,}. Let T be the tree rooted at nj in R. Then S is R with

T;" rooted at nj, 1 =</" =< m, where T , T. Then t.[fp] t[fp], 1 <=] < m, since r is

correct. It then follows that ri[l/zR-pR][fp]= s[f/rR-pR][fp].
By monotonicity and the above identity:

(6) s,[f] -< s,[f/-R, pR,][fp] r,[f/zR, pR,][fp].

From (ii), we know V :lk. R Rk and

(7) rk[f/rR pR,][fp] <= r[].

Now in the computation R R, nodes in the forest dominated by pR are
never expanded, so

(8)

Together (6), (8) and (7) yield Vi :lk. s[f]_-<r[f]. This last inequality yields
(5).

A criterion different in flavor from those of Corollary 5.1 (i) and (ii) has been
given in Vuillemin [23].

DEFINITION 5.6. Rule b is called safe for (P, I, d) if for every term R

r[O/eR][.f’p](d) < r[](d).

Informally, when a term T is interpreted to give tiE,I, all occurrences of F in T
are replaced by EL Thus the subtree under an F-labeled node in Thas no effect on
riO]. In testing if a rule b is safe, we have to replace all nodes chosen for expansion
in T by f, with all unchosen nodes being replaced by fp. Some of the chosen nodes
may be under nodes in p(T). Since F’s at nodes in p(T) are never expanded, the
subtree under a node in p(T) has no effect on the function computed. In testing for
security, no distinction is made between chosen and unchosen F’s below a node in
p(r).

Security for all (I, d) does not imply safety. Consider the weird rule q of
Example 3.2(c). Rule q satisfies Corollary 5.1(i) since p(T) is empty for all T
(Example 4.1). However, as we shall now see, q is not safe. In the term
T= F(F(X)) selects the inner F for expansion, under all (P,/, d). With
scheme F(X)<:: G(A, F(X)) and IH we have

t[/e(T)][fp](d) jp(_l_)= G(A, G(A,...)) t[f](d)= _1_.

We will show in Theorem 5.2 that all safe rules are correct. From Theorem
5.1 and the fact that rule b is secure but not safe, safety is strictly subsumed by
security. As with the tests in Corollary 5.1, safety may be easier to test than
security.

In proving Theorem 5.2 we will again be interested in outermost F-labeled
nodes that are never expanded. However, we will also need to talk about nodes in
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the subterm below an F that is never expanded. The following definitions
generalize the concept of -(. and p(. ).

DEFINITION. For term T, let z(R) be the set of F-labeled nodes x of R that
have exactly F-labeled nodes (including x) on the path from x to the root of R.

Note that Zl(R) is -(R) in Theorem 5.1.
DEFINITION. Let p0(R) be the set consisting of the root of R. Let p(R) be the

subset of z(R) dominated by the set of nodes p_(R) such that no element of
p(R) will ever be expanded under b with starting term R.

Note that for i> 0, nodes of p(R) are never expanded. Moreover, none of
their ancestors are ever expanded. Note that pl(R) was called p(R) in Theorem
5.1.

LEMMA 5.3. Let R R’. Then ti. p(R)
_
o(R’).

Proof. The proof is immediate from the definition of p,(. ). [-]

Another notion we need to define for Theorem 5.2 is the notion of "copies".
Consider the scheme F(X)P G(FGFX, G2X) from Fig. 2.1. The formal
parameter X appears in two places in P. Thus when macroexpansion under the
scheme F(vY)P takes place, the actual parameters for X will be substituted in
two places; resulting in "copies". For brevity we will define the notion of "copies"
only for certain nodes in certain terms. In the process we will keep track of exactly
where parameters are being substituted by tracing the path from the root of a term
to a given node x in a term.

DEFINITION. Let x be a node in term R. Let Yo, Yl, , Yk/l X be the path
from the root Yo of R to x. The trace of x in R, written YRx is the sequence
(H0)o(H1),’’" (Hk), where for all i, 0_-<i_<- k, is the function label (a base
function or function variable) of node y, and yi+x is the jth ordered direct
descendent of y.

For example in G(FGFX, G._X), the trace of the underlined X is
(GI)2(G2)l. Given a scheme F(X)P, we will use the notion of trace in P to
identify all the leaves at which a formal parameter X appears in P.

DEFINITION. Let F(X)P be a scheme. The trace set of X in P, denoted
WP(X/) is given by:

WP(X) {WPx[x in P has label X,}.

THEOREM 5.2. Given scheme P, interpretation Iand inputd, rule d is correctfor
(P, I, d) if dp is safe for (P, I, d).

Proof. Let R0 To be the starting term and let sequences {R} and. {T} be
defined by Ro- R, and To T. Moreover, let {V} be given by F(3) . V.

We will be interested in a particular subsequence of the {R} sequence given
by the following: (i) R<o) Ro, and (ii) R0./ is the first term in {R} such that all
elements of (.J +=1 (-R()-p,R)) have been expanded in R(/+).

From the {R,()} sequence we will construct a sequence {Si} as follows:

As in Theorem 5.1, we will show that the {T} sequence is dominated by the
{S} sequence. From safety we will show that the {S} sequence has no more
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"semantic information" than the {Ri(/} subsequence. Then {T} has no more
"information" than {Ri(/}. Since 7r is a correct rule, and {R(/} is a subsequence of
{R}, it will follow that b is correct for (P,/, d).

Consider terms R( and Sj. Let the scheme in question be F(X) V..
Consider a node x in R( such that all F-labeled proper ancestors of x are in the
set O --1 pkRo. Node y in S is a copy of x in R(/ if fishy can be formed from

Rox by replacing all occurrences of (F)h, for some h, in R(x by a string from
ffV.(Xh). The notion of copy for all other nodes x in Ri0. is undefined.

We are now in a position to set up an inductive proof of the theorem. By
induction we prove the following:

CLAIM. For all j
(i) Sj- Sj+I, and
(ii) T. -- S.
.Basis j =.0. Bb’ definition Ro Ro To and Vo F(X). Clearly So Rito, so

To -- So. So - S1 is clear since S1 So(plRo - V1).
Inductive step j > 0. Let R iq+ 1) be the first term in the expansion of R03 by th

in which all elements of LJ+=11 (7"kRio.-pkRi(i) have been expanded. We will
verify parts (i) and (ii) of the inductive hypothesis.

(i) By definition Ro-- Ri(]+I). Moreover, since fk >-0, pkRifj)CpkRifj+),
it follows that S.- S+I.

(ii) Consider node z ’1T, and let y in S be such that ff’Sjy ffT.z. We will
consider three cases.

]+1Case 1. y in $i is a copy of a node x in U k=l (’rkRitj)--pkRitj)). By the
definition of Ri(]+I), x has been macroexpanded in Ri0.+l). Let S=
R i(]+1)( O ]k= pkRi(j) -’-) V]). Since nodes in pkRij)are never expanded under b, it is
easy to see that S - S. Since x has been macroexpanded in Ri(]+I), node y in Si
has been macroexpanded in S. Since iokRio.) pkRio’+l) it follows that S S+x, so y
has been macroexpanded in S+.

Case 2. y in Si is a copy of a node x in U ]k+--ll pkRi(]). If x U= pkRitj), then
from the definition of Sj, y has already been macroexpanded in Sj, and hence S/1.
Therefore consider the case when xp+lRio. In this case let S=

/ V). Clearly yRO(U = pkRi(j) 4-- has been macroexpanded in S. It is easy to see
that $i - S - S+, so y is macroexpanded in Sj+.

Case 3. The remaining case occurs when y in S is not a copy of any node in
Ri(. Outside the forest dominated by nodes in plR(i, terms R0 and S are
identical, by construction. If y occurs outside the forest dominated by plR(/, then
y must be in zR(n. But then y is macroexpanded in Ro+I and hence Si+l.

For each node u in plR(/ there is a unique copy in S. Thus y in S must have a
lowest proper ancestor w in S such that w is a copy of a node x in R0.

Consider Sjw and YSy. Since w is a proper ancestor of y, -Sw must be a
proper prefix of Sy. Let Siy Sjw.,, where : is a string of base functions with
subscripts.

We will first show that node x in F must be in U k=l pk.Ri(i. Since y is an
outermostF in S, Siy and hence Sw have no function symbols. Thus all proper
ancestors of x with F labels must be in U k= pkRo. If X has label F, and is not in
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U]k= pkRio’), then node w will be labeled F, which is not possible. If x is labeled
with a base function, then all direct descendants of x in Ri0 have copies in
contradicting the choice of w in Sj. Thus x is in U= pkRio>.

Since x is macroexpanded under V. in constructing Sj from Ri(j>, is either
a proper prefix of a string in ffV(Xh), for some h, or for some h, a string r/in
’(Xh) is a prefix of :. But if r/is a prefix of :, then let S]w.rl be the trace of
node u in S]. From the definition of copy, u must be a copy of some node v in Ro>,
contradicting the choice of w. Thus must be a proper prefix of a string in
ffV(Xh), for some h.

Consider V. Since y is in 71S, it follows that the node with trace in V is an
element of ’1 V.. But by definition of 7r, since V V/I, the node with trace : in

V.+I has been macroexpanded.
Si/l is formed from R0./I by macroexpansion under V/I. Since y zlS and

Si Sj+I, the F at node y has been macroexpanded in Si+l.
The inductive hypothesis has therefore been verified.
The claim demonstrated the existence of a chain {Si} such that /. T. S.

Thus

(9) lubi tj[O] _-< lubisi[n].
Consider S Ri(Uk= pkRi(D V.). Since elements of pkRio) are never

chosen for expansion under b
fk. pkRio’) gRo

where gRq are all the F-labeled nodes not chosen by b in Rq. Thus S - S-Rtd(gRtd - V). Moreover

s[O] _--< s}[f] ri)[v[f]/
<= riq[fp/

by monotonicity and the fact that vj[I]<-_fp. From the safety hypothesis,
rtd[fp/gg,0][f](d) -< r0[f](d). Thus s[f](d) _-< ri0[f](d) and

(10) lubi s[O]() _-< lubi rq)[f]() _-< lub rj[l]().
Together, inequalities (9) and (10) yield lubi t[f](d) _-< lubi ri[l](d), and since r is
universally correct, b must be correct for (P, I, d).

In [23] the safety condition is applied to show that a number of particular
computation rules are correct.

6. Conclusions. In this paper we have been concerned with the relationship
between recursive schemes, computation rules and interpretations. In 4 we
considered Co, the class of all interpretations, and sought computation rules that
were correct for all interpretations in Cv. In 5 we considered the class C which
consists of the single interpretation I. Again we sought computation rules that
were correct for all input data under all interpretations in Ct. The same question
can be asked about other interesting classes of interpretations C.

A related question to that of correctness of a computation rule is equivalence
between recursive schemes with respect to a class of interpretations. For the class
Cv this question has been studied in [18]. Again, equivalence for interesting
classes of interpretations (if decidable) might be a worthwhile question.
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Snyder [21] considers the classes of functions that can be computed using
certain computation rules. While the rules studied were not all fixpoint rules, he
showed that all functions computed by "normal" evaluation [11] can be computed
by "call by value". His model permits side-effects and iteration, so the idea is to
call repeatedly a recursive procedure. Initially the procedure is called with
undefined arguments and returns with an indication of the next argument it would
like. The model is partially interpreted in that if-then-else constructions are
permitted. The interesting point is that, with side-effects, call by name is strictly
more powerful than call by value: there are functions that can be computed by call
by name but not by call by value.

Within the context of the model in this paper consider the following question:
given a recursive scheme S is there a recursive scheme S’ such that the function
computed by computation rule b for S’ is the same as that computed by a correct
computation rule for S? The possibility of adding interpreted base functions
exists.

By way of an example consider the recursion scheme: F(X, Y)
G1(X, F(G2X, F(X, Y))), which, suitably interpreted, was used in Example 1.2 to
show that parallel outermost converges while parallel innermost diverges. Let us
add the binary base function H(X, Y) where h(x, y) is lub {x, y}. For the scheme in
Fig. 6.1 parallel innermost computes the same function as parallel outermost does

F <==
/\
X Y

with the original scheme.
G

/\
G
2
X .L

G

/F\
X Y

FIG. 6.1. A modified recursive scheme, and the term after two steps ofparallel innermost evaluation
from F(X, Y)
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GENERALIZED PROGRAM SCHEMAS*

ASHOK K. CHANDRA’["

Abstract. A unified approach towards program schemas is described in order to explicate the
notions of uninterpreted computer programs and the data structures used by such programs.

Key words, data structure, first order formalism, generalized schema, Herbrand schema, non-
oracle schema, program schema, uninterpreted program

1. Introduction. The aim of this study is three-fold: (i) to study the class of
computable functionals on uninterpreted domains, and the machines (or program
schemas) on which such functionals can be computed, (ii) to unify the notion of the
interpretation for a program schema with the notion of the data structures which
the schema uses, and (iii) to unify a large number of the classes of program
schemas considered by earlier researchers so as to clarify the various notions
associated with computations on uninterpreted domains and to examine various
conjectures regarding the power of "all" schemas.

Regarding the first point, it is reasonable that the study of computable
functionals (on uninterpreted domains) will go along lines similar to the study of
partial recursive functions (on interpreted domains); i.e., various classes of
computing machines will be proposed and several such classes will be found to be
equivalent, and maximal with respect to these classes, leading to the belief that
these classes compute "all" the computable functionals. This is analogous to the
role played by Turing machines for the computable functions. We can, however,
lay down certain criteria of computability for functionals. We propose the
following (a different set of criteria would lead to a different notion of computabil-
ity): as for machines on interpreted domains, the requirements that the machines
computing functionals be finite and that they operate in a stepwise and nonran-
dom fashion (without recourse to analog devices or randomizing mechanisms such
as throwing dice) are reasonable--Rogers [13]. In addition, we propose the
following (which are unique to machines computing functionals):

1. Finite first order---only first order functions and predicates (called base
functions and predicates) are allowed, and each machine may use only a
finite number of these.

2. Totality--all base functions and predicates are total.
3. Characterizability--the computation should be completely characterized

by an interpretation for the base functions and predicates (and the inputs,
if any).

4. Well-foundedness--the computation of a machine on isomorphic
interpretations must be the same.

5. Nonoracularitymin one step of the computation the machine should be
able to "look-at" at most a finite number of elements in the domain of the
interpretation.

Our formalism uses a slightlystronger notion of well-foundedness than 4 above.

* Received by the editors May 6, 1975.

" Computer Sciences Department, IBM Thomas J. Watson Research Center, Yorktown Heights,
New York 10598. This research was supported in part by the Advance Research Projects Agency of
the Office of the Secretary of Defense under Contract SD-183.
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Regarding the second aim of this study, we note that when Ianov [6] first
considered program schemas he treated them as models for computer programs
where the entire data space of the program could be represented by a single
variable, which could be changed by applying functions, or tested by predicates
(which were considered uninterpreted). This was not an adequate model for
several purposes because (i) the data space of real programs is often subdivided
into individual parts that can be changed independently, and (ii) for proving
properties about programs the basic operations frequently cannot be considered
uninterpreted. Extensions of both have been considered. Using the one-variable
philosophy of Ianov, however, we can represent the subdivision of the data space
by partially interpreted functions and predicates, which suffice to handle both (i)
and (ii) above. This is the approach we will use.

With reference to the third aim of this study, we observe that several
researchers have proposed classes of schemas that are claimed to be maximal for
"all" schemas. These include the effective functionals of Strong [16] and the
flowchart schemas with arrays of Constable and Gries [4]. While these classes are
quite stable in that the addition of a large number of features such as counters,
pushdown stacks, queues, etc., does not increase the power of the schemas, we
question the philosophical significance of the statement that these classes are
maximal for the uninterpreted schemas. In our model the uninterpreted schemas
form a strictly more powerful class, but the flowchart schemas with arrays are
maximal with respect to the uninterpreted Herbrand schemas, which was conjec-
tured by Chandra and Manna [3].

2. Definition o| generalized schemas.
DErINrrION. The vocabulary VU V’ where V {f: i, j -> 0} t_J {p" i, -> 0}

and V’ {g" i, ] _-> 0} t.J {q" i, j _-> 0} consists of a denumerable set of ranked func-
tion symbols f, g, and predicate symbols p, q, of rank ]. For convenience in
describing schemas we will, however, frequently use function and predicate
symbols other than those in V t.J V’.

DEFINn:ION. A schema S is a triple (F, th, P) of a finite flowchart F, a formula
b of first order predicate calculus with equality, and a finite set P c V. The
flowchart F has one variable y, and statements consist of the following:

tal e

where z(. represents a term not containing y, z(y) represents an arbitrary term,
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and a (y) represents an arbitrary atomic formula. All statements in F are consi-
dered to be labeled with distinct labels; terms and atomic formulas use symbols
from the vocabulary V (.J V’. F has a unique start statement, but all function and
predicate symbols used in F need not be in P. E(S) denotes the set of function
and predicate symbols that are used in F, b, or in P. Note that the schemas
have no inputs, but one can use zero-ary function symbols instead of inputs. For
convenience we will use ALGoL-like notation instead of strict flowchart
notation.

DEFINITION. An interpretation I is said to be an interpretation for a schema S
if it specifies at least the base functions and predicates in E(S), and b is true in I
(1 b). Dom(i) denotes the domain of/, and E(I) the set of function and predicate
symbols in L

DEFINiTiON. Given a schema $ and an interpretation I for S, the path
Path(S, I) of the computation of S on I is the finite or infinite sequence s1, s2" of
statements executed during the computation of $ on /, except that if in the
ith step, say, a test is made, then si is (t, b) where t is the test statement, and b
is "true" or "false" corresponding to the exit taken in the computation.
VaI(S, I) is the output of the computation of S on ! if it halts, and is undefined
otherwise.

DEFINITION. Given an interpretation I and a set P E(/), we define the
subinterpretation UP of I with respect to P as follows: Dom(//P) is the smallest
subset of Dom(I) closed under the functions of P; and the values of the functions
and predicates of P are the same in I/P as in I. Noteif P contains no zero-ary
function, then Dom(I/P) is empty.

DEFINITION. A schema S- (F, b, P) is said to be well-founded if for every
two interpretations 11, I2 for S (i.e., I b and .I2 b) such that there is an
isomorphism 0 from I1/P to IF we have

(i) Path(S, I1)= Path(S, I2), and
(ii) if the computations halt, then Val(S, I2)= 0(VaI(S, I1)).
Note that if S (F, b, P) is well-founded and its computation on I halts, then

Val(S, I) Dom(//P). The significance of a set P that makes S well-founded is
that for any interpretation for S, knowledge of merely the functions and predicates
P is sufficient to characterize the computation. We will only be interested in
schemas that are well-founded, and in this paper, all schemas considered are
well-founded.

It follows from the definition that

(a) given any F and b, if Q is the set of function and predicate symbols in F,
then (F, b, Q) is well-founded,

(b) if (F, b, P) is well-founded, and Q is any set such that pc Q, then
(F, b, Q) is also well-founded, and

(c) if b is "false," then (F, b, P) is well-founded for all F and P.

It is not partially decidable whether a schema S is well-founded. This follows
directly from the fact that the divergence problem for schemas is not partially.
decidable ( 6). The undecidability of well-foundedness should not shock us
unduly. The corresponding problem for the usual program schemas referred to in
the literature [ 1]-[8], [ 10]-[12], [ 14] (conventional schemas), too, is not partially



GENERALIZED PROGRAM SCHEMAS 405

decidable. For, consider a conventional schema S with a statement HALT(f)
where [ is not used in the rest of S. Now we ask if the output of S can be
determined if we give an interpretation for S, but refuse to specify the value of f.o.
This is not partially decidable.

The correspondence between conventional schemas and generalized
schemas can be represented as follows:

Conventional schema
The total data space
Functions and predicates
Interpretation
The structure of the data

space, and totally
interpreted features
(like counters)

Generalized schema
The variable y
The set P
i/P
Predicates and functions other

than those in P, related by
the formula b.

We obtain subclasses of the generalized schemas by restricting the kinds of
flowcharts and the formulas b allowed. Section 4 describes how features like
counters and pushdown stacks can be represented.

Example. Consider the schema $1 =(F1, bl, P1). There are two zero-ary
functions a0, al, and two binary functions f+, f.. The formula 1 is:

ao#al

AVxVy f+(x, y)= f+(y, x) A f.(x, y)= f.(y, x)

A VxVyVz

AVx

AVX]y

AVX

AVXVyVZ

A(f+(x, y), z)=/+(x, f+(y, z))Af(f(X, y), z)=f(x,# (y, z))

f+(x, ao) x A f (X, al) x

f+(x, y)= ao

(x ao)--> lyf.(x, y)= al

f (x, f+(y, z)) 1+ (x, y),/: (x, z)),

the flowchart F1 is:

START y *- a l;

while y # ao do y f+(y, al);

HALT (ao),

and the set P1 is {a l, f+}.
An interpretation for the schema $1 is a field. The schema halts if and only if

the characteristic of the field is finite. Note that ao is not in P1, but the schema is
well-founded.

3. Properties of schemas.
DEFINITION. A schema S halts (diverges) if its computation halts (diverges)

on every interpretation for S.
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DEFINITION. A schema S is ]:ree if for every path through S beginning at the
start statement, there is an interpretation for S for which the computation follows
that path.

DEFINITION. We say that two schemas S (F1, (1, P) and S2 (F2, 2, P2)
are compatible if P1 P2.

DEFINITION. $2 (F2, t2, P) is a generalization of S (F1, bl, P) (notation
$2 > $1) if" I1 for S1 112 for $2 and z! an isomorphism 0: (I1/P)<->(IE/P) such

that if $1 halts on I, then $2 also halts on I2 and Val(S2, I2) 0(Val(S1, I1)); and if
Val(S1, I1) is undefined, then Val(S2, I2) is also undefined.

DEFINITION. $2=(F2, tE,P) includes (is at least as defined as) S=
(F1, bl, P) (notation $2--> $1) if:

(i) Vii for S1, :liE for $2 and ::l an isomorphism 0 (Ii/P)<->(IE/P) such that
if $1 halts on I1, then $2 also halts on I2, and Val(S2, I2)= 0(Val(S1, I1)), and

(ii) Via for $2, lll for S1 and i an isomorphism O:(Ii/P)<->(I2/P)such that if
$1 halts on I1, then $2 also halts on I2, and Val(S2, 12)= 0(VaI(S1, I1)).

It can be checked that _-> and _-> are reflexive and transitive. We also write
gen

S _-< $2 for $2 >_- S1, S1

_
$2 for $2 _-> $1, etc.

gen gen

DEFINITION. We say that two compatible schemas Sx and $2 are equivalent

(S---$2) if S > $2, and $2 > S.n n
Comment. S - $2 if and only if $1 --> $2, and $2--> S1.
Consider the schema $2 (F2, $2, P2) where $2 is

F2 is

Vx [+(x, a1) a <- X ao,

START y <- a i;

while y # ao do y <- [+(y, a);

HALT(ao),

and P2 is {al, f+}. If S is the schema of the example in 2, then $2 > S1 but not

$1 => $2, since the characteristic of a field must be a prime or infinity.
gen

When we say that a conventional schema is uninterpreted, we mean that any
interpretation over its base functions is an interpretation for the schema. We say it
is uninterpreted even though its structural features are interpreted, e.g., the
operation of pushing a value into a stack, or of incrementing a counter, is well
defined. We would like to make this notion concrete, and apply it to our
generalized schemas.

DEFINITION. A schema $ =(F, $, P) is said to be uninterpreted if it is
well-founded and for every interpretation I where Pc X(I), there is an interpreta-
tion I’ for $ whose subinterpretation over P is isomorphic to I/P, i.e., /I such that
Pc E(I), =ii’ for S such that :1 an isomorphism O:(UP)<-->(I’/P).
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b3 is

Consider the schema S3 (F3, I#3, e3) where F3 is

START y <-- [(a);

while p(y) do y f(y);

HALT(g(a)),

g(a) =f(a)

and P3 is {a, f, p}. Then $3 is uninterpreted, but S (F3, b3, {a, f, g, p}) is not.
Note that both $3, S are well-founded, but (F3, b3, {a, g, p}) is not.

If H is a Herbrand interpretation corresponding to an interpretation/, we
h

write I--> H; i.e., H is a free interpretation with (H)= E(I) and such that
P(’I( )," "’, ’(" )) is true in H if and only if it is true in L

DEFINITION. A schema S (F, b, P) is called a Herbrand schema if it is
well-founded, and

h
(a) ’I for S, iH for S, such that (UP) --> (H/P),

h
(b) /H for S, /I1 such that (I1/P) (H/P), 7]I for S, such that i an

isomorphism O:(II/P)<->(I/P), and

(c) ’V/, H for S, if (I/P) - (H/P) then Path(S, I) Path(S, H), and Val(S, I)
h

corresponds to Val(S, H) in the homomorphism (I/P)- (H/P).
The notion of a Herbrand schema (Chandra and Manna [3]) is that of a

schema which cannot distinguish between Herbrand and non-Herbrand interpre-
tations.

The property of being uninterpreted is independent of being a Herbrand
schema. Consider, for example"

F4 is

START y # a;if p(a, al) then HALT(y) else LOOP,

4 is

F5 is

VxVy p(x, y),-,(x y),

START y <- a; if q(y) then HALT(y) else LOOP,

Vx q(x)’-’ q(f(x)).

S4 (F4, I#4, {a, a 1}) and S, (F4, t#4, {a, a 1, P}) are both non-Herbrand, but
$4 is uninterpreted whereas S is not. Ss=(Fs, 45,{a,q}) and S=
(Fs, b5, {a, f, q}) are both Herbrand schemas, but S5 is uninterpreted and S is
not.
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Given a class of interpretations, a schema S is said to halt on iI S halts on
every interpretation I for S, where I ; and similarly for divergence and
freedom. And we say that $2 > S on i VI for S1 such that I #, =liE for $2,

I2 , and ::! an isomorphism 0 "(II/P)--(IE/P) such that either both schemas
diverge, or Val(S2, I2)= 0(Val(S1 I0)compare with the definition of $2 > S.
And similarly for inclusion and equivalence.

Given a set P of function and predicate symbols, let , be the class of
interpretations H such that (H/P) is a Herbrand (free) interpretation. The
following is a slightly more general version of a similar theorem lor conventional
schemas [2].

THEOREM 1 (Theorem of Herbrand schemas). For Herbrand schemas S
(F1, (1, P) and $2 (F2, t2, e),

(a) $1 halts if and only if it halts on p,
(b) S1 diverges if and only if it diverges on p,
(c) S1 --- $2 i[ and only if S =- $2 on p,
(d) S <- $2 if and only if S1 <-- $2 on e,

< $2 on p, and(e) $1 < $2 if and only if S
(f) S1 is free if and only if S is free on p.
Proof. We prove only part (e). The other parts follow likewise.
Only if. Suppose S , $2 and H p, H1 for S1. Then ::lH2 for $2 such that

(HI/P) and (HElP) are isomorphic and the outputs of S on H1 and of $2 on HE
correspond. But (HE is free, and hence by the definition of ,, H2 p. This

< S on v.gives the desired result, i.e., that $1 gn< $2 implies that S n
I. Suppose S, < $2 on v and 11 is an interpretation for Sl. As $1 is an

h
Herbrand schema, ::ill1 for $1 such that (Ix/P) (H1/P), and Val(S1, 11) corre-
sponds to (the term) Val(S, H), or both diverge. As $1 < $2 on v, lH2 v,n
H2/P isomorphic to H/P, H2 for $2 such that Val(S, H1) corresponds to
Val(S2, H2) in the isomorphism. By properties (b), (c) in the definition of Her-
brand schemas, :!12 for $2 such that ::! an isomorphism O’(I1/P)*-->(I2/P), and
Val(S2, 12) corresponds to Val(S2, H2), i.e., Val(S2, 12)= 0(Val(S, I1)), or both
are undefined.

It may be noted that we defined _>- >_-, uninterpreted schemas, and Herbrand
gen

schemas using the notion of isomorphism instead of equality, which would have
served equally well in our formalism. We anticipate, however, the use of these
notions in other contexts. For example, ira schema were constrained such that its
interpretations could only be over the natural numbers, we would still consider it
uninterpreted. And if another schema always took interpretations on the domain
of, say, lists, we might still consider the two to be equivalent if they always
computed corresponding values.

4. Translating conventional schemas into generalized schemas. Conven-
tional flowchart schemas are assumed to have function and predicate symbols in
V; we reserve the symbols in V’ for control purposes. Given a conventional
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schema S* having function and predicate symbols in P, we translate it into a
well-founded generalized schema $ (F, b, P) where for each statement in S*
there is one statement in S. Usually S* is uninterpreted, in which case S will also
be uninterpreted (in fact (F, b, Q) will be uninterpreted for every finite Q c V,
where P c Q) and if S* is a Herbrand schema (for definition see Chandra [2]) so is
$. We give here only a few examples of the translation, and it may be checked that
the notions of halting, divergence, inclusion, equivalence, freedom, etc., for
conventional schemas correspond to those for the generalized schemas. For
translation of other features, e.g., arrays, queues, see [2].

4.1. One-variable schemas. Given a conventional flowchart schema S* with
one variable y (S* may have equality tests but no Boolean variable, counter,
etc.), the corresponding generalized schema is S =(F, true, P) where F is
identical to the flowchart of S*, and P is the set of function and predicate
symbols in S*.

4.2. n-variable schemas. If S* has n variables yl, , y, and predicate and
function symbols P, to construct S <F, b, P), we add n + 1 new functions comb,
Vl,"" ", v, from V’. b is

/xl Vx,, Vl(COmb(Xl, x,))= Xl

^ v,(comb(xl,..., x,))= x,.

To construct F we first define the translation T(r(y,..., y,)) of a term
r(y, , y,) as follows:

(i) T(r(. ))= r(. ), r(. has no variables,
(ii) T(yi)= vi(y),

(iii) T(f(r,..., rk)) =]’(T(rl), T(rk)).
Any assignment (Yl,"" ", y,)(rl, rn) in $* is replaced in F by y <--

comb(T(rl), ", T(rn)), any test p(r, ., rk) (resp. rl r2) in S* is replaced by
p(T(rO,"’,T(rk)) (resp. T(rl)=T(r2)), and HALT(z) is replaced by
HALT(T(r)). Notemwe assume all variables in S* are initialized at the
beginning.

4.3. Counters and stacks. If S* has n variables, m counters Cl, Cm, and k
stacks sl,. , sk, S (F, 4, P) has n + m + k + 8 new functions from V’. Let
denote n + m + k. 4 is

Xl WXl tl(COmb(Xl, Xl))-- Xl

A Dl(COmb(Xl,’’’, Xl))-- Xl

^ tx plusone (x) rs x

^ minusone(plusone(x)) x

^ minusone(zero) zero
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^ fslxpush (s, x) A

^ top(push(s, x)) x

^ pop(push(s, x)) s.

Assignment to variables is handled as before. Any assignment ci ci + 1 is
replaced by y (--comb(vl(y),..., plusone(vn+i(y)),’.., v/(y)), and similarly for
ci (-- ci- 1. Any test c 0 is replaced by vn/ (y) zero. If a term z is pushed into a
stack si, the corresponding statement is y(--comb(vl(y),’.. ,push(v,+m/(y),
T(-)), ., v(y)), and similarly for popping stacks and testing for emptiness (we
assume an empty stack is never popped).

The class of generalized schemas corresponding to the conventional flow-
chart schemas with counters, stacks and equality will be called qg(c, s, e).

5. Maximal schemas. In this section we consider the power of uninterpreted
schemas.

DEFINITION. We say a formula is over a set P if it contains no function or
predicate symbol other than those in P.

DEFINITION. A schema S (F, b, P) is a nonoracle schema if
(a) for every path in F from the start statement to a test statement, there is a

quantifier free formula (. over P such that for every interpretation I for S, if the
computation of S on I follows this path, the test yields a true outcome if and only if
(. is true in/, and

(b) for every path in F from the start statement to a halt statement, there is a
quantifier free formula O(x) over P such that for every interpretation I for S, if the
computation of S on I follows this path, for all elements v in/, the output is v if
and only if O(v) is true.

LEMMA 2. Every well-founded schema is a nonoracle schema.
Proof. Given a well-founded schema S (F, (k, P) and a path in F from the

start statement to a test statement, we can represent the conjunction of all tests
(tests a(y) are changed to a’(. by substituting the value of y) executed along this
path (or their negations if the false exit is taken by the path) by a formula 4)1. Then
for every interpretation I on which the computation of S follows this path, I
satisfies 4) ^ (51, and the computation on every interpretation I where E(S) c (I)
and ! satisfies 4) ^ bl, follows this path. Also, the test can be represented by an
atomic formula a over E(S) with no variable. By the well-foundedness of S,
whenever Ill=(# ^ (1, I2( ^ (1, (I1/P) isomorphic to (I2/P) we have I1 ct if and
only if I2 a, and hence by minor modifications of Lemma 4 in Shoenfield [15,
5.5], there is a quantifier free formula $(. over P such that 4) ^ bl -> (a <-> $(. ))

is valid, i.e., b ^ 4)1V a <-> $(. ).
If, on the other hand, the given path in F leads to a halt statement, then the

output is some (constant) term z(. ). If we now introduce a new zero-ary function
ao into interpretations for the schema, whenever Iib ^bl, I2b ^bl,
(I1/Pt3{ao}) isomorphic to (I2/PO{ao}), we have Iao z(.) if and only if
I2 a0 z(. by the well-foundedness of S, and hence there is a quantifier-free
formula /,(ao) over P 13 {ao} (we call it k(ao) instead of /, for convenience) such
that b ^ b-)(ao= z( )*-)k(a0)) is valid. But ao doesn’t appear in b ^$1, and
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hence b ^qbxVx(x=z(. )--(x)) is valid, i.e., b ^blVX(X =-( )--ff(x)),
which is the desired result.

THEOREM 3 (Theorem of maximal schemas). Every uninterpreted schema can
be effectively translated into an equivalent schema in (c, s, e).

Noteevery schema in C(c, s, e) is uninterpreted. Also, it is not partially
decidable if a given schema is uninterpreted.

Outline o]proo.f. Schemas in (c, s, e) can simulate Turing machine computa-
tions. Given an uninterpreted schema S (F, b, P), we construct an equivalent
schema S’ C(c, s, e) as follows. S’ simulates the computation of S, and keeps
track of the path followed. Given a path in F from the start statement to a test, the
path predicate is denoted by b (as in the proof of Lemma 2), and the test can be
represented by a variable-free atomic formula a over E(S). By Lemma 2, there is
a quantifier-free formula (.) over P such that b ^ bl (c ---p(. )) is valid. S’
enumerates the valid formulas to determine an appropriate (.). Using its
pushdown stack, it then checks to see whether or not p(.) is true in the
interpretation, and thereby knows which exit the schema $ would take from this
test.

On the other hand, if the given path in $ reaches a halt statement, we again
use 41 for the path predicate; and z(. (over E(S) for the output term. By Lemma
2, there is a quantifier-free formula (x) over P such that b ^bl
lx(x=r(x)--p(x)) is valid. S’ enumerates the valid formulas to determine
an appropriate 4,(x). It then enumerates all terms r(. over P and checks if
p(r(. )) is true in the interpretation. It outputs the first term for which it is
true.

Let qg(c, s) denote the class of generalized schemas corresponding to conven-
tional schemas with counters and stacks but no equality tests. Every schema in
(c, s) is an uninterpreted Herbrand schema.

THEOREM 4 (Theorem of maximal Herbrand schemas). Every uninterpreted
Herbrand schema can be effectively translated into an equivalent schema in
(c,s).

Outline o.fproo[. Schemas in (c, s) can simulate Turing machine computa-
tions. We construct an $’ s (c, s) equivalent to a given uninterpreted Herbrand
schema S (F, 4, P) as in the proof of Theorem 3. In the case of a path to a test
statement, S’ determines if ,(. is true in a Herbrand interpretation correspond-
ing to the given interpretation. It therefore has to make no equality tests since
Zl z2 in a Herbrand interpretation if and only if ’1 and ’2 are identical. Since S is
a Herbrand schema, the outcome of the test on the given interpretation is the same
as that on a corresponding Herbrand interpretation.

The case for a path to a halt statement is similar.

6. Derision problems. We consider the following decision problems (and
their complements) for generalized schemas:

(a) the halting problemto decide if a given schema halts on all interpreta-
tions for it;

(b) the divergence problemto decide if a given schema diverges on all
interpretations for it;
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(c) the generalization problem--given two schemas $1, $2, to decide if

S2 > S"n
(d) the inclusion problem--given two schemas $1, $2, to decide if Se _-> $1;
(e) the equivalence problem--given two schemas S, S., to decide if $2
THrOrtrM 5. The halting problem is partially decidable, its complement is not.

All the problems (b)-(c) and their complements are not partially decidable.
This is the same as for conventional schemas, except that for conventional

schemas the complement of the divergence problem is partially decidable.
Proof. The undecidability of the halting problem follows from the undecida-

bility of the halting problem for conventional schemas [7]. For partial decidability,
Manna [8] shows how to construct a first order formula q for any flowchart F
such that the computation of F halts on every interpretation if and only if q is
valid. A similar proof shows that a schema S (F, b, P) halts on every interpreta-
tion for it if and only if b v is valid, i.e., it is partially decidable.

That the divergence problem is not partially decidable follows from the
corresponding result for conventional schemas [7]. Its complement is also not
partially decidable because (F, b, {a}) where F is "START y a; HALT (y)"
does not always diverge if and only if b is satisfiable.

For uninterpreted schemas, $1 > $2 if and only if $1 =- $2, hence parts (c), (d),n
(e) follow from the corresponding results for conventional schemas [7].

Acknowledgment. The author would like to thank Zohar Manna for his
inspiration and guidance. Thanks are also due to Paul C. Eklof for his help in the
proof of Lemma 2.
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THE THEORETICAL ASPECTS OF THE OPTIMAL FIXEDPOINT*

ZOHAR MANNA’l" AND ADI SHAMIRt

Abslraet. In this paper we define a new type of fixedpoint of recursive definitions and investigate
some of its properties. This optimal fixedpoint (which always uniquely exists) contains, in some sense,
the maximal amount of "interesting" information which can be exti’acted from the recursive definition,
and it may be strictly more defined than the program’s least fixedpoint. This fixedpoint can be the basis
for assigning a new semantics to recursive programs.

Key words, recursive definitions, fixedpoints, optimal fixedpoints

Introduction. Recursive definitions are usually considered from two different
points of view, namely:

(i) as an algorithm for computing a function, by repeated substitutions of the
function definition for its name;

(ii) as a functional equation, expressing the required relations between
values of the defined function for various arguments. A function that
satisfies these relations (a solution of the equation) is called a fixedpoint.

The functional equation represented by a recursive definition may have many
fixedpoints, all of which satisfy the relations dictated by the definition. There is no
a priori preferred solution and therefore, if the definition has more than one
fixedpoint, one of them must be chosen. A number of works describing a least
(defined) fixedpoint approach towards the semantics of recursive definitions have
been published recently (e.g., Scott [8]). Researchers in the field have chosen the
least fixedpoint as the "best solution" for three reasons:

(i) It uniquely exists for a wide class of practically applicable recursive
definitions.

(ii) The classical stack implementation technique computes this fixedpoint
for any recursive definition.

(iii) There is a powerful method (computational induction) for proving
properties of this fixedpoint.

However, as a mathematical model for extracting information from an
implicit functional equation, the selection of the least defined solution seems a
poor choice; for many recursive definitions, the least fixedpoint does not reveal all
the useful information embedded in the definition. In general, the more defined
the solution, the more valuable it is. On the other hand, this argument should be
applied with caution, as there are inherently underdefined recursive definitions.
Consider the extreme example F(x)F(x), for which any partial function is a
solution. A randomly chosen total function is by no means superior to the totally
undefined least fixedpoint in this case.

The optimal fixedpoint, defined in this paper, tries to remedy this situation. It
is intended to supply the maximally defined solution relevant to the given

* Received by the editors December 31, 1975.
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t Department of Applied Mathematics, Weizmann Institute of Science, Rehovot, Israel. Now at
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recursive definition. Consider, for example, the following recursive definition for
solving the discrete form of the Laplace equation, where F(x, y) maps pairs of
integers in [- 100, 100] x [-100, 100] into reals"

F(x, y),(:: i| x <-100 v x > 100v y <-100 v y > 100

then x2+ y2
else 1/4IF(x-l, y)+F(x + 1, y)+F(x, y-1)+F(x, y + 1)].

This concise organization of knowledge is defined enough to have a unique total
fixedpoint (which is our optimal fixedpoint), but its least fixedpoint is totally
undefined inside the square [-100,100] x [-100,100].

While the notion of the optimal fixedpoint is theoretically well-defined, its
computation aspects contain many pitfalls, since the optimal fixedpoints of certain
recursive definitions are noncomputable partial functions. We do not pursue in
this paper the practical aspects of the optimal fixedpoint approach; in Manna and
Shamir [4], [5], and in more detail in Shamir [9], we suggest several techniques
directed toward the computation of the optimal fixedpoint.

In 1 of this paper, a few structural properties of the set of all fixedpoints of
recursive definitions are proven. The optimal fixedpoint is then introduced (in 2)
as the formalization of our intuitive notion of the "best solution" of recursive
definitions. The existence of a unique optimal fixedpoint for any recursive
definition, as well as some of its properties, are established. In 3 we consider the
computability (from the point of view of recursive function theory) of the optimal
fixedpoint of recursive definitions.

An informal exposition of the main ideas and philosophies of the optimal
fixedpoint approach is contained in [5]. A more complete investigation of the
various fixedpoints (including the optimal fixedpoint) of recursive definitions
appears in [9]. Results which are somewhat related to this work have been
obtained by Myhill [6], who investigated ways in which total ]’unctions can be
defined by systems of formulas.

1. Some structural properties o| the set of fixedpoints. In this part we
introduce our terminology and prove those structural properties of the set of
fixedpoints of recursive definitions which are needed in 2.

1.1. Basic definitions. Let D+ be a domain of defined values D to which the
"undefined element" to is added. The identity relation over D/

is denoted by ---.
The set of all mappings of (D/) into D/

is called the set of partial functions of n
arguments over D, and is denoted by PF(D, n).

The binary relation "less defined or equal", _, over various domains plays a
fundamental role in the theory.

DEFINITIONS.
(a) For x, yD/, x g y if x--to or x--y.
(b) For , (D+)n,

_
if xi

_
yi for all 1 -< -_< n.

(c) For fl, f2 PF(D, n), fl - f. if fl(g)_f2() for every (D+)".
(d) A function f PF(D, n) is monotonic if m_ y ::>f()m_ f(y).
The relation

_
is a partial ordering of PF(D, n). We shall henceforth use the
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standard terminology concerning partially ordered sets. In particular:
DEFINI:IONS. For any subset S of PF(D, n):
(a) f S is the least element of $ if f m_ g for any g S.
(b) f S is a minimal element of S if there is no g S which satisfies
(c) f PF(D, n) is an upper bound of S if g m_ f for all g S.
(d) f PF(D, n) is the least upper bound (lub) of S if f is the least element in

the set of upper bounds of $.

The notions of the greatest element, a maximal element, a lower bound and the
greatest lower bound (glb) of S are dually defined.

DEFINITIONS.
(a) f, g PF(D, n) are consistent if f() to and g() to :=),f() g() for

every (D+)n.
(b) A subset S of PF(D, n) is consistent if every two functions f, g S are

consistent.
From the definition it follows that:
(i) A subset S of PF(D, n) has a lub, denoted by lub S, if and only if S is

consistent.
(ii) Every nonempty subset $ of PF(D, n) has a glb, which is denoted by

s.
DEFINITIONS.
(a) A functional is a mapping of PF(D, n) into PF(D, n).
(b) A functional - over PF(D, n) is monotonic if f_ g::),z[f]m_ -[g] for

every f, g PF(D, n).
(c) A recursive definition is of the form F(),(:: r[F](), where r is a func-

tional and F is a function variable.
All the functionals we shall deal with in this paper will be monotonic over
PF(D, n). In practice, there are many types of functionals which are monotonic
only over a certain subset S of PF(D, n). The theory developed in this paper can be
applied to any such restricted functional, provided that S satisfies the following
two conditions:

(i) any consistent subset of $ has a lub in $, and
(ii) any nonempty subset of $ has a glb in S.

For simplicity, we do not consider in this part functions over multiple domains
(e.g., D... D,+-D+) or systems of functionals (e.g., (rl," ", Tk)). However,
all the results can be extended easily to the more general cases.

1.2. Fixedpoints, pre-fixedpoints, and post-fixedpoints.
DEFINITION. A function f PF(D, n) is a fixedpoint, pre-fixedpoint, or post-

fixedpoint of if f=---[f], f m_ [f], or [f]
_

f, respectively. The sets of all
fixedpoints, pre-fixedpoints, or post-fixedpoints of are denoted by FXP(z),
PRE(r) or POST(r), respectively.

Clearly FXP(-)- PRE(-)f3 POST(r). A few useful properties of these sets
for a monotonic functional - are:

(i) FXP(z), PRE(r), and POST(z) are closed under the application of .
(ii) If S

_
PRE(-) is consistent, then lab S 6 PRE(z).

(iii) If S
_
POST(r) is nonempty, then glb $ 6 POST(z).

The most important property of pre- and post-fixedpoints is that they enable
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us to uniformly approach a fixedpoint of z, either by monotonically ascending or
by monotonically descending to it. The theoretical background of this process is
contained in the theorem"

THEOREM 1 (Hitchcock and Park). Let (S, <) be a partially ordered set, with
a least element , and such that any totally ordered subset has a lub. Then for
any monotonic mapping z:S- S, the set of fixedpoints of z contains a least
element.

A formal proof, using a transfinite sequence of approximations z(x)(f) which
converges to the least fixedpoint of r, appears in Hitchcock and Park [1]. An
immediate corollary of Theorem 1 is:

THEOREM 2. For monotonic functional z:
(a) FXP(-) contains a least element, denoted by i|xl(r).
(b) Iff PRE(-), then the set {f’ 6 FXP(z)If

_
f’} contains a least element.

(c) If f POST(z), then the set {f’ FXP(-)[f’_ f} contains a greatest ele-
ment.

Proof.
(a) This is immediate by Theorem 1, taking PF(D, n) as S,

_
as , and the

totally undefined function as .
(b) Define S=-(f’PF(D,n)lf_f’}. Sr is partially ordered by _, and

contains f as its least element. Since any totally ordered subset S of Sr is consistent,
lub S exists. Furthermore, lab S St since f m__ iub S.

The given monotonic functional z maps PF(D, n) into PF(D, n). It is easy to
show that z maps St into itself. Therefore, we may consider the monotonic
functional z’ mapping St into St, which is the restriction of z to St. Theorem 1
ensures the existence of a least fixedpoint for z’, which is exactly the fixedpoint
required.

(c) Using the reverse order, i.e., fl f2 itt f2 -- fa, a proof dual to the proof of
part (b) can be obtained. Q.E.D.

DEFINITION. A fixedpoint f of z is FXP-consistent if for any f’ FXP(z), f
and f’ are consistent. The set of all FXP-consistent fixedpoints of z is denoted by
FXPC(r).

From the definition, it follows that for any monotonic functional z:
(i) Since ltxl(Z) is FXP-consistent, FXPC(z) is nonempty.

(ii) Since any two FXP-consistent fixedpoints are consistent, FXPC(z) is
consistent, and thus lubFXPC(z) exists.

THEOREM 3. For a monotonic functional z, FXPC(z) contains a greatest
element.

Proof. We know that fl--lub FXPC(z) exists. As a lub of fixedpoints,
fl PRE(z). Thus, by Theorem 2(b), the set {f’ FXP(z)If =_ f’} contains a least
element, say f2. We show now that f2 FXPC(r), implying that f2 is the greatest
function in FXPC(z).

Let g be any fixedpoint of z. We would like to prove that f2 and g are
consistent, by showing the existence of a function f3 such that f2 m_ f3 and g

_
f3.

The set of fixedpoints S =FXPC(z)U{g} is consistent by the definition of
FXPC(z), and therefore by Theorem 2(b) again there exists some f3 FXP(z) such
that lub S

_
f3. Thus, g

_
f3 and lab FXPC(z)

_
f3. Since f2 was defined as the

least fixedpoint such that lub FXPC(z)
_

f2, we have f2 - f3. Q.E.D.
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1.3. Maximal fixedpoints.
DEFINITION. A fixedpoint f of a functional is said to be maximal if there is

no other fixedpoint g which satisfies f r-- g. The set of all maximal fixedpoints of - is
denoted by MAX(r).

Unlike the case of minimal fixedpoints, a monotonic functional may have any
number of maximal fixedpoints. MAX(r) "covers" FXP(r) in the sense of:

THEOREM 4. For monotonic functional -, if f PRE(r), then f
_

g for some
g MAX(r).

In other words, ill(d-) =- c for some" PRE(-), d (D+)" and c D, then there
must exist g MAX(-) such that g(d)=-c.

Proof. Let S {f’ FXP(-)If
_

f’}. By Theorem 2(b), S contains at least one
elementthe least fixedpoint which is more defined than

We now show that Sy contains an upper bound for any totally ordered subset.
Let S be such a subset. Since it is totally ordered, it is in particular consistent and
thus lub S exists. Furthermore, as a lub of fixedpoints, iub S is a pre-fixedpoint.
Using Theorem 2(b) once more, there is a fixedpointf which is more defined than
lub S, i.e., which is an upper bound of S. By the definition of S and S, f S and
thus S has an upper bound in

We have thus shown that Sy is nonempty and contains an upper bound for any
totally ordered subset in it. By Zorn’s lemma, any partially ordered set having
these two properties contains a maximal element. This maximal element g is
clearly a maximal fixedpoint of -, and f g by the definition of S. Q.E.D.

As a result of Theorem 4, we obtain a
COROLLARY. For any monotonic functional r, MAX(r) is nonempty.
Proof. The proof follows by the fact that PRE(r) is nonempty, since the totally

undefined function I is always in PRE(-). Q.E.D.
We also have
THEOREM 5. For a monotonic functional q’, if f PRE(q-) and g MAX(-),

then either f g or f and g are not consistent.
Proof. By contradiction, suppose [ g g, and f and g are consistent. Then

fx -lub {f, g} exists and g - fl PRE(’). Thus by Theorem 2(b) there is a fixed-
point f2 such that fl m_ f2. Therefore, g ,- I’2, which contradicts the maximality of
g. Q.E.D.

From Theorem 5 we obtain a
COROLLARY. Any two distinct maximal ]ixedpoints of " are not consistent.

Proof. If f, g MAX(r), then in particular f PRE(z) and we can thus apply
Theorem 5. The possibility [

_
g is ruled out by the maximality of f, and thus f and

g are nonconsistent. Q.E.D.

2. The optimal fixedpoint.
2.1. Definition and properties. By its definition, an FXP-consistent fixed-

point is a function which agrees in value with every other fixedpoint of - for any
argument. In particular, if such a fixedpoint has a defined value c at argument_ d,
then there can be no fixedpoint of - which has a different defined value c’ at d. This
value c is then said to be weakly defined by " at d (it is not "strongly defined",
however, since there may be fixedpoints that are not defined at all at d). A
fixedpoint which is not FXP-consistent, on the other hand, represents some
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random selection of values from the many which are possible. It is in this sense that
we may say that a recursive definition really "well defines" only its FXP-consistent
solutions.

Among these "genuine" solutions of z, the more defined the solution, the
more informative it is. Motivated by this quality criterion, we introduce our main
definition"

DEFINITION: The optimalfixedpoint of a monotonic functional z is its greatest
FXP-consistent fixedpoint. It is denoted by opt

Note that Theorem 3 guarantees the existence of the (uniquely defined)
optimal fixedpoint of any monotonic functional. Using the properties of MAX(r),
we can characterize the optimal fixedpoint from a different point of view.

DEFINITION. Since MAX(r) is nonempty, gib MAX(r) always exists, and is
denoted by Imax (z).

As a glb of fixedpoints, lmax (z)POST(z), but it is not necessarily a
fixedpoint. For example, consider the following functional over PF(N, 1) "1

z[F](x): if x 0 then F(x) else 0. F(x-1).

The fixedpoints of z are the totally undefined function l, and all the functions fi,
i=0, 1,..., defined as:

fi(x)=_{i if x--0,

0 otherwise.

It is dear that MAX(r) {fo, fl," }. The glb of this set of functions is:

if 0
Imax (z)(x) -= /t x

0 otherwise.

This function is not a fixedpoint of z, but is a post-fixedpoint of z. It descends to the
fixedpoint f by repeatedly applying z to it.

However, we show now that the function imax (z) is closely related to opt (z):
THEOREM 6. For a monotonic functional z, opt (z) is the greatest element of

the set {f’ FXP(z)If’
_
imax (z)).

Proof. Let us denote by fl the greatest element in the set. By Theorem 2(c),
the function fl must exist since lmax (z) POST (z). We now have to show that
opt (z) m_ fl and fl -- opt(r).

To show opt (z) fl, we note that by definition, opt (z) is consistent with any
maximal fixedpointf of z. By Theorem 5, it followsthat opt (z)

_
f. Thus, opt (z) is

a lower bound of MAX(r), and therefore opt (z)
_
imax (z)-= gib MAX(r). Since

f is the greatest element of {f’ FXP(z)If’ m_ Imax (z)} we obtain opt (z)
_

fl.
We now show that f

_
opt(r). By the definition of opt(r), it suffices to show

that fl FXPC(z). Letf be any fixedpoint of z. Theorem 4 implies that there exists
some f2 MAX(r) such that f f2. By the definition of f, it follows that fl - f2.
Thus, f2 is an upper bound of f and f, which implies that they are consistent. Since
this holds for any f FXP(z), fl FXCP(z). Q.E.D.

denotes the set of natural numbers.
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The original definition of opt(z) and Theorem 6 suggests that opt (z) can be
"reached" both from below (by ascending from lfxp(z) as high as possible in
FXPC(z)), or from above (by descending from MAX(r)). This situation is
illustrated by the schematic diagram of Fig. 1. In our graphical representation, the
set {f’ FXP(z)If_ f’} is shown as an upper cone (Fig. 2A), and the set {f’
FXP(z)If’ =_ } is shown as a lower cone (Fig. 2B).

The following properties of opt(r), for a monotonic functional z, are
immediate consequences of its definition and Theorem 6"

(a) If lfxp(z) is a total function, then opt(z) =-lfxp(z).
(b) opt(z)s MAX(r) if and only if z has a unique maximal fixedpoint.

It is clear that a necessary condition for opt(z)() c for some ts (D+)" and c D
is’.

(i) f(d) -= to or [(d) c for all [ s FXP(z), and
(ii) f(d) c for at least one f s FXP(z).

However, this condition is not sufficient, as demonstrated in the previous
example:

z[F](x)" if x 0 then F(x) else 0. F(x-1).

All the fixedpoints of z are either undefined or defined as 0 at x 1 and there are
fixedpoints which are defined at x 1, while opt(r)(1)= o.

2.2. Examples. In this section we illustrate the theory presented in this part
with two functionals. These functionals are monotonic only over the subset
MON(N, 1) of all monotonic functions in PF(N, 1). Since MON(N, 1) satisfies the

FXP(’r)’,

opt (’r)

FXPC(r)

FIG. 1. The fixe@oints of a recursive program

(r)
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f

FIG. 2A FIG. 2B

two conditions mentioned at the end of 1.1, we may restrict the discussion to the
domain MON(N, 1) rather than PF(N, 1).

Example 1. Consider first the monotonic functional ’1 over MON(N, 1):

TI[F](x): i x =0 then 1 else F(F(x-1)).

The least fixedpoint of this functional is

1 if x O,
lfxp(’l)

ca otherwise.

We would like to show that opt(z1)--- lixp(-l). For this purpose, it suffices to find
two fixedpoints f,f2 FXP(-) whose values disagree for any positive x. Two such
functions are, for example"

and

[1 if x e N,
fl(x)=

ca if x ca,

f:z(x)={x+l if xeN,

ca if x--=ca.

Thus both opt(r1) and lmax(z) cannot be defined for any positive integer x; since
f(ca) ca for any f e FXP(-), we finally obtain that opt(’l) lmax(-l) ifxp(-).

Since ifxp(-l) and opt(’) are the least and greatest elements of FXPC(’I),
lfxp(-l) is clearly the only element of FXPC(-).

The functions f and f2 above are maximal, since they cannot be extended at
x ca. It is quite an instructive exercise to characterize all the maximal fixedpoints
of ’1. For example, it can be easily shown that any maximal fixedpoint other than
f2 is a total, ultimately periodic function over N.

Example 2. Let us consider now the functional -2, defined over the same
domain:

)[F](x): it x =0 then 1 else 2F(F(x-1)).

One can easily show that i|xp(’r2)=l|xp(’rl). The fixedpoint opt(z2) cannot be
obtained by the technique used in the previous example, since no appropriate
fixedpoints f and f2 can be found. As a matter of fact, this functional has exactly
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three fixedpoints:

f(x)= [
1 if x-O,

o otherwise.

1 if xm0,
0 if x---l,

f2(x)-- 2 if x 2,
4 if x=3,
to otherwise.

f3(x)

1 if x=-O,
0 if x3i+l,]
2 if x=3i+2,1i=0, 1,2,..’,
4 if x-3i+3,
to if xto.

These fixedpoints are related by f m_ fz m_ f3, and therefore

x() f,

opt(’2) -= lmax(z2) f3,

MAX(’2) --- {f3},FXPC() FXP(r) --- {fl, f, f3}.

3. The computability of optimal fixedpoints. In this part we state several
results concerning the computability of optimal fixedpoints over the natural
numbers. In our constructions we shall use systems of functionals (zl, , zk),
where each i is a monotonic functional mapping any k-tuple (fl,..., fk) of
partial functions into a partial function zi[fl,""", f]. Thus, maps any k-tuple
(fl,"’,f) of partial functions into the k-tuple (zl[f,’",f],"’,
z[f, ., fk]); it represents a system of recursive definitions of the form

Fl(.) <(=: ,/-1[F1, Fk](:

A fixedpoint of q is now defined as a k-tuple (fl , f) mapped by q to itself. We
shall be interested in the computability of the function fl appearing as the first
element in such a tuple (this function is usually called the mainfunction; the others
are called the auxiliary functions). All the definitions and results contained in 1
and 2 of the paper can be extended easily to this general case.

We first show that the collection of optimal fixedpoints of recursive defini-
tions over the natural numbers contains (as main functions) all the partial
computable functions:

THEOREM 7. Any partial recursive function q over the natural numbers is the
optimal fixedpoint of some effectively constructable system of recursive definitions.



THE OPTIMAL FIXEDPOINT 423

Proof. Any partial recursive function can be computed by a counter machine
with two counters (cf. Hopcroft and Ullman [2, p. 98]). Such a machine can be
simulated by a system of recursive definitions in the following way.

The input value is stored in variable Xo, and with each counter ci(i 1, 2) is
associated a variable xi. The main recursive definition which initializes the
counters is

Fl(X)’(:=F2(x, O, 0).

The function variables F2,"’, Fk correspond to the states qz,’", qk of the
counter machine. The ith (i _-> 2) recursive definition is either of the form

F/(xo, xx, x2) <=if x0 0 then xx else F,.(x, x, x),

or of the form (for ] 1, 2)

Fi(xo, Xl, xztif xj =0 then F,(x’o, x’, x’2) else Fm(x, x’, x’),

where the indexes n, m are chosen according to the state to which the counter
machine transits when it is in state qi, and counter c has the respective value
(zero or nonzero). Each transformed variable x’ or x" stands for either x + 1 or
x- 1, according to the operation done on the counter or the input value upon
transition.

The evaluation of the least fixedpoint of this system of recursive definitions is
done by repeatedly replacing a term F(xo, x, x2) by the appropriate term
F,,(X’o, x’, x’2)or Fm(x’, x, x’), thus simulating the state transitions of the counter
machine. The process stops if and when a term F(x0, Xl, x2) is replaced by the
term xx (according to a definition of the first type), and the current value of X is
taken as the result of computation.

Due to the simple nature of these recursive definitions, their optimal fixed-
point coincides with their least fixedpoint (the main function in which is t). To
show this, define for any natural number c the following k-tuple of functions
(f,..., f,)"

c if evaluation of F(x) is nonterminating,
f(x) =-

y if evaluation of F!x) terminates with value y,

and similarly, for i_-> 2"

-=
c

y

if evaluation of F(x0, xx, X2) is nonterminating,

if evaluation of F(xo, x, x2) terminates with value y.

For any c, the k-tuple (f,. ., f,) so defined is a fixedpoint of the system. It is a
maximal flxedpoint by its totality. The optimal fixedpoint (fl,’", fk) is less
defined than (f,... ,f,) for all c, and thus fl(x) cannot be defined if the
evaluation of F(x) is nonterminating. Q.E.D.

Theorem 7 shows that any function which can be defined as the main function
in the least fixedpoint of an effective recursive definition (i.e., any partial recursive
function) can also be defined as the main function in the optimal fixedpoint of a
(perhaps different) effective recursive definition. The converse, however, is not
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true. To show this, it suffices to consider the following simple functional over the
natural numbers:

-[F](x): it F(x)= 1 then h(x) else 0,

where h(x) is the halting function, defined as:
1 if x(x) is defined,

h(x)
to if qx (x) is undefined.

The function h(x) is computable, as are all the other base functions which appear
in the definition. In order to find the optimal fixedpoint of -, we analyze the
possible values of F(x) for any x (there is absolutely no relation between values of
/7 for different arguments x). The value of F(x) can always be to or 0, as a direct
substitution shows. The value 1 is possible only if h(x)=-1. Any maximal
fixedpoint of - is a composition of values 0 and 1 (only if legal) for the various
arguments x. The’ optimal fixedpoint is then defined as 0 whenever only 0 is a
possible value, while it is to whenever both 0 and 1 are possible values. Thus

to if (x) is defined,
opt(-)(x)

0 if q(x) is undefined,

and this "inverted halting function" is noncomputable.
In order to see how noncomputable an optimal fixedpoint may be, we prove
THEOREM 8. LetC’(Xl, , xn) be a total predicate over the natural numbers,2

which is the main function in the optimal fixedpoint 0]’ some system o] recursive

definitions (z3,’",rk). Then there is a system 0]’ recursive de]initions
(,z, ’, ’3, r) such that

opt(r0(x2,..’, xn) =- (::1 xl N)[f(xl, xn)].

Proof. The two additional recursive definitions ’1 and z2 are given by:

El(X2,’’’, xn)F2(O, x2,’", xn),

F2(xl, x., x,)<(=it F3(x1, x2,""", Xn) > 0
then 1 else 2. Fa(xl + 1, x2, ", x,).

The first definition simply initializes the search conducted by the second definition
for a value of Xl for which/73(Xl, x2," , x,) is nonzero (true). Such a sequential
search is legal, because we assume that in the optimal fixedpoint
F3(Xl, X2,"" ,x,) represents a total function. If this search is successful,
F2(0, x2," , xn) (which is the value returned by themain definition ’1) is 2 to the
power of the first such X found, and this value is clearly nonzero.

If no such value Xl can be found, we claim that the only two possible values of
fixedpoints for/72(0, x,’. ", x,) are to and 0. The fact that these are possible
values is shown by direct evaluation. Suppose now that there is some other
possible defined value c. This value should satisfy c 21 /72(Xl + 1,. , x,) for
any natural number Xl. If c > 0, this cannot hold if xl is sufficiently large, no matter

2 We assume that the truth value false/true of the predicate is determined by a zero/nonzero
value of f.
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what the value of F2(Xl+ 1,..., xn) is. Thus by the definition of the optimal
fixedpoint, opt(’l)(x2, ", xn)= 0 in this case. Q.E.D.

We can now prove
THEOREM 9. Any (total) predicate [(Xl, , xn) in the arithmetic hierarchy of

predicates over natural numbers can be defined as the main ]’unction in the optimal
fixedpoint of some system of recursive definitions.

Proof. Any such predicate f can be expressed by (see, for example, Rogers
E7])

f(xi+l, Xk):(=! xi)(::! xi-1) (.-.::1 Xl)[qgj(Xl, ", xi, Xi+l, Xk)],
or by

f(x+,.’., x) ( x)(---t x,_) (--- x)[(x, , x,, x+, , x)],
where

j(Xl,’", xk) is a recursive predicate.

These two forms can be constructed in the following way. First a system which
defines the recursive function q(Xl,’", x) is constructed (by its totality, one
need not use the method described in Theorem 7--any system of recursive
definitions which yields q as least fixedpoint also yields it as optimal fixedpoint).
Then the pair of recursive definitions described in Theorem 8 is added for each
existential quantifier, from right to left. The only change one should make in each
pair in order to handle the negation sign is to change the predicate
F3(xl," , x,,) > 0 into F3(Xl, , x,) 0; thus we search for values which do not
satisfy the previous existential condition. Finally, if a form of the second type
above should be constructed, the following main recursive definition is added:

Fo()if F()>0 then 0 else 1,

and the resultant predicate FI() is thus inverted in Fo().
The proof that the procedure described above constructs a system of recur-

sive definitions yielding the predicate f() as the main function in the optimal
fixedpoint is a straightforward generalization (by induction) of Theorem
8. Q.E.D.

Once we have constructed recursive definitions for all the predicates in the
arithmetic hierarchy, we can also construct recursive definitions for all the partial
functions whose graph3 is a predicate of the arithmetic hierarchy.

THEOREM 10. Iff(,) is a partial function with graph g(, y) in the arithmetic
hierarchy, then there exists a system of recursive definitions such that the main
function in its optimal fixedpoint is f(g).

3The graph g(, y) of a partial function f($) is a predicate defined by:

true if f(x) y, y to,

g(, y) false if f(g) y, y to,

to if yto.

In particular, if f(g) is undefined then g(g, y) is false for all y to.
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Proof. By Theorem 9, there exists a system of recursive definitions
(z3," , zn) for which the main function in the optimal fixedpoint is the (total)
function g(, y). The following two recursive definitions ’1 and z2 are added to the
system (zl serves as the main definition):

FI() <=F:(, O)

F(, y)it F3(:, y)>0 then y else F(, y+ 1).

The proof that FI(X) really yields the desired partial function is a mixture of
elements from the proofs of Theorems 7 arid 8. The recursive definition ’2
conducts a search (initialized by 0) for a value y which satisfies F3(, y) > 0 (i.e., for
which g(, y) is true). If a value y is found, it is taken as the result of computation.
Otherwise, due to the simple form of ’2, any constant value c can serve as a value
for a fixedpoint, and thus the main function in the optimal fixedpoint is
undefined. Q.E.D.
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COMPUTATIONAL COMPLEXITY OF MULTIPLE RECURSIVE
SCHEMATA*

STEVEN S. MUCHNICK’{"

Abslraet. The computational complexity properties of a hierarchy of classes of subrecursive
schemata are investigated. The schemata are derived from the multiple recursive operators of P6ter.
Concrete complexity measures based on specific computation rules and an underlying random-access
stored-program machine (RASP) model are defined and the complexity properties induced by certain
structural features are studied.

It is shown to be undecidable whether two schemata have identical complexity. Upper bounds for
the complexity of schemata are then given in terms of a hierarchy of multiple recursive function classes
and lower bounds are given which demonstrate that multiple recursion is a thoroughly unfeasible
computational tool in practice. Specifically, it is shown that a pure multiple recursive schema capable of
defining nonprimitive recursive functions must have at least exponential complexity in terms of its
arguments for all interpretations. We also show it undecidable whether a schema has the minimal
complexity of the class to which it belongs.

Finally, we raise a number of open questions arising from this work.

Key words, computational complexity, program schema, multiple recursion, program structure,
computation rule, unsolvable problems, recursive functions, recursive operators

1. Introduction. The study of the relationship between the structural and
quantitative aspects of algorithms has been one of the prime concerns of the
theory of computation since its inception because it holds such great promise for
deepening our insight into the nature of computation. Efforts in this area have
converged from at least three distinct viewpoints. Recursive function theory has
contributed the study of subrecursive hierarchies, computer software the study of
programming languages and the schematic languages derived from them, and
computer hardware the study of concrete and abstract machines leading to the
theory of computational complexity. The quantitative work has been drawn
together in recent years by the development of computational complexity theory
and even more recently structural aspects of complexity theory have been
emphasized in the efforts to delimit the class of natural computational complexity
measures and to extend complexity theory to operators and schemata.

This paper contains a contribution to this field, namely an investigation of the
computational complexity properties of a hierarchy of classes of subrecursive
schemata. Concrete complexity measures based on specific computation rules and
an underlying RASP machine model are defined and the complexity properties
induced by certain structural features are studied. Along with some basic unde-
cidability results, we give upper bounds for the complexity of schemata in terms of
the P6ter hierarchy of multiple recursive functions and lower bounds which
demonstrate that multiple recursion is a thoroughly unfeasible computational tool
in practice.
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From the study of the quantitative aspects of computation on real and
abstract machines (in particular the time and memory space used) has come the
basis for the abstract theory of computational complexity. As axiomatized by
Blum [2], it has produced many extremely interesting results, but has so far
contributed relatively little to our understanding of real computation. Among the
interesting results we might cite is the phenomenon of almost everywhere
speed-up, i.e., that for any complexity measure there exist functions with no
almost everywhere best algorithms. Unfortunately, Schnorr in a recent paper has
shown that speed-up is irrelevant to practical programming because if a function
has sufficiently large almost everywhere speed-up, then either the size of the faster
program or the number of points at which speed-up does not apply is enormous
(i.e., non-recursive) in the faster program compared to the original.

Thus complexity theory has been only partially successful in its application to
real computing, in part because the class of measures admitted by the Blum
axioms is too wide. The development of complexity theory for schemata can be
expected to provide at least a partial solution for this problem in that it will
emphasize structural, rather than arithmetic features of computation. Our study
of multiple recursive schemata is a step in this direction.

In 2 we introduce the multiple recursive schemata MR and show that they
compute total recursive operators. In 3 we discuss function classes defined by the
multiple recursive schemata and relate them to the P6ter hierarchy and transfinite
ordinal recursion. In 4 we present a concrete approach to schemata complexity
measures based on a discussion of computation rules and the RASP machine
model.

In 5 we define complexity measures on MR based on the discussion in 4,
and discuss a particular measure called the minimal measure. In 6 we show that it
is recursively undecidable whether two schemata have .the same complexity and
then discuss upper bounds on complexity. In 7 we give lower bound results for
the complexity of MR schemata based on their syntax and consider further
undecidability questions. In 8 we discuss the techniques underlying the results of
7 and some of the issues arising from the present approach to schemata

complexity.
We conclude this section with an index of the notation we shall use through-

out the remainder of the paper.

Index of notation.

CR

.(.)
M.
M"

MR
MRk
MRk,
N

cost of recursion;
nth class of the Grzegorczyk hierarchy;
class of g’" functions limited by Ig functions;
bounding function of ’";
:= LI =o -;
:=[hx[x + 1], hxy[x], hxy[y], hxy[%(x, y)];

Os, limited multiple recursion];
class of multiple recursive schemata;
class of k-recursive schemata;
class of k-recursive schemata with m parameters;
the nonnegative integers;
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Os

R

T(r)
TR
ToR

k

operations of substitution;
fixed function of an MR schema;
operation of primitive recursion;
class of functions generable from by R, R 1, and Os operations;
class of total recursive functions;
class of primitive recursive functions;
class of n-recursive functions;
class of functions n-recursive in ;
class of n-ary total recursive functions;
complexity of the term r in the measure T;
complexity of the schema R in the measure T;
complexity of the schema R in the minimal measure To;
substitution functionals;
the undefined value;
is defined to be;
the successor function (x’:-x + 1);
lexicographic ordering on Nk;
set-theoretic inclusion;
set-theoretic proper inclusion.

2. The multiple recursive schemata. Constable and Muchnick [9] have
described a number of varieties of subrecursive schemata languages based on the
LooP (programming) language of Meyer and Ritchie [22]. These LooP schemata
are of interest because of their particularly simple structure and because some of
the varieties have decidable equivalence problems while others have undecidable
equivalence problems, even though they all compute the primitive recursive
functions 1 when supplied with a rather trivial interpretation.

In a similar vein, we shall here be concerned with a class of subrecursive
schemata, namely the multiple recursive schemata. These differ slightly in origin
from most classes of schemata in that they are derived from the theory of recursive
functions, rather than from programming. But they are a particularly nice model
to utilize in initiating the study of the computational complexity of schemata
because they are such highly structured objectsmso highly structured that, in
some cases, we can read lower bounds on their complexity directly from their
structural properties.

The multiple recursive schemata were introduced by P6ter [26], but the most
systematic treatment of their properties is that of Lachlan. Following Lachlan, we
build a definition of multiple recursive schemata from definitions of term and
substitution functional. We use lower case Greek letters, with or without affixes,
as symbols for functions and f, g, h, with or without subscripts, for function
variables. We use x, y, with or without affixes, as variables ranging over the natural
numbers N and i, ], k, m, n, p, q, u, v, w and the corresponding upper case letters,
with or without subscripts, as symbols for members of N. We use z 1, z2, z3, as
formal variables, whose use will be explained below.

We define a term as any formula constructed from function symbols, function
variables, natural number variables, formal variables, parentheses, and commas
according to the usual composition rules. We could provide a formal syntactic
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definition of a term via Backus-Naur form, but this is surely unnecessary, as the
reader must have a clear idea what is intended by the informal definition. We use r,
s, with or without subscripts, as symbols for terms.

We next define substitution functionals and multiple recursive schemata.
DEFINITION 2.1. A substitution]’unctional is any finite sequence of ordered

triples o natural numbers, say

if" {(hi 1, ni2, n,3>[ 1 < < m}.

Let rl, r2, , rp be any finite sequence of terms. Then an extension rp+l, , rp+m
of the sequence rl, ", rp is given by

the term obtained by substituting r,,1 for z,,2 in

rp+j rn,3, provided that nil, /’gi3 < P +],
ri otherwise.

The last term rp+,,, of the extended sequence depends only on "and rl, ’, rp and
will be denoted by 8"[rl,’’’, rp].

DEFNITIOrq 2.2. A k-recursive schema with m parameters R or (k, re)-
schema is a set of k + 1 equations of the form

f(x’,..., x’i, 0, xi+2,""", xk, Yl, Ym)

:=’(i)[Xl, ", Xi, Xi+2," ", Xk, Yl," ", Ym,

f(Xl, Zl, ", Zk+m-1),

(2.1) f(x, x2, z, Zk+m-2),

f(Xtl, Xi--1, Xi, Zl, ’, Zk+m_i)

gl(z1,"" ",Zm),’’’,gp(gl,’’", gu,),
7I’1(Z1, Zvl), "l’l’q(Zl, Zvq)]

for O, 1, 2,. , k, where x’ denotes the successor of x.

When 0, the left-hand side is to be interpreted as

f(O, X2,""", Xk, Yl," ", Ym),

and when k as

f(X,""", X, Yl,""", Ym).

For 1 -< _-__ q, r(.) must be a primitive recursive function; the schema R is fully
specified when yo),..., if<k) and the functions r1(’ ),’", rq(. (called the
fixed [unctions of R) are given. The r(.) will frequently by 0-ary functions, i.e.,
natural number constants.

As an example of a multiple recursive schema, we offer the following
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(3, 2)-schema"

f(0, X2, X3, Yl, Y2):=gl(X2, X3, Yl, Y2),

f(X’l, 0, X3, Yl, Y2):=g2(xl, f(xl, Xl, X3, "n’l, "tr2(yl))),

f(x’, x[, 0, Yl, Y2):=f(x, x2, f(xl, x2, x2, Yl, Y2), Yl, Y2),

f(x’, x[, x, Yl, Y2):=f(x, x[, x3, y,, x3),

A (k, m)-schema defines an operator mapping the set of p-tuples of total
recursive functions (the ith function being an element of Y/u,) into the set of
(k + m)-ary total recursive functions k/r,. We shall use the letters R, S, with or
without affixes, to denote (k, m)-schemata. For m _-> 0, the (k, m)-schemata will be
referred to as k-recursive schemata or k-schemata and the k-schemata, for k _-> 1,
will be called multiple recursive schemata or just schemata. We denote the set of all
multiple recursive schemata by MR, the set of k-schemata by MRk, and the set of
(k, m)-schemata by MRk,,,. Thus

and

MRk U
m=0

MR LI MRk.

TI-ISOSM 2.1. Ifk( ), ", ckp(" are/unctions satisfying cki(" ,, then
there is a unique ]’unction ok(" such that the equations obtained ]rom (2.1) by
substituting ck ]’or f and ck, ", ckp for g, gp, respectively, are valid.

Proof. Let the symbol < denote the well-ordering of N given by

(ml,’" ", mk) <k (nl," ", nk) iff ix(l<--_x<--k &mx <nx
& Yy(1 _--< y < x ::> my ny)),

i.e., the usual lexicographic ordering. The proof is by < k-induction, that is
induction over all/-tuples of natural numbers ordered by <

The least k-tuple in this ordering is (0,..., 0) and the definition of
f(0,. ., 0, y,. , y,,) in (2.1) can easily be seen not to contain any occurrences
of f on the right-hand side, so that b(0,..., 0, Y1," ", Y,,) is uniquely deter-
mined by 4(" ),""", bp(. ).

Given nl,"’", nk satisfying (0, , 0)< k(nl, , nk), suppose
tk(tl, , k, 1," , f/,,) is uniquely defined by (2.1) for all 1,’ , k such that
(1, ", ak)< k(nl, ", nk) and all c1," ", g/re. Then b(nl, nk, ql," ", qm) is
defined by (2.1) as a term containing only instances of qb(al, ", a, ," ,
such that (,...,a)<(n,...,n). Thus 4(nl,’",n,q,""
is also uniquely defined by (2.1).

3. Function classes based on the multiple recursive schemata. If
_

and R
is an MR schema, then R[] denotes the set of functions generable from the
functions in by R, the primitive recursion operator R 1, and the operations of
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substitution Os (see, for example, Constable [5])

R[]:=[; R, R 1, Os].
The set of functions k-recursive in , denoted [], is

u
RMRk

P6ter [26] proved that for any finite set of functions , k[(I)] C k+ 1[(i)] C ,.
and that there exists a k-schema Rk such that k[] Rk[t] for any . Lachlan
calls a k-schema with this property k-adequate, gives a number of k-adequate
schemata for all k, and studies the properties of k-adequate schemata in general.
He proves that if k _-> 2 and R is k-adequate, then for 1 -< ] _-< k 2 there exists on
the right-hand side of one of the defining equations ofR an occurrence of a term
of the form

f(Xtl, Xj_I, Xj, I’ "),

where r contains either an occurrence of a parameter yi or one of the recursion
variables xj+:z," , Xk. This makes it possible for him to prove that some of the
k-adequate schemata he discusses are incapable of further simplification for a
rather natural notion of simplification which he describes (see Lachlan [16, p.
106]).

Let denote [x[O],x[x+l],,xy[x],Axy[y]] (by Lachlan’s [16]
Lemma 2, coincides with the primitive recursive functions). The sequence
{} is known as the Pter hierarchy of multiple recursive functions. P6ter [26]
proved that

and that n is exactly the class n proposed by Hilbert in his celebrated but
unsuccessful program to solve the continuum problem in Ober das Unendliche.
Ackermann introduced the idea of transfinite ordinal recursion in 1940 and P6ter
[27] was able to show that " is precisely the to"-ordinal recursive functions for
certain standard well-orderings of order type to n, such as the <n defined in the
preceding section. Robbin constructs a number of transfinite hierarchies based on
ordinal recursion, all of which coincide with the P6ter hierarchy.

An excellent and highly readable recent survey of the above and other
ordinal hierarchies is to be found in Chapter 1 of Moll’s doctoral thesis.

In another direction of research, Marenkov considers a class of multiple
recursive schemata which are a subclass of MR and defines from them what he
calls k-fold limited recursion by annexing to the equations of (2.1) the inequality

(3.1) f(xl,..., Xk, Yl,""", Ym) -< h(x,..., xk, Yl,"’", Ym).
This is, of course, a generalization of the idea of limited primitive recursion to
multiple recursions. He then defines Mn to be

M,:=: U k
k=0



MULTIPLE RECURSIVE SCHEMATA COMPLEXITY 433

where k is the set of all g,k functions limited by " functions and M" to be

M":=[Ax[x + 1], Axy[x], Axy[y], Axy[3, (x, y)]; Os, limited multiple recursion]

(where yn(" is a bounding function of ,n). His major result is that for n-> 2,
Mn Mn. His proof of his Theorem 1 [ 19, p. 54], which he uses to establish that
M

_
Mn, is seriously flawed (the function b (.) which he defines in the proof is

seen on careful inspection to be a constant function), but this gap seems to be
bridgeable by a computational complexity argument. He claims (without proof)
that M, M" holds for n 0 and 1 as well.

4. Computation rules. To develop a theory of computational complexity for
multiple recursive schemata we can either take the highly abstract approach of
generalizing the axiomatic development of Blum [2] of complexity theory for
recursive functions or the more concrete one of specifying one or more semantic
models for multiple recursive schemata and then measuring the computational
resource requirementg they induce.

Valuable as the abstract approaches of Symes, Lynch, Constable, and
Weihrauch are, we reject them for the present work for three reasons. The first is
that one of our main objectives is to demonstrate that multiple recursion is a
thoroughly unfeasible computational tool in practice. As the ordinary theory of
computational complexity for functions shows quite amply, the axiomatic
approach admits measures with severely pathological properties, so that we
would, in any case, have to restrict our attention to some class of natural measures
to obtain such results if we took the axiomatic approach. Our second objective
(and concomitantly our second objection) is to begin to assemble a list of
properties which make a measure natural, such as those suggested by Hartmanis
[13] for the ordinary theory. We believe this can better be accomplished by
considering natural measures derived from specific well-understood computation
rules and then abstracting their properties than by searching the abstract theory
for patches of pathology which we then eliminate. This approach gives us better
insight into the properties which constitute naturalness. Finally, multiple recur-
sive schemata are highly structured objects. Surely it is to our advantage to take
their structure into account in developing the theory, for it is reasonable to think
that it is exactly their structure which determines their natural complexity. It is
thus desirable to insure that our measures reflect the structural properties of the
underlying objects, which surely not all measures will do.

We shall adopt a more concrete approachto select a model of computation
and then to consider possible computation rules, which transform multiple
recursive schemata into algorithms with both function and number inputs, which
indicate how the corresponding operators are to be computed. The computation
model and rules will then be seen to induce the properties of the class of measures
we shall associate with them.

The model of computation which seems most suitable to this work, because of
its close correspondence to real computers, is the random-access stored-program
machine or RASP of Elgot and Robinson. Hartmanis [12] defines a particular
RASP M1 whose instructions are essentially those of a simple one-address

k is the kth class of the Grzegorczyk hierarchy.
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computer with indirect addressing--specifically he allows conditional and uncon-
ditional transfer, load, store, add, subtract, and halt instructions. We shall use
essentially this RASP as the basis for our concrete complexity measures, but shall
not define it precisely here, referring the reader instead to Hartmanis [12] for the
details.

It is of interest to note that because we are using a RASP, rather than a Turing
machine model, we shall be unconcerned about the length of the numbers we
work with. Only their values will be significant. Thus when we obtain polynomial
or exponential lower bounds for complexity in {} 7 they will be in terms of the
values of the inputs. If the reader prefers to think in terms of the Turing machine
model, he should translate these into exponential and double exponential bounds,
respectively, in terms of the length of the inputs.

We now turn to the subject of computation rules, which may be defined as
semantic mappings from schemata to machine models. One issue in selecting a
computation rule is whether to allow it memory or not, that is, whether it can
remember a value of a function computed in an earlier step of an evaluation so as
to avoid recomputing the same value at a later step of the same evaluation. This
property is obviously advantageous in evaluating a multiple recursion such as

f(O) :----’a’l,

f(xl):=gl(f(Xl), f(x)+ 1),

which requires exponentially many evalations of f(. without memory, but only
linearly many with memory (see Fig. 4.1). On the other hand, for most schemata
memory is useless but expensive overhead, since no value or very few values will
ever be repeated in any given computation. This fact and the fact that allowing
memory would embroil us in a discussion of efficient data structures to implement
it cause us to discard it as a possible attribute of the computation rules we shall
consider.

Another issue .is the possibility of sidestepping part of the computational
process by proving that the operator or function being defined is in some sense
capable of computation by a simpler or less expensive means. We shall discard this
as a component in defining computation rules for reasons given below, but keep in
mind that this is the essence of the phenomenon of speed-up. This kind of
technique can be a highly profitable one for multiple recursions. For example, the
2-recursive schema

f(O, x2):= 2,

(4.1) f(x’l, 0):=f(xl, 1),

f(x i, X2):=f(x 1, f(x 1, X2))
defines the same function as the much simpler 2-recursive schema

f(0, x2):= 2,

(4.2) f(x’x, 0):=2,

f(X’l, x):=2
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and the non-recursive schema

(4.3) f(xl, x):=2.

In any natural measure, (4.2) and (4.3) must have lower complexity than (4.1). For
the class of measures on which we shall concentrate our attention, the complexity
of (4.1) is given by an exponential function, while those of (4.2) and (4.3) are
constants. On the other hand, some k-recursions must define functions in
?k[(i)]--k-l[(I)] and hence require a computing time which is in ?k[(i)]--
k-a[] on a RASP, since otherwise they would be in k-[]. For such
schemata this technique is a waste of time since ultimately the order of magnitude
of their computation time is fixed by their nature. Such a function can be exhibited
by changing the initial fixed function in (4.1) to x2 4-1, to produce

(4.4)

f(0, xe):-- xe + 1,

f(x,O):=f(x,,1),
f(x’l, x2):=f(xl, f(xl, x2)),

which defines Ackermann’s function, the first known example of a function in-t. The properties of computation rules which include these and other types
of simplifications are discussed at length by Cadiou [3].

We now describe four computation rules which use neither of the special
techniques just described and which are simple in the sense that at each stage of
the computation they only tell us which of the occurrences of f (the function being
defined) to replace with its (their) definition next. The four rules are:

1. Kleene’s rule. Replace all occurrences of f with their definitions simul-
taneously.

2. Leftmost-innermost rule. Replace only the leftmost-innermost occurrence
of f (i.e., the occurrence of f furthest to the left whose arguments contain no
occurrences of f) by its definition.

3. Leftmost-outermost rule. Replace only the leftmost-outermost occurrence
of f with its definition.

4. Normal (or delay) rule (see Manna, Ness and Vuillemin, 18]. Replace one
occurrence of f chosen as follows: try to replace the leftmost-outermost occur-
rence of f if its arguments are sufficiently evaluated that it can be replaced; if this
fails, next try to replace the first occurrence of f which prevented replacement of
the one which just failed; repeat the preceding step until one f has been replaced
with its definition.

Since these computation rules are discussed extensively elseVehere, we shall
simply.note that they are all appropriate for the task at hand, and that we have
chosen to begin our study of this area with consideration of the leftmost-
innermost rule.

5. Concrete complexity measures. We next define a class of computational
complexity measures on MR based on the leftmost-innermost computation rule.
As in our definition of a multiple recursive schema, we first define the complexity
of a term and then proceed to schemata.
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DEFINITION 5.1. Let tzrl(" ),’", t,rq(. )R, tg(. ),..., tgp(. be vari-
ables defined on and such that 7ri(" and tri( ), and tgj(. and gj(. have the
same arity and let cR N-{0}. Then the complexity T(r) ofa term r is defined to be

1. if r is xi, x’i, or Yi, then T(r):=0,
2. if r 7r(z, , zo,), then

T(r):=tTri(zl,’" ,zv,)+ E T(zi),
i=l

3. if r g(zi, , z,,), then

T(r):=tgi(zx, z=,)+ E T(zi),
i=l

4. if r =f(zl," ., Z+m), then

T(r):=tf(za, Z+m)+Cn + , T(zj).
=1

We view T(. as a syntactic transformation which, given a string of characters
representing a term, repeatedly applies rules 1-4 until it obtains a string contain-
ing no occurrences of T(. ). For example, given

r =f(Xl, g2(X2, ’w2), f(X’l, X2, gl(Yl))),

we compute T(r) by the following:

T(r) tf(x, g2(x2, w2), f(x’, x2, gx(yx))) + CR + T(x)

+ T(g2(x2, 7r2)) + T(f(x’l, x2, g(yl)))

tf(x, g2(x2, 7r2), f(x’, x2, ga(Yl))) + ce + tg2(x2, 7r2)

+ T(x2)+ T(Tr2)+ tf(x, x2, g(Yl))+ T(x’)+ T(x2)

+ T(gl(y1))

tf(x, g(x, ,r), f(x’, x, g(yO))+ c, + tg(x,

+ tTra + tf(x, x)., g(yl)) + tg(y) + T(y)

--tf(Xl, g2(x2, 7r2), f(Xtl, X2, gl(Yl)))+CR + tg2(x2, 71"2)

+ tr2 + tf(x’1, X2, gl(Yl)) + tgl(Yl).

The intuitive grounding of this definition is as follows. Since x, x, and y are
given, we let their cost of computation be zero (in a Turing machine model we
might want to fix their costs as their base 2 logarithms (i.e. their lengths), but in a
RASP model we consider this irrelevant). Since the r(. are fixed functions,
we fix their costs of computation as functions plus the cost of computing their
arguments. Since the g(. may be the results of multiple recursions themselves,
we allow their costs of computation to be given by functions tg (.) corresponding
to them plus the cost of computing their arguments. Finally, f(. ), the function
being defined, is being defined by a process of repeated substitutions. Hence its
cost of computation is the cost of the substitution process CR (for cost of recursion)
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plus the cost of what is being substituted, which is given by the function t/(. ), plus
the cost of computing its arguments.

We then define the complexity of an MR schema as follows"
DEFINITION 5.2. Let R be the schema defined in Definition 2.2 and

tCrl(" ),’", tTrq(. ), CR, tgl(" ),’’’, tgp(" be as in Definition 5.1. Then the
computational complexity of R is the schema TR given by

tf(x,..., x’,, 0, x+,..., x, y,...,

:= T(Y-<0[Xx, xi, xi+2, Xk, Yl, Ym,

f(XI, Zl,""’

f(X, X2, ZI," Zk+

f(Xtl, "Xi-1, Xi, Z1,

gl(Zl,"" Zu,), gp(Zl, Zup),
"/I’I(ZI,""" Zv,), ’l]’q’(Z l, Zvq)]

for 0, 1,. , k,

where T is given by Definition 5.1. Thus a complexity measure on MR is a
mapping T" MR->MR which carries R[bl(. ), , tp( )](" to TR[4I(" ),
", bp(" ), ttkl( )," , t4p(" )](" ). Different complexity measures are given by

different choices of the constant CR and the functions
trx( ),.", trq( ), tgl( ),""", tgp( in Definition 5.1.

As an example of the complexity of a multiple recursive schema, let us
consider the schema

f(O, x):= gl(x),

(5.2) f(x’, 0):=f(xl, 7r),

f(xl, x2):=f(x, f(xl, x2)),

which is an abstraction of (4.1) and (4.4). The complexity of (5.2) is given by

If(O, x2):=tgl(x2),

0(x, 0):=t(Xl, rl) + c, + tr,

t]’(x, x[)’= t(xx, f(x, x2))+ t(x, x2)+ 2" CR.

A particular complexity measure which will be of interest to us in the sequel is
one which is, in a sense, minimal"

DEFINITION 5.3. Let tra(. ),..., tore(. )=0, tgl(" ),’", tgp(. )=0, and
CR 1 in Definition 5.2. The resulting complexity measure is called the minimal
complexity measure and is denoted To. Notice that we need not list
tga(. ),..., tgp(. as arguments to ToR[" ](" since they are assumed identically
zero.

For our example (5.2), the To measure is

td’(O, x2):=0,

tof(xl, 0):- tof(X, "n’l) + 1,

to]’(X’l, x’2):=to1(x, .f(x’l, x2))+ to[(X’, x2)+ 2.
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We now show that To is indeed minimal in the following sense:
THEOREM 5.1. Let Rig1(’ ),’", gp(" )](" be in MR. Let CRN and

tzr(. ),. ., tTrq(. ) R be given for some complexity measure T. Then

TR[gl(" ), gp(" ), tgl(" ), tgp(. )](x, xk, yl,"’,

>----CR" ToR[g(’),’’’, gp(’)](Xl,’’’, Xk, yx,’’’, y,).

Proof. The proof is in two parts, both by induction. First we verify that the
measure T’ obtained from T by setting tzrl( )," ", tTrq( ), tgl( )," ", tgp( )-
0 satisfies

T’R[gl( ), gp( ), tgl( ), tgp( )](Xl, Xk, Yl,’’’, Y,,,)
(5.3)

=CR ToR[gl(" ), gp(" )](x, xk, yl,’’’,

and then that

TRIgs(.),..., gp( ), tg( ), tgp( )](Xl, Xk, Yl,’’’, Y,,)
>--_ T’R[g( ), gp( ), tgl( ), tgp( )](Xl, Xk, Yl, Ym).
Notice that in the measures To and T’ the terms corresponding to

(0, x,..., Xk, Y1," ", Ym) must be

tof(0, X2,""", Xk, Yl, Ym)= 0

and
t’f(O, X2,’" ", Xk, Yl," ", Ym)’-" 0

since the right-hand side of (2.1) with i-0 cannot contain any occurrence of f
because of the lexicographic ordering onNk. Hence (5.3) is valid if Xl 0. Suppose
(5.3) is valid for all (1, ", 2k, ]1, ", ,) such that

(’l,’’’,k) <k(X1, Xk)"

Then T’R[gl(" ),’.., gp(. )](Xl,’"", Xk, Yl, ", Ym) is given by
t’f(x,...,x,ya,...,y,) which is a sum of n terms o the orm
t’[(2,..., , ,..., ,) satisfying (23,..., k)<k(Xl,""", Xk) and a term of
the form n’CR for some n N. Similarly ToR[(gl(" ),’", gp(" )](Xl,’’’,Xk,
Y," ", Ym) is given by for(X1,’’’, Xk, Y1,""", Ym) which is a sum of n corres-
ponding terms of tof($l,’" ", X-k, 371, ", Y) and the constant n. Thus

T’R[gl(" ), gp(" ), tgl(" ), tgp(. )](xl, Xk, Yl,’’’, Ym)

t’f(Xl,’’’, Xk, Yl," Ym). (t’f(,i,’", X-ki, ]xi,’’’, y,,i)+n" CR)’-
i=1

CR" ( . t4(1i,’’’, ki, li,’’’, mi)-I- rl)
i=1

=CR to[(Xl,’’’,x,yl,’’’,Ym)

=CR ToR[gl(" ), gp(" )](x, ,xk, Y," Ym).
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It should be obvious that the second part of the proof can be carried out by a
similar induction, and hence we leave it to the interested reader. V1

To will be useful because any lower bounds we can obtain for it will
automatically be extendable to all measures by Theorem 5.1. We view it as
isolating the cost of the substitution process in recursion.

6. Properties of the complexity measures. In this section we show that it is
recursively undecidable whether two schemata have the same complexity and
then discuss upper bounds for their complexity.

Constable and Muchnick describe a technique for showing that the equiva-
lence problem for LooP programs is recursively unsolvable [9] and adapt a
technique of Luckham, Park, and Paterson to show equivalence undecidable for
several formulations of Loop schemata [17]. We use essentially the former
technique here to show that it is undecidable whether two MR schemata have
identical complexity.

THEORIM 6.1. It is recursively undecidable whether two MR schemata have
identical complexity.

Proof. Let bl, 42,b3,"" enumerate all one-tape, one-input Turing
machines with alphabet {0, 1}. It is well known (see, for example, Constable and
Muchnick [9]) that there is a primitive recursive function zrl :N2N such that

1 ifi _>- 1 and qi(i) halts in _-< y steps,
"rrl(i, y)-

0 otherwise.

It is recursively undecidable whether hy[’n’l(i, y)] and hy[’rrl(0, y)] are the same
function, since otherwise the halting problem on index would be decidable.

Let R denote the MR schema

f(0, x2, yl):=y,

f(x, 0, y):=Yl,

f(Xl, X2, yl):=f(Xl, 7rl(i, Yl), Yl).

The complexity of R is given by

0e(0, X2, Y1):--0,

tf(x, 0, yx):--0,

tf(x’l, x’2, yx) tf(Xl, "rrl(i, Yl), Yl)+CR + twl(i, Yl),

where we select the function trl(" so as to satisfy tzrl(i, y)- tzrl(j, Y l.) for all
i, j, Y l. Inspecting this formula we discover that

0 if Xl 0 and x2 0,

tf(Xl, X2, Yl)= CR + tTrl(i, Yl) if Xl, X2 >0 and rl(i, Yl) =0,

xl" (CR+tCrl(i, yl)) ifxl, Xe>Oand rl(i, yl) 1.

Thus R0 and Ri have identical complexity iff qrl(i, Yl)= 0 for all Yl, i.e., iff bi(i)
diverges, and so the question is undecidable.
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In Muchnick and Constable [24] we also consider another model for multiple
recursive schemata, the vector schemata VR, and show that essentially compara-
ble results can be obtained for them. They are of interest because they provide the
capability to code Turing machine computations (or other bases for undecidabil-
ity) in their structural, rather than arithmetical, properties.

Though we cannot in general determine whether two multiple recursive
schemata have the same complexity, even in the trivial case of those with no
function inputs as shown in Theorem 6.1, we shall see that it is possible to bound
the complexity of a schema both above and below. At the function level, upper
bounds depend heavily on the choice of the tgi(" )’s. For example, the trivial
schema

f(o) := g, (O),
(6.1)

f(x’l) :=g(x)

has complexity

[(x) := tg(x,)

and thus tb(. for a function (. defined by (6.1) can be chosen as an arbitrary
1-ary function in 5. On the other hand it should be clear that the following lemma
holds:

LEMMA 6.2. If (" ) k[bl(" ),""", bp(" )], then

Proof. If b(. k[q(. ),. "’, thp(" )], then there is a k-recursive schema R
with p function inputs such that if we substitute (. for g(. in R then
f(. (.). But Definitions 5.2 and 5.3 construct a k-recursive schema TR from
R which defines (. from gl(" ),""", gp(" ), tgl(" ),"’, tgp(. ),
7r1(" ),’’’, 7rq( ), tTrl( ),’’’, t’q( ). Now 7/’1(" ),’’’, 7/’q(" ), t’rrl(’),’’’,
trq(" are all in 1 and consequently, making the appropriate substitutions, we
have

t(. )ek[tb(’),’’’, p(’), t1(’),’’’, tChp(’)]. [:]

The converse of Lemma 6.2 is false in general because of our freedom to
select the tb(. arbitrarily in . Thus, for example, with k =p 1, b(Xl)= 0
identically and tl(X) ct(Xl, xl), where cr(. is Ackermann’s function (4.1), we
have t(. )e 1[/X1[0], O(" )] "--/ 2. Now we can clearly compute ct(. in a time
ta(. in [Ax[0], a(. )] 2, but c(. is certainly not in l[Ax[0]] 1 as
the direct converse of Lemma 6.2 would require.

7. Lower bounds on schemata complexity. We come now to the results
concerning classification of MR schemata on predominantly syntactic grounds,
where the classes turn out to correspond to nontrivial lower bounds on the
complexity of the schemata. In particular we show that a large class of MR
schemata require exponentially many invocations of recursion for most function
inputs. We shall first present an example of this phenomenon, then an exposition
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of the motivation for this work, and then finally the relevant results.
Consider the following 1-recursive schema R"

(7.1)
f(O, y1) := gl(Y1),

f(x’, yl):=g2(f(Xl, f(Xl, Yl))).

By Definition 5.2, TR is given by

tf(0, yl) := tgl(yl),

tf(x], yl) tg2(f(Xl, f(Xl, Yl))) h- tf(Xl, f(Xl, Yl)) + tf(Xl, Yl) + 2. cn
and, in particular, ToR is given by

to (0,

tof(x’l, yl):=tof(x, f(x, yO)+ tof(xl,

We show by induction that tof(" is an exponential function of x (and indepen-
dent of y). We have tof(O, yl) 0 for all yl. Suppose that tof(xl, yl) 2’+1-2 for
all Yl. Then

tof(x’, yl) tof(x, f(xl, yO)+ tof(x,

2’+ 2+2+-2+ 2

=2x+_2.

Thus tof(x, yl) 2’+ 2 for all x, y and for any measure TR, by Theorem 5.1,

if(x1, yl) =>(2+1-2) ce,

so that (7.1) is seen to require at least exponentially many invocations of recursion
regardless of the functions substituted for g(. and g2(. ).

We believe results of this sort are interesting for two kinds of reasons. One is

ultimately practical in that we envision the construction of programming systems
at some point in the future which will be considerably more intelligent than
current compilers and task-oriented systems, such as symbolic algebraic man-
ipulators. Such a system might well include in its capabilities an estimate of the
feasability of a given computation or computational method. Indeed, a facility
akin to this already exists in symbolic algebraic manipulation systems such as
SAC-1 at the University of Wisconsin and MACSYMA at the Massachusetts
Institute of Technology, which, in many cases, vary the methods applied to a
problem of some specific type according to some measure of the size of the current
instance of the problem type. If, for example, such a system has available two
methods to solve some problem, one of which requires 2" time units and the other
1000n2 units, where n is some measure of the size of the problem instance, it
would choose the first method for n -<_ 17 (2" < 1000n2 for n -< 17) and the other
for n => 18 (2" > 1000n2 for n -> 18). We view our results as extending this type of
discrimination upward so that if a programmer constructs a method to solve a

problem which involves multiple recursion, a programming system using our
results can tell him whether his method is unfeasible.

Secondly, we view our results as extending upward to schemata and operators
the kinds of results obtained in recent years in the theory of algorithms and the
inherent complexity of classes of problems. Thus, for example, instead of asserting
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that algorithms to solve problems such as equivalence of regular expressions with
intersection cannot operate in polynomial space (or time) on a Turing machine, we
can state that any method to solve any problem which utilizes multiple recursion
within the appropriate restrictions must require exponential time on a RASP.

The class of schematawe wish to consider are the pure schemata defined as
follows:

DEFINITION 7.1. A k-recursive schema is ]-pure for some ]_-< k if[ the
right-hand side of the ]th equation in Definition 2.2 includes no occurrences of
gi(" )’s or 7ri(" )’s among the first ] arguments of any occurrence of f(. and if
] > k, then the (/" + 1)st argument is 0 in each. A k-recursive schema is called pure
itt it is k-pure.

DEFINITION 7.2. Two or more occurrences of f(. in an expression are
disjoint iff none of them appears in an argument to another of them; otherwise
they are nested.

In other words, a k-recursive schema is j-pure if[ the first j arguments o any
occurrence of f(. on the right-hand side of the equation defining

[(X’l," ", x, 0, x+,..., x, y, , y)
are all of the form xi, x’, or another occurrence of f(. and the (/" + 1)st is 0 if j < k
and is disjointly j-pure if they are all xi of x. For example, the 3-recursive schema

f(0, x2, x3, yl):=’trl(X2, x3, Yl),

f(x, O, X3, y):=gl(f(x, "rr2, x3, Yl)),

f(xl, X, 0, yl):=f(x, X2, x2, "n’3(Yl)),

f(x’l, x’2, x’3, yl) g2(f(x’, x’2, x3, g3(Yx)), f(x’l, x2, x’3, rl), g4(xl, x2))

is disjointly 3-pure and thus disjointly pure.
We can now obtain the following theorems relating lower bounds on com-

plexity and schematic purity:
THEOREM 7.1. If the k-schema R is pure and the kth defining equation ofR

includes only one occurrence off(. on the right-hand side, then

tof(x’l,’", x, Yl, ", Ym)-->min (Xl,""", Xk)+ 1.

Proof. Let the one occurrence of f(. on the right-hand side of the kth
defining equation be

f(el," ", ek+,,),

where each e, 1 -< -< k, must be either x, or x’, since there is only one occurrence of
f(. ). We shall define a finite sequence of’vectors E(/)=(ex(/), e+)) by
defining

x if 1 <i <k,
ei
()

Yi "ifk+l<_-i<-k+m,
0) 0+1)and then extending E(), .,E to E for as many steps as we can by

requiring that f(e(l+l), ek0") be the single occurrence of f(. on the right-
hand side of the kth defining equation of R (if it is applicable) when the left-hand
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side is f(ej, ’(i)k+m!’. If the kth defining equation is inapplicable, the sequence
terminates with the jth term E(j). Since R is pure and the kth defining equation
includes only one occurrence of f(. on its right-hand side, if E) is extendible to
E(+1) then for 1 < < k we have

e/O+l)->_ min (e(1j)- 1,’’’, e)- 1)

min (e(xi), e)) 1

>--..._-->min(xl,".,x,)-(j+l)

and thus e/)>O at least for 0_-</"-<min (Xl,""", x) so that we can extend the
sequence at least to F_,(min(xl’’’’’xk)). Thus if we set M min (xl,. , xg), then

tof(x’l,..., xl,

tof(el), ..()
", k+.)+ 1

tof(e(1), (-)

tof(et),
_->M+l=min (x,.. x)+l,

as required. [3
Thus if the kth defining equation of a pure k-recursive schema has only one

occurrence of f(. on the right-hand side, then it has at least linear complexity on
a RASP (or exponential complexity in terms of the lengths of the inputs). The next
four theorems give conditions for exponential complexity on a RASP.

THEOREM 7.2. If the k-recursive schema R is pure and the k-th defining
equation ofR includes two disjoint occurrences off(. on the right-hand side, both
of which have xi as their j-th argumentfor some j <= k, then

tof(Xtl, Xtk, Yl,’" ", Ym) ----> 2min(xi "’" x)+l 2.

and

Then

(7.2)

and

(7.3)

Proof. Let the two disjoint occurrences of f(. mentioned in the theorem be

f(el, ej_, xj, ej+a, ek+m)

tof(Xtl,’’’,x, yl,’’ ", ym)

tof(el,’’’, el-l, Xj, ej+l, e+.,)

+ tof(’l,""", i-1, xi, ’i+,""", e+m)+ 2

min(ea, , ek, 1, , e-)-->min(xl, ’’,
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Thus setting xj 0, we have

tof(X’ , xj-1, 1, X+l, , x,, Yl," Ym)
>= tof(e, e-l, O, e/, ek/m)

+tof(l,""", j-1, 0, j+l,""", +,) +2->-2.

Suppose, as an inductive assumption, that

tof(el, ei-l, xi, ei+l, ek+m)

2min(el’’’’’e-l’xj’ei+l’’’’’e’)+l 2

for all el," , ej-1, ei+l, , ek ----> 1. Then it follows that

tof(x’ ,. ., x’,,, yl,’’’, y,,)

>--tof(el,’’’, ej-1, xj, ej+l,"’", ek+m)

+ x#

>= 2min(el,’",e_l,xj,e+,’",ek)+ 2

d- 2min(c’l’’’’’i-l’x’’j+’’’’’c’k)+l 2 + 2

2"2min(e’’’’’ek’’’’’’’’’xi)+l- 2

2" 2min(x’’’’’xk)+ 2

2min(x’’’’’x)+l 2,

by (7.2) and (7.3), as required. 1-1
THEOREM 7.3. If the k-recursive schema R is pure and the k-th defining

equation ofR includes two nested occurrences off(. which both have xj as theirj-th
argument for some j <- k and if, in addition,

f(Xl,""", Xk, Yl, Ym)-->min (Xl, Xk)

for all X , Xk, y ", Ym, then

tof(x’l,’", X’k, Yl,""", Ym)-->-- 2min"’"’+l-- 2.

Proof. The proof is similar to those of Theorems 7.1 and 7.2 and is left to the
reader.

It is, of course, not in general possible to recursively decide whether
f(xl,. ., Xk, Yl,’" ", Y,,)---->min(x,’’’, xk) for all xx,...,x, y,..., y,, as the
conditions of the last theorem require. On the other hand, we can clearly come up
with a variety of simple conditions on the 7r(. )’s and g(. )’s occurring in R which
will guarantee that the conditions hold. Since we intend these results to have
practical application, we choose this more optimistic interpretation of the
theorem.

THEOREM 7.4. If the k-recursive schema R is pure and the k-th defining
equation of R includes two disjoint occurrences of f(. which do not have any x
occurring as the j-th argument of both of them for 1 <-_ j <-_ k, then

tof(x’,’", x’, Yl, Ym) > 2min(xi’""x)"
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Proof. The proof is left to the reader.
A combination of the techniques used in proving Theorems 7.3 and 7.4 will

establish
THEOREM 7.5. I] the k-recursive schema R is pure and the k-th defining

equation ofR includes on the right-hand side two nested occurrences of[( which
do not have an xj occurring as the .i-th argument of both/’or 1 <- <-k and if, in
addition,

f(x,..., Xk, y,’" ", y,,)>--min (Xl,""", Xk)

for all x , Xk, yl," Ym, then

tof(X’,’" ", x’, y," ", Ym) > 2mi";"’").

Proo]’. The proof is left to the reader.
It will be noted that the above theorems all have conclusions which provide

lower bounds for tile complexity off(x, , x, Yl," ", Ym), i.e., function values
whose recursion arguments are all nonzero, and say nothing about the case in
which one or more of the recursion arguments are zero. This is because the
conditions of the theorems do not in any way constrain the complexity of
f(Xtl, X;-1, O, Xj+I,’’" Xk, yl," ", y,,,) for j <k, as will be clear from the
following example. Let R be the recursion

/(0, x:, y):= rl(X2, y0,

f(x’, O, yl):=gl(x, yl),

f(x’, x’2, yl):=g2(f(x, x2, y), f(xl, Xl, yl)).

Then ToR is given by

tof(O, x2, yO:=O,

to](X’l, O, yl):=0,

to.f(x’, x’2, yl):=to[(X, x2, y)+ tof(xl, Xl, yl) +2,

so that

lof(X1, X2, yl) - 2min(xl,x2

if x 0 or x2 O,

if x > 0 and x2 > O,

by Theorem 7.4. On the other hand, inspection of the definition of ]-pure for ] < k
and of the details of the proofs of Theorems 7.1-7.5 shows that we can obtain
similar results for j-pure schemata, thus establishing analogous lower bounds for
the complexity of

(7.4) f(xl, Xj-l, Xj, O, Xj+2, ", Xk, Yl," Ym)"

Because of our concern for practical results from this work, we choose to omit
such results since generally in defining a k-recursive schema one will be interested
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only in the values of the function computed when all the recursion arguments are
nonzero.

It is tempting to think that a lower bound for the complexity of (7.4) for some
j<k will automatically produce a lower bound for the complexity of
f(x’l," , x, Yl," ", Y,,). This is, however, also not the case, as can be seen from
this example:

f(0, X2, yl):=’a’l(X2, Yl),

0, 0, f(x , o,
y,):=

for which the To measure if given by

so that

tof(O, X2, yl):=0,

tof(x’, O, yl):=tof(xl, 0, f(xl, 0, Yl))+tof(xl, O, yl) + 2,

tof(x’ ,

if X 0 or (Xl > 0 and X2 >
tof(Xl, X2, Yl)

2x1+1_ 2 if x >0 and X2 "-0.

The results of Theorems 7.1-7.5 can, of course, be extended in a variety of
other ways which are less satisfying than the original theorems since they depend
on nonsyntactic features of the schemata more heavily. For example, we can show
that if a k-recursive schema R (not necessarily pure) has a kth defining equation
which includes two disjoint occurrences of f(. on the right-hand side, namely

f(el, ek+m) and f(’l, k+m),

with the property that there exists a constant c > 0 such that

min(e,..., ek, ., .k)>=min (xl, Xk)--C

for the x,..., Xk occurring on the left-hand side of the kth defining equation,
then

tof(x’l,’", x, yl, , y,,) 2min(x’’’’x)/c.

Another issue of interest here is whether or not it is decidable whether anMR
schema satisfying the conditions of one of these theorems has the minimal
complexity or greater complexity. This is unclear for the minimal measure To,
though it seems to be decidable for the cases in which the conditions of the
theorem are decidable, but it is easy to show that there exist measures for which it
is undecidable.

THEOREM 7.6 There exists a measure Tsuch that it is recursively undecidable
whether a k-recursive schema satisfying the conditions of Theorem 7.2 has the
minimal complexity, i.e., whether

tf(x’,. ., X’k, Yl,’"", Ym): (2min(x"’"x[’)+l-’2)" CR.
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Proof. Let 7r1(" be as in the proof of Theorem 6.1, let rz :Nz Nbe such that
tTrz(i, x)= rl(i, x), and let -tr3 :N

3N be such that t’tr3( )0 in the measure T.
Let Ri denote the MR schema

f(0, x2, Yl):= Y 1,

f(x, 0, Yl):=Yl,

f(xl, X2, yl):=’tr3(f(x, x2, y,), f(x, x2, Yl), "n’2(i, Yl)).
Then TR is given by

0, x, y):=0,

tf(x, 0, yl):-O,

tf(x, x, yl):=2 tf(x., x2, Yl)+ 2"ce + rl(i, Yl),
so that

tf(X, X, Yl) (2min(x’x)--2)’CR

itt r(i, y)= 0 for all y, that is, itt b(i) diverges. F1
A similar result is available for the minimal measure To if we weaken the

purity requirement in the most minimal way or if we increase the lower bound ever
so slightly. For example, the schema R given by

f(0, X2, X3, yx);--" Yl,

f(Xl, O, X3, yl):=f(O, Xl, X3, Yl),

f(xl, x2, O, yl):=f(’rrl(i, Yl), 0, 0, Yl),

f(xtl, xt2, xt3, yl):-’/r2q(Xl, x2, x3, Yl), f(xl, x2, x3, Yl))

has the To complexity

tof(O, x2, x3, yl):=0,

tof(X’l, O, x3, yl):=tof(xl, x3, yl)+ 1,

tof(Y’, x’2, O, yl) tof(Tr(i, yl), 0, 0, yl)+ 1,

tof(x’l, x’2, x’3, yl):=2 tof(Xl, X2, X3, Yl)+ 2

which satisfies

tof(O, X2, X3, Yl)= O,

tof(x’l, O, x3, y)= 1,

tof(x’l, x’2, O, Yl)= "trl(i, Yl) + 1,

tof(x’l, x’2, x’3, Yl) 2" t’of(xl, x2, x3, Yl) + 2;

and thus Ri has the minimal To complexity among this particular class ofschemata
itt qbi(i) diverges.
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8. Conclusions. In this paper we have defined and studied a set of practical
computational complexity measures for multiple recursive schemata. In this
section we shall discuss the import of these results and consider a number of
questions raised by them.

We first recall the three objectives enumerated in 4 and consider to what
degree we have accomplished them. We regard the first objective, that of
demonstrating "that multiple recursion is a thoroughly unfeasible computational
tool in practice", as having been accomplished by Theorems 7.2-7.5. Lachlan’s
[16] Lemma 2 which implies that to define a nonprimitive recursive function a
multiple recursion must have nested occurrences of f(. in its defining equations,
combined with a survey of the literature, such as P6ter [25], which shows that
virtually all the MR schemata occurring in real function definitions are pure,
demonstrates the applicability of these results to real computation. Since they all
produce minimally exponential complexity bounds, which translate directly into
the time necessary to perform the substitutions in recursion, they demonstrate the
futility of using multiple recursion in practical computation.

The second stated objective was to begin to develop a list of criteria which
make a complexity measure natural. We have followed Hartmanis’ suggestions in
On the problem of finding natural computational complexity measures [13, pp.
17-18] with regard to incorporating step counting and structural considerations in
our definitions of the measures. Our work points up the value of these suggestions,
since our results stem in large part from the way in which the measures reflect the
structural properties of multiple recursion, but considerable further work is
necessary in this area before we can say that a theory of natural complexity
measures has been developed.

Thirdly, as just noted, we have certainly taken into account the structure of
multiple recursion in defining the complexity measures, and this has clearly been
advantageous in the results obtained.

In 4 we discussed general criteria for computation rules and three specific
computation rules other than leftmost-innermost before settling on it as the basis
for the measures we have concentrated our attention on. We noted there that the
normal rule is particularly interesting because, if properly implemented,2 it
minimizes the number of substitutions necessary in some language models.
Clearly we can define complexity measures based on these other computation
rules, though the definitions will be more involved. For example, a measure based
on the normal rule must take into account that in evaluating, say, f(2, f(6, 3, 1), 5),
we must substitute for the inner f(. rather than the outer one even though it is the
case that f(6, 3, 1)- 0 because we have in the expression the character string
"f(6, 3, 1)" rather than "0". That is, we must be able to distinguish between a
character string which denotes an instance of f(. and one which denotes a
member of N. This points in the direction of defining formal substitutions of
character strings and mappings between character strings and numbers and then
deriving measures from that relationship. We have done this informally with
regard to the leftmost-innermost rule by specifying that T could be viewed as a
syntactic transformation on character strings.

See Vuillemin [31] for a discussion of the details of implementing the normal rule.
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Another extension of our measures which is worthy of consideration is to
define measures which explicitly take simplification of expressions into account.
An excellent basis for such work is contained in Cadiou’s doctoral thesis. He
discusses what he calls "standard simplification schemas" [sic.] which intuitively
are simplifications which exploit the property that for some given function g(. ),
when some of the arguments to g(. are constants, the value of g(. is a constant
independent of the other arguments. It should be relatively easy to account for
such simplifications in complexity measures. There are, of course, much more
powerful types of simplifications, such as that involved in passing from (4.1) to
(4.3). The theory behind such simplifications has not been extensively explored.

Finally, the ideas underlying our measures can be extended to other types of
schemata, such as flowchart schemata and recursion schemata. To some extent
this has been done by Weihrauch, who develops a rather similar model of
complexity for flowchart and Yanov schemata with notable results. In a future
paper we shall present a generalization of our complexity measures which
captures the advantages of both Weihrauch’s methods and our own.
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A POWERDOMAIN CONSTRUCTION*

G. D. PLOTKIN-

Abstract. We develop a powerdomain construction, [. ], which is analogous to the powerset
construction and also fits in with the usual sum, product and exponentiation constructions on domains.
The desire for such a construction arises when considering programming languages with nondeter-
ministic features or parallel features treated in a nondeterministic way. We hope to achieve a natural,
fully abstract semantics in which such equivalences as (pparq)=(qparp) hold. The domain
(D Truthvalues) is not the right one, and instead we take the (finitely) generable subsets of D. When
D is discrete they are ordered in an elementwise fashion. In the general case they are given the coarsest
ordering consistent, in an appropriate sense, with the ordering given in the discrete case. We then find a
restricted class of algebraic inductive partial orders which is closed under [. as well as the sum,
product and exponentiation constructions. This class permits the solution of recursive domain
equations, and we give some illustrative semantics using 5[. ].

It remains to be seen if our powerdomain construction does give rise to fully abstract semantics,
although such natural equivalences as the above do hold. The major deficiency is the lack of a
convincing treatment of the fair parallel construct.

1. Introduction. When one follows the Scott-Strachey approach to the
semantics of programming languages, various constructions on domains arise
naturally. These include sum, product and exponentiation constructions. Their
use is illustrated in [ 12], [ 18]. Encountering languages with nondeterministic and
parallel programming features induces the desire for a powerdomain construction
analogous to the powerset construction on sets. Unfortunately, domains of the
form (D- Truthvalues) will not do--as will be seen--and we present here an
alternative, rather more complicated proposal.

Milner [10], 11] handled nondeterminism by using oracles. Unfortunately,
the resulting semantics does not give some intuitive equivalences since; for
example, the programs (p or q) and (q or p) have different meanings in general. Let
us say that two well-formed program fragments are behaviorally equivalent iff
whenever embedded in a context to form a program, they give rise to the same
behavior. Behavior itself is to be defined in some operational way. Relative to
some such notion we say that a semantics is fully abstract iff behavioral and
denotational equivalence coincide [11], [13], [19]. We would expect that (p or q)
and (q or p) would be behaviorally equivalent. So Milner’s semantics is not fully
abstract.

Milner asked if there was a generalization to relations of the notion of a
continuous function. Rather than consider relations R

___
D E directly we define

[E], the powerdomain of E, and use continuous functions R :D [E]. As a
result, we obtain a semantics in which the programs (p or q) and (q or p) always do
have the same meaning. But it remains an open question whether we thus achieve
a fully abstract semantics.

We begin by considering a simple language with a "nondeterministic branch"
feature. In this setting it is quite natural to consider sets when looking for a

* Received by the editors April 30, 1975, and in revised form December 10, 1975.

" Department of Artificial Intelligence, University of Edinburgh, EH1 9NW Scotland. This work
was supported by an SRC Grant.
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semantics. Indeed, a straightforward construction is available which we believe
has intuitive appeal. This construction forms the basis of the subsequent more
general powerdomain construction.

The need for that is demonstrated by considering a more elaborate language
with a simple parallel processing facility. In particular, one wants to find domains
satisfying recursion equations involving the hypothetical powerdomain construc-
tion [. ], just as equations involving +, x and were considered in the
deterministic case. Our approach is to use consistency criteria to determine the
ordering of [D], and to consider only certain subsets of D as candidate members
of [D]. This gives a rather indirect definition of [D]. The main body of the
paper considers a wide class of domains D for which it is possible to establish a
direct definition of [D], and examines some of its properties. This class allows us
to define continuous functions and predicates analogous to some standard ones on
sets and also to solve recursive domain equations involving [. ]. The final part of
the paper applies these results by giving an illustrative semantics for the simple
language considered. We also give one for a language of Milner’s which has more
extended multiprocessing features.

2. Establishing a definition. The first programming language considered has
simple nondeterministic choice points. The illustrative programs in Fig. 1 are
written in it. A formal definition will be given later.

Pl

FIG.

In this language, states are integer vectors of the appropriate length, and it is
clear how execution sequences are defined. From a given starting vector an
execution can, in general, result in one of several possible final vectors and may
even fail to terminate. For example, the first program P1 always terminates with
x 1; P2 has many possible execution sequences. One does not terminate, but the
others all terminate after varying amounts of time with x 1. An execution of P3
either does not terminate or else terminates with y 0 and x an arbitrary
number. It is therefore natural to let the meaning of a program, P, be a function.
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DEFINITION. An inductive partial order (ipo) is a partial order with a bottom
element in which every directed subset has a least upper bound.

Now let S be the set of possible states of the program P, and let S+/- S LI {2.}
be the ipo ordered by: x m_ y iff x I or x y. The meaning of P will be a function
p from S to (S+/-), the collection of subsets of S+/-. We want s’ p(s) iff either s’ +/-

and, starting from s, P has a nonterminating execution sequence or else s’ # / and,
starting from s, P has an execution sequence ending in s’.

Notice the use of ipo’s here. Sometimes they are called cpo’scomplete
partial ordersinstead. At the moment, we are using them for convenience
instead of complete lattices" including a top element would, we believe, not permit
so natural a development. Later, it seems to be essential to use ipo’s instead of
complete lattices. The construction of S+/- from S is an example of a general
construction, which will be used again.

If the meaning of Pi is Pi (i 1, 2, 3) then we have pl((m, n))={(1, n)},
p2((m, n))={.1_, (1, n)} and p3((m, n))={-l-}l.J{(j, 0)l j---0}. The use of functions
rather than relations as meanings reflects the input-output asymmetry. Whichever
is used, we feel it would be a mistake to take meanings in either $--> (S) or
(S x S) as we want to distinguish P1 from P2. That is, we do not want nondeter-
minism to mask nontermination. This difficulty with using the relational approach
[1], [2], [7] to handle nondeterminism is noted by Milner.

How are we to define the ordering relation, =_., on meanings? Since each p is a
function, m__ could be defined pointwise if only we had a definition of m_ on sets.
Now in the deterministic case, the orderings arose because one introduced _1_ in
order to be able to deal with partial functions as total functions. Then the order
reflected the fact of partialness and was induced by: _t_ m__ anything.

In our case the analogous course is to define the ordering on sets elementwise,
just as it was defined coordinatewise on previous occasions. So, for sets X and Y,
in (S+/-), we put X =_ Y iff Y is obtained from X by replacing _t_ in X by some
nonempty set. That is, X m_ y if (_t.X and Y= X) or else (.1_ X and Y_
(X-{I}) and Y is nonempty). There is a neater definition. Let D be an arbitrary
ipo. The MiMer ordering =-vt on @(D) is defined by:

X =-a4 Y iff (lx eX.::ly Y.x =_ y) and (ty Y.Zlx X.x =_ y).

It is the ordering on subsets of D induced elementwise by the ordering of D; in
particular it is the same as the one defined above for (S+/-) when D S+/-. For
arbitrary ipo’s m_vt is only a quasi-order, for if x =_ y =_. z are three distinct
elements in D, then {x, z} =M {x, y, z}, where =M is the equivalence induced by
I::::M.

We pause to consider a useful fact about =_u. Suppose f" D --> E where D and
E are ipo’s.

Notation. If X___ D, then f(X) =def {f(x)lx X}.
Now it is not hard to see that if X, Y_D andX =_4 Y, then f(X) =_u f(Y), as

f is monotonic.
In the present case (Sx), it is tempting to allow X m_ y if X_ Y although one

can hardly then claim _= as a "less defined than" ordering. But then {_1., s} m_ {s}, by
the elementwise criterion and {s} m__ {_t., s} by the subset one for any s S, and it
follows that Pa and P2 have equivalent meanings--against our wishes. So the
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temptation will be resisted. However, both LJ and { } will be seen to be continuous
functions. So a proof system based on =_ with symbols for LJ and { } can be used to
prove both subset and membership relations if required, as X_ Y iff X LJ Y Y
and sX iff {s}_X.

Having considered the ordering on meanings, which meanings should be
considered? Again we want to know which members of (S+/-) to allow. Since
p(s) , even if P does not terminate on s, we exclude the empty set.

Now the set of all initial segments of execution sequences of a given
nondeterministic program P, starting from a given state, will form a tree. The
branching points will correspond to the choice points in the program. Since there
are always only finitely many alternatives at each such choice point, the branching
factor of the tree is always finite. That is, the tree is finitary. Now Konig’s
lemma says that if every branch of a finitary tree is finite, then so is the tree
itself. In the present case this means that if every execution sequence of P ter-
minates, then there are only finitely many execution sequences. So if an output
set of P is infinite it must contain _L. Therefore we require infinite sets in [S_]
to contain _L.

DEFINITION. [S+/-], the powerdomain of S+/-, is the set {X S+/-[X , and X
is finite or contains _L} ordered by

Notice that we can define [D] for any denumerable discrete ipo D analog-
ously:

DEFINIa’ION. An ipo D is co-discrete itt it is denumerable and for x, y in D,
x
_

y itt x _L or x y. The co-discreteipo’s are just those of the form X+/-, where
X is a denumerable set.

DEFINITION. [D] is the set {X_ DIX , and X is finite or contains _L }
ordered by =-M, when D is w-discrete.

Clearly $1 is co-discrete and so, for example, is N+/- defined similarly from the
set of nonnegative integers. Other examples are {_L}, the one-point lattice and
(C) {_L, T} the two-point complete lattice and T Truthvalues {_L, true, false}.
The elements of co-discrete ipo’s can often be taken to correspond to discrete
items of output. As such, the same justification given for the definition of [S]
applies also to that of [D] when D is co-discrete.

THEOREM 1. [D] is an ipo in which every elementis the limit ofan increasing
sequence of finite elements. The functions (_J and {. } are continuous.

Proof. First =-t is a partial order, for if X= Y and x X, then either x _L

and x Y as X=_ Y or x =_i_ and x Y as Xt Y. Therefore X_ Y and
similarly Y X, which proves antisymmetry. Transitivity and reflexivity are clear.
The set {_1_} is the _t_ of [D].

We now prove that if X, Y are sets in [D] with an upper bound Z and X
does not contain _1_, then X

___
Y. For if y e Y, there is a z e Z and an x X such

that y =__ z
___

x. As x _t_, y
___

x. Similarly if x X, there is a z Z and a y e Y such
that x

_
z

___
y. As x _t_, x

___
y. By the definition of -4, X =-t Y.

Now suppose

___
[D] is directed. If there is a set X which does not

contain _l_, then, by the above remarks, X 11
Otherwise every set in contains _1_. Let X* t_J . If X , then as X_ X*

and _t_ X, X m_tX*. If Y is any upper bound of f, then X* m_4 Y. For if x X*,
then there is an X in f which contains x and so, as X m_4 Y, there is a y Y such
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that x
_

y. Conversely, if y Y, then y_ +/- X*. Thus we have proved that
X* I1 . So [D] is an ipo.

If X [D], and is not finite, let Xn {+/-, Sl, , sn} where sl, is a listing
of X. ThenX (A__>o X, II,_>o X,. It is easy to verify that the functions tA and { }
considered as members of 2[D] [D] and D [D], respectively, are con-
tinuous, which concludes.the proof.

It should be emphasized that if is a finite directed subset of [D], [._1 and
(_J need not be equal.

So we have our powerdomain construction for o)-discrete domains, such as
Sx. Some subsidiary questions arise. First, if we had excluded but included
everything else, an ipo would still have been obtained although not every element
would have been a limit of finite sets. At the present level the choice of [D] for
o-discrete D is governed by considerations of economy. We shall see later that a
similar choice in the general case gives rise to a difficulty in our theory. Notice by
the way that [D] could not have been taken as (D ql-), where a function f
represented the set {d D[f(d) true} as no function would have represented {_t_}.

Let us put these ideas together to give the semantics for our simple language.
Its grammar is specified by:

v::- xll" [x
::- +

zr ::= (, :-- ’)l(rl; "//’2)[(7]’1 or 7r2)[(if , then 7r else "/7"2)

[(while , do zr).

following the style of Scott and Strachey [18]. Here ranges over the set of
variables, - over terms and 7r over statements.

We take S {(ml, , m,)lm >= 0}.
For p:S [S..] let p+/- :(S. [$1]) be defined by

{+/-}, (s +/-),
p+/-(s)

p(s), (s +/-).

Notice here that although S is just a set, S - [Sj can be considered to be an

ipo with the induced pointwise ordering. Here and elsewhere we always intend the
interpretation as an ipo. When D and E are taken to be ipo’s, D E is always to

be the ipo of all continuous functions from D to E.
It is not hard to show that the function which sends p to p+/- is continuous.
The combinator *: (So[S+/-])2o(So[S_]) is defined by: p’q=

As{s"l=ls’ p(s).s" q+/-(s’)}. It is tedious to show directly that * is continuous,
although it is clearly well-defined. An indirect proof of continuity will be given
in 6.

The combinator COND: N+/- [S+/-]o [Sz] [S+/-] is defined by:

f{+/-}, (x +/-),
COND xX Y {X, (x 0),

Y, (x >0).
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The semantics of the language is then given by two functions T’:Terms
(S - N) and :Statements (S [S+/-]) where:

rx(s) (s).
0(s)=0,
V1]] (s) 1,
c[]’(7" + ’/’2) (S) //’’rl (S) +
r(.1- ,)(s)= ,1](s)- r,] (s).

(r or r)] As S.r](s) tO r](s),
Mifx then else r2] As S.COND(s)(MZrl]](s))(lrz]](s)),
twhile x do zr] Y(Ap (S - [S+/-]).As S.COND((s))((M[]]*p)(s))({s})).

A thorough treatment would now investigate the connection between this
semantics and an operational one, as envisaged above, with extensions to more
elaborate languages. One would also like to see proof systems based on

_
and

consider their relationship, both practical and theoretical, to those based on the
relational approach [1], [2], [7]. However, we press on to situations requiring a
more involved .

Now suppose we introduce a parallel operation into the language by adding
the clauses, 7r ::= (71" par 7r2).

The execution of a program is now conceived of as the performance of a
sequence of elementary operations on the state. Statements of the form
(7rl par r2) perform an arbitrary interleaving of the elementary operations of 7rl
and 7r2.

The meanings of statements can no longer be functions. For example if
"B" --((X :--- 0); (X :-" X + 1)), and 7/"2 (X :-- 1), then although ra and "/7"2 have the
same meaning as functions, (7rl par Tr2) and (r2 par qr2) have quite different
meanings. (This example is taken from 10], 11].)

Suppose meanings are entities r e R, say, and 7r has meaning r. The execution
of 7r on s e S either results in a final state, or results in some state and reaches a
point in 7r from which computation can be resumed. From a given s, several of
these possibilities can obtain. This is modeled by assuming that r(s)e S or
r(s) Sx R and we want R =S [S+/- +(S+/- x R)].

This domain R of resumptions is inspired by Milner’s domain of processes. It
is simpler, and is useful when side-effects have a fixed limited form arising from,
say, a predetermined number of common registers or buffers (when a slightly
different S is needed).

So we do indeed need to solve recursive domain equations involving . As
another example, we will be able to eliminate the use of oracles in giving the
semantics of Milner’s multiprocessing language. This will use a domain, P, of
nondeterministic processes, satisfying the equation:

P= V- [L x Vx P],

where V is a domain of values and L of L-values.
The method of investigation is to find a wide class of ipo’s D for which [D]

can be defined and in which such equations can be solved. This is done by defining
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first the members of [D], then the ordering of [D] for an arbitrary ipo D and
then finding a class of ipo’s in which this definition leads to pleasant and useful
properties.

In the case of the - construction, continuity successfully cut down the
cardinality of D E and gave a smooth mathematical theory into which computa-
bility fitted nicely [ 17], [ 18]. For [. ] we want an abstract notion of generable set.
When D Sz we expect this will coincide with the finite nonempty subsets of S_
and the infinite ones containing _t_, at least if the finitary tree nature of the
execution sequences is a general feature. Not only to-discrete domains figure as
output domains. Suppose one added a print instruction to the language. Output
would then be a sequence of integers, and the possible sequences of a given
program form the branches of a finitary tree. Here outputs belong to N the ipo of
finite and infinite sequences of nonnegative integers with the subsequence
ordering.

Such considerations suggest a definition. Let 12 be the ipo of finite and infinite
sequences of O’s and l’s, with the subsequence ordering. This is the oracle ipo [8];
it is the infinite binary tree with limit points added.

DEFINITION. A subset X of D is finitely generable iff there is a continuous
function f" l-I D such that X= Bd(f) =def {f(W)]60 infinite}.

There is, actually, a connection with the oracle idea. Suppose we have a
semantics in which the denotation of a program takes as argument an oracle to, in
12, which is used to determine the direction to take at choice points. Then the
program will deliver a result, f(w), in its output domain D. In the kind of semantics
advocated here, the denotation of that program would not take an oracle as
argument but would be, essentially, Bd(f). (Certain complications, considered
below, prevent it being exactly Bd(f).)

When D is to-discrete, its finitely generable subsets form the domain of
[D]. For one can see that all the sets in [D] are finitely generable. Conversely
suppose X Bd(f) is a finitely generable subset of D. Let T be the finitary tree
consisting of these finite elements, to, of such that f(to) _1_. If T is finite, then X
is finite. If T is infinite, it has an infinite branch by K6nig’s lemma, and so +/- X. In
either case X is in [D]. When D is N’, the output sets considered above are
finitely generable as can be seen from the connection with oracles.

The definition does not lose any sets by cohsidering only f. It can
be shown without much difficulty that if T is any finitary tree with limit points
added, and f" T- D, then Bd(f)= def{f(t.0)lt0 a maximal member of T} is finitely
generable. It follows that every finite nonempty subset of any ipo D is finitely
generable, as is every denumerable nonempty subset containing a lower bound
of itself.

Notice that if X_D is finitely generable and g" D E, then g(X) is also
finitely generable. That is, the definition is consistent with that of [E] for
to-discrete E in that, starting with finitely generable sets and applying suitable
continuous functions, only members of [E] are reached. Unfortunately, that
does not determine the finitely generable sets. For example, if Nv
{-/-, T, 0, 1,...} is the lattice formed from N by adding I and T, then X-
{T, 0, 1,...} is not finitely generable, but if E is o-discrete and f’Nv- E, then
f(X) is finite.
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It is not unreasonable therefore to include only the finitely generable sets in
the domain [D]. However there are reasons for considering other sets. Consider
the program:

P ((y := 0); (x := 0)); ((y := 1) par (while y do x := x + 1)).

According to the parallel construct sketched above, P can either stop with x set to
an arbitrary integer or fail to terminate. Now postulate a fair parallel construct
which at any point will never restrict all its computation to one branch, unless the
other has terminated. Clearly, every fair computation sequence of P terminates,
but the set of results of the fair computation sequences is not finitely generable,
being {(0, 1), (1, 1), (2, 1),...}. It may be possible to handle this by considering
the denumerably generable sets instead of the finitely generable ones. These are
obtained by replacing 12 in the definition byN’. In the to-discrete case this leads to
the alternative mentioned above. Another approach is not to consider all fair
computation sequences, but rather parallel constructs which give rise to finitely
generable sets of fair computation sequences. The importance of the problem is
that the assumption of fairness is needed to prove the absence of deadlock of
certain co-operating processes [5]. This poses one of the more interesting prob-
lems left unresolved in this paper.

At any rate we will form [D] from [D] the collection of finitely generable
subsets of D, and an as yet undetermined ordering, _m. Since __. will be only a
quasi-ordering in general, [D] will actually be the collection of equivalence
classes with the induced partial ordering.

It remains to define this ordering. In the cases of +, x and not only is the
induced ordering natural, it is also, in a sense, necessary. For example in the case
of D1 D2 one expects that the projection functions "/T :D1 D2 Di (i 1, 2)
are monotonic. So if (dl, d2) t::: (el, e2), then di 7ri((dl, d2)) 7ri((el, e2)) ei
(i= 1,2).

Notation. Let D and E be ipo’s and suppose E is to-discrete. If f:D [E],
then jr. -[D] [E] is defined by:

f’(X) U {f(x)[x X} (Xe -[D]).

We omit the justification of the definition of ) for the moment.
DEFINITXON. Let D be an ipo. The quasi-order on -[D] is defined by:

X Y iff (Vw-discreteE.Vf D-, [E].f’(X) =_uf(Y)), (X, Y --[D]).

In the case of [D] we would expect that if f:D- [E], where E is
to-discrete, then/r. -[D]- [E] would be monotonic.

So if
_

is our hypothetical ordering we expect that, for X, Y in -[D],

(1) (X =_ Y implies X =_ Y) and (X
_
Y implies X Y).

The first part arises from the naturalness of the elementwise criterion. The
second part arises from the above discussion and our expectation that in the case
of to-discrete domains,

_
will be

We pause here to verify that )r is indeed well-defined. That is if X is finitely
generable, then f(X) is in [D].



460 G.D. PLOTKIN

Suppose X Bd(g)for some g:12 D. Let Tbe the finitary tree consisting of
those finite w in f such that +/- f(g(oo)). If T is finite, then f(X) is finite. If T is
infinite then, by K6nig’s lemma T has an infinite branch o0, to1, w2," . Since
3_ f(g(wi)) for all -> 0, it follows that 3_ .Ji>=o f(o)i) f(l li>=o OOi) (X). As
f’(X) , it follows that in either case f(X) [D].

In some cases the second part of (1) can be computationally justified. If E is
the output domain, in some programming language, and D is part of a value
domain, then a set X_ D might arise as the set of possible values of a variable at a
stage in the computation. With everything else fixed, we get a continuous function

f,: D [E] where f(d) is the set of possible outputs arising from d X. Then
f(X) is interpreted as the set of all possible outputs, which should vary monotoni-
cally with X.

Here are some elementary facts about G:
THEOREM 2. (i) For X, Y in [D], X Y iff Vf D (C).f(X)

_
f( Y).

(ii) IfX Yand f:D E, then f(X) f( IO(X, Y in [D]).
(iii) IfX Y, then X Y(X, Y in -[D]).
(iv) IfD is o-discrete and X Y, then X -t Y (X, Y in [D]).
Proof. (i) Let X, Y be in [D]. Suppose f:D (3. Define g:D [(C)] by

g(d) {f(d)}. Then if X Y, (X) __G_ (10, so f(X)
_

f(Y).
Conversely suppose f(X)

_
f(Y) for all f: D -* (3 and g D - [E] where E

is w-discrete. Suppose e is in if(X) and e # +/-. Define h’[E] (3 by:

3_ (eZ),
(Zin[E]).h(Z)

T (e Z),

This does define a continuous function. Taking f= h g, we find that T
f(X) m__.M f(Y)= h(g(Y)). Therefore e is in if(Y) which is half the proof that
(X) =_t if(Y). If +/- 6 if(X), we are finished. Otherwise if(X) is finite since it is in
[E] and so for each x in X, g(x) is finite and 3- g(x).

Define h :[E]- (C) by:

h(Z) {T (Z g(x) for some x X),
_k (otherwise),

(Z in [E]).

Then h is continuous and with f= h g, {T}= f(X) -M f(Y)= h(g(Y)). Thus
(Y)

_
(X) which concludes the proof of part (i).

(ii) Suppose X Y for X, Y in -[D] and f:DE. If g:E(C), then
g(f(X)) -1 g(f(Y)) by part (i). So f(X) f(Y) by part (i).

(iii) Suppose X
_

Y for X, Y in --[D]. If f:D E, then f(X)_ f(Y).
Therefore X Y by part (i).

(iv) Suppose D is co-discrete and X m y for X, Y in -[D]. Define f:D-
[D] by: f(d) {d}. Then

x [(x)

=Y.

(by the definition of )
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Unfortunately (1) does not determine =_. For example let Xo
{l}O{0nlo’ln_>-0}, Xl=X0kJ{0o’}, using an obvious notation, define finitely
generable subsets of l). We claim that X0 X1 where is the equivalence induced
by . But clearly, X0 #tX1. So X Y does not imply X -t Y, in general.

To see that Xo Xa, let f" D - (C). Clearly f(Xo)
_
f(Xa). If +/- f(Xa), then

+/- f(+/-) f(Xo); if T f(Xa), then T f(d) for some d in X1. If d X0, T f(Xo).
Otherwise, d 00". Then for some n, T =f(0n). Therefore T f(Xo) in this case
too. Therefore f(Xo)= f(X) and so, by the theorem, X0- Xa.

So our analysis has left us in rather a quandary as to the definition of =_ on
--[D]. One expedient would be to search for other,necessary conditions on

_
by

looking for functions other than those of the form f. These might be provided by
considering programming features which allow some inspection of all possible
execution sequences of subprograms. We do not consider such "AND" program-
ming here (but see Manna [9]).

Since we would like our semantics to be fully abstract, we choose the coarser
relation . By Theorem 2(iv) this is consistent with our earlier definition of [D]
for D w-discrete. We conjecture that choosing -t instead would not even give
an ipo, but lack a counter-example. We were not able to develop a satisfactory
independently justified definition of for sequence domains like gl or N’.
However does have some pleasant properties for these domains. Suppose X, Y
are two members of [D], where D is such a sequence domain. If every member
of Y is infinite then X Y iff X -t Y; if every member of X is infinite, X Y iff
X and Y are identical. The second claim follows from the first which will be
proved later.

We now have to within isomorphism a definition of "DEFINITION. [D](---[.D]/, /) where ..[D]/ is the set of finitely
generable subsets of D modulo =, the equivalence induced by the quasi-order
and m/ is the induced partial order.

When D is o-discrete we retain the earlier definition as the standard one;
later we will fix on a standard one for other cases.

As yet we have no guarantee that [D] is an ipo when D is not discrete, let
alone that we may solve recursive domain equations using . We need a suitable
class of ipo’s in which such guarantees can be obtained. We begin by showing that
[D] is a well-defined ipo if D is finite. That is carried out in 3. By considering
limits of infinite sequences of finite ipo’s we arrive at a category SFP. This category
is described in 4. It turns out that if D is an SFP object so is [D]. Indeed is a
functor on SFP. We also obtain good internal descriptions of [D]. This work
occupies 5 and part of 6. In 6 we show that various associated functions are
continuous. These functions are useful for defining various denotational seman-
tics. Finally in 7 we can show that a wide variety of recursive domain equations
are solvable in SFP. Our main method is categorical, and we also have a universal
domain method. It is possible to use Scott’s (w), [17], but not in a particularly
satisfactory way. The last section, 8, applies this work by giving some illustrative
semantics as mentioned above.

3. Finite powerdomains. If D is finite, then [D] as described in the last
section is certainly a partial order. It has a least element which is the equivalence
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class of {,1,} under -. Since D is finite it follows that [D] is indeed an ipo.
However we really want a more pleasant description of [D]. This is given by the
next theorem.

DEFINITION. Let E be an ipo. A subset X of E is convex itt (Vx, y, z E.
(x m_ y m- z and x X and z X) implies y X).

The convex closure operator, Con, is defined on subsets of E by,
Con(X) "-def {Y E[::Ix, z X.x m_ y m- z} (X E).

THEOREM 3. (i) Con is a closure operator on any ipo E. For any X, Y E,
Con(X) is the least convex set containing X, X =u Con(X), and X =u Y iff
Con(X) Con(I0.

(ii) IfD is finite, X m y iffX m-u Y (X, Y -[D]).
(iii) IfD is finite, [D] ({Con(X)lX_ D, X (R)), =_).
Proof. (i) The proof is straightforward.
(ii) By Theorem 2(iii) we know thatX m-u Yimplies X m y. Suppose X m y

and x X. Define f:D by:

I-r, (d
_

x),
f(d)

+/-, (d x).

Then f is continuous. As Y e f(X) m-M f(Y) by Theorem 2(i), y
___

x for some y in
Y.

Suppose y e Y. Now define f:D --> 0 by

_1_, (d m_ y),
f(d)=

T, (d t y).

Again f is continuous and now ,1, f(Y)=---M f(X). So x m- y for some x in X.
Therefore X m-M Y as required.

(iii) By definition, [D]-(-[D]/-, /-). Clearly the finitely generable
subsets of D are the nonempty ones. By (i) and (ii), Con assigns to eachX in -[D]
the maximal member of its equivalence class under -. It therefore induces a 1-1
correspondence between --[D]/- and {Con(X)[X_ D, X } which is an
isomorphism of the partial orders. 71

From now on we will take ({Con(X)IX___ D, X }, re_M) as our standard
definition of [D] when D is finite. This is consistent with our previous standard
definition for the discrete case.

Let us consider the extension of functions to finite powerdomains. Suppose
f" D -> E for finite ipo’s D and E. Define f" [D]--> P[E] by:

j(X) Con(f(X)), (Xe [D]).

The function f is monotonic and therefore continuous; for, if X m-u Y,
f(X) =u f(X) m-u f(Y) =u f(Y) by Theorem 2.2. Note that o is Ito where Io
and Ito are the identities on D and [D], respectively. Finally, extension
commutes with composition; for if D, E, F are finite ipo’s, f:D E and g" E - F,
then for X [D], ,(X) =u g(X), so f((X)) =u f(g(X)) Con(f(g(X)))
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The finite ipo’s allow us to show that even if D is a lattice, [D] need not be.
Let q]- {_1_, true, false, T} be the lattice of truth values and take D q]-- x q]--. Let
a (true, .1_), b (false, _I_), c (.1_, true) and d (_1_, false). Let A {a, b}, B
{c, d}, C {a I__1 c, c I...I d} and D {a II d, b II c}. Then one can check that C and
D are incomparable minimal upper bounds of A and B in [D]. Therefore [D]
is not a lattice. Indeed it is not even a semilattice, which we take to be a closed
subset of a lattice, as in [ 17]. So converting [D] into a lattice would require one
to add many pointsmnot just a top element. It is not clear to the author how to
keep these separate from the bona fide elements.

4. The category SFP. In this section we present the class of domains over
which our powerdomain construction works. They are certain limits in the
category IPO. They will form a category SFP and will be a functor from SFP to
SFP. An alternate characterization of the SFP objects in terms of their order
structure will provide’a priori reasons for their usefulness.

Perhaps we could comment on our use of category theory. No deep theorems
of category theory are used. Rather, it allows a systematic development of the
material. We cannot give such a development entirely within Scott’s (to), [17].

We begin by considering the relevant limits in IPO.
DEFIrTIOr. IPO-P is the category whose objects are the ipo’s and whose

morphisms p :D E are pairs (q, tO) where q :D E and q:E D. Composition
is defined by:

q o p ((q)l (p)l, (P)2 (q)2).

The identity on D is (ID, ID) where ID :D D is the usual identity. It will also be
called ID and we rely on context to settle the ambiguity. Composition is continu-
ous with respect to the induced componentwise ordering on morphisms.

The category IPO-P is useful because it has the interesting subcategory,
IPO-PR. If p" D -E let p* (P2, P). We have the law, (q p)* p* q*, and also
ItD= ID. A pair p" D E is a projection (of E onto D) iff p* p ID and p p* m__ IE,
under the induced componentwise ordering. This agrees with the usual definition
of projection. The composition of two projections is a projection as are the
identities. Note that the set of projections between two ipo’s forms an ipo under
the induced ordering.

DEFINITION IPO-PR is the subcategory of IPO-P with the same objects and
with projections as morphisms.

If D and E are isomorphic in IPO-PR, then they are isomorphic in IPO, that
is, as ipo’s.

The use of these derived categories is suggested by the work of Reynolds [14],
[15] and Wand [20], [21].

The category IPO-PR has direct limits of sequences. We give a definition
which is, essentially, taken from [6].

DEFINITION. A directed sequence (in IPO-PR) is a family (Din, Pmn) of
ipo’s D,, (m _-->0) together with projections P,,n "Din Dn (0_-<m _-<n) such that
p,,,,, Io., and p,, p,, p when 0 _-< -< m -< n.
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DEFINITION. A cone from a directed sequence (Dm, p,,,,,) to an ipo D is a
family (rm) of projections rm’Dm ->D such that"

rm pt,,, =rl (O<-_l<-_m).

Such a cone is universal iff whenever (r’,,) is a cone from to an ipo D’ then
there is a unique mediating projection r" D-> D’ such that

__rrm rm (m >--0).

In this case, D is a direct limit of D and we write" D lim_. .
It follows from the uniqueness of the mediating projections that a direct limit

is unique, up to isomorphism, and the mediating projection from one direct limit
to another is an isomorphism.

LEMMA 1. Let (D,, p,,,) be a directed sequence and let (rm) and (r’,,) be
cones .from to D and D’, respectively. Then (r’,, r) is an increasing sequence.

* Io. If (r,,) is universal, then the uniqueThe cone (r,) is universal iff I1>_o r, r,
mediating morphism r"D D’ is r’ In>=o rn r,,.

Proof. Suppose n _-> m. Then r,o r, (r, p,,,,) (r, p,,,,)*
r, p,,,, p,,,,,o r,, m_ r,,o Io. r,, r,o r,. Therefore (r’m r is an increasing
sequence.

Suppose (r,,) is universal. Since (r,,) is a cone from to D there is a unique
mediating projection r" D D such that r,, r r, (m >- 0). Since Io is a mediat-
ing projection, r Io. We show that I,,_>_o r, r,, is also a mediating projection. It
then follows that it too is Io.

* (roNow, (l ln>_o rn rtn) rm ln>_m rn rn Pmn [-Jn>--m rn Pmn rm. There-
fore I,,0 rn r,, is indeed the mediating projection Io.

* r’ O’Conversely, suppose 1-]0 r r I and let D be I1_o rn r. We
show that r’ is a mediating projection from Dto D’ and that if r" is any mediating
projection, then r"= r’.

First,

r’or,,.= 1_1 r r,= l_1 r,o(r or,.op,,.)
n>--O n_m

II r,,opm
m>--n

(m>0)
Therefore r’ is a mediating projection from D to D’.

Next, suppose r" is such a mediating projection. Then,

r" r" rn r

I_l (r"or,)or,
n>_O

-I r’,or,,
n_O

We can now show that IPO-PR has direct limits of sequences.
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THEOREM 4. Let =(D,., p..) be a directed sequence where p,..=
(q,.., .,.). Let Do be the set of vectors, {(d,.)lm _->0 and d,. .m(d,.) if 0 <- m <-

n} with the pointwise ordering: d m_ e iff Vm >- O.(d)m m_ (e),. (d, e D). Then D is
an ipo. Define i,. :D,. -> D, j,. :D -> D,. (m _>-0) by:

(i(dm))

i,.(d)=(d),..

(n>-_m),
(n < m),

Then im and ],, are indeed continuous and r, (i,, ],) is a projection. Further, (r,)
is a universal cone and so D lim_, .

Proof. The proof is a straightforward point-by-point verification. Universality
is proved using the criterion given by Lemma 1. We omit the details which can be
taken over from the, usual proofs for complete lattices, as given in [16], [14],
[21]. [3

DEFINITION. The category SFP (Sequences of Finite inductive Partial orders)
has as objects those ipo’s D lim_. @, where (D,, p,n) is a directed sequence
of finite ipo’s D,,. Its morphisms f:D E are the continuous functions with the
usual composition.

Every finite ipo is an SFP object as it is a trivial limit of finite ipo’s.
The categories SFP-P and SFP-PR are defined analogously to IPO-P and

IPO-PR and are actually full subcategories of them. In other words if D and E are
SFP-P (SFP-PR) objects, then the set of morphisms from D to E is the same in
SFP-P (S.wP-PR) as it is in IPO-P (IPO-PR). The notions of directed sequence,
cone, universality and limit in SFP-PR are defined analogously to the correspond-
ing notions in IPO-PR.

We now turn to an alternate characterization of SFP objects.
DEFINITION. An element d in an ipo D is finite iff wheneverX c_ D is directed

and d m_ LAX, then d m_ x for some x in X.
DEFINITION. An ipo D is algebraic iff for any x in D the set {d[d m_ x and d

is finite} is directed and has least upper bound x. D is to-algebraic itt it is algebraic
and has denumerably many finite elements.

DEFINITION. Let X be a subset of an ipo D. An element u of D is a
minimal upper bound of X iff it is an upper bound of X and it is not strictly greater
than any other upper bound of X; //(X) is defined to be the set of all minimal
upper bounds of X. 0//(X) is a complete set of upper bounds of X iff whenever u is
an upper bound of X, then u

_
v for some v in //(X). a//*(X) is defined to be the

least set containing X and closed under
If an ipo D is algebraic and X is a finite set of finite elements, then every

element of //(X) is finite. For suppose u/e a//(X). Since X is a subset of {did =_ u
and d finite} and that set is directed there is an upper bound, u’, of X in the set.
Since u is a minimal upper bound of X it must be u’ and so u is finite as u’ is.

THEOREM 5. (i) An ipo D is an SFP-object iff it is to-algebraic, and, whenever
Xis a finite set offinite elements ofX, then ll(X) is a complete set of upper bounds of
X and atl*(X) is finite.

(ii) The category SFP-PR has direct limits o[ directed sequences.
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Proof. (i) Every finite ipo clearly satisfies the conditions. We show that they
are preserved under direct limits of directed sequences in IPO-PR. Suppose

(D.. Pro.) is a directed sequence in IPO-PR, and the D. satisfy the condi-
tions. Let D and rm (ira, jm) be as described in Theorem 4.

First we show that D is to-algebraic. Each element of the form ira(din),
where d. is a finite element of D.. is finite. For if X_D is directed and
i(dm) m_ I_IX, then d., =,. i,.(d,.)m_ Ixj,.(x). So as d. is finite there is an
xX such that dm m_ jm(X). Then i(d)m_ i oj.(x)_ x. So im(d) is indeed
finite.

Further every element in D is a least upper bound of a directed set of such
elements. For if d D, then

d II i.,(],,,(d))
m>_O

L.J’ i,.(ll{d., e Dld., finite and d., _/re(d)})
m=>O

(as Dm is algebraic)

=l_l{i(dm)lm >-_0, d eD.. d,. finite and d,,, m_ ]re(d)},
and the set on the right is a directed set of finite elements of D.

SoD must be algebraic and its finite elements are those of the form ira(din)
where m >-0 and dm is a finite member of Din. Since each Dm is to-algebraic, there
are denumerably many such elements arid so D is also to-algebraic.

We now consider the operation 0//. Let it be //m in D. (m _-> 0) and //oo in Doo.
Then if X,. g D,, ’ll(im(Xm))=im(’llm(Xm)). (We are using a notation for
function application which was defined in 2.) For it is straightforward to check
that if u is a minimal upper bound of im(X), then so is ](u) of Xm and
u i ].(u). Conversely if u is a minimal upper bound of Xm, then so is i(u) of
i,.(x).

Now suppose X_D is a finite set of finite elements of D. Then X i,.(Xm)
for some finite set of finite elements of some D,.. Therefore, q/(X)=
i,.(ll(X)). If u in D is an upper bound of X, then ](u) is an upper bound of X..
Therefore there is a v in /G(X.) such that v ],.(u). Then im(V)e ll(X) and
i(v) u. So a//(X) is complete.

Next we show that *(X) is finite. First we define 0// for any ipo E and r =>0:

t(Y) ,
r+(y) U{(Y’)I v’

_
r(Y)} U Y (Yc_E).

Then for Ycc_E we have //’(Y)q/+(Y)_a//*(Y) (r=>0). If r(Y)
q/r+(y) for some r_->0, then a//.(y) 0-//r(y).

We now show by induction on r that q/(i,.(Y)) im(allrm(y)) for all Y
It is clear for r 0. For r + 1 we have,

o tt,.(Y)) U{oo(Y’)IY’_ oo(m(Y))}U im(Y)

U {//oo(Y’)[ Y’ i,.(//(Y))} U i,.(Y)
(by induction hypothesis)
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U{tloo(im(Y’))lY’cc_. //(Y)} U i,,(Y)

U{i,(II,(Y’))IY’ q/(Y)} U i(
(by a previous remark)

=im(r+()m (YD)._

Now, since (X) is finite there is an r such that (X)=’+(X)
(X). erefore (X)= i((X))= i(r+(X))=+(. erefore
( ( i((X)), by the above remarks, and so (X) is finite.
We have therefore shown that D satisfies all the conditions.

We now show that if D satisfies all the conditions, then it is the limit of a
directed sequence of finite ipo’s.

Let D have finite elements, & eo, e,....
Let D (({e0, e,..., e}), ) where is inherited from D (m 0).

enD is a finite ipo. Define p,"D D, (0 N m N n) by:

(d.) {x Dlx d} (d D),

p, (,,) (ONmNn).

Then, is well-defined as the set on the RHS (right-hand side) is directed as
it contains Z and by the properties of . Both , and , are monotonic and
therefore continuous. One can check that each p, is a projection and (D, p,) is
a directed sequence. Define r "D D by:

i a a a eD
](d) {x Dlx d} (d D, m 0),

As before ], is well-defined and is monotonic and therefore continuous. Clearly i,
is well-defined and continuous. One can check that (r,) is a cone from
(D,,, P,n) to D.

Further,

U i,,., ](d) U U {x D,,,Ix =_ d}= d
O --O

(deD).

Therefore by Lemma 1, D lim_. , as required.
(ii) Suppose is a directed sequence in SFP-PR. Then it is also a directed

sequence in IPO-PR. It therefore has a direct limit, D, in IPO-PR. The argument
in part (i) of the proof shows that D is actually an SFP object. As SFP-PR is a full
subcategory of IPO-PR, D is also the direct limit in SFP-PR of N. 19

The internal characterization of SFP objects given by Theorem 5 allows us to
argue for the reasonableness of the category SFP. First, all denotational semantics
for programming languages, published till now, use o-algebraic ipo’s. The
example given in 3 shows that we should probably not expect consistent
completeness. Our axioms for t/give a kind of substitute.
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It may be that at some time we shall want a concept of continuous ipo and a
powerdomain constructiofi for it. Universal domains provide a candidate con-
struction, as will be seen. However the author does not know a good definition of
the notion of a continuous ipo. Finally, considering to-algebraic ipo’s rather than
just algebraic ones provides a framework for computability considerations.

5. Powerdomains in the category SFP. In this section we obtain sufficient
conditions for [D] to be an ipo. Indeed we show that if D is an SFP object, so is
[D]. As a byproduct it turns out that instead of taking equivalence classes in
[D] we can choose maximal members of the equivalence classes. With the aid of
a topological closure operator and the convex closure operator, Con, defined in

3, we get an internal characterization of the maximal equivalence classes. We
then go on to obtain similar characterizations of the finite elements of [D] and
l.u.b.’s of sequences in [D]. Finally we can provide evidence that the ordering
on sets of sequences (of integers, say) is not too unnatural. It turns out that, in
many cases, m is’just

Let D be any SFP object. Then by definition we have a directed sequence
=(D.,, Pmn) of finite ipo’s such that D =lim_ . Let (r.)=((i.. ira)) be the

universal cone from to D. Let =([D.],/).n) where
(m _-< n). Let E lim_. with universal cone, (F.) (f.. ]), say. By establishing
an isomorphism between E and E’= (F[D]/-, m/-) we shall see, by Theorem 5,
that [D] is an SFP object. The technique used is to define functions " E [D]
and r/: [D]E which will induce the isomorphism. They are defined by:

(e) {d DIVm >- O.i(d) era} (e E),

n(X) (Con (j.(X)))=o (X [D]).

We should show that they are well-defined. Suppose e E. Consider the finitary
tree whose nodes are sequences (dl), , d")) (n ->0) with d") e. (0< m -< n)
and ./l).(d"+1)) dm) (0< m <n). If T is its completion, considered as an
ipo, define f" T E by:

l

f(to)= i,,((to),,

I,,>o i, ((w),)

(to has length 0),

(to has length n > 0),

(to is infinite).

Then (e) is Bd(f), the boundary of f, and so is finitely generable.
As for , we have"..(r(X).) Con (..(j.(X)))

Con (]. (X))

=(X). form_->n.

In the arguments that follow, we often use K6nig’s lemma in a particular way.
Suppose (X.).=o E for n _-> 0 and u") Xn for n -> 0. Then there is an x in D such
that for all n >=0, j.(x)X,, and there is an m _->n such that ..(u") ].(x). So
see this, consider the finitary tree whose nodes are sequences (dl, d )
(n -_>0) with d’ in X., (0< m _-< n), with O.+l,.(d’+1)) d".(0 < m < n) and
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such that there is a p _-> n such that d") Ipn(U(P)). As it is infinite, it follows from
K6nig’s lemma that it has an infinite branch, to0, fox," . Let x II,>o i,((to,),).
Then x is well-defined and has the required properties.

LEMMA 2. (i) If e m_ e’, then (e) m_M (e’) (e, e’ E).
(ii) IfX Y, then rl(X)

_
q(Y) (X, Y [D]).

(iii) r/o - IE.
(iv) IfX -[D], then rt(X)

_
X, rl(X) --MX and : r/(X) X.

Proof. (i) Suppose x e (e). Then for all n -> 0 there are u(") e (e’), such that
u(")_ ],(x). Applying K6nig’s lemma in the form described we obtain a y e D
such that for all n ->0, y, e (e’), and there is an m -_>n such that y, qm, (uCm). AS
um) -- ira(X), it follows that y,

_
x,. Therefore y sC(e ’) and y

_
x.

Suppose y e :(e’). Then for all n _-> 0 there are u") e (e), such that u") m_ y,. A
similar argument using K6nig’s lemma provides an x :(e) such that x m_ y.

(ii) Here,
/(X) (Con (jm(X)))=o

(Con (jm( Y)))=o

n(Y).

(as X Y, jm(X) t::ZMjm(Y)
by Theorems 2.2 and 3.2)

(iii) We must show that r/((e)) e for any e 6 E. That is, we must show that
em Con (j,,{d DlVm >-O.j,,(d) era}) for all m _->0. Clearly RHS_LHS (left-

V
(n)hand side). Take X - era. Since nm(en) em for n

such that q,,,(u("))
_
x,,_ q,m(V(")) for n _-->m. Define u(")= v(")= qm,(Xm) for

n < m. Applying K6nig’s lemma twice in the form prescribed above we obtain u, v
in D such that u,, v, 6 e, for all n and Um -- X,,

_
Ym, which shows that x,, RHS.

(iv) We have, o r/(X) ={d eDIVm>-_O.jm(d)Con (jm(X))}. If deX, then
j,,(d)6 jm(X) and so : r/(X) _X. To show that X --M Sc r/(X) it only remains to
prove that if y 6 : r/(X), then x

_
y, for some x 6 X. So" suppose y sc r/(X).

Then for all m->0, jm(Y) is in Con (j,,(X)). There is an x(m) in X such that
j,,(x (m)) m_ jm(Y). Therefore for all n >- m, jm(X (")) m_ jm(Y).

Since X is finitely generable there is a g" f-D such thatX- Bd(g). Let Tbe
the finitary subtree of fl consisting of the finite to in fl such that for infinitely many
n _-> 0, g(to) m_ x ("). Clearly the empty sequence is a node in T. If to is a node in T,
then one of its two successors in fl is in T. Therefore T has infinitely many nodes
and we may apply K6nig’s lemma to obtain an infinite branch too, to1, ".

Now if to is a node in T, then if m -> 0, there is an n -_> m such that g(to) m_ x (").
Then j,,(g(to)) m__ jm(X(")) j,,(y) by the definition of T and the properties of the
x"). Therefore g(to) -_ y. Now if we put x II,__>0 g(toi), then x 6 X and x

_
y,

which concludes the proof that X m_M : r/(X).
To show that : r/(X) X it only remains to show that : r/(X) X. We use

Theorem 2(i). Let f" D (C). We must show that f( rt(X)) m_M f(X). If y f(X),
then y f(x) for some x in X

_
rl(X). Therefore y f( rl(X)). So we must

show that if x f(sc /(X)), then for some y 6 f(X), x =_. y. The case x +/- is trivial.
If x T, then, by the continuity of f, there is a d in.sc r/(X) and an m -> 0 such that
T f(i,, j,,(d)). As jm(d) Con (jm(X)), there is an x X such that
j,,(d) m_ j,,(x). Then T=f(x)f(X), as required.
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THEOREM 6. [D] E and is, therefore, an SFP object.
Proof. Let [X] be the equivalence class of X in :T[D] modulo -. Define
E -> E’ by:

and (rl/=) E’-> E by"

(:/=)(e) [:(e)]

(n/=)([x])

By Lemma 2(ii), r//- is well-defined. By Lemmas 2(i) and 2(ii) and Theorem
2(iii), :/- and r//"-- are monotonic. By Lemmas 2(iii) and 2(iv) they are mutual
inverses.

It is possible to choose maximal members of the equivalence classes to get a
better description of [D]. Define an operation on :T[D]: by: X* rt(X).

COROLLARY 1. (i) The operation X* is a closure operation on @-[D].
(ii) For X, Y in :[D], X Y iffX* --M Y*, and X Y iffX* Y*.

(iii) [D]({X*[X :T[D]},
Proof. (i) We show that if X Y, then X* Y*; that X_ X*, and that

X** X*. The first is immediate from the definitions of : and rt, the second from
Lemma 2(iv) and the third from Lemma 2(iii).

(ii) That X Y implies X*M Y* follows from Lemmas 2(i) and 2(iii). The
converse follows from Lemma 2(iv) and Theorem 2(iii). The other part is similar.

(iii) We can define a" E’--> ({X*IXe :[D]}, M) and /3 "({X*IX
:-[D]}, _>- E’ by:

a([X]) X* (X [D]),

/3 (X) IX] (X X* e :D]).

Part (ii) shows that a is well-defined and monotonic and that/3 is monotonic. By
part (i) and Lemma 2(iv) they are mutual inverses. Therefore they are isomorph-
isms.

We will take this definition of [D] as our standard one. It can be seen that
this agrees with the previous definition when D is finite. For byLemma 2(iv), X* is
the maximal member of IX], and by Theorem 3, so is Con (X) when D is finite. It
also agrees with the earlier standard definition when D is discrete.

From the proof of Theorem 6 and that of Corollary 1 we see that if we define
r/* [D]->E and :*" E --> [D] by r/* (//=) fl ind :* a (sc/_), then
and :* are isomorphisms. For they are mutual inverses. One sees too that
r/*(X) ?(X), for all Xin [D] and, using Lemma 2(iii), *(e)= :(e)for e in E.

With the aid of a lemma we can get a picture of the finite elements of [D].
LEMMA 3. (i) ForXe [D], ]’,, r/*(X) Con (],(X)) (n >-0).
(ii) For Xe [D,], * ,(X) Con (i,,(X)) (n >-0).
Proof. (i) The proof is immediate from the definition of r/*.
(ii) For Xe[D,,],

*o ’.(X) {d eDlim(d)e(?,,(X))m, m ->0}

{d e DI!",,(d) e ff..,(X), m >= n}.

This clearly includes i. (X) and therefore since it is closed it includes Con (i. (X)).
Now if d e * ’.(X), then for all rn >=n, ],,,(d)e ,,,,,(X) and therefore there are
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um), v’ Xsuch that i,,(u’) =_ i,. j,,,(d)
_

in(v (m)) for m _--> n. Since X is finite,
infinitely many of the u’ are identical, as are infinitely many of the vm.
Therefore there are u, v in X such that i. (u)_= d

___
i. (v), showing that d is in

Con (i,,(X)) as required.
From the proof of Theorem 5, we see that the finite elements of E are those of

the form i’.(X)where X [D.]. Therefore the finite elements of [D] have the
form, :* [.(X)or, by the lemma, Con (i. (X))whereX 9[D.]. That is, they are
the convex closures of finite nonempty sets of finite elements of D.

One can then obtain another interesting characterization of [D]" it is the
completion in IPO of the partial order

<{Con (X)IX is a finite, nonempty set of finite elements of D},

The proof is straightforward. Since we do not use the result, we omit the proof.
The description of the closure operation X* in terms of s and /is external to

D, involving an arbitrary choice of a sequence whose limit is D. Considering the
example of subsets of ft which are but not =M suggests looking for a suitable
notion of limit. This is provided by a topology of positive and negative informa-
tion.

DEFINITION. The Cantor topology on D has, as sub-basis, the sets Pe
{XIX _= e} and Ne {XIX e} for finite e.

It can be shown that when D is a lattice, the Cantor topology is the order
convergence topology defined by Birkhoff in [3].

DEFINITION. An information a is a pair with (a)l a finite member of D and
(a)2 a finite set of finite elements of D.

dcz "-defe, (’ f N
tx2

Each c is open and closed and the form a basis for the topology, for

Pe rq Pe’ U{eald /o({e, e’})}.

Notice that if D is finite, this is just the discrete topology. In fact in general it is
the topology inherited from the discrete topologies on the D,. For, as a set, D is
the limit of the inverse system of sets (D,, 4’,,,) and since the topologies in the D,
are discrete, the ,,,, are continuous, in the topological sense. Therefore, by [4], D
has an inherited topology with basis {]I(x)[x D,}, and this is just {2f}. Now as
topological spaces, the D, are all compact. Therefore, by [4], so is D. Conse-
quently D is Hausdorff, and every finite subset of D is closed.

We called the topology the Cantor topology since under the natural injection
e :D--> (to), it can be viewed as a subspace of Cantor space. Here e(d)=
{nle, =_ d} (d D), where e0, el," is an enumeration of the finite elements of D
[17]. It is easily seen to be continuous as a map from D under the Cantor topology
to Cantor space. It is not hard to show that {e(d)ld D} is a closed set in Cantor
space and so we have another proof that the topology is compact.
Recall the usual definition of a limit of a sequence:

lim (x.).o a iff every neighborhood of a contains almost all the x..
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This can be reformulated using the sub-basis:

lim (x,,),=o a iff.(VPe.a Pe implies almost all the x,, are in Pe)
and (lNe.a Ne implies almost all the X,, are in Ne).

Then the elementary properties ot lim are:

cO: lim 2 a and lim 2 b implies a b.

el" If is eventually constant, its limit is that constant.

c2" If lim a and is a subsequence of , lim 37 a.

Example. In 1, lim (0" 1),%o 0.
Since D is compact, every sequence has a convergent subsequence. Since D

has a denumerable basis, a set is closed iff it is closed under limits of sequences.
This is all the directly topological information required about D.

LEMMA 4. (i) Suppose Xo m_ X m_ x2"’" is an increasing sequence. Then
lim (x,),=o U,__>o x,,.

(ii) Let (x,),=o be a sequence in D. Suppose lira (i,, l’(x,,)),,=o x. Then
lim (x,,),=o x.

(iii) Let (x,,),,=o and (y,),,=o be sequences in D. Suppose lim (x,,),=o= a,
lim (Y,,),o b and x,, =_ y, for all n. Then a m_ b.

(iv) (Milner) Every nonempty closed subset ofD is finitely generable.
Proof. (i) If U,__>o x, Pe, then some and hence almost all the x,, are in Pe. If

ln_O Xn Ne, then every x, Ne.
(ii) If x Pe, then almost all the i, ],, (x,) are in Pe. As x,,

_
i, ], (x,,) for all

n, it follows that almost all the x, are in Pe. If X Ne, then all the i,, ],, (x,,) are in Ne
for n -->no, say. For n _->n, say e i,, o],(e). Then for n _->max (no, na), x, eNe as
otherwise x, e and i, ], (x,)

_
i, ], (e) e.

(iii) If a is greater than some finite e, then a Pe so almost all the x, are in P,
so almost all the y, are in Pe. Therefore, as D is algebraic, b

_
a.

(iv) Let X
_
D be closed and nonempty. Let T be the completion of the

finitary tree with nodes of the form (il jl(X), i, ],(x)) for x D and n _->0,
with the subsequence ordering. Define g: T-D by

g(eo)

+/- (,o (.)),
(o),, (o finite and not (.)),

II (o), (o infinite).

Clearly X Bd(g). If x Bd(g), then by (i) and (ii) there are x, X such that
x =lim (i, ],(Xn))n=0= lim (xn),=o. But since X is closed, x X. I-I

We can now characterize the closure operation which gives the maximal
members of =-equivalence classes. Let C1 (X) be the closure of X in the Cantor
topology.

THEOREM 7. (i) For anyXc_ D, Con C1 (X) is the least convex set containing
X which is closed in the Cantor topology.

(ii) ForX6 [D], X* Con CI (X).
(iii) For X _D], X= C1 (X).



A POWERDOMAIN CONSTRUCTION 473

Proof. (i) Con C1 (X) is clearly convex. Suppose (Y,),--o is a convergent
(z,),=oinsequence in Con C1 (X). Then there are sequences 2 (x,),=0 and

C1 (X) such that x, m_ y, m_ z, for all n. Now 2 has a subsequence 2’ convergingto
x’ e C1 (X). As x,

_
y, for all n, x’ m_ lim . Similarly there is a z’ in C1 (X) such that

lim p m_ z’. Therefore lim 37 is in Con C1 (X).
So Con C1 (X) is also closed in the Cantor topology. If Y_X and is convex

and topologically closed, then Y Con C1 (Y)
_
Con C1 (X).

(ii) By definition, X*={deDIVm>=O.],,(d)eCon(i,,(X))}. Therefore de
X* iff for all m _->0 there are u("), v f") in X such that ],,,(u (’’)) =_ ],,(d) m_ ](v(").
Since every sequence has a convergent subsequence, and ],,,(x)m_ ],(y) implies
],,(x) ],(y) for n _-< m, we may assume without loss of generality that (u("))_-o
and (v ),=o are convergent to, say, u and v, respectively. Then

u lim (u("))=o lim (i, ],(u(’)))=o (by Lemma 4(ii))

=_lim(i,,o],(d))=o
=d

m_ v (similarly).

Therefore d. is in Con C1 (X) and so X*
_
Con C1 (X).

Conversely, if x is in C1 (X), then x lim (x,),o where x, is in Xfor all n. By
the definition of limits, for all m there is an n such that ](x)=],,,(x,,)
Con (],(X)). So, by the definition of X*, x X*. Therefore C1 (X)_ X*. Thus
X* Con (X*)

_
Con C1 (X).

(iii) We have, X-X* -Con C1 (X)--C1 (X), using part (ii) and Theorem
2(iii).

The next theorem gives a picture of the 1.u.b. operation on increasing
sequences.

THEOREM 8. Suppose XoI::Z.MX [::7-M’’" is an increasing sequence of
nonempty sets closed in the Cantor topology. Then I>__o Con (X.) {I I._>0 x. [for
all n >-O, x.

_
X+l and x X.}*.

Proof. Let Y={l l.>__ox.[foralln >-O,x. m__ x.+ andx. eX.}.IfXm eXm, then
there are x. in X.. (n m) such that (x.)._-0 is an increasing sequence. Therefore
there is a y in Y such that y

_
x.. So Y is nonempty and Y* is in [D]. As

clearly every element of Y has a lower bound in every X, Y--MXm for all m.
Suppose that Z --MX., for all m, for some Z in [D]. We show that Y --M Z.

If y Y, then there is an increasing sequence, (x,)=o, such that y 1__1,,_>o x, and
x, X, m_a Z. Therefore, for all m _-> 0 there is a z, in Z such that z,

_
x,. So if z

is the limit of a convergent subsequence of (z,)-o, then z
___

x, and since Z is
closed, z is in Z.

Conversely take z in Z. For each m => 0 there is an x, in X, such that z
_

x,.
We can then find for all m and n<-m, u’’ in X such that
U

(re’O)
E:7. U

(re’l) ,, lg
(m’m)

Xm !:::7. Z, Let Y,, {u(n’m)ln >-- m} c_ Xm. If (v)o is
a convergent sequence with limit v, whose members are in Ym, then there is a

/l) v\sequence \ /=o in Y,+I such that v’_m v for almost all s. Then if v’ is the limit of a
convergent subsequence of (v’ v’)--o, we have

_
v. So if we take Vo in Y0 to be the

limit of a convergent sequence whose members are in Yo, we can successively
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choose vx,/)2" such that Vo =_ vl =_"" and v,, is the limit of a convergent
sequence whose members are in Y,, X. So as the Xm are crosed in the Cantor
topology, v, X,, for all m. But each v,, is the limit of elements less than z.
Therefore v,, =_ z and I,,=>0 v,, is in Yand is less than z. Thus Z -=vt Y Y*. [-]

We now have a picture of [D] which is enough for our present purposes: its
elements have the form Con C1 (X) for X in $[D]; its ordering is -=vt; its finite
elements have the form Con (X) where X is a finite set of finite elements of D and
1.u.b.’s of sequences have the form described in the above theorem. It would be
interesting to find out a good general form for the 1.u.b.’s of directed sets.

Let us consider a special case, incidentally verifying some assertions made in
2. Suppose S is the domain of finite and infinite sequences of elements from a

set S, with the subsequence ordering.
THEOREM 9. (i) If XE 3;[S’], then X* is the least convex set containing X

closed under 1.u.b.’s of increasing sequences. In particular, if every element in X is
infinite, then X* X.

(ii) Suppose X, Y 3;[S’] and every element of Y is infinite. Then X Y iff
X =_M Y. If every element ofX is also infinite, then X Y iffX Y.

Proof. (i) Suppose y is a limit point of X. Then y X*, by Theorem 7(ii). As
X =--MX* by Lemma 2(iv), y =_ x for some x in X. If x is infinite y x. Otherwise x
is finite. Now if y P, where e

___
x, as y is a limit point, some u in X is also in P,.

Therefore e is in Con (X). Thus y is the 1.u.b. of an increasing sequence of
elements of Con (X). By Theorems 7(i) and 7(ii), X* is as described. When every
element of X is infinite, the least convex set containingX and closed under l.u.b.’s
of increasing sequences is X.

(ii) Suppose every element of Y is infinite. If X =_ Y, then X Y by
Theorem 2(iii). If X Y, then

(by Lemma 2(iv))

(by Corollary l(ii))

Y (by part (i)).

If every element of X is infinite, then X m__M Y implies X Y.
We hope that this theorem increases the plausibility of the m ordering for

sequence domains.

6. Continuity of various functions. In this section we consider various
functions which are useful when defining denotational semantics. Although we
cannot manipulate sets as freely as usual it is nonetheless possible to obtain
reasonable analogues of many standard functions. In 5 we showed that [. ]
sends SFP objects to SFP objects. We now extend [. ] to maps and thereby
obtain a functor from SFP to SFP.

We will feel free to use the results of previous sections without explicit
reference, when their application presents no particular difficulties. The results
used in this way are Theorems 2, 3, 5 (for the properties of SFP objects), Lemma
2(iv) (in the form X’--X* and X m_MX* when X -[D]), Corollary 1, Lemma 4
and Theorem 7. We also use the easily proved fact that if D is an SFP-object, U is
a finite set of finite elements of D andX ’[D], then U X* implies U m_u X.
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The next lemma provides a useful criterion for continuity.
LEMMA 5. LetE andFbe algebraic ipo’s. Letf be a monotonic mapfrom E to

F. Then f is continuous ifffor every x in E and every finite y in F, such that y m_ f(x),
there is a finite u in E such that um__ x and y m_ f(u).

Proof. Suppose f is continuous, x E, y re_m_ f(x) and y is finite. Then, as E is
algebraic and f is continuous,

y m_ f(x)= II{f(u)lu m__ x and u is finite}

and the set on the RHS is directed. As y is finite y __. f(u) for some finite u m_ x.
Conversely, suppose f is monotonic and the condition of the hypothesis

holds. Suppose X___ E is directed. As f is monotonic, f(I IX) L_If(X). Con-
versely, suppose y m_ f(I._]X) and y is finite. Then by assumption, there is a finite
u m_ IIX such that y m_ f(u). As u is finite and X is directed, u m_ x for some x in X.
So y m_f(u)=_f(x)=_l If(X), as f is monotonic. As F is algebraic,
f( x) =_ t_3f(x).

Function extension. Suppose f:D E where D and E are SFP objects.
Define :[D][E] by:

](X) (f(X))* (Xe [D]).

We use Lemma 5 to show that fl is continuous. First, suppose X, Y are in
[D] and Xm y. Then (X) -f(X) f(Y) "(Y). So f is monotonic.

Next suppose X [D], V [E], V is finite in [E] and V (X). Then
V U* for a finite set U of finite elements of E. So U m_u U* V (X) -f(X).
Therefore U m__u f(X). As X is closed in the Cantor topology, the construction in
the proof of Lemma 4(iv) provides us with a g D such that X Bd(g) and if
to f is finite so is g(to).

Now set Uo, {u Ulu m_ f g(to)} (o ). Clearly if o, u 12 and o m_ u, then
U,o

___
U

___
U. Let T {o 11o +/- or :lu

___
o U U,,}. Clearly every element

of T is finite and T is a finitary tree under the subsequence ordering. As T has no
infinite branches (U is finite), K6nig’s lemma tells us that T is finite. Let Y be the
set of those elements of whose predecessor is in T. Since T is a finite subtree of 1
every infinite element of l is greater than some element of Y. Therefore
g(Y) m_u X. Also U _u f g(y). For if u U, then u m_ f(g(to)) for some infinite
o. If u Y and u m_ o, then U Uo, and so u m_ f g(u). Conversely, if u Y,
choose an infinite to 1 such that u

_
to. Then U U, and so u m_ f g(u) for

some u U, as f g(to) f(X) =_ U.
So V= U* m_M U m_M f(g(Y))-f((g(Y))*)’f((g(Y))*), (g(Y))* is a finite

element of [D] and (g(Y))* C=Mg(Y)t:::M Y. Therefore f is continuous, by
Lemma 5.

Just as in the finite case, function extension preserves all the identities and
commutes with composition. Suppose f:D ---> E and g :E --> F where D, E and F
are SFP. objects. Take X in [D]. As X is finitely generable, so is f(X) and so
f(X) "--f(X). Therefore g(f(X))’- g(hX))--- (f(.X)), (as f(X) is finitely gener-
able). Therefore as o(X)is finitely generable, go f(X)= g’g-’f(X).
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It follows that if we define the action of on morphisms f" D -E by:

then turns into a functor from SFP to SFP.
The singleton function. Let D be an SFP object. Define [[. ][" D - [D] by:

x] {x} (x D).

It is clear that ]] is monotonic. Suppose V is a finite element of [D] and
V {x} (for x in D). Then V U* where U is a finite set of finite elements of D.
So U -t {x}. Therefore x is an upper bound of U and there is a finite d less than x
in q/(U). Then V [[ d]] and d is finite and d m_ x. ByLemma 5,- ]] is continuous.

Union. Let D be an SFP object. Define " [D] x [D]/9[D] by:

X Y= Con (Xt_J Y) (X, Ye [D]).

If X and Y ae closed in the Cantor topology so is X t_J Y. Therefore tzJ is
well-defined.

If X X’ and Y Y’ for X, X’, Y, Y’ in [D], then XU Y --M X’t_J Y’ as
X --MX’ and Y m_M Y’. Therefore Izt is monotonic.

For continuity, we use the fact that the Cartesian product of two algebraic
ipo’s is an algebraic ipo. If E, F are algebraic ipo’s, its finite elements are those of
the form (d, e) where d E, e F and d and e are finite.

Now, suppose V, X, Y are in [D], V is a finite element of [D], and
V X Y. Then V U* where U is a finite set of finite elements of D. Then
U =_u V =--MX Y =--M Xt_J Y.

We can then find nonempty sets U1 and U2 such that U U1 U2, U1 _MX
and U2 --ram Y. But then (UI*, U2*) is a finite element of [D] x [D], by the above
discussion of Cartesian product, (UI*, U2*)(X, Y) and V=_MU=
U1 U U2 =--M UI* tzJ U2*. By Lemma 5, is continuous.

We may now see that any reasonable proof system for domains in SFP based
on m_ may also be used to prove theorems about

_
and provided it has symbols

and suitable axioms for t_J and . ]]. For X_ Y iff XU Y= Y iff X O Y=
Con (Y) Y (X, Y [D]) and x X iff [[x]]

_
X (x D, X [D]). Further Izt is

associative, commutative and idempotent. The notation [Ix1,’", Xm] will be
useful--it abbreviates Xl]] " xn]].

Big Union. Let D be an SFP object. The "big union" function,
::" [[D]][D] is defined by"

ll() Con ({x e DIxe .x e x}) (e [[D]]).

To see that I is well-defined we must prove that if e [[D]], then
Y={x e D[:=IXe.x e X} is closed in the Cantor topology. Let (x.).=o be a
convergent sequence in Y, with limit x. Each x. is in some X. in and, without
loss of generality, we may assume that (Xn).=o is convergent with limit X in . If x
is in Pe, then almost all the x. are in Pe and so almost all the Xn are in P{+/-,e}*.
Therefore X too is in P{+/-,e}* and so some element in X is in Pe. If (e.)._-o is an
increasing sequence of finite elements whose 1.u.b. is x we can therefore find a
sequence (y.).=o inXsuch that y.

_
e.. Taking a convergent subsequence we find

an upper bound of x in X. Now suppose x e Ne. Then so are almost all the x. and so
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almost all the X, are in N{e}. Therefore Xtoo is in N{e} and so some element inX is
in Ne. We now obtain a lower bound of x in X. Since X is convex, x itself is in X
and so is in Y, showing that, as required, Y is closed.

Next we show that lJ is monotonic. Suppose = ’ for , ’ in [[D]].
Then fM’. Now if x U, then x Xfor some X f. Therefore X m_X’ for
some X’ f’. Therefore x

_
x’ for some x’ X’

_
U’. Similarly, if x’ U’, then

x’
_

x for some x U. Therefore m_ Uf’ and soIm_M I’.
For continuity, suppose f [[D]], V [D], V is finite in [D], and

V mlt. Then V= U* where U is a finite set of finite elements of D. So
UM O. Let ’ { Y*I Y- U and =IX .Y --M X}. Then ’ is a finite set of
finite elements of [D], f’ --M and U U’. Therefore, V lJ(’)*, (’)* is
finite in [[D]], and (f’)* . So by Lemma 5, IJ is continuous.

It can be shown that if is any nonempty subset of [D], then lJ*
(Uf)*. This fact should increase the intuitive appeal of certain definitions. It can
be used to prove that,p*q ll [q+/-] p, where * is the operation defined in 2,
which was used to give the denotational semantics of a simple nondeterministic
language. The operator * is therefore continuous, as we shall see in 7 that
acts continuously on functions.

Cartesian Product. Let D and E be SFP objects. We shall see below that
D x E is also an SFP object.

Define (R)" [D] [E]--> [D x E] by:

(R)(X, Y)=Xx Y (X [D], Y [E]).

We will leave most of the details to the reader. First (R) is well-defined for it is
not hard to show that if X6 [D] and Y [E], then Xx Y[D El. If
X, X’ [D], Y, Y’ [E], X m_MX’ and Ym_vt Y’, then Xx Y

_
X’ x Y’.

Therefore (R) is monotonic.
For continuity the essential observation is this. Suppose U is a finite set of

finite elements of D x E and U =__Xx Y, where X [D], Y [E]. Let
(U)l={(U)llU U}. For each x in X choose an element d(x) in R({u
(U)l]U =_ x}) such that d(x) m_ x. Set U1 {d(x)lx x}. Define U2 similarly. Then
UMU1X U2.

The Cartesian product function has a useful application. Suppose f:D1
xD --> E where the D and E are SFP objects and we are using an iterated

Cartesian product. Then we can define an extension of f to a continuous function
g [D1]"" x [D,]--> [E] by:

g(X1, X,,)= f(X(R)Xa(R). .(R)X,),

where (R) is being used as an infix operator, associating to the left. This kind of
extension allows us to define the general comprehension notation used in 8.

Some otherfunctions. We can define a weak analogue of CI, if the SFP object
D is a semi-lattice. In that case every set X has a greatest lower bound.X and
x ["] y is continuous in x and y. Thenwe could define f:t: [D] [D][D]by

(x, Y)= (X, Y [D]).
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In this case V1 itself can be regarded as a continuous function " [D]-->D
defined by:

(x) rnx (x [D]).

If D is a lattice, II can be regarded as a continuous function 1-1" [D] D
defined by:

(x) ux.
7. Solving recursive domain equations. We now consider how to solve

domain equations involving . Enough category theory has been developed to
allow a presentation along the lines of [13], [14], [20], [21]. One could also
construct a universal domain along the lines of [16], and this will be discussed.

The category-theoretic approach casts /, x, and as locally continuous,
symmetric functors and looks for solutions to recursive domain equations as
fixed-points of such functors. These can be found by an analogous method to that
of the fixed-point theorem [ 17].

DEFINITION. A functor T; (IPO-p)k (IPO-P)((SFP-P)k (SFP-P)) is loc-
ally continuous iff wherever Pi - Hom (D, E) are directed sets of morphisms for

1, k then:

T(UP, , UPs) U{T(p1, , p)lp e P, 1 <- k},

the set on the right being directed.
DEFNn’ION. A functor T: (IPO-P)k (IPO-P)((SFP-P)k (SFP-P)) is sytm-

metric itt when Pi is in Hom(Di, Ei) for i=l,k,T(p],...,pk)=
(T(p,..., Pk))*.

These properties are preserved under composition (of functors) and the
projection and constant functors are all symmetric and locally continuous.

If T" (IPO-P)k
-* (IPOoP) is symmetric, its restriction TpR to (IPO-PR)k can

be considered to be in (IPO-PR)k - (IPO-PR), for then, if p,. , Pk are projec-
tions"

TpR(Pl,""", pk)* TpR(Pl,""", Pk)= TpR(pl,""", ptk) T(p1, Pk)
TpR(p* o p,,’.., p*o p)
TpR(I,""", I)

=L

Similarly, TpR(Pl,""", Pk)o TpR(Pl,""", Pk)* m_ L
For simplicity we shall confuse TpR and Twhen the context leaves the choice

indifferent or makes clear which is intended. Similar remarks apply vis-a-vis
SFP-P and SFP-PR.

Next we describe /, x, and as functors. The first three will be locally
continuous, symmetric functors from (IPO-P)2 to (IPO-P). We will see later that
they cut down to functors from (SFP-P)z to SFP-P.

We choose a separated sum for +. Given two ipo’s D and E, D+E is
{(1, d)ld D} U {_L} U {(2, e)le eE} with the obvious ordering. If f’DD’ and
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g" E E’ are continuous functions, define f+ g" D +E D’+E’ by

(x _L),

f+ g(x)= (1,/((x)2)) (x 7 _l_, (X)I 1),

(2, g((x)2)) (x : _1_, (X)l-- 2).

Now if p D D’, q :E E’ are IPO-P morphisms, we define p + q
(pl + ql, P2 + q2). This defines + as a functor (IPO-P)2 (IPO-P).

The cartesian product of two ipo’s D and E is D x E which is the usual
product with the induced componentwise ordering.

If f: D D’, g E E’ are functions, f x g D x E- D’ x E’ is given by:
f g((d, e))= (f(d), g(e)).

If p :D -> D’, q,: E -> E’ are morphisms, p q :D E -> D’ E’ is given by:
p q (p qa, p2 qz). This defines Cartesian product as a functor (IPO-P)->
(IPO-P).

Exponentiation is more interesting. Its action on objects is clear, but it is not
defined in the same fashion on morphisms. Suppose/9 :D - D’, q :E-) E’ are
morphisms. Define p-q :Hom ((D-E), (D’-)E’)) by: (p-q)(f)=q of o/72
(f (D -> E))(p -> q)2(g) q2 g p (g (D’-> E’)). (See Fig. 2.)

D wE

g

FIG. 2

This defines the exponentiation functor. The verification of symmetry and
local continuity is straightforward for all three functors.

We have already seen that can be taken as a functor from SFP to SFP. It
induces a corresponding functor, which we also call , on SFP-P. Its action on
objects is the same as . Let p be an SFP-P morphism. We define

[P] ([Pl], [P2]).

is clearly symmetric. For continuity, we show that function extension
preserves limits, too. This is carly equivalent to showing EXT’(DE)
([D] [E]) where EXT(f) f forf: D E. Now it is not hard to see that EXT
is monotonic.

To prove continuity it is only necessary to take a directed set F__c (D E), a
set X in [D] and a map g:D(C) and prove that g(EXT([..JF)
(X))Mg(l--JlF EXT(f)(X)), since the other half follows from the monotonicity
of EXT.
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and

NOW,

LHS ,(((X)))
{g (t_JF)(x)lx e

RHS ,(11 (f(X)))

t_l (go f(x)lx X}.

and

If T LHS, then T g (llF)(x) for some x in X. Therefore T g f(x) for
some f e F and so T RHS.

If +/-RHS, then VfF.ZlxX.gof(x)=+/-. So Vn->0, fF.Zlx
X.gofo i, ,(x,)=_L. But {gofo i, oj,lfF} is both finite and directed. There-
fore Vn => 0.:Ix X. Vf F.g f i, j, --(x)) 2_. Without loss of generality we
may assume that (x"))=0 converges to, say, x. Then g f(x) +/- for all f in F and
so 2_ LHS. This finishes the proof of continuity of EXT.

We have now succeeded in exposing +, , - and as examples of symmetric,
locally continuous functors. Solving domain equations can be viewed as finding
fixed point of such functors. For example suppose we want to find a domain R of
resumptions which satisfies

R S+/- - [S+/- + (S+/- x R)].

Define a functor, T" (SFP-P) - (SFP-P) by

T(R) S+/- [S+/- +(S_ x R)]

on objects and similarly on morphisms.
Then we want to find a fixed point of T. We need a more global form of

continuity.
Notation. Suppose i (D/, P,n) is a directed sequence when 1 _-< _-< k, and

T: (IPO-P)k - (IPO-P)((SFP-P)k (SFP-P)). Then we define T(1,.. ", k) to
be the directed sequence (T(D k,,..., D,,), T(p,,,, p,)).

THEOREM 10 (Global Continuity). Suppose T: (IPO-P) - (IPO-P) is sym-
metric and locally continuous. Let , , 11 be directed sequences in IPO-PR.
Then T(lim_, 1,... ,lim_, )-lim_, T( ,..., ) (k>0). The analogous
result holds for SFP.

Proof. Let (r) be a universal cone from i to lira_, (l=<i-<k). Then
(r) (T(rl, ,r)) is a cone from T(I, ...,) to T(lim_@l, ...,
lim_ ). This is easily checked from the functor laws. To show that it is universal,
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Twe use the criterion of Lemma 1 and show that I1,o r, r, I:

(by local continuity)

T(I,..., I) (by Lemma 1 as the (r) are universal)

=L

The proof for SFP is similar.
COROLLARY 2. Suppose T: (IPO-P)k -(IPO-P) is symmetric and locally

continuous. If T(D1,’’’, Dk) is an SFP object whenever D1," ", Ok are finite,
then T cuts down to a symmetric and locally continuous functor Tsp: (SFP-P)k

(SFP-P).
Proof. We need only show that if D1,’", D, are SFP objects, so is

T(DI,..., D,). There are directed sequences, i, of finite ipo’s with limit Di.
Then T(D1,...,D,)=lim_ T(l,’’’,k), by Theorem 10. Hence by
Theorem 5(ii) and the hypothesis, T(D,..., D,) is an SFP object.

It follows that /, and - cut down to symmetric, locally continuous functors
from (SFP-P)2 to (SFP-P). This could have been proved directly, but in the case of- the details are rather tedious.

The next corollary enables us to solve recursive domain equations. It is
partially analogous to the fixed-point theorem of [17], but does not give any
"leastness" information. This, and much else, can be found in [21].

COROLLARY 3. Let T: (SFP-P) (SFP-P) be symmetric and locally continu-
ous. Then there is an SFP object D such that T(D)= D.

Proof. Let =(T’(),pm,) where J_ is the one-point ipo.
T"-l(p)o T"*(P_iL) (m <-_n), where P_iLis the unique projection p" 11- T().
Let D lim_ . Then

T(D) T(lim ) (by Theorem 10)

(since T() is obtained from fi by dropping
the first domain in ).

It is well-known that dropping a term of a sequence in this way does not affect
the limit. [3

When we want to solve simultaneous equations such as

D N+/- + [E]+D,

E-(N+/-D)+E,
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a slight extension of Theorem 8(i) to functors T:(SFP-P)" (SFP-P)" is neces-
sary. For example, in the case at hand one considers T: (SFP-P)(SFP-P)
defined by T((D,E)=(N+/- +[E]+D, (N+/- D)+E, etc.

An alternative approach to solving recursive equations is to follow the
universal domain idea [16] and solve just one equation, 0//
N+/-+ (q/+ 0//) + (0// 0//) +(0// q/)+ [q/]. Then we can represent subdomains
by retractions. These are continuous functions f:a// 0// such that [=f; [
represents the ipo dora (D={d //If(d)= d}. As usual the retractions can be
considered as elements of 0//and there are continuous functions ), (R) and @ such
that if f and g are retractions, then so are f0)g, f(R)g and fg and we have
dom (fg)dom (D+dom(g), dom (/(R)g)-dom (f)xdom (g) and dom
(fg) dom (f) - dom (g).

There is also a suitable function @ for defined by:

@(f) [f] ,,.
Here (q, ) is the evident projection of 0//onto [0//], EXT is the function
extension defined above and we have followed the usual practice and identified
N+/-, 0//+ 0//, q/x 0//, 0// 0//and [//] as subdomains of q/. One then finds solutions
to the recursion equations by solving the corresponding equations using the fixed
point theorem. For example, to solve P--- V [L x Vx P], where V and L are
represented by r and l, respectively, one defines a continuous function f on q/by
f ,p ll.(r(@(l(R)v(R)p))). Its least fixed point, p, is a retraction and repres-
ents a domain satisfying the equation. Simultaneous equations can also be solved
in this way.

We will not pause to spell out the details of this approach. It should be noted
that in general dom (f) is not algebraic and hence not an SFP object. Rather it is,
presumably, a continuous ipo in an appropriate sense. Thus this approach should
lead to stronger results as it allows the possibility of a powerdomain construction
on certain continuous objects. Extension of our direct approach, linking algebraic
ipo’s to continuous ones should also give these results.

Questions relating to (to) also arise. By Theorem 1.6 of [17], we can embed
any SFP object in (to), as described in 5, and this gives rise to a lattice with
intermediate points as remarked at the beginning of this section. But these
intermediate points seem to clutter up the domain and we do not know any simple
continuous function analogous to @ defined above. Of course we do know some
such continuous function since 0// will be embeddable in (to) and (to) is
embeddable in q/indeed it can be embedded in [N_]. But, rather than tagging
(to) on at the end, as it were, what is wanted is a simple development of [. ] in
the context of (to) or a similar "simple" structure. In Scott’s words, we want an
analytic, not a synthetic development. However, we have at least developed the
powerdomain construction enough to apply it to give some semantics as promised.
in the introduction.

8. Allflieations. We conclude by first giving the semantics for our illustrative
language with simple parallelism and then giving an oracle-free semantics for
Milner’s multiprocessing language.
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The programs of the first language are described by the grammar:

r ::= (v := ’)l(rl; r2)[(Tr1 or 7r2)l(if v then rl else 7r2)

I(while v do 7r)l(r par

where v and z are as described in 2.
The semantic domain of resumptions R is constructed, as described in the

previous section, to satisfy the equation

RS-[S+(S x R)].

To avoid being pedantic, we will identify R with the RHS and regard S+/-,
(S+/- x R) as subsets of S+/- + (S+/- R). The discriminator function (: S+/-):S+/- +
(S+/- x R) -IF is defined by:

+/- (x +/-),

(x S+/-) true (x S+/-),

false (x (S+/- x R)).

(x S. +(S+/- R))

Suppose x and y are expressions possibly having occur-
rences of variables x and y ranging over D and E, respectively, such that

y is continuous in y and so defines a continuous function f: E [D]
and x--- is continuous in x and so defines a continuous function g" D F,
where D, E, F are SFP objects. Then the expression,

is taken as defining p(e) where the function p :E - [F] is [g] f when y has
value e. With this notation we can easily describe various helpful operations on
resumptions. It can be extended to several elements on the right of the ].

Choice. r?r’= Acr S+/-.r(tr) IzJ r’(o’), (r, r’ R).
Sequence. r*r’ Atr s S+/-.[[COND (x" S+/-, (x, r’), ((X)l, ((x)r’)>)lx r(r).
Parallelism.

r#r’= Ao- S_[[COND (x S+/-, (x, r’), ((x)l, r’/[(x)2))lx r(o’)]

[[COND (x:S+/-, (x, r), ((x)l, (x)2#r))lx r’(tr)]].

These recursive definitions are to be taken as shorthand versions of explicit
definitions using the least fixed-point operation. The choice combinator is associa-
tive, commutative and idempotent; the sequence combinator is associative and
the parallelism combinator is associative and commutative, but not idempotent in
general.

We have used a slightly different conditional combinator than in 2, namely,
the combinator COND: q]- D D E defined by

I (t l),

COND (t, x, y)= x (t true),

y (t false),

(t-,x, yD).
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Strictly speaking we should write CONDo, but both here and later D will be
understood from the context.

With the aid of the function Vdescribed in 2 we can define the denotational
semantics, 92 Statements R by structural induction on Statements:

92(xi := r)]] Ao" S+/-.COND (EO(r, r), [[(Xl, , xi-1, r]](r),
x,+, x,)]], +/-),

(qr or 71"2)

then zrl else ’W2) XO" S+/-.COND (EO((r),, 0), fq’/’l](O’), ([q7’2(o’))

92(while X do "1"r) Y(Ar 6 R, Ar 6 S_.COND (EQ((r)i, 0), 9217rl]*r(o’), liar]I)),

)(’W par rr2)]]

The predicate EO D2 -+ g used above is defined for discrete domains D by:

(x _1_ or y _k),

EO(x, y)= true (x y _L),

false (x # _L, y # +/-, x # y),

(x, yeD).

Various ad hoc possibilities are available to deal with the fairness problem.
For example one could define a parallelism combinator Jim which is like [[ except
that it does not run a branch for more than m elementaryoperations.

This combinator is commutative but not associative; its use is equivalent to a
local use of a nondeterministic oracle. It will, presumably, not give rise to a fully
abstract semantics. One can also look at other cases, such as buffers [8] which need
not even give rise to nondeterminism. Perhaps one could achieve some workable
combination of nondeterminism, oracles and special cases, but we feel that some
new insight will be needed.

Let us conclude with a semantics for Milner’s language. We give only an
abbreviated account here, following the general pattern laid down in the papers
[10], [11]. Some inesgential variations have been made for consistency’s sake.

The language has identifiers with metavariable x and a class of expressions
with metavariable e. The expressions are given by:

8, ::--" XlSl(e2)](81; e2)l(rrx.e)l(let rec x be el in e2)l(let slave x be el in e2)]
(el or ez)l(el par ez)l(if eo then el else e2)

I(while el do ez)l(e, renew e2)

The semantic domains (SFP objects) comprise basic values, B, which is not
specified further, addresses L (a discrete ipo), q]-, nondeterministic processes P
and pairs of values W. The fundamental domain equations are:

V-B +L +-g+P+ W,

WVxV,

P V[L x Vx P].
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The solution is obtained as described above; the equation for V should be
thought of as employing a generalized (five-way) separated sum rather than an
iterated binary separated sum. We have five injection functions of B, L, etc., into
V. These are all called "in V", and used in a postfix fashion. There are also five
postfixed discriminator functions :B, :L, etc., defined similarly to the function :S
used above.

Finally there are five postfixed projection functions from V onto B, L...
named B, [L... where, for example,

fb, v=(b in V),
(vIB)

+/- (otherwise).
We have also the Cartesian pairing and tripling functions (-,-) and

(-,-, -) and projection functions (-), (-)2, (-)3; for convenience the Car-
tesian product in the equation for P is to be regarded as employing the generalized
product.

In L there are two distinct addresses, ff and v; the latter is intended to address
a process for generating a sequence of distinct addresses, also distinct from and
v. In B there is a special value whose injection into V is denoted by "!".

One useful combinator is K D -> (E --> D), defined by Kxy y. Here D and E
are arbitrary domains which should really appear as suffices. Another is the least
fixed-point combinator Y:(D -> D)-> D. Two more specialized ones are ID, in P,
and QUOTE in V-P defined by:

ID Av V.[[(t, v, _L),

QUOTE Av V.K(ID v).

Now we need various functions on processes.
Conditional. DECIDE in P P P is defined by:

DECIDE pq Av V.COND ((vlq]-), p!, q!).

Extension. EXTEND in P (P- P) - P is defined recursively by:

EXTENDpf Av V.II[COND (EQ(tl, l),ft3t2,[[(tl, t2,

EXTEND t3D]llt pv.
Serial Composition. * in P P P is defined by:

p*q EXTEND p(Kq).

Choice. ? in P P P is defined by

p ? q Av V.pvqv.
Parallel Composition. [[ in P P P is defined recursively by:

(pffq) Av V.tJI[COND (EQ(sl, ), (q*Au V.ID((s2, u) in V))

(v] W)2, COND (EQ(tl, ), (p*Au 6 V.ID ((u, t2) in V))(v] W)I,
(Sl, s2, Au V.(sa[/q)((u, (v W)2) in V)),

(tl, t2, Au V.(p/[ta)((v] W)I, u) in V))]]))

IS p(1)[ W)l q(v[ W)2.
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Here we have used the extension of the I[1]] notation mentioned above to
several variables.

Renewal. in P--> P--> P defined by:

p q p*hv V.I[(, v, q)]]

Binding. BIND in L --> P--> P P defined recursively by:

BIND apq Av V.II[COND (EQ(h, a), EXTEND q (BIND at3)t2,

[(tl, t2, BIND at3q)]]lt pv]].

The domain of environments is Env (Identifiers--> P). It is ranged over by r.
Although Identifiers is a set, Env is an SFP object if given the pointwise ordering.
We denote by r[p/x] the environment r’ differing from r only in that r[x]] p. The
semantic function, " Expressions--> (Env--> P) can now be defined by structural
induction on expressions by:

[xr r[x]],

e(e2)llr=(el]]r*(Av V.e2]]r* COND (v :L, Au
v.(vlL, u, ID)]], vie)))!,

g’[(zrx.e)]r QUOTE ((Av z V.[e]r[(QUOTE v)/x]t) in V),

ge(letrec x be el in e2)]r ’e2](Y(Ar’ ENV.r[ge[el]r’/x])),

g[ let slave x be

(’[[e2]]r[(QUOTE

(1 Or 2)r xr?,2r,

(1 par e2)]]r cElr//[[,2l"
g[[(if eo then el else e2)]]r gc[[eo]]r* DECIDE (,lr)(’2r),

(while do )]]r Y(Xp P.C[[,lr* DECIDE (ge]]p*r)ID),

g(ei renew e2)r e2]]r*(Xr V.(e]]r (r[P))!).
Now the denotational semantics, :Expressions - (Env- P) is obtained by

binding in an address-generating process GEN as mentioned above. Thus:

,r s Env. (BIND v(g]]ro) GEN),

where ro is a suitable standard environment; eli will be a process which does not
interrogate any addresses, provided none of the processes assigned by ro do.

In [11], Milner considered a different binding combinator which involved a
domain Q O- P. It is straightforward to adapt that to the present context.
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THE RELATION BETWEEN
COMPUTATIONAL AND DENOTATIONAL PROPERTIES
FOR SCOTt’S D-MODELS OF THE LAMBDA-CALCULUS*

CHRISTOPHER P. WADSWORTH"

Abstract. A prominent feature of the lattice-theoretic approach to the theory of computation due
to D. Scott is the construction of solutions for isomorphic domain equations. One of the simplest of
these is a domain isomorphic to the space of all continuous functions from itself to itself, providing the
first "mathematical" model for the lambda-calculus of Church and Curry.

However, solutions of such domain equations are not unique; in particular, the lambda-calculus
has many models. So the question arises as to which one should choose for computational purposes.
We consider the relation between equivalence of meaning in Scott’s models and the usual notions of
conversion and reduction. By extending the lambda-calculus to allow approximate (i.e., partially
specified) expressions and approximate reductions, we show that every expression determines a set of
approximate normal forms of which it is the limit in Scott’s model. Two immediate corollaries give a
characterization of those expressions whose value is the least element of the model and further
justification for the result that various lambda-calculus fixed-point combinators are all equal to the
lattice-theoretic least fixed-point operator.

We show also that this leads to a characterization of equivalence which has a natural counterpart
for other languages; specifically, expressions have the same meaning in Scott’s model just when either
can serve in place of the other in any "program" without altering its "global" properties.

Key words, lambda-calculus, lattices, isomorphic domain equations, projections, theory of
computation, denotational semantics, equivalence, termination, head normal form, approximations,
approximate normal form, incompleteness, fixed-point operators

Introduction. The purpose of this paper is to give an overview of recent
results about the A-calculus models discovered by Scott [17] in 1969, and to
discuss how they reflect, and can be interpreted in terms of, the assumptions
underlying the lattice-theoretic approach to the theory of computation. A few of
the longer, more technical proofs have been omitted to make the development
more readable and will be given in forthcoming papers [23], [24].

Ultimately our study concerns the acceptability of (some) language defini-
tions based on the lattice-theoretic approach. This theory provides solutions for
isomorphic domain equations, which are needed to define denotational semantics
for many programming languages. However, solutions of such domain equations
are not unique, and several different construction methods are now available. As a
result, languages defined in this way may have many possible semantics and the
question arises as to which of these is appropriate for reasoning about programs
written in the language.
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To answer this question requires consideration of the relation between a
proposed semantics for a language and the computational behavior of its pro-
grams. We present our study as an example of investigations of this kind. For our
purposes, we can think of the h-calculus as a programming language, albeit a
restricted one, whose denotational semantics is provided by the lattice-theoretic
models. The models we study are based on solutions of

where [D D] denotes some suitable notion of function space from a domain D to
itself. This is one of the simplest examples of an isomorphic domain equation and
was historically the first for which a solution, called Do by Scott, was found. We
explore the relation between equivalence of meaning in these models and the
usual notions of conversion and reduction, which can be regarded as (part of) a
possible implementation.

At the same time, the conversion rules provide a proo]: theory for the
h-calculus, so questions of completeness arise. We shall see that we do not have,
and cannot expect, completeness in the usual sense. More precisely, two expres-
sions are said to be interconvertible when they can both be reduced to a common
expression (not necessarily irreducible); then although interconvertible expres-
sions will be equivalent in all the possible semantics we are considering, for each
possible semantics in general there will also be noninterconvertible expressions
which are equivalent. For our analysis, the problem is that those examples which
we would like to regard as equivalent are independent of any semantics whereas
the set of noninterconvertible expressions having the same meaning varies as the
semantics varies. From this point of view, the reasonableness of a semantics
becomes the question of which semantics induces the "correct" equivalences
between noninterconvertible expressions. We shall see that Scott’s l)-model
exhibits an interesting "limit completeness" property which leads to a characteri-
zation of equivalence of meaning in Do having an obvious and natural counterpart
for programming languages.

Our investigation is not the first example of its kind. Though the technicalities
show few similarities, a good example for comparison is provided by studies of
recursive function calculi, beginning with Kleene and more recently in work of,
e.g., Cadiou [6] and Rosen [16]. In these calculi one is interested in definitions of
functions by recursion, such as

(2) ]’(n) =if n 0 then 0 else/(n 1)+ 2n- 1.

Under a semantic explanation of recursion, (2) is regarded as an equation to be
solved for f; as such it may have a unique solution, or many solutions, or no
solutions at all. Definition (2) can also be explained algorithmically via a collection

In practice, of course, reductions are often simulated by representing A-expressions and other
intermediate items of interest in various kinds of data structuresnstacks, symbol tables, pointers,
return links, etc.nso the idea of reduction is already an abstraction from "the real world". However, it
may serve as a useful intermediary by deriving, independently of the models studied in this paper,
relations between the results of evaluation-by-reduction and the computations of actual A-calculus
machines, several of which are described in the literature (e.g., in 10], where further references also
may be found).
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of calculation rules (the "copy-rule", simplification rules for conditionals, arith-
metic, etc.) for transforming expressions; a set of ordered pairs (n, rn) of integers
may then be called a computed ]:unction of (2) if f(t) can be transformed to rh by
some sequence of applications of the rules, where t and rh denote numerals
corresponding to the integers n and m, respectively. Under suitable restrictions on
the language, it can be shown that equations such as (2) can always be solved
uniformly--there is always a least-defined solution--and that the rules can be
chosen and applied so that the algorithmically computed function agrees with this
solution. This is well-known as the first recursion theorem of Kleene [9, 66,
Thm. 26]. The results in 5 below provide a A-calculus analogue of this result;
indeed, when applied to the special case of several A-calculus fixed-point
operators they are essentially the same result (see also Morris [ 11]). Our study is
thus exactly the same in nature as these earlier ones; the novel feature, as we have
indicated, is that we consider here a language whose semantics requires solutions
of domain equations.

After a quick review of the A-calculus in 1, we present its semantics in 2
for arbitrary solutions, as complete lattices, of the isomorphism (1). In 3 we
extract the properties of Scott’s particular solution, Do, we shall use and give
some examples. Section 4 departs from the main study of models to introduce the
equivalent notions of solvability and head normal form which play a vital role in
interpreting the later results and understanding their proofs. In 5 we generalize
the ordinary notion of reduction to study "approximations" and develop their
"limit" properties, which lead in 6 to the mentioned characterization of equiva-
lence of meaning in D. Section 7 then discusses one of the more surprising
properties of Dmthe possibility of equivalences between normal forms and
expressions with no normal form--and its implications.

Though much of the development is highly technical, nevertheless the results
provide some new insights which should apply equally to more expressive and
more realistic languages; some indications will be given in the conclusion.

1. The A-calculus. We assume familiary with the basic theory as presented,
e.g., in [7], but give a brief summary to fix our notation and terminology.

We assume denumerably many variables x, y, z,. ., x’, y’,. , and define
the set of well-formed expressions, called terms, inductively as follows:

1. Every variable is a term.
2. If M and N are terms, so is the combination (MN), the parts M and N

being called its rator and rand, respectively.
3. If x is a variable andM is a term, then the abstraction (Ax.M) is a term, the

parts x and M being called its bv and body, respectively.
We shall use for syntactic identity of terms and, to reduce the proliferation of
parentheses, we adopt the conventions that

(a) omitted parentheses in combinations associate to the left, e.g.,

xyzw =-(((xy)z)w),

(b) the scope of the dot "." in an abstraction extends as far to the right as
possible, i.e., to the first unmatched ") "or to the end of the term if that
occurs first, and
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(C) consecutive abstractions may be collapsed to a single one, e.g.,

Axyz.M (Xx. (Xy. (Xz.M)))

An occurrence of a variable x in a termM is free if it is not inside the body M’
of some part ofMof the form )tx.M’, and bound otherwise. FV(M) denotes the set
of variables occurring free in M. M is closed if FV(M) is empty, otherwise M is
open; closed terms are sometimes also called combinators.

The notion of a context is the "dual" of the notion of a subterm and is useful
for a uniform treatment of results for both open and closed terms. A context,
C[ ], consists of all parts of a term except that one subterm is missing (indicated
by the empty brackets); C[M] then denotes the result of filling the missing subterm
with M. Thus, the notation C[M] distinguishes a particular occurrence of M as a
subterm. Note that a statement that terms A, B differ only in an occurrence of
M, N, respectively, as a subterm, can then be expressed as the existence of a
context C[ ] such thtt A --C[M] and B ---C[N]. We shall see several such uses of
contexts below when we compare the applicative properties of terms and their
substitution instances. Many contexts we meet will be head contexts, of the general
form

(Axlx2" x,,.[ ])MIM2" M,AA2" A,,,, n >-O, m >-O.

In particular examples, Xl, X2, Xn will typically be a list of free variables of the
terms being considered and M,..., M, A1,."", A, will be closed terms; the
choice of M1," , M, determines corresponding substitution instances, and the
choice of A,. , A,, prescribes arguments for application of these substitution
instances as functions.

We shall write [N/x]M for the substitution of N for (free occurrences of) x in
M. We omit a formal definition but assume it is given so that bound variables in M
are changed when necessary to prevent capture of free variables of N; e.g.,

[yz/x](Ay.x(Ax.xy)) Aw. yz(Ax.xw),
where w is some variable different from x, y, and z. This ensures that substitution
is well-defined for all terms M and N; see [7, pp. 89-104] for a full discussion.

Terms are "evaluated" by eliminating abstractions as much as possible,
according to two replacement rules and an auxiliary rule allowing renaming of
bound variables:

1. s-conversion: Provided yFV(M), a term of the form C[Ax.M] may be
converted to C[Ay.M’], where M’ =-[y/x]M and C[ ] is any context.

2. -conversion: A term of the form R (Ax.M)N is called a -redex and
R’=-[N/x]M is called its contractum. In any term, the operation of
replacing an occurrence of R by R’ is called a -contraction; in the other
direction, replacement of an occurrence of R’ by R is called a fl-expansion
or -abstraction. A sequence of (possibly zero) fl-contractions is called a
-reduction, written X fl-redX’; when /3-abstractions may also be
included in a sequence of replacements, the sequence is called a /3-
conversion, written X/3-env X’.

3. rl-conversion: A term of the form hx.Mx, with xFV(M), is called an
rl-redex, and then M is its contractum. The definitions of ,1-contraction,
etc., are analogous to those for/-contraction, etc., in 2.
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When it is of no interest which rules are being applied, we write simplyX red X’ or
X env X’.

A term is said to be in normalform if it does not contain a redex as a subterm.
Terms in normal form are said to be distinct if they are not a-interconvertible. A
term N in normal form is said to be a normal form o[ Mitt M cnv N. (Again, we
may prefix/3- and/or r/- to these notions as appropriate; when used without a
prefix, we always mean/3-r/-normal form.) It is readily seen that every term in
normal form can be written in the form

hXX2 x..zNIN2 N,, n >--0, m >--0,

with each N/also in normal form; conversely, every such term is in/3-normal form
(and in/3-r/-normal form if also N. x. or if x. occurs free in zN1N2" N.,_).

Not all terms have a normal form. The two best-known examples are AA,
where A-- hx.xx, and the so-called paradoxical combinator

Yx =- Af.(Ax.f(xx))(Xx.f(xx)).
A third example is the term

J =- Yx (Af.Ax.Ay.x(fy))

which we shall see behaves very much like the identity I Ax.x.
For our discussion of interpretations and models, we summarize the theory as

a formal system. As such the A-calculus is an equational calculus; there is one
predicate symbol "=" and the formulae consist of all equations M N between
terms. The axioms and rules of inference are the usual ones for equality, plus the
three conversion rules:

A1. is a substitutive equivalence relation:

(,p) M-- M

M=N
()

N=M

M=L,L =N
()

M=N

M=N
(Subst)

C[M] C[N]’
for all contexts 12[ ].

conversion rules"

(a) Ax.M= Ay.[y/x]M,

() (Ax.M)N= [N/x]M,

q hx.Mx M,

provided y FV(M),

provided x FV(M).

Then, formally, M env N means that M N is provable from these axioms, and
M red N means that M N is provable without the use of the symmetry rule (o-).
Prefixes a-, /3-, or r/- on env or red denote probability without some of the
conversion rules; e.g., M/3-red N means that M N is provable without the use
of (tr), (a) and (r/).
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Note that since (Ax.Mx)X fl-red MX, when x FV(M), for all terms X, the
r/-rule is equivalent to the requirement of (functional) extensionality:

MX NXfor all X
(Ex0

M=N

More essentially, however, the q-rule, when included, expresses a limitation on
possible interpretations; it says that all terms can be regarded as functions (which,
incidentally, we regard as equivalent if they have the same graph).

THEOREM 1.1 (The Church-Rosser Theorem). IfX cnv Y, there is a term Z
such that X red Z and Yred Z. Hence, if a term has two normal forms X and Y,
then Xa-cnv Y.

THEOREM 1.2 (The Standardization Theorem). IfMhas a normalform, then
Mcan always be reduced to normalform by normal-order reduction, defined as the
reduction in which each step is determined by contraction of the leftmost redex (i.e.,
the redex whose left-hand end is furthest to the left).

Two terms M and N will be said to be separable iff there is a (head) context
C[ ] such that C[M] cnv I =- Ax.x and C[N] cnv K -= Ax.Ay.x.

THEOREM 1.3 (B6hm [5]). IfM and N have distinct -rl-normal forms, then
Mand N are separable.

Theorems 1.1 and 1.2 are well-known; in particular, Theorem 1.1 establishes
the consistency of the A-calculus system based on A1, A2. (In the absence of a
negation operation, a formal system for the A-calculus is said to be inconsistent if
all equations between terms are provable, for which it suffices that I K is
provable, since H(KA)B fl-red A and KI(KA)B -red B for all terms A and B.)

Theorem 1.3 is, for distinct normal forms, a form of converse of the
Church-Rosser Theorem. The latter shows that distinct normal forms cannot be
proved equal by the conversion rules; Theorem 1.3 shows that if one were ever to
postulate, as an extra axiom, the equality of two distinct normal forms, the
resulting system would be inconsistent. So the truth of equations between terms
having a normal form is completely resolved by the theory of conversion--if any
two such terms with distinct normal forms have the same value in a model, then all
terms have the same value.

2. Lattice models of the A-calculus. Because of the type-free style of
application allowed in the A-calculus, the domain of any interpretation must
include (at least up to isomorphism) a significant portion of its own function space.
In this section we consider interpretations based on arbitrary solutions of the
isomorphism

(2.1) D=[D-+D]

with D a complete lattice 2 and [D-+ D] the lattice of continuous functions from D
to D under the "pointwise" partial ordering. For a general orientation and the

2 For those who prefer, directed complete partial orderings (partially ordered sets with a least
element in which every directed subset has a least upper bound) may be used throughout without
significantly affecting our development or results. However, we prefer to work with complete lattices
for simplicity and ease of comparison to Scott’s papers (though the more sophisticated notions
associated with continuous lattices will not be used here).
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definitions of monotonicity, directed set, continuous function, projections, etc.,
we refer the reader to the referenced papers of Scott. We shall use the symbols
t_l, _t_, and T to denote, respectively, the partial ordering, the least upper bound
(1.u.b.) operation, the least element, and the greatestelement of complete lattices.

Anticipating the notation of the particular solution to be studied later, we let
Do be any solution of (2.1), as a complete lattice, with more than one element,
and we express the isomorphism by two (continuous) functions

(2.2) Doo [Oo-+ Doo],

(2.3) ((x)) x, for all x e Do,

(2.4) (xIt(f)) =.f, for all f
Let VAR, EXP and ENV denote the sets of all variables, terms and

environments, respectively. By an environment, p, we mean an association of
values in I)o with all variables, so p VAR-+Do and ENV is the set of all functions
from VAR to Do. The interpretation of variables is extended to all terms by a
mapping

V’: EXP -+ [ENV

We shall use the emphatic brackets and ]] to enclose terms and write /q[M]](p)
for the value, or denotation, of M relative to the environment p. F is defined
by structural induction, with one clause for each case in the syntax of terms:

(S1) YI[x(p) Ox]],

($2) IMN]](p (I/1[M]](p T]IN]](O
($3) Yl[ax.M]](p) qt(ad e Doo.l/l[M(p[d/xl)),

where 0[d/x]-= p’ ENV is given by p’[x]]=d and O’x’]] O[[x’]] for x’ x.
In (S 1), the value of a variable x is ascertained by looking up its denotation in

p, which, in view of the functional nature of p, is achieved by application of p to x.
In ($2), the value of the rator M is interpreted as a function by application of ;
this function is an element of [Do-+ Doo], so can be meaningfully applied to the
value of the rand N.

Clause ($3) is a little more involved. An abstraction ax.M is naturally
interpreted as a function from Doo to Doo. When applied to any argument d e Doo,
the result of this function is the value of the bodyMin the environment 0’ identical
to 0 in all respects, except that the bound variable x is now associated with the
argument d. As d varies over Doo, Yl[M](p[d/x]) determines a continuous
function, which is rendered as an element of Doo by the isomorphism. (That this
function is continuous is a consequence of the continuity of the isomorphism pair, and the fact that expressions fashioned out of variables and continuous
functions by typed abstraction and typed application are continuous in all their
free variables.)

It is important to notice the distinction between the language being defined
and the notation used to define it (the meta-language). In particular, note the two
different uses of the A-notation in ($3); on the left is the symbol "a" of the
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type-free A-calculus, on the right we have the typed A-notation used to write
down an expression for the meaning of the type-free notation. The second usage is
convenient but is not essential to a presentation of the definition of ; it can be
avoided at the cost of introducing a name for the function occurring as the
argument of (i.e., by writing:

($3’) t/’Ax.M]](p) (f), where f(d) M]](p[d/x])).

To establish that the above interpretation of terms gives a model for the
A-calculus, we must say when equations between terms hold in D, and show that
the axioms about equality and conversion are then satisfied. We define terms as
being semantically equivalent, or equal in D, when they have the same value for
all associations of values with their free variables:

M "-’DooN iff t/IM]](p) //N]](p) for all p ENV.

That this gives a substitutive equivalence relation is immediate from the corre-
sponding properties of equality of lattice elements. The validity of the conversion
rules then follows from the properties (2.3) and (2.4) of the isomorphism, obvious
results about t[M]](p) being independent of values in p for variables not
occurring free in M, and a preliminary substitution lemma For all termsMand N,
variables x, and environments p,

[[/x]M](o) M(o[S](p)/x]).

The latter asserts that extending environments models substitution correctly; the
proof is a tedious but straightforward induction on the structure of M.

In outline we have proved
THEOREM 2.1. The interpretation ($1)-($3) and the relation =i) provide a

model [or the A-calculus system based on a--rl-conversion
Ma- fl-r/-cnv N implies M =i) N.

Since we shall always have in mind the fixed interpretation above, it is
convenient now to simplify our notation by

(i) allowing the terms themselves to stand for their values in D, and
(ii) identifying elements ofDwith their image under the isomorphism,.
For closed terms the ambiguity in (i) is in any case not very great. Using the

semantic clauses ($1)-($3) to fully expand 7/l[M]](p), we obtain an expression (of
the meta-language) which is independent of p, e.g.,

//]IAx.(Ay. yx)x]](p) (Ado e D.((Adle D.I:(dl)(d0)))(d0))

Ado D.(Adl D.dldo)do

by property (2.4) and the identification convention (ii) for , . Apart from a
change of bound variable names, this last expression differs from the original term
only in the type indications for its bound variables. If M does contain free
variables, the ambiguity is only slightly greater; a similar expansion then shows
that l/]IM]](p) depends only on the values of these free variables in the environ-
ment p.
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Thus the use of the terms themselves to denote their values is sufficiently
precise if we say that

1. free variables are regarded as ranging over Do,
2. when a term is applied as a function we understand that its image under

is intended,
3. when we write an abstraction Ax.M we understand that x is restricted to

ranging over Do, and by the abstraction we really mean the image of the
corresponding function under .

By virtue of Theorem 2.1, the conversion rules preserve values so we may use
them to manipulate terms used in this way as expressions for elements of Do.
Whenever we do need to be careful about distinguishing between terms and their
values, or between elements of Do and their image in [Do Do], or for emphatic
reasons, we can fall back on the more formal notation and write in all the
appropriate o//., P, ,, etc., but most of the time we can tolerate the ambiguity.

In general the converse of the implication in Theorem 2.1 cannot hold for
arbitrary solutions of the isomorphism (2.2), but for terms having a normal form
ttrere is a positive result. From the observations at the end of 1, we know that
distinct normal forms must have distinct values provided the model is nontrivial
(not all terms have the same value). The latter is immediate from Ii K.
(Otherwise, since H(Kx)y/3-red x and KI(Kx)y/3-red y, we would have x y for
all x, y D, contradicting the assumption that Do contains more than one
element.)

With Do being a lattice rather than a set a slightly stronger result holds. Just
as lattice equality determined an equivalence relation between terms, so

_
induces a quasi-ordering"

M m N iff 7/M]](p) m_ [N]](p) for all p ENV.

(As a relation between terms, fails to be a partial ordering only in that
M N M implies that M and N have the same value but not that they are the
same term.) The relation is easily seen to be substitutive"

M N implies C[M] C[N] for all contexts C[ ].

Then, since the terms I and K are incomparable under (otherwise, we would
have the same contradiction as above), it follows that all pairs of separable terms
are incomparable; in particular:

THEOREM 2.2. IfMandNhave distinct fl-rl-normalforms, thenMandNare
incomparable under .

For terms without normal forms the situation is not so straightforward. Their
properties are dependent on the deeper structure of particular models, and
Theorem 2.2 may fail if either M or N fails to have a normal form.

Everything we have said so far holds for all models of the A-calculus (or at
least for all extensional lattice models), and we cannot expect the conversion rules
to be complete for an arbitrary model. At the same time it is clear that we would
not want completeness in this sense anyway. At first one’s intuition might have
been that a "natural model" for the A-calculus is one in which terms have the same
value just when they are interconvertible. However, the rules of conversion are
only the minimum one should expect of an equational theory of "type-free"
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functions and there are several respects in which they are deficient; for instance,
they do not allow any inductive arguments. More immediately, we shall see
examples of terms which are not interconvertible but which exhibit the same
computational behavior. We would like to regard such terms as having the same
meaning.

3. A particular model: The use of projections. We turn our attention now to
the particular models discovered by Scott in 1969. First we give a brief outline of
the construction in order to extract the properties of Do we need in a convenient
form (the laws of projection and application below).

Let Do be any complete lattice and, inductively, Dn+ -[Dn Dn]. The key
to the construction lies in making this hierarchy of function spaces cumulative by
"embedding" the lower-type spaces in the higher-type ones. These embeddings
are described formally by a sequence of projection pairs

D,D,+, n--0,1,2,...,

n+l(X) )n X i/in X Dn+l,

I[In+ X ’) I[I x /)n, X’ G Dn+2.
Then the inverse limit of the D,’s, i.e.,

D {(Xn)n=O Xn n(Xn+l), Xn GDn}

is a complete lattice (under the "componentwise" partial ordering) and gives an
isomorphism

(3.1)

There are two known "parameters" in this construction--the choice of the
initial domain Do and the choice of the initial projection pair b0, q0--which can be
varied and one still obtains a solution of (3.1). In this and later sections our results
hold for any Do with more than one element (we shall see in 6 why, other than
this, the choice of Do doesn’t matter) but with b0, q’0 fixed as Scott’s original
projection pair:

bo(X) y Do.x, x Do,

@0(X’) X’(-LDo), X’ E D1.
In fact the construction does more than solve the isomorphism (3.1) for the

solutions have an internal structure too. There are also projection pairs

embedding each D. as the subspace

D)= {b,(x) x E D,}
_
Do

and inducing projection functions
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We can now "forget" the finite-type spaces Dn used in the construction and
work entirely within D, with the subspaces D( and the projections Pn. These
projections satisfy various equations (e.g., see [20, p. 64] or [15, pp. 114-115])
and determine essentially all the structure of the resulting A-calculus models. For
this it is convenienNo redefine the subscript notation to stand for the projections;
we now write, for x, y D and f [D-D],

x(y) for (x)(y),

f for (f),

x, for P,(x),

Transliterating the properties of the projections P, into this notation gives the
following"
Laws of projection.

(P1)

(P2)

(P3)

(P4)

(P5) (Additivity)

Laws of application.

x._x._x forn_-->m,

_Ln _1_ (+/- now denotes "+/-i),

X L..J Xn,
n=0

(Xn) Xmin(n,m),

(I IX), =1 I{x,’xX} forX___D.

x(z)= y(z) for all z D--x y,
(P6) (Extensionality)

x(z)_ y(z) for all z D--x
_

y,

(P7) x(y)=
n=0

(P8) _l_(y) +/-,

(P9) x0(y) Xo x(_l_)o,

(P10) Xn+l(y) X(yn)n.

(Where parentheses are omitted, application takes precedence over projection;
e.g., in (P10), x(y,), when fully parenthesized is (x(y,)),.)

Three derived laws which follow from the above are

(P11) Xn+l(y) Xn+l(Y)m for all m--> n,

(P12) X,+l(y) X,+l(y,,) for all m_-> n,

(P13) x y--x, y, for all n _->0.

Informally, we can read applications of these projection functions as entailing
a loss of information, in the following sense. We have

Do) =D)’"= I)() ...=D
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and, for each x D, the projections xn Dff form an increasing sequence

X0 X Xn E7_ X

of approximations to x; moreover, since

!()x.=t_3{w w_.. w=_x}

follows easily from the above, we can think of x. as the best approximation to x
available in the subspace D). Properties (P3) and (P13) then state that every
element of !) is determined by these "finite" approximations.

In a similar way, (P7) states that application o an elementoD as a unction
is determined by the functional behavior of its projections. Note, however, that
tP7) does not imply that the terms in the 1.u.b.-expression on the right are the best
apt,;,ximations x(y). to the result of the application on the let (in general we only
have x.+(y.) m_ x(y).), but only that their oin gives the correct result. (Note also
that (P7) is not a defilaition of application but a derived property satisfied by the
projection unctions together with the -part of the isomorphism; in the strict
notation (P7) reads

(P7’) cI)(x)(y)= II di)(Pn+l(X))(Pn(y)) .)
n=0

Properties (P9)-(P12) tell us how the individual projections of elements
behave as functions. Property (P9) states that 0th projections are constant
functions on D; this is a consequence of the choice of the constant-function
embedding b0"D0 D1 given above. For (n + 1)st projections, the definition of

()r()
..+a as the embedding o D.+a [D. D.] inD implies that elements o

() () ()are essentially functions fromD to D); that s, D.+I [D. D. ]. Thus, the
application X.+l(y) will always give a result in the subspaceD (property (Pll)
above) and is independent of information contained in its argument y which is not
contained in the best approximation y. to y in D (property (P12) above).
Further, considering the expression x(y.), on the right of (P10) as an operation on
y, x is being applied to the nth projection y. D) of the argument and the nth
projection x(y.). D) of the result is being taken; but from what we just said,

() ()this is how the best approximation X.+lD[D. D. ] acts, so the applica-
tion X.+l(y) gives the same result (property (P10) above).

With these laws we can do many useful calculations about the values of terms
in D. ree typical examples are

TnEORE 3.1. (a) (Scott [20]) AA ,
(b) (Park [13]) Yx Y,
(c) J =o= I,

where Y’[D D] D defined by

Y([)=
n=0

is the lattice-theoretic least fixed-point operator and the terms A, yx, I and Jare as
given in 1.

Note how use has been made of the ambiguity between terms and their values
in stating the theorem. In (a) we really mean that //AA]](p)= +/- for all p. For (b),
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from lattice theory we know that the function Y maps continuous functions to
their least fixed-points. Y itself also is continuous, so, by virtue of the isomorph-
ism, we can think of Y as an element of I)o; that is, we can faithfully "identify" Y
with the element Y D given by

Y =- xtt(hx Doo. Y((x))) (Y )

Then, properly stated, (b) reads" for all p, Yx](p)= Y.
Proof. We give the calculation for (b) as an illustration. Part (a) can be proved

by a similar calculation, but notice it follows immediately from (b), since
AA env YxI and L is clearly the least ed-point of L

For (b), since Yx is, by fl-conversion, a ed-point operator, we have Y Yx.
For the converse, by extensionality it suffices to show that Yx(f) Y(f) for
arbitrary f. Let X hx.f(xx). Then it suffices to show that

(3.2) X(X,) fn+2(Z) foralln 0,

for then

Y()eX(X)= X X(X), by (P3) and continuity,
n=O n=O

+2() y(f).
n=O

We prove (3.2) by induction on n. For n 0, we have

X(Xo) y(Xo(Xo)) [(Xo) f(f(;))

by definition of X, (Pg), and monotonicity, since Xo X(2)o X(2) f(2())
f(). For n g 0, we have

X(X,+I) f(X,+I(X,+)) f(X,+I(X,)), by definition ofXand (P12),

f(x(x,)) f(F+2()),
by X,+I Xand induction hypothesis.

For part (c), let F af.ax.ay.x(fy), so J YaF. at I is a ed-point of E
and hence J I, is immediate since FI fi--ed k We prove the stronger result"

THeOreM 3.2. I iS the only fixed-point ofF in D.
Proof. Let J be any fixed-point of F, so J satisfies the equation

(3.) (x)(y) x((y)).

We prove inductively that J, I, for all n g 0, for which, by extensionality, it
suces to prove that J, (x)(y)= I, (x)(y) for arbitrary x, y.

For n 0 we have, using (3.3), (Pg), (P8) and (P2),

o(x)(y) ()o(y)= (,)(,)o ((,))o *,

o(x)(y) ()o(y)= ,o(y)= *.

For n 1 we have, using also (P10) with n 0,

zl(X)(y) (xo)o(y)= (Xo)(*)o Xo(())o Xo,

Ii(x)(y) I(Xo)o(y)= x0(y)= Xo.
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Now assume, inductively, that Jn+l In+l for some n ->0. Then

J,+2(x)(y) J(X+l),+l(y)= J(X,+l)(yn), by (P10) twice

X,+l(J(y,,)), x,,+l(J(y,),) by (3.3), (P11, P12) with m n

X,/l(y,) since, using the induction hypothesis,
J(Y,), L+I(y)= I,+(y)= I(y,), y,

In+2(x)(y) I(X+l)+l(y)= X+l(y)= X+l(yn).

The second part of Theorem 3.1 extends to a whole sequence of A-calculus
fixed-point combinators, defined by

o Yx, i+1) ’(G), iO,

where G hy.hf.f(y/). First, note the following intimate connection between G
and arbitrary fixed-point operators"

LEMMA 3.3. (a) In any extensional model of the h-calculus, an element V is a
fixed-point operator iff V is a fixed-point of G"

Vf f(Vf) iff GV=V.

(b) For the lattice-theoretic least fixed-point operawr Y,
y Y(O).

Proof. Part (a), and hence the first half of (b), is immediate from the definition
of G by fl-reduction and extensionality. For the second half of (b),

G"()(f) f"(), f e D, for all n O,

is easily proved by induction on n. Hence, using the definition of on function
spaces,

Y(G)() G () ([) G (Z)() () Y()
=0 =0

from which the result follows by extensionality.
(Similar to Theorem 3.2, it might now be asked whether Y is the only

ed-point of G in , but this failsthere are other (continuous) ed-point
operators on besides Y. However, it turns out that Y is the only one which is
l-definable, because Y is a maximal term under the ordering . (A proof of the
latter will be included in [24].) In other words, it can be shown that every
-calculus term having the fixed-point property has the least ed-point operator
Y as its value in. For the particular terms 0, ,..., however, we need
not bother here with this interesting, but technically quite dicult, generaliza-
tion.)
CooA 3.4. For all 0, = Y.
Pro@ The case 0 is ust Theorem 3.1 (b). If, inductively, = Y, then

Historically, the equivalence of these ed-point combinators in , dis-
covered originally by Park [13], provided the first example of the incompleteness
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of the conversion rules for these models, for it was known previously [4, p. 195]
that the first two, y0) and yl), are not interconvertible. The motivation for
wishing to regard all these fixed-point combinators equivalent will be discussed at
the end of 5.

Part (c) of Theorem 3.1 is a more unexpected example of incompleteness, for
it gives an example of a term without a normal form which is equivalent to one in
normal form. We shall return to discuss this example further in 7, where we shall
see it is not so unreasonable as it seems at first sight. For now, we note that the
phenomenon is not special to the particular normal form I (it would perhaps be
even more surprising if it was!)"

COROLLARY 3.5. For any normal form N, there is a term X with no normal
form such that N =io X.

Proof. Choose an occurrence of a variable x in N which is not the rator of a
combination. (Such an occurrence always exists, e.g., choose the rightmost
occurrence of a variable in N.) Let X be the term obtained by replacing this
occurrence of x by the term J(x). Then N =i)o X, since J(x) =i I(x) env x, and
the replaced occurrence of x not being the rator of a combination is sufficient to
guarantee that X does not have a normal form. [-1

4. Solvability and head normal forms. Classical studies of the A-calculus
generally emphasize the significance of normal forms and tend to divide the terms
into two classesthose with normal forms, whose "values" are perfectly defined,
and those with no normal form, which are regarded as "meaningless" or
"undefined". Such a division is too "discrete" (indeed we shall find reason to
doubt the semantic significance of the distinction at all). Instead, just as Scott
argues for data objects in general, we must recognize varying degrees of
definedness; the "value" of a term may be defined in some respects but not in
others. More especially, we cannot consistently regard a term as undefined just
because it fails to have a normal form; some can be used to give defined results in
nontrivial ways, and in fact it would be inconsistent to identify all terms not having
a normal form:

Example 1. Let A be any term without a normal form, and let M= Ax.xlA
and N=- Ax.xKA. Both M and N fail to have a normal form, but MK fl-red I and
NK/3-red K. Identifying M and N would therefore imply I K, which would
render the A-calculus inconsistent.

The concepts of solvability and head normal form are the beginnings of our
analysis of the semantic significance of terms. We think of them primarily as
allowing distinctions to be drawn between terms without normal forms, but the
notions apply equally to all terms. Solvability was first studied in connection with
the A-definability of partial recursive functions by Barendregt [2], [3], to which we
refer the intere’sted reader for a fuller discussion.

We consider first the closed terms and how they behave when applied as
functions:

Example 2. Consider the terms

M1 AA, where A-- Ax.xx,

M2 AT, where T=- Ax.xxx,

M3 AD, where D -= Ax.Ay.xx.
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(In fact M3 fl-red Yxg.) These three terms, none of which have a normal form, are
particularly "hereditarily undefined". No matter how they may be applied as
functions their computations will continue indefinitely: for all k _-> 0 and all terms
X1, Xa," , Xk, the applications MX1Xa" Xk fail to have a normal form, for
each of M1, M., M3 above.

On the other hand, not all terms without normal forms behave in this way as
functions. For example, the terms of Example 1 do not, nor does the paradoxical
combinator Yx or the term J given in 1; e.g.,

Y (KA) /3-red A, for any term A,

J(KA)B fl-red A, for any terms A, B.

We define a closed term M as being solvable iff there is an integer k _-> 0 and
terms X1, X2," , Xk such that MXIXa" Xk has a normal form.

Terms having a normal form are always solvable; indeed, more strongly:
LEMMA 4.1. IfM is a closed term having a normalform NandX is any term,

there exist k >-_ 0 and terms X1, Xa, , .Xk such that

(4.1) MX1X2 Xk -red X

Proof. We can write the normal form N in the form N--
Axlxa" xn.zN1Na" N,,,. Since M, and therefore N, is closed, we have z xi for
some i. Choosing k n, X Ayly2. y,,.X, and X I for j i, the result
follows.

The following corollary is then straightforward from the property IX red X,
and indicates the reason for the terminology "solvability":

COROLLARY 4.2. A closed termM is solvable iff the equation (4.1) with X=- I
can be solved ]’or X1, X, , Xk (for some k >-O) iff for all terms X the equation
(4.1) can be solved.

For open terms we must consider also their substitution instances. For
example, x(AA) can never yield a normal form by being applied as a function, but
its substitution instance [KS/x](x(AA)) is solvable provided S is solvable. We
therefore define an open term as being solvable itt there is a substitution of closed
terms for its free variables such that the resulting (closed) term is solvable. Or,
uniformly for all terms M, M is solvable iff there is a head context C[ such that
C[M] has a normal form. Corollary 4.2 then extends to open terms in the same
way.

The concept of head normal form provides a syntactical characterization of
the solvable terms. First:

Example 2 (cont.). If we inspect the reductions of M1, M2, M3 we find:
1. M1 reduces only to itself.
2. Every term to which M2 reduces is of the form ((hx.xxx)T)TT. T.
3. Every term to which M3 reduces is, after a-conversion, of the form

hxlx2" x.((hx.hy.xx)D).
These terms have the general form: either they consist of a fl-redex, or of a
/3-redex followed by a finite number of arguments, or of a finite number of
abstractions on terms of the latter form. That is, they are of the form

(4.2) ixix2 xn.((Ax.M)N)X1Xa X,, n >-0, m >-0.



504 CHRISTOPHER P. WADSWORTH

A term of the form (4.2) will be said to be not in head normal ’orm and the redex
(Ax.M)N is then called its head redex. The reduction of a term in which each step is
determined by contraction of the head redex (when it exists) will be called head
reduction.3 [-1

On the other hand, the terms of Example 1 are not of the form (4.2), nor are
the terms

Af.f((Ax.f(xx))(Ax.f(xx))), Ax.Ay.x(Jy)

to which Y and J, respectively, are reducible. None of these terms are in (or have)
a normal form, but they are in head normal form, of the general form

(4.3) Axlx2" Xn.ZX1X2" Xm, n-->O, m-->0, z a variable,

where X1, X2, , X, are arbitrary terms. (We leave it to the reader to show that
every term can be ritten uniquely in one of the forms (4.2) or (4.3) for suitable
n, m, X/, etc.)

In (4.3) the variable z is known as the head variable and the term Xi as its ith
main argument. Two head normal forms will be called similar iff they have the
same head variable (after a-conversion, if necessary, so that bound variables
agree) and the difference between the number of main arguments and the number
of initial bound variables (i.e., m -n in (4.3)) is the same for both. (The use of the
difference here is a technical point connected with r/-conversion. Most similar
head normal forms we meet will be strongly similar, i.e., will have the same
number of main arguments and the same number of initial bound variables. Note
that in any case similar head normal forms can always be converted to strongly
similar ones, by applying r/-abstractions to the one with fewer initial bound
variables.)

Analogous to normal-order reduction of terms to normal form, it can be
shown that a term has a head normal form iff its head reduction terminates, and all
head normal forms of a term are similar (strongly similar if -0-conversions are
excluded). (In fact, note that a head redex, when it exists, is also the leftmost
/3-redex, so the head reduction of a term consists of some initial segment of its
normal-order reduction, or the whole of the latter if the term does not have a head
normal form.)

It is instructive to compare (4.3) with the structure of normal forms given in
1. In a head normal form (4.3) the main arguments X1, X2,""", X, can be

arbitrary terms, whereas a normal form requires these inner subterms also to be in
normal form. Thus, a head normal form is a kind of "weak" normal form, which
we might say is in normal form "at the first level".

It is easy to see that terms having a head normal form are solvable, for the
proof of Lemma 4.1 uses only the fact that N is in head normal form. The converse
can also be proved by syntactic means (by analyzing head reductions) but we shall
see an easier model-theoretic proof in the next section.

This definition of head reduction should not be confused with that of Curry [8, pp. 32, 157]. For a
head redex, Curry’s definition requires n 0 above; here it is not appropriate to limit ourselves to this
case, because the binding of free variables does not affect (un)solvability.
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The upshot of this discussion is that only those terms without normal forms
which are in fact unsolvable can be regarded as being "undefined" (or better now:
"totally undefined"); by contrast, all other terms without normal forms are at least
partially defined. Essentially the reason is that unsolvability is preserved by
application and compositionmif U is unsolvable, so are UXand U.Xfor all terms
Xmwhich we have seen is not true in general for the property of failing to have a
normal form.

To say that (some) terms without normal forms have a value which is not
undefined seems at first a little disturbing, for after all every reduction of any term
without a normal form will fail to terminate. In fact it is our traditional conception
of terminationwthe result of a program is defined if its execution terminates and
undefined if notwwhich is at fault here, as nonterminating programs cannot
always be regarded as being "totally undefined". Consider, for instance, a
language with output statements, so that programs whether they terminate or not
may be producing intermediate output, possibly even infinite output (e.g.,

let n := 0;
while true do begin output Prime(n);

n := n+l end

producing a list of the prime numbers). In such latter cases we might say the
program computes its (infinitary) result "bit-by-bit" (the result of the program
being the "union" of the partial outputs); then only those nonterminating
programs which produce no intermediate output should be thought of as being
"totally undefined".

For understanding the interpretation of A-calculus terms in Do this analogy
with languages which allow intermediate output is a helpful one to have in mind, in
the following sense. Consider "evaluating" a term Mby reduction. If we find that
Mhas a head normal form (4.3), we can output the "first-level" information about
its initial bound variables, its head variable, and the number of its main argu-
ments; then proceed recursively to evaluate (in parallel) the main arguments
X1, X2,’" X If this process stops in finite time the original term M has a
normal form and this is the information which will have been output. The process
may fail to terminate in two ways: Either at some stage it may find a (sub)term
without a head normal form, in which case the relevant component of the result is
"totally undefined" as no information about it will ever be output, or the process
may recurse indefinitely producing infinite output. (The latter would happen, e.g.,
for Yx and J.) For either case the total output gives, intuitively, all the information
that can be computed about the "value" of the whole term M. These ideas
harmonize very nicely with the general intuitions underlying Scott’s approach to
the theory of computation and will be pursued further in the next section.

So far we have considered only what happens when terms (or their substitu-
tion instances) are applied as functions. If functions are applied to them, then, even
for an unsolvable term U as argument, we can always obtain, say, a normal form as
result by using a constant function. But such usages are trivial as the use of any
term in place of U would give the same result; more generally, we shall see that
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unsolvable terms can never have a nontrivial effect on the outcome of a reduction
(Corollary 5.5).

Thus the interpretation of unsolvable terms as being "least defined" is a good
one. It will not be surprising therefore when we find that they are exactly the terms
with value _1_ in the Do-model. It has been shown by Barendregt [2, p. 91] that it is
consistent to identify all unsolvable terms (again, an easier proof will be seen
below), and from a computational point of view it is desirable to do so as they
behave so alike.

5. Approximate reduction. Our discussion so far has established models only
for the equational part of the theory of the A-calculus. In consequence we know
that the process of reduction preserves meanings, but there is no direct interpreta-
tion of the reduction-relation itself in these models. In this section we shall see that
none is needed, for the relation can be treated metatheoretically; that is, its
properties will be seen to be implicit in the internal structure of the models.

We shall take up the idea of "evaluation-by-reduction" in a little more
general formulation than at the end of the previous section, so as not to be
dependent on any one method of reduction. Based on suggestions originally due
to Scott,4 we shall extend the ordinary A-calculus to allow partial terms and partial,
or approximate, reductions, then we can investigate limits of better and better
approximate reductions and tie these in with the notion of limit already present in
the lattice-models. The method is similar to the usual arguments justifying the use
of least fixed-points in work on the theory of computation (cf. the comments on
recursive function calculi in the Introduction and the treatment of while-
statements in [19] or recursive procedures in [1]). The results will show that
although the theory of conversion is too weak for proof purposes--not all true
equations between terms which hold in Doo can be proved--there is a limiting
sense in which the reduction rules are complete for purposes of evaluation.

We shall base our limiting process on /3-reduction. The ideas can also be
applied to ,/-reduction but we do not need to do so here as the latter plays rather a
subsidiary role in evaluation; in any case if we can prove anything about limits
using fewer approximations, the results remain true when more approximations
are included.

Suppose we start reducing a term M, using any method and order of reduction
we care to choose. If M has a normal form and the reduction actually reaches one,
everything is fine and we can take the normal form obtained as the "value" of M. If
not, conventionally the possibility is not considered of attributing a value to a
reduction which apparently fails to terminate; one simple concludes that the initial
term M does not appear to have a normal form. However, we need not be so
pessimistic, for there is something that can be said, based on the intermediate
terms in the reduction:

Example 3. Suppose M has been reduced to a term M’, say

M’-- ;x. y. y(x( (Xz.e)O))(xy) (Xw.R)S)

4 In conversation, October 1970.
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where P, O, R, S are terms. At this stage we cannot tell whether M has a normal
form or not, because there are still at least the two underlined redexes in M’.
However, from the form of M’, we can say that if M’, and hence M, is going to have
a normal form, this must be of the form

)x.y. y (x (?))(xy)(?)

because any further (/3)-reduction of M’ can affect only the parts where we have
written "?". Now adjoin to the )-calculus the special constant symbol to stand
for such "undetermined" parts of normal forms. Then we shall say

A’--- Ax.y. y(x(l))(xy)(l)

is a partial normal form of Mpartial because it tells us something of the
structure of the normal form of M (if such exists), but does not give complete
information. The obvious interpretation of in the lattice-models is as the least
element _t_:

($4) /d[[f]](p)= _L.

Then m X for all terms X, from which the substitutivity property gives A’ M’
(=M). Thus, A’ is certainly one approximation to M, and we shall now call it an
approximate normalform of M. (Of course, it is possible that A’ is actually equal to
M in Doo, if the subterms which have been replaced by 12 turn out to have value _L,
but in general this will not be the case.)

Clearly this idea of approximating any parts remaining to be evaluated (i.e.,
/3-redexes) by 12 can be applied to all terms in all possible reductions of M. In this
way we obtain a whole set of approximations, each giving some, in general
incomplete, information about M. The obvious question is whether, passing to
their values in D, their join gives all the information "contained" in the value of
the starting term M.

Notice that the answer is immediate for any term which has a (proper) normal
form, for then its normal form is one of its approximate normal forms, and for
some obvious terms with value _1_, e.g., for the term AA which reduces only to itself
so that is its only approximate normal form. More informative is"

Example 4. All terms to which Yx reduces are of the form Af.f" (XX), where
X=- ,x.f(xx) and n ->0, so the approximate normal forms of Yx are {Itf.f"(fl):n >=
0}. Thus there is an exact parallel here with the terms in the usual l.u.b.-expression
for the least fixed-point operator. (This of course was part of our motivation for
studying approximate reduction for arbitrary terms.)

To formalize the above we first introduce some further terminology. Expres-
sions of this -f-calculus will be called --terms, or simply terms when no
confusion is likely. A term will be said to be in approximate normalform if it does
not contain a/3-redex, and in proper normal form if additionally it does not contain
any occurrences of . A term A will be called a direct approximant of a term Mitt
A is in approximate normal form and matches M except at occurrences of in A,
and will be called the best direct approximant of M if f occurs in A only at
subterms corresponding to the (outermost) /3-redexes in M. (In Example 3, A’
was the best direct approximant of M’; other direct approximants are, e.g.,
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hx.hy.y(12)(12y)(12) and hx.hy.12(xy)(f).) A term A will be called an approximate
normalform ofMif[ A is a direct approximant of a term to whichMis reducible.

(In fact, these definitions are slightly wider than in our earlier discussion for
they allow subterms larger than the outermost/3-redexes to be replaced by f in
forming direct approximants; but clearly every direct approximant is the best
one (hence the terminology), so use of the wider definition does not affect limits.)

From ($4) and the properties of _1_, it is immediate that two 12-conversion rules
are valid in Doo"

We leave it to the reader to show
LEMMA 5.1. I[ M-red M’ and B, B’ are the best direct approximants of

M, M’, respectively, then B m B’.
So the best approximants of successive terms in a reduction form an increas-

ing sequence. Unfortunately for any particular reduction of a term M such a
sequence may converge to a limit smaller than the value of M. (In particular,
normal-order reduction is sometimes inadequate in this sense; consider M--
Ax.x(AA)(R) where R is any/3-redex with value different from _1_.)

Considering all reductions, however, remedies the deficiency. We shall write
s4(M) for the set of approximate normal forms of M. (It follows easily from
Lemma 5.1 and the Church-Rosser Theorem that s4(M) is always a directed set.)
In the statement of the limit theorem which follows we write in the V and O to
emphasize the distinction between syntactic and semantic concepts:

THEOREM 5.2. For all terms M and environments p,

[M](p)=II{A](p):A .(M)}.

Proof. Unfortunately there is room only for a few hints of the proof here; the
full proof will be given in [23]. The main step consists of the development of a
formal typed calculus for carrying out the kind of calculations with projections we
did informally in 3, via the notion5 of a type-assignment for terms appropriate to
these models. The "types" are integers and a type-assignment consists of an
association of (arbitrary) integers with every subterm of a term; the intended
interpretation is that the corresponding projection of the value of the subterm is to
be taken. The properties of projections, in particular (P3), and continuity then
imply, by structural induction on M, that //]IM]](p) is equal to the 1.u.b. of (the
values of) all such typed-terms representing type-assignments for M.

Corresponding to the properties (P9) and (P10) of projections, two forms of
typed -reduction can be defined and shown to preserve the values of terms with
type-assignments. The "well-foundedness" of (P9) and (P10) (i.e., application of
an (n + 1)st projection always decreases the level of the projections involved by
one, and application of a 0th projection allows the argument to be replaced by 12
without changing the result) can then be used to show that every typed-term T,
representing a type-assignment for M, can be reduced to, and hence is equivalent

Suggested to us by J. M. E. Hyland, personal communication, January 1972.
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to, a typed-term T’ in approximate normal form. The result then follows by
showing that the untyped term corresponding to T’ is always one of the approxi-
mate normal forms of M.

With this theorem we can explain our remarks about the "limiting complete-
ness" of the reduction rules. The rules are adequate for generating the (r.e.) set of
terms to which M reduces. As these are generated, so more and more of the
approximate normal forms of M are obtained. The theorem asserts that if we are
prepared to generate enough of the terms to which M reduces, then we can
calculate an expression whose value approximates the value of M as close as we
like--intuitively, we can "compute" (canonical representations for) the values of
terms in Do.

In another, related sense, the theorem can be regarded as asserting that every
term has a "normal form"; it’s just that this may be an infinite expression (as was
hinted at toward the end of 4). Several methods for specifying infinite normal
forms have been suggested (e.g., see [12]); when done in the right way we should
be able to say that terms have the same meaning (in Doo) iff they have the same
infinite normal form.

As one immediate consequence of Theorem 5.2, we obtain the following
complete characterization of those terms which have value +/- (for all environ-
ments) in these models:

COROLLARY 5.3. The following three conditions are equivalent:
(a) M is unsolvable.
(b) M does not have a head normal form.
(c) M =ioo .
Proof. We prove (c) implies (a) and (b) implies (c). That (a) implies (b), or

equivalently that not-(b) implies not-(a), follows by a proof similar to that of
Lemma 4.1.

For (c) implies (a), we give the proof for closed terms M. (The extension to
terms with free variables--in which case, for solvability, one must consider closed
substitution instances--is straightforward using the rule (Oe).) Suppose M
but M is solvable. Then there exist terms X1, Xe,..., Xk (k >=0) such that
MX1X.’" Xk env L But then, by using (’1), we have

I "-’Doo MX1X2"" Xk --Doo ’XlX2"’" Xk --Doo ’,

which is a contradiction.
For (b) implies (c), suppose M does not have a head normal form, so every

term M’ to which M reduces is not in head normal form. For any term M’ not in
head normal form, all direct approximants of M’ are of the form

(5.1) A’=- hXlX2 Xn."XlX2 Xrn, n >--0, m >-0.

But A’ =t}oo 2 by (-1) and (’2)" Hence all approximate normal forms of M are
equal to fl in Do, so M =i f by Theorem 5.2.

The last two results are pleasing semantic properties of the models of 3.
They are quite natural in themselves and desirable from our earlier discussion, but
we can find additional technical support via several formal (syntactic) results
relating terms and their approximate normal forms when used as parts of larger
expressions. In particular we have"
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THEOREM 5.4. For all terms M and contexts C[ ],
(a) C[M] has a normal form iff C[A] has the same normal form for some

A d(M).
(b) C[M] has a head normalform iff C[A has a similar head normalform for

some A (M).
Proof. That the normal forms in (a) (head normal forms in (b)) will be the same

(similar) follows from the separability of distinct normal forms (dissimilar head
normal forms). (For dissimilar head normal forms, this is straightforward; for
distinct normal forms, see Theorem 1.3.) Part (a) is then proved by arguments
based on the relative lengths of the normal-order reductions of terms and their
direct approximants; we leave the full proof to [23]. Part (b) can be proved by
analogous arguments about the lengths of various head reductions, but there is an
alternative proof using our results above. By Corollary 5.3, it suffices to show

C[M]o i) iff C[A]o i) for some A (M).

But this follows easily from continuity and Theorem 5.2.
COROLLARY 5.5. Suppose Uis unsolvable and C[ ] is any context. Then C[ U]

has a normal form (a head normal form) iff C[M] has the same normal form (a
similar head normal form) for all terms M.

Proof. The "if" part is trivial. We give the proof of the "only if" part for
normal forms. Suppose C[ U] has a normal form N. By Theorem 5.4(a), there is an
approximate normal form A’ of U such that C[A’] red N. Since U is unsolvable,
A’ must be of the form (5.1) in the proof of Corollary 5.3. Hence

C[AXlX2"’" xn.12XiX2"’" Xm] red N.

It is easily shown that normal-order reductions to (proper) normal form are, not
affected by applications of f-conversion or replacements of 1) by arbitrary terms,
from which the result follows.

Intuitively, Corollary 5.5 shows why unsolvable terms should be regarded as
being "least defined". Theorem 5.4 shows that the "interesting" computational
behavior of terms is determined by their approximate normal forms, so Theorem
5.2 can be interpreted as showing that the values of terms in Doo "contain" just the
information relevant to their use in computations.

In fact, Theorem 5.4 can be extended to apply also to the approximate normal
forms of C[M]. In the case of a function application FM (i.e., taking C[ F[ so
C[M]-- FM) where F is any term, this specializes to: For all A’ g(FM), there is
an A g(M) such that A’ sC(FA). Or, equivalently:

(FM) 13 {(FA): A (M)}.
In words: To obtain an approximate normal form of a function application FM
requires only an approximate normal form of the argument M. This is just a
A-calculus (syntactic) analogue of the general considerations motivating the
continuity of functions in Scott’s theory of computation.

Finally we close this section by considering again the fixed-point combinators
of 3. For 0 and 1 (and it seems likely for all _-> 0) all terms to which Y()
reduces are of the form

,f.fn(hXlX2 Xk.RXlX2 Xm), l’, k, m >--0,
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where R is a /3-redex and X/is a term, for j 1, 2,. ., m. (For y0), we have
k m 0 and R XX where X=- ,x.(xx); see Example 4. For Y(, see [4, p.
195].) So the approximate normal forms of Y" consist essentially (i.e., after use of
(’1) and/or ("2) if m # 0 and/or k # 0) of

{.f(a): n >_- 0}

Thus, y(O and Y( have the same set of approximate normal formswhich, in
view of Theorem 5.4, is why we would like to regard them as equivalentand
these approximate normal forms correspond exactly to the terms in the 1.u.b.-
expression for the least fixed-point operatorwhich is why we would like them to
have the least fixed-point operator as their meaning.

6. A characterization of =i. The results of 5 provide motivation for
several semantic properties of Scott’s A-calculus models--roughly, they show that
terms are given the right meanings from a computational point of view. In this
section we show that equivalence of these meanings is also natural, by exhibiting a
direct connection between =o (and the ordering m) and a syntactic relation
definable from the conversion rules.

From our discussion so far, two particular equivalence relations between
terms are worth noting:

1. approximate normal form equivalent: M "a N

M ""a N --def (M)-- (N)

2. normal form equivalent (first studied by Morris [ 11]): M "’n N

M "’n N def for all contexts C[ ], C[M] has a normal
form iff C[N] has (the same) normal form.

Then Theorems 5.4 and 5.2 imply

M’-a N M"nN,

M--’aN :2 M

Further, it can be shown that

M "--n N :: M =I N,

but the reverse implication does not hold (e.g., consider I and J with the null
context C[ ]=[ ])--essentially what happens is that the property of having a
normal form is too strong. However, if we replace "normal form" by "head
normal form" throughout, as suggested by 4, then implications can be estab-
lished in both directions, That is, if we define head normal form equivalence,
M "h N, analogous to M "n N, then

M"-hN :> M =oN

From right to left this is an easy consequence of Corollary 5.3 and substitutivity. In
the other direction the full proof is rather intricate but can be derived quite
straightforwardly with the aid of a lemma we shall state without proof (Lemma 6.2
below).
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First, it is convenient to introduce two alternative formulations and corre-
sponding quasi-orderings. We define M is solvably extended by N as

M <s N -def for all contexts 12[ ], if 12[M]
is solvable, so is C[N].

and write M "s N if each is solvably extended by the other. We define M is
semi-separable from N by

M;N ----def there is a (head) context 12[ ] such
that C[M] red I but C[N] is unsolvable,

and call two terms semi-separable if either is semi-separable from the other. (The
latter is a weak version of "separable" defined in 1; the prefix "semi-" is used in
the same sense as its usage in connection with decision procedures in computabil-
ity theory.)

LEMMA 6.1. For all terms M and N,
(a) M---hN : M---sN,
(b) M N :> M;sN.
Proof. The proof is immediate from the definitions, by Corollaries 5.3, 4.2,

respectively.
LEMMA 6.2. SupposeA is in approximate normalform andNis any term. Then

A N ::)> A ;N.
Proof. The proof is achieved by a generalization of the construction used by

Bohm [5] in the proof of Theorem 1.3 and will be given in [24].
Now we can establish the characterization of =ioo. In fact it is more

convenient to do so for the inequality io, along with a characterization of
THEOREM 6.3.6 The following three conditions are equivalent"
(a) M and N are semi-separable’ (MN),
(b) M and N are not solvably equivalent (M:g N),
(c) MiN (M N).
Proof. By Lemma 6.1(b), it suffices to show (a) is equivalent to (c).
To show (c) implies (a), supposeM N. Then A Nfor some A e (M), by

Theorem 5.2 and the properties of 1.u.b’s. By Lemma 6.2, there is a context 12[ ]
such that C[N] is unsolvable and 12[A] red/, whence also C[M] red I by Theorem
5.4(a), which shows M is semi-separable from N.

To show (a) implies (c), suppose M;N and let 12[ be a context such that
C[M] red I and C[N]-- U is unsolvable. Then M N would imply I U, con-
tradicting U being unsolvable (because of Corollary 5.3).

For closed terms, Theorem 6.3 specializes to:
THEOREM 6.4. IfMandNare both closed terms, the following three conditions

are equivalent:
(a) MN,
(b) there is a closed term F such that FM red I and FN is unsolvable,
(c) there exist closed terms X1, X2, , Xk (k >--O) such that

MX1Xg." Xk red I
while NX1X2" Xk is unsolvable.

6 Essentially this same result has also been proved independently by J. M. E. Hyland.
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Proof. For (c) implies (b), simply set F--- Az.zX1X2 Xk. That (b) implies (a)
follows from Theorem 6.3 since, when (b) holds, C[ ]-= F[ ] is then a semi-
separating context. For (a) implies (c), suppose M N, so that M is semi-
separable from N, by Theorem 6.3. Let

C[ ](AX1X2""" Xn.[ ])MIM2""" MnAIA2" Am
be a head context such that C[M] red I and C[N]--- U is unsolvable. Since M is
closed, we have

C[M](AXlX2" xn.M)M1M2" MnAIA2" A,, fl-red MA1A2"
and similarly for N. Hence (c) follows by setting k m and X--Ai for i=
1,2,. -, k.

We can understand the content of Theorem 6.4 further with reference to the
lattice structure of Do. For distinct elements a, b E Do, say a b for definiteness,
there are always continuous functions which (partially) distinguish between them:
for arbitrary d # +/-,

(6.1) a b =), there is a continuous f:D-Do such that f(a) d, f(b) +/-.

(E.g., the function
[(x) if x b then d else +/-

has this property and is continuous.) Now call an element of Do A-definable iff it is
the value T][M(p) of a closed term M (since M is closed, the choice of p doesn’t
matter), and suppose a and b are A-definable elements, say

a TIIM]](p), b I/IIN]](p).
Since M N iff a b (by definition of ), (6.1) implies that whenM Nthere is
a continuous function f which distinguishes between the values of M and N, and
by the isomorphism, this function f can itself be considered an element of Do.
Theorem 6.4 expresses the stronger property that, for distinct A-definable ,ele-
ments, there is always a A-definable function which distinguishes between them.
A second consequence, for closed terms M and N, is that

M =DN itt MZ =boo NZ for all closed terms Z
(which incidentally implies we have models satisfying the to-rule of Barendregt [2,
p. 48], for the restriction that M and N be closed terms can be removed with the
aid of Theorem 6.3). So the A-definable subspace has pleasant "closure" proper-
ties and the term structure of the model (i.e., the ordering m and the equality
between terms) depends only on the A-definable subspace of

We can also see, with hindsight, why the construction of Doo yields essentially
the same model for arbitrary choice of the initial domain Do (but not for arbitrary
choice of the initial projection pair b0, 0mthe characterization theorems above
hold only with the bo, o mentioned in 3). It is not difficult to show that, of the
elements of Do (regarded as the subspace D0) of Doo), +/- is the only one which is
A-definable. (In fact, _L is the only A-definable element of the union of all the
"finite-type" spaces Df), n 0, 1, 2,. .) For the choice of Do this means that,
although Do must include two distinct elements, +/- and T, for a nontrivial model,
additional elements are redundant as they will not be A-definable and hence
cannot affect the term structure of the resulting model.
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Further insight is provided by recalling the intuitive interpretation of partial
orderings in Scott’s theory, in terms of "information content". For domain
elements a and b, a b was intended to mean "a gives some information where b
gives either no information or different information". The results of 5 showed
that (the values of) terms having different computational behavior have differ-
ences in their "information content"; Theorem 6.3 gives the converse, that when
there is a difference in the "information content" of (the values of) terms in
this can be detected in their computational behavior. Roughly, whenM N, their
semi-separating context searches the terms for the information contained in M
but not in N. If and when this is found, i.e., for M, the appropriate part of M is
extracted and "standardized" to give the identity as result. In the corresponding
part of None finds no information (an unsolvable term) or different information (a
term with head normal form dissimilar to that in the corresponding part of M); in
either case the standardizing stage for M can be chosen so that when applied to
this part of N the,resulting term is unsolvable. (In fact, the omitted proof of
Lemma 6.2 is just a formalization of this informal sketch; the tricky part involves
showing that all the selections and manipulations can be done within the
calculus.)

A more technical consequence concerns the possibility of giving additional
axioms for the A-calculus in an attempt to axiomatize the model completely.
Although neither the relation =ioo not its negationi are recursively enumera-
ble (in fact, =D is 1-I-complete), effective relative axiomatizations are possible.
Since unsolvable terms are equal in Do, consider the extended theory A* in which
we postulate the equality of all unsolvable terms:

(Uns)
M, N both unsolvable

M=N

as an additional inference rule. It is easily shown that any equality of semi-
separable terms is inconsistent with (Uns), whence it follows from Theorem 6.3
that M CDN iff M N would render the theory A* inconsistent. This implies
that the inequality o (and similarly the relation ) can be effectively
axiomatized relative to )t*; roughly, one constructs a proof of M Nby tracing
backwards a proof of inconsistency of *+M=N (e.g., a proof of I= K in
,* +M N). Such a relative axiomatization is of some interest as (Uns) is the only
noneffective rule in )t*--in fact, (Uns) is equivalent to the halting problem
(implied by results in [2]). In a certain sense, this is the best one can do as regards
axiomatizing the inequality i (because =o is a II-relation).

It also follows that =i is the largest, consistent model of the theory A*. This
has the interesting interpretation: given that we wish to consider all unsolvable
terms equivalent, terms have different values in Do iff this is necessary for
consistency. Or, equivalently, terms are equal in 1) iff there is no reason to
distinguish between them, where we regard the property of terms having different
computational behavior (in the "global" sense we have discussed) as a necessary
and sufficient reason for distinguishing between them.

7. Rationalization for I d. The possibility of equivalences between normal
forms and terms with no normal form is one of the more unexpected, almost
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pathological, properties of the models we have studied and deserves a separate
discussion. At first, this possibility was surprising because we felt there was a close
connection between the property of having a normal form and termination of
programs. In this way we hoped to find a model-theoretic characterization of
"normal form" and hence suggest a semantic analogue of termination. In 4, we
saw reason to doubt the analogy, so our original motivation here no longer
applies.

However, this alone cannot be said to imply that we should necessarily expect
or desire that I J; to rationalize this, more is needed. Of course, the general
consequences of the characterization in 6 provide some motivation, but there
are several more specific arguments also.

First, under a suitable formalization of "infinite normal form", the term J will
have an infinite normal formmroughly, this will be

J iXo.ix1.Xo(1x2.X (lx3.x2(iXn.X3(. "))))
mwhile I ,x.x is a finite normal form. So I J is a A-calculus analogue of, e.g.,
3 2.999. , in the sense that it is an example of a finite expression which is
equivalent to an infinite one, just as 3 2.999 is an example of a real number
which has both a finite and an infinite decimal notation.

A second insight concerns the operation I-I of (a single) r-expansion viewed
as an operation within the A-calculus. It can be expressed by the equation

H(x) Ay.x(y), y x,
and is, of course, an identity operation in any extensional model. Suppose now
that instead of performing just one r-expansion, we consider an infinite rl-
expansion operator obtained by recursively applying T-expansion to the newly
introduced variable y:

H(x) Ay.x(H(y)), yx.
This equation is now just that which is satisfied by the term J, so J represents an
infinite number of applications of an identity operation. Iterating an identity
operation an infinite number of times will not always given an identity operation
(often it will give "undefined") but this is the case for the particular iteration
involved in J. Perhaps the best way of expressing this is that when we write a
recursive definition we can always compute results step-by-step via the recursion,
but sometimes a solution can also be found as a closed formula (non-recursive).

ClearlyH can be generalized to other operators, e.g., to ones which perform
any finite number of r/-expansions at the top level before recursingon some or all
of the newly introduced variables; all such examples will have the identity function
as their value in D. In a certain sense, this method and that of Corollary 3.5
exhaust all possibilities of equivalences between normal forms and terms with no
normal form,7 so all such examples are essentially just variations on the I J one.

More precisely, we mean here that, given any term N in normal form, by applying infinite
r-expansion operators to some or all of its subterms (not necessarily the same operator for each
subterm) we can obtain many terms equivalent to N which have no normal form. Under a suitable
formalization of "infinite r-expansion operator", we conjecture that every term not having a normal
form but equivalent to N inD can be obtained in this way, up to a-/J-conversion. However, we shall
not pursue this formally here as the ideas are more clearly seen in the general discussion of "infinite
conversions" to follow, but see also the treatment of infinite normal forms in Nakajima [12].
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It is also interesting here to compare the characterization of =io with the
more naturally occurring equivalence ""n defined in 6. All the above examples
will fail for "n (because no normal form can be normal form equivalent to a term
without a normal form), but it can be shown that, again, they essentially exhaust all
examples of terms for which M =Ioo N but M7c N.

An alternative formulation allows comparison with other calculi. We can say
that I and J are equal by "infinite conversion" or are "interconvertible in the
limit"; we illustrate this view in Fig. 1, where we have applied suitably chosen
rt-expansions to I and a-/3-reductions to J. As these conversions proceed, it can
be seen that the part where the terms differ is pushed deeper and deeper inside the
terms. In other words, although I and J are not finitely interconvertible, they can
be transformed, by means of the conversion rules alone, to terms which match
each other up to arbitrarily large, finite "depth".

Agree to
depth

FIG.

This phenomenon can be generalized to give.a full characterization of =ioo
along the same lines by taking account of the rule (Uns) equating unsolvable
terms. ((Uns) was not needed in Fig. 1 as no subterm was unsolvable.) We have:
M =ioo NiffMandNcan be transformed by -O-rt-Uns-conversion to terms which
agree to arbitrary depth. More formally:

M =[oo N iff (Vk >-_ O)(::IM’, N’)(M’ = N’ and A* F-- M M’, N N’)

where =k symbolizes the notion of terms matching to depth k. By formalizing the
notion of "depth" which we have indicated only rather loosely above, this
formulation can be made the basis for an axiomatization of =i with only two
noneffective rules--the rule (Uns) and an infinitistic rule corresponding to the
universal quantifier for k. (Again there is a similar axiomatization of the ordering
=).
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By comparison, consider functions on the integers. One can give two defini-
tions for the identity function, the explicit definition

f= An int.n

and the recursive definition

g An s int. if n 0 then 0 else g(n 1) + 1

Although these two definitions clearly define the same function, one cannot give a
recursive function calculus with a finite set of (effective) "conversion rules" such
that the equivalence of f and g can be shown by transforming them into identical
expressions. (Proofs of f =g normally require the use of inductive methods.)
However if we consider the rule

(Rk) Replace n by ifn=kthenkeisen

where n is an integer,variable and k is a numeral, then, just as for I and J in Fig. 1,
we can obtain "conversions" of f and g to expressions which agree to arbitrary
depth. This is shown in Fig. 2, where, for g, we use the "copy-rule" to handle
recursion plus the usual simplification rules of elementary arithmetic.

Agree to
depth

An.ifn=OthenOelsen An.ifn=OthenOelseg(n-1)+l

copy rule
) plus

An. if .n 0 then 0 An.if n 0 then 0 / simplification

else if n then else n else if n then else g(n 2) + 2

FIG. 2

Taken together, we feel these arguments show that equivalences such as
I =oo J are not unreasonable and, indeed, should be regarded as natural
whenever one accepts the validity of l-conversion.

The proviso is, of course, crucial and at least inconvenient when dealing with
most computer languages. We mentioned in 1 that /-conversion embodies the
view that every object is a function. There are no constants as such in the "pure"
A-calculus, one effect of which is that A-calculus computations never quite touch
ground level (e.g., by giving an integer, a truth value, or some other primitive
object, as the result of a computation); if needed, constants must be represented as
functions. Though this is not the most transparent approach for constants, it is a
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possible one and should have a corresponding "natural semantics". The proper-
ties of D can then be read as showing that when one is happy to represent
everything as a function, the D-model is a natural one, in the sense that the
meanings of terms and their equivalences have the appropriate consequences for
computational purposes.

A better approach, however, is to include primitive objects, or atoms, directly
in the interpretation. Then one might study various extended A-calculi which
include constants in their syntax and some additional replacement rules (called
5-rules) for these. Models for such "applied" A-calculi can be found via solutions
of

E A+ [E---> E]

where A is some primitive lattice of atoms. The interpretation of terms runs much
as before, with some given interpretation for the constants. (The only ambiguity
concerns an application a(x) in which a is an atom in A; this is given a standard
meaning, e.g., _1_, or -I-, or a special error-atom.) Any solution for E will provide
models for a-/3-conversion but not, of course, for r/-conversion (because distinct
atoms behave the same as functions).

Particular solutions, E, are known in which many of the results for D
remain true, e.g., the analogues of Corollary 3.4 and Theorem 5.2. Whether all
unsolvable terms will have value _t_ in E depends on the choice between
"separated" and "coalesced" sums; that is, on whether one wishes to distinguish
between the least element -I-E and the least function _LtE_,E1. If SO, this is mirrored
in the syntactic aspects by calling an unsolvable term strongly unsolvable if also it
is not reducible to an abstraction; then, with separated sums, terms will have value
_t_ itt they are strongly unsolvable.

Equivalences such as I J will fail to hold. In fact, it can be shown that no
normal form can be equal in E to a term without a normal form. This is to be
expected as there is no reason to regard I and J as equivalent when ,/-conversion
is denied; indeed, they can be distinguished by application to a constant.

The relation =E will clearly be different from =i. One obvious conjecture
is: M =E N itt for all contexts 12[ ], C[M] has a normal form just when C[N] has
the same normal form (here, normal form would mean/3--normal form). But
with constants present, since whole programs are generally intended to give basic
objects rather than functions as results, a more natural characterization would be

M =E NC:>for all contexts 12[ ], C[M] is reducible to a constant
just when C[N] is reducible to the same constant.

It seems likely that such a characterization can be established if sufficient
constants (one for each atom?) and -rules are included in an extended calculus.

8. Condusion. It is worth reflecting on how our results might generalize to
other languages. Clearly there should always be some connection between the
denotational semantics of a language and the properties of the computations
which can be evoked by its programs. When such a connection has been estab-
lished, we can then work with either the denotational or an implementation-
oriented definition of the language. If we regard the denotational semantics as the
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primary definition, the connection wocld show that the implementation is not only
correct but is "effectively complete", in the sense that it can compute and make
use of every "bit" of information determined by the denotations. Alternatively, if
we regard the implementation as given, such a co,:qection establishes the denota-
tional meanings as a valid basis for reasoning about the "global" properties of
programs under the implementation (conceptually a simpler task than working
with the implementation directly).

For proofs based on a denotational semantics, methods wili be needed for
performing inductions on the structure of domains, particularly domains obtained
as solutions of isomorphic domain equations. As with the properties of -calculus
models, many program properties will not be dependent on the internal structure
of particular solutions, but it seems likely that some will be so dependent. In our
study the laws of projections on Do embody the relevant structure, but it remains
to be seen whether a similar use of projections will provide a convenient
framework for inductions on solutions of other domain equations.

The characterization of semantic equivalence of terms in I) has an obvious
counterpart for other languages in the form of a substitutivity test: program
fragments may reasonably be regarded as equivalent just when either can serve in
place of the other in any program without affecting the "input-output" behavior
of the program. To emphasize the sense in which a program’s behavior might be
affected, we can generalize the notion of "semi-separable" as follows. Let 7r, 7r’ be
(well-formed) program fragments of the same syntactic category of a language L.
Call 7r and 7r’ semi-separable iff there are programs II and II’ of L, differing only in
an occurrence of r and 7r’, respectively, such that the execution of II halts giving
some standard output (e.g., 0) while that of II’ would continue indefinitely giving
no intermediate output, or vice versa. Then, given a semantics for L, one can
conjecture that 7r and 7r’ are semantically distinct just when they are semi-
separable. If this holds we can reasonably claim that the given semantics for L is
the right one. (Of course, with the benefit of hindsight, these suggestions are not
surprising.)

Finally, note the closure properties of the definable subspace of Doo. In
general, any solution of a domain equation will contain nondefinable elements
and it would be distressing if two definable elements were equivalent in all the
ways they may be combined with definable elements yet could be distinguished by
making use of the nondefinable elements; for in the semantics based on such a
domain there would be programs which have different meanings yet have the
same computational behavior. (Of course, the results of 6 show this does not
occur for the A-calculus semantics based on Do.)

Such a situation is not necessarily irretrievable, however. One possibility is
simply that a language may be lacking in generality or expressive power; this could
be patched either by extending the language directly or by regarding computa-
tional equivalence as being determined with respect to an extended language. A
second possibility is that the definition of semantic equivalence could be modified;
instead of defining semantic equivalence with reference to all environments, one
can consider only environments in which the denotation of every variable is a
definable element of the domains used in the semantics (with similar modifica-
tions for equivalence of functional abstractions). However, the structure of the
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domains may not then be as directly applicable to equivalence proofs as it was for
the A-calculus examples in 3. A recent paper of Plotkin [14] points out these and
other difficulties and expands on the possibilities.
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DATA TYPES AS LATYICES
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Abstract. The meaning of many kinds of expressions in programming languages can be taken as
elements of certain spaces of "partial" objects. In this report these spaces are modeled in one universal
domain Pw, the set of all subsets of the integers. This domain renders the connection of this semantic
theory with the ordinary theory of number theoretic (especially general recursive) functions clear and
straightforward.

Key words, programming language semantics, lattice, continuous lattice, algebraic lattice,
computability, retract, combinatory logic, lambda calculus, recursion theorem, enumeration degrees,
continuous function, fixed-point theorem

Introduetiom Investigations begun in 1969 with Christopher Strachey led to
the idea that the denotations of many kinds of expressions in programming
languages could be taken as elements of certain kinds of spaces of "partial"
objects. As these spaces could be treated as function spaces, their structure at first
seemed excessively complicatedneven impossible. But then the author disco-
vered that there were many more spaces than we had first imaginedAeven
wanted. They could be presented as lattices (or as some prefer, semilattices), and
the main technique was to employ topological ideas, in particular the notion of a
continuous function. This approach and its applications have been presented in a
number of publications, but that part of the foundation concerned with computa-
bility (in the sense of recursion theory) was never before adequately exposed. The
purpose of the present paper is to provide such a foundation and to simplify the
whole presentation by a de-emphasis of abstract ideas. An Appendix and the
references provide a partial guide to the literature and an indication of connec-
tions with other work.

The main innovation in this report is to model everything within one
"universal" domain Pro ={xlx o}, the domain of all subsets of the set o of
nonnegative integers. The advantages are many: by the most elementary consid-
erations Po is recognized to be a lattice and a topological space. In fact, Po is a
continuous lattice, even an algebraic lattice, but in the beginning we do not even
need to define such an "advanced" concept; we can save these ideas for an
analysis of what has been done here in a more direct way. Next by taking the set of
integers as the basis of the construction, the connection with the ordinary theory
of number-theoretic (especially, general recursive) functions can be made clear
and straightforward.

The model Po can be intuitively viewed as the domain of multiple-valued
integers; what is new in the presentation is that functions are not only multiple-
valued but also "multiple-argumented". This remark is given a precise sense in 2
below, but the upshot of the idea is that multiple-valued integers are regarded as
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objects in themselves--possibly infinitemand as something more than just the
collection of single integers contained in them. This combination of the finite with
the infinite into a single domain, together with the idea that a continuous function
can be reduced to its graph (in the end, a set of integers), makes it possible to view
an x Pro at one time as a value, at another as an argument, then as an integer,
then as a function, and still later as a functional (or combinator). The "paradox" of
self-application (as in x(x)) is solved by allowing the same x to be used in two

different ways. This is done in ordinary recursion theory via G6del numbers (as in
{e}(e)), but the advantage of the present theory is that not only is the function
concept the extensional one, but it includes arbitrary continuous functions and not
just the computable ones.

Section 1 introduces the elementary ideas on the topology of Pro and the
continuous functions including the fixed-point theorem. Section 2 has to do with
computability and definability. The language LAMBDA is introduced as an
extension of the pure A-calculus by four arithmetical combinators; in fact, it is
indicated in 3 how the whole system could be based on one combinator. What is
shown is that computability in Pro according to the natural definition (which
assumes that we already know what a recursively enumerable set of integers is) is
equivalent to LAMBDA-definability. The main tool is, not surprisingly; the first
recursion theorem formulated with the aid of the so-called paradoxical com-
binator Y. The plan is hardly original, but the point is to work out what it all means
in the model.

Along the way we have to show how to give every A-term a denotation in Pro;
the resulting principles of A-calculus that are thereby verified are summarized in
Table 1. Of these the first three, (a), (/3), and (), are indeed valid in the model;
however, rule (r/), which is a stronger version of extensionality, fails in the Pro
model. This should not be regarded as a disadvantage since the import of (r/) is to
suppose every object is a function. A quick construction of these special models is
indicated at the end of 5. Since Pro is partially ordered by _, there are also laws
involving this relation. Law (:*) is an improvement of (s); while (/z) is a form of
monotonicity for application.

TABLE 1

Some laws ofA -calculus

(o,) Xx.= xy.[y/x]

(/3) (xx.)(y) [y/x]

() Ax.’r Ax.tr iff Vx.’r o"

(n) y Xx.y(x)

Ax.’r_ Ax.tr iff x.’r_ tr

(/x) x
_
y and u

_
v imply u(x)_ v(y)
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Section 3 has to do with enumeration and degrees. G6del numbers for
LAMBDA are defined in a very easy waywhich takes advantage of the notation of
combinators. This leads to the second recursion theorem, and results on incom-
pleteness and undecidability follow along standard lines. Relative recursiveness is
also very easy to define in the system, and we make the tie-in with enumeration
degrees which correspond to finitely generated combinatory subalgebras of Pto.
Finally a theorem of Myhill and Shepherdson is interpreted as a most satisfactory
completeness property for definability in the system.

Sections 4 and 5 show how a calculus of retracts leads to quite simple
definitions of a host of useful domains (as lattices). Section 6 investigates the
classification of other subsets (nonlattices) of Pro; while 7 contrasts partial
(multiple-valued) functions with total functions, and interprets various theories of
functionality. Connections with category theory are mentioned.

What is demonstrated in this work is how the language LAMBDA, together
with its interpretation in Pro, is an extremely convenient vehicle for definitions of
computable functions on complex structures (all taken as subdomains of Pro). It is
a "high-level" programming language for recursion theory. It is applied com-
binatory logic, which in usefulness goes far beyond anything envisioned in the
standard literature. What has been shown is how many interesting predicates can
be expressed as equations between continuous functions. What is needed next is a
development of the proof theory of the system along the lines of the work of
Milner, which incorporates the author’s extension of McCarthy’s rule of recursion
induction to this high-level language. Then we will have a flexible and practical
"mathematical" theory of computation.

1. Continuous functions. The domain Pto of all subsets of the set to of
nonnegative integers is a complete lattice under the partial ordering

___
of set

inclusion, as is well known. We use the usual symbols U, fq, IJ, (’ for the finite and
infinite lattice operations of union and intersection. Pto is of course also a Boolean
algebra; and for complements we write

"x ={n]nx}

where it is understood that such variables as i, j, k, l, m, n range over integers in to,
while u, v, w, x, y, z range over subsets o.f to.

The domain Pto can also be made into a topological spacemin many ways. A
common method is to match each x

_
to with the corresponding characteristic

function in {0, 1}, and to take the induced product topology. In this way Pto is a
totally disconnected compact Hausdorff space homeomorphic to the Cantor
"middle-third" set. This is not the topology we want; it is a positive-and-negative
topology which makes the function --x continuous. We want a weaker topology:
the topology of positive "information", which has the advantage that all continu-
ous functions possess fixed points. (The equation x =-x is impossible.) The
topology that we do want is exactly that appropriate to considering Pto to be a
continuous lattice. But all this terminology of abstract mathematics is quite
unnecessary, since the required definitions can be given in very elementary terms.
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To make the topology "visible", we introduce a standard enumeration
{enln to} of all finite subsets of to. Specifically we set

en ={ko, kl,’",

provided that ko< kl’" kin-1 and n Y-i< 2k’- Thus n is the code number
for e,, and the elements of e are the exponents in the binary expansion of the
integer n. This is a one-to-one enumeration of finite subsets, where k e, always
implies k < n, the function max (en) is (primitive) recursive in n, and the relations
k e, en

_
e, e e U ek are all (primitive) recursive in k, m, n.

Topologically speaking the finite sets e, are dense in the space Pro, for each
x Pro is the "limit" of its finite subsets in the sense that

U{e,.,le,,__- }.
To make this precise we need a rigorous definition of open subset

DEFINITION. A basis for the neighborhoods of Pro consists of those sets of the
form:

{x PoJe
_

x},

for a given e,. An arbitrary open subset is then a union of basic neighborhoods.
It is easy to prove that an open subset U_Pco is just a set of "finite

character"; that is, a set such that for all x PoD we have x U ifand only if some
finite subset of x also belongs to U. An alternate approach would define directly
what we mean by a continuous function using the idea that such functions must
preserve limits.

DEFINITION. A function f: Pro -> Pro is continuous iff for all x Pro we have:

f(x) U{/(e.)le.
_

x}.

Again it is an easy exercise to prove that a function is continuous in the sense
of this definition iff it is continuous in the usual topological sense (namely: inverse
images of open sets are open). For giving proofs it is even more convenient to have
the usual e-6 formulation of continuity.

THEOREM 1.1 (The characterization theorem). A function f:Pto - Pro is
continuous ifffor all x Pro and all e we have:

e,,
_
f(x) iff =le, X.em f(e,).

Note that open sets and continuous functions have a monotonicity property:
whenever x

_
y and x U, then y U; and

whenever x
_

y, then f(x) c_ f(y).
This gives a precise expression to the "positive" character of our topology.
However, note too that openness and continuity mean rather more than just
monotonicity. In particular, a continuous function is completely determined by
the pairs of integers such that m f(e,,), as can be seen from the definition. (Hence,
there are only a continuum number of continuous functions, but more than a
continuum number of monotonic functions.) This brings us to the definition of the
graph of a continuous function.
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To formulate the definition, we introduce a standard enumeration (n, m) of
all pairs of integers. Specifically we set

(n, m)= 1/2(n + m)(n + m + 1)+ m.

This is the enumeration along the "little diagonals" going from left to right, and it
produces the ordering:

(0, 0), (1, 0), (0, 1), (2, 0), (1, 1), (0, 2), (3, 0), (2, 1),....

Note that n _<-(n, m) and m _-< (n, m) with equality possible only in the cases of
(0, 0) and (1, 0). This is a one-to-one enumeration, and the inverse functions are
(primitive) recursive--butwe do not require at the present any notation for them.

DEFINITION. The graph of a continuous function f: Pto - Pto is defined by the
equation:

graph(f) {(n, m)lm f(e,)};
while the function determined by any set u c_ to is defined by the equation:

fun(u)(x) {mlZle,, c_ x.(n, m) u}.

THF.OREU 1.2 (The graph theorem). Every continuous [unction is uniquely
determined by its graph in the sense that:

(i) fun (graph(f)),=

Conversely, every set of integers determines a continuous function and we have:

(ii) u
_
graph(fun(u)),

where equality holds just in case u satisfies:
(iii) whenever (k, m) u and ek c_ e,, then (n, m) e u.

Besides functions of one variable we need to consider also functions of
several variables. The official definition for one variable given above can be
extended simply by saying f(x, y,. .) is continuous itt it is continuous in each of
x, y, . Those familiar with the product topology can prove that for our special
positive topology on Pto this is equivalent to being continuous on the product
space (continuous in the variables jointly). Those interested only in elementary
proofs can calculate out directly from the definition (with the aid of 1.1)
that continuity behaves under combinations by substitution [as in:
f(g(x, y), h(y, x, y))].

THEOREM 1.3 (The substitution theorem). Continuous functions of several
variables on Pto are closed under substitution.

The other general fact about continuous functions that we shall use con-
stantly concerns fixed points, whose existence can be proved using a well-known
method.

THEOREM 1.4 (The fixed-point theorem). Every continuous function f:Pto
Pto has a least fixed point given by the formula:

where is the empty set and f" is the n-fold composition off with itself.
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Actually fix is a functional with continuity properties of its own. We shall not
give the required definitions here because they can be more easily derived from
the construction of the model given in the next section.

For those familiar with the abstract theory of topological spaces we give in
conclusion two general facts about continuous functions with values in Pro which
indicate the scope and generality of our method.

THEOREM 1.5 (The extension theorem). LetXand Ybe arbitrary topological
spaces where X

_
Yas a subspace. Then every continuous function f" X- Pro can

be extended to a continuous ]’unction f" Y- Pro defined by the equation"

f-(y) ._.J(("f(x)lx X f"l U}ly U},

where y Y, and U ranges over the open subsets of Y.
THEOREM 1.6 (The embedding theorem). Every To-spaceXwith a countable

basis { Unln to} for its topology can be embedded in Pro by the continuousfunction
e" X Pro defined by the equation"

e(x)={nlxO}.

Technically the T0-hypothesis is what is needed to show that e is one-to-one.
The upshot of these two theorems is that in looking for (reasonable) topological
structures we can confine attention to the subspaces of Pro and to continuous
functions defined on all of Pro. Thus the emphasis on a single space is justified
structurally. What we shall see in the remainder of this work is that the use of a
single space is also justified practically because the required subspaces and
functions can be defined in very simple ways by a natural method of equations.

In order to make the plan of the work clearer, the proofs of the theorems have
been placed in an Appendix when they are more than simple exercises.

2. Computability and definability. The purpose of the first section was to
introduce in a simple-minded way the basic notions about the topology of Po and
its continuous functions. In this section we wish to present the details of a powerful
language for defining particular functionsmespecially computable functionsm
and initiate the study of the use of these functions. This study is then extended in
different ways in the following sections.

Before looking at the language, a short discussion of the "meaning" of the
elements x Po will be helpful from the point of view of motivation. Now in itself
x Pro is a set, but this does not reveal its meaning. Actually x has no "fixed"
meaning, because it can be used in strikingly different ways; we look for meaning
here solely in terms of use. Nevertheless it is possible to give some coherent
guidelines.

In the first place it is convenient to let the singleton subsets {n} Pro stand for
the corresponding integers. In fact, we shall enforce by convention the equation
n {n} as a way of simplifying notation. In this way, to

_
Pro as a subset. (Note that

our convention conflicts with such set-theoretical equations as 5 {0, 1, 2, 3, 4}.
What we have done is to abandon the usual set-theoretical conventions in favor of
a slight redefinition of set ofintegers which produces a more helpful convention for
present purposes.) So, if we choose, a singleton "means" a single integer. The next
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question is what a "large" set x e Pro could mean. Here is an answer" if we write"

x ={0, 5, 7}=ou5u 17,

we are thinking of x as a multiple integer. This is especially useful in the case of
multiple-valued function where we can write"

f(a) =0U5U 17.

Then "m f(a)" can be interpreted as "m is one value of f at a." Now a e Pro, too,
and so it is a multiple integer also. This brings us to an important point.

A multiple integer is (often) more than just the (random) collection of its
elements. From the definition of continuity, m f(a) is equivalent to m f(e,)
with e c_ a. We may not be able to reduce this to m e f({n}) with n e a without
additional assumptions on f. Indeed we shall take advantage of the feature of
continuous functions whereby the elements of an argument a can join in coopera-
tion in determining f(a). Needless to say, continuity implies that the cooperation
cannot extend beyond finite configurations, and so we can say that a is the union
(or limit) of its finite subsets. However, finitary cooperation will be found to be
quite a powerful notion.

Where does this interpretation leave the empty set ? When we write
"f(a) " we can read this as "f has no value at a", or "f is undefined at a". In
this case f(a) exists (as a set), but it is not "defined" as an integer. Single- (or
singleton) valued functions are "well-defined", but multiple-valued functions are
rather "over-defined".

How does this interpretation fit in with monotonicity? In case a c_ b and
rn f(a), then we must have m f(b). We can read "a

___
b" as "b is an improve-

ment of a" is better-defined than a". The point of monotonicity is that the better
we define an argument, the better we define a value. ’Better" does not imply
"well" (that is, singleton-valuedness), and overdefinedness may well creep in.
This is not the fault of the function; it is our fault for not choosing a different
function.

As a subspace to _Pto is discrete. This implies that arbitrary functions
p "to to are continuous. Note that p "to Pro as well, because to Pto. By
Theorem 1.5 we can extend p continuously to i0" Pro Pro. The formula given
produces this function:

(’{p(n)[nto} ifx=;
(2.1) 6(x) p(n) if x n to;

o otherwise.

This is a rather abrupt extension of p (the maximal extension); a more gradual,
continuous extension (the minimal extension) is determined by this equation:

(2.2) i0(x) [._J{p(n)ln x}.

The same formulae work for all multiple-valued functions p" o Pro. Functions
like f are exactly characterized as being those continuous functions f" Pro
Po which in addition are distributive in the sense of these equations:

f(x CI y) f(x) CI f(y) and f() .
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The sets and to play special roles. When we consider them as elements of
Pto we shall employ the notation:

_1_= and T=to.

The element _1_ is the most "undefined" integer, and -I is the most "overdefined".
All others are in between.

One last general point on meaning: suppose xePto and k x. Then k
(n, m) for suitable (uniquely determined) integers n and m. That is to say, every
element of x can be regarded as an ordered pair; thus, x can be used as a relation.
Such an operation as

(2.3) x; y {(n, l)l]m.(n, m) x, (m, l) y}

is then a continuous function of two variables that treats both x and y as relations.
On the other hand we could define a quite different continuous function such as

(2.4) x + y {n + mln x, m 6 y}

which treats both x and y arithmetically. The only reason we shall probably never
write (x + y); x again is that the values of this perfectly well-defined continuous
function are, for the most part, quite uninteresting. There is, however, no
theoretical reason why we cannot use the same set with several different "mean-
ings" in the same formula. Of course if we do so, it is to be expected that we will
show the point of doing this in the special case. We turn now to the definition of the
general language for defining all such functions.

The syntax and semantics of the language LAMBDA are set out in Table 2.
The syntax is indicated on the left, and the meanings of the combinations are
shown on the right as subsets of Pto. This is the basic language and could have been
given (less understandably) in terms of combinators (see Theorem 2.4). It is,
however, a very primitive language, and we shall require many definitions before
we can see why such functions as in (2.3) and (2.4) are themselves definable.

TABLE 2

The languageLAMBDA

o=(o}

x + 1 {n + lln e x}

x (nln + e x}

z = x, y ={n e xlOe z}U{m e yl::lk.k + 1 e z}

u(x) {ml::le,,
_

x.(n, m) e U}

Ax.r {(n, m)lm e -[e,,/x]}
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The definition has been left somewhat informal in hopes that it will be more
understandable. In the above, r is any term of the language. LAMBDA is
type-]’ree and allows any combination to be made by substitution into the given
functions. There is one primitive constant (0); there are two unary functions
(x + 1, x-l); there is one binary function (u(x)) and one ternary function
(z m x, y); finally there is one variable binding operator (Ax.-). The first three
equations have obvious sense. In the fourth, z D x, y is McCarthy’s conditional
expression (a test for zero). Next u(x) defines application (u is treated as a graph
and x as a set), and )tx.- is ]’unctional abstraction (compare the definition of |ma). In
defining x.-, we use ’[e,,/x] as a shorthand for evaluating the term - when the
variable x is given the value en.

Note that the functions are all multiple-valued. Thus we have such a result as:

(6 t.J 10)+ 1 =7Ull.

The partial character of subtraction has expression as:

(2.6) O- 1 _1_.

We shall see how to define + and in LAMBDA later. The conditional could also
have been defined by cases:

(2.7)

_1_ if z =_1_;
x if z =0;

zDx, y=
Y if0z#_l_;
xt_Jy if 0sz0.

We say that a LAMBDA-term - defines a function of its free variables (at least).
Other results depend on this fundamental proposition:

TI-IZORZM 2.1 (The continuity theorem). All LAMBDA definable functions
are continuous.

Once that is proved, we can use Theorem 1.2 to establish:
TI-IZORZM 2.2 (The conversion theorem). The three basic principles (), (),

() of A-conversion are all valid in the model.
By "model" here we of course understand the interpretation of the language

where the semantics gives terms denotations in Po according to the stated
definition. Through this interpretation, more properly speaking, Pw becomes a
model for the axioms (a), (fl), (:). Two well-known results of the calculus of
A-conversion allow the reduction of functions of several variables to those of one,
and the reduction of all the primitives to combinators (constants)--all this with the
aid of the binary operation of application.

THEOREM 2.3 (The reduction theorem). Any continuous function of k-
variables can be written as

[(xo, u(xO

where u is a suitably chosen element of Pro.
THEOREM 2.4 (The combinator theorem). The LAMBDA-definable func-
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lions can be generated (from variables) by iterated application with the aid o[ these
six constants"

0=0

suc Ax.x + 1

pred Ax.x- 1

cond AxAyAz.z D x, y

K AxAy.x

S XuXvXx.u(x)(v(x))

But the result that makes all this model building and combinatory logic
mathematically interesting concerns the so-called paradoxical combinator
defined by the equation:

(2.8) Y= Au.(Ax.u(x(x)))(Ax.u(x(x))).

THEOREM 2.5 (The first recursion theorem). I[ u is the graph of a continuous

function , then Y(u) fix(y), the least fixed point of f.
There are two points to note here: the fixed point is LAMBDA-definable if [

is; and Y defines a continuous operator. The word "recursion" is attached to the
theorem because fixed points are employed to solve recursion equations. It would
not be correct to call the fixed-point theorem (Theorem 1.4) the recursion
theorem since it only shows that fixed points exist and not how they are definable
in a language. The second recursion theorem (in Kleene’s terminology) is related,
but it involves G6del numbers as introduced in 3.

From this point on we see no need to distinguish continuous functions from
elements of Pro; a continuous function will be identified with its graph. Note that u
is a graph itt u Ax.u(x), which is equivalent to Theorem 1.2 (iii). For this reason
(functions are graphs) we propose the name Graph Model for this model of the
A-calculus. (There is more to LAMBDA than just A, however.)

The identification of functions with graphs entails that the function space of
all continuous functions from Pro into Pco is to be identified (one-to-one) with the
subspace

FUN {ulu Xx.u(x)}
_

r’o.

The identification is topological in that the subspace topology agree with the
product topology on the function space. This is the topology of pointwise
convergence and is closely connected with the lattice structure on the function
space which is also defined pointwise (that is, argumentwise). In the notation of
A-abstraction we can express this as the extension of the axiom of extensionality
called (:*) in Table 1 of the Introduction. The laws in Table 1 are not the only ones
valid in the model, however. We may also note such argumentwise distribution
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laws as:

(2.9)

(2.10)

(2.11)

(2.12)

([U g)(x)=./(x) O g(x);

(Xx.r) U (Xx.) ,x.(r U )

(f t3 g)(x) f(x) t3 g(x)

(Xx.) (q (Xx.r) *x.( (q r).

In the above f and g must be graphs. It is also true that if @_ Pto, then

(2.13) I,..J{fl f }(.x) LJ{(x)lf e },
but the same does not hold for O.

We state now a sequence of minor results which show why some simple
functions and constants are LAMBDA-definable.

(2.14)

(2.15)

(2.16)

(2.17)

_L (Xx.x(x))(,x.x(x));

x U y (Az.0) = x, y; (Hint: 0, 1 Az.0)

T V(Xx.0 U (x + 1));

x f"l y V(AfAxAy.x = (y = O, _L),/(x 1)(y 1) + 1)(x)(y).

The elements _L and T are graphs, by the way, and we can characterize them as the
only fixed points of the combinator K-

(2.18) a=Ax.a iff a=_L or a=T.

Next we use the notation (Xo, Xl, , x,-1) for the function/3 where p" to Pto is
defined by:

ifi<n;
P(i)=

_L ifi>=n.

(2.19) 0=_1_

(2.20) (x) Az.z x, _L

(2.21) (x, y)= Az.z x, (z- 1 y, _L)

(2.22) (x0, x,. ., x,)= Az.z Xo, (xa,..., x,,)(z- 1).

Obviously we should formalize the subscript notation so that Ux u(x); then we
find:

if < n;
(2.23) (Xo, Xl," , X,-a)i

_L if i--> n.

This gives us the method of LAMBDA-defining finite sequences (in a quite
natural way), and the next step is to consider infinite sequences. But these are just
the functions i0 where p’to Pto is arbitrary. What we need then is a condition
expressible in the language equivalent to saying u =/3 for some p. This is the same
as

u xx.U(uili x},
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but the (_J- and set-notation is not part of LAMBDA. We are forced into a
recursive definition"

(2.24) $ ()ts,kuXz.z Uo, s(ht.u,+O(z- 1)).

This equation generalizes (2.22) and we have:

(2.25) $ (u) Xx.{u, li x}.

Thus the combinator $ "revalues" an element as a distributive function. This
suggests introducing the h-notation for such functions by the equation:

(2.26) An e to.z $(Xz. z[z/n]).

With all these conventions LAMBDA-notation becomes very much like ordinary
mathematical notation without too much strain.

Suppose that f is any continuous function and a ePto. We can define
p :to Pro in the ordinary way by primitive recursion where:

p(0)=a;

p(n + 1) f(n)(p(n)).

The question is: can we give a LAMBDA-definition for i0 (in terms of f and a as
constants, say)? The answer is clear, for we can prove:

(2.27) / Y(huhn to.n a, f(n 1)(u (n 1))).

This already shows that a large part of the definitions of recur,sion theory can be
given in this special language. Of course, simultaneous (primitive) recursions can
be transcribed into LAMBDA with the aid of the ordered tuples of (2.22), (2.23)
above. But we can go further and connect with partial (and general) recursive
functions. We state first a definition.

DEFINITION. A continuous function f of k-variables is computable iff the
relationship

m f(eo)(e,)’" (e,_)

is recursively enumerable (r.e.) in the integer variables m, no, hi," , nk-1.
If q is a partial recursive function in the usual sense, then we can regard it as a

mapping q:to- to (.J{l}, where q(n)= +/- means that q is undefined at n. Saying
that q is partial recursive is just to say that rn q(n) is r.e. as a relation in n and m.
It is easy to see that this is in turn equivalent to the recursive enumerability of the
relationship m (e,); and so our definition is formally a generalization of the
usual one. But it is also intuitively reasonable. To "compute" y =f(x), in the
one-variable case, we proceed by enumeration. First we begin the enumeration of
all finite subsets e,

_
x. For each of these f starts up an enumeration of the set

f(en); so we sit back and observe which m f(en) by enumeration. The totality of
all such tn for all e x forms in the end the set y.

THEOREM 2.6 (The definability theorem). For a k-ary continuous function f,
the following are equivalent:

(i) f is computable;
(ii) hXohXl hXk-l.f(xo)(XO (xk_) as a set is r.e.;

(iii) xahx Ax_.f(xo)(X) (x_) is LAMBDA-definable.
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As a hint for the proof we may note that the method of (2.27) shows that all
primitive recursive functions p have the corresponding/3 LAMBDA-definable.
Next we remark that a nonempty r.e. set is the range of a primitive recursive
function; but the range of p is/3(q-), which is clearly LAMBDA-definable. That
any LAMBDA-definable set (graph) is r.e. is obvious from the definition of the
language itself. More details are given in the Appendix.

We may draw some interesting conclusions from the definability theorem. In
the first place, we see that the countable collection RE

_
Pro of r.e. sets is closed

under application and LAMBDA-definability. Indeed it forms a model for the
A-calculus (axioms (c), (fl), (:*) at least) and it also contains the arithmetical
combinators. (Clearly there will be many intermediate submodels.) In the second
place, we can see now how very easy it is to interpret A-calculus in ordinary
arithmetical recursion theory by means of quite elementary operations on r.e.
sets. Thus the equivalence of A-definability with partial recursiveness seems not to
be all that good a piece of evidence for Church’s Thesis. In his 1936 paper (a
footnote on p. 346) Church says about A-definability:

The fact, however, that two such widely different and (in the opinion of the author) equally
natural definitions of effective calculability turn out to be equivalent adds to the strength of the
reasons adduced below for believing that they constitute as general a characterization of this
notion as is consistent with the usual intuitive understanding of it.

The point never struck the present author as an especially telling one, and the
reduction of A-calculus to r.e. theory shows that the divergence between the
theories is not at all wide. Of course it is a pleasant surprise to see how many
complicated things can be defined in pure A-calculus (without arithmetical com-
binators), but this fact cuts the wrong way as evidence for the thesis (we want
stronger theories, not weaker ones). Post systems (or even first-order theories) are
much better to mention in this connection, since they are obviously more inclusive
in giving enumerations than Turing machines or Herbrand-GSdel recursion
equations. But the equivalence proofs are all so easy! What one would like to see is
a "natural" definition where the equivalence with r.e. is not just a mechanical
exercise involving a few tricks of coding.

In the course of the development in this section we have stated many
equations which are not found in Table 1, and which involve new combinators. In
conclusion we would like to mention an equation about Y which holds in the
model, which can be stated in pure A-calculus, and which cannot be proved by
ordinary reduction (though we shall not try to justify this last statement here). In
order to shorten the calculatiorls, we note from definition (2.8) that (u)=
Y(Ay.u(y)); so by Theorem 2.5 this also equals u(Y(u)).

(2.28) Y(,fx.g(x)(f(x))) )tx.(g(x)).

Call the left side f’ and the right f". Now

f"= Ax.g(x)(Y(g(x))= Ax.g(x)(f"(x)),

thus f’
_

f", because f’ is a least fixed point. On the other hand f’= ,x.g(x)(f’(x)),
so f’(x) g(x)(f’(x)). Thus f"(x) f’(x), because if(x) is a least fixed point. As this
holds for all x, we see that f"_ f’; and so they are equal. There must be many other
such equations.
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3. Enumeration and degrees. A great advantage of the combinators from the
formal point of view is that (bound) variables are eliminated in favor of
"algebraic" combinations. The disadvantage is that the algebra is not all that
pretty, as the combinations tend to get rather long and general laws are rather few.
Nevertheless as a technical device it is mildly remarkable that we can have a
notation for all r.e. sets requiring so few primitives. In the model defined here the
reduction to one combinator rests on a lemma about conditionals:

(3.1) cond(x)(y)(cond(x)(y)) y.

Recall that cond (or D) is a test for zero, so that:

(3.2) cond(x)(y)(O) x.

This suggests that we lump all combinators of Theorem 2.4 into this one:

(3.3) G cond((suc, pred, cond, K, S))(0).

We can then readily prove:
THEOREM 3.1 (The generator theorem). All LAMBDA-definable elements

can be obtained from G by iterated application.
A distributive function f is said to be total iff f(n) to for all n to. As they

come from obvious primitive recursive tunctions, we do not stop to write out
LAMBDA-definitions of these three total functions:

(3.4) apply An to.Am to.(n, m)+ 1

(3.5) op((n, m))= n

(3.6) arg((n, m))= m.

The point of these auxiliary combinators concerns our G6del numbering of the
r.e. sets. The number 0 will correspond to the generator G; while (n, m)+ 1 will
correspond to the application of the nth set to the ruth. This is formalized in the
combinator vai which is defined as the least fixed point of the equation:

(3.7) vai Ak to.k D G, val(op(k 1))(vai(arg(k 1))).

This function accomplishes the enumeration as follows:
THEOREM 3.2 (The enumeration theorem). The combinator val enumerates

the LAMBDA-definable elements in that RE {val(n)ln to}. Further:
(i) vai(O) G,

(ii) val(apply(n)(m)) vai(n)(vai(m)).
As a principal application of the Enumeration Theorem we may mention the

following: suppose u is given as LAMBDA-definable. We look at its definition
and rewrite it in terms of combinators---eventually in terms of G alone. Then
using 0 and apply we write down the name of an integer corresponding to the
combinationmsay, n. By Theorem 3.2 we see that we have effectively found from
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the definition an integer such that val n u. This remark can be strengthened by
some numerology.

(3.8) apply(O)(O) 1 and val(1) 0;

(3.9) apply(0)(1) 3 and vai(3) (suc, .);

(3.10) apply(3)(1) 12 and vai(12) suc.

Thus, define as the least fixed point:

(3.11) num= An s o.n 1, apply(12)(nmn(n- 1)),

and derive the equation for all n o:

(3.12) vai(num(n)) n.

We note that nmn is a primitive recursive (total) function. The combinator num
allows us now to effectively find a LAMBDA-definition, corresponding to a given
LAMBDA-definable element u, of an element v such that uniformly in the
integer variable n we have val(v(n))= u(n). Further, v is a primitive recursive
(total) function. This is the technique involved in the proof of Kleene’s well-
known result:

THEOREM 3.3 (The second recursion theorem). Take a LAMBDA-definable
element v such that:

(i) val(v(n)) Am o.vai(n)(apply(m)(nmn(m))),

and then define a combinator by:

(ii) rec= An o.apply(v(n))(num(v(n))).

Then we have a primitive recursive]’unction with thisfixed-pointproperty

(iii) val(rec(n)) val(n (rec(n)).

Note that if u is LAMBDA-definable, then we find first an n such that
val(n) u. Next we calculate k rec(n). This effectively gives us an integer such
that val(k)= u(k). GOdel numbers represent expressions (combinations in G),
and val maps the numbers to the values denoted by the expressions in the model.
The k just found thus represents an expression whose value is defined in terms of
its own G6del number. In recursion theory there are many applications of this
result. Another familiar argument shows:

THEOREM 3.4 (The incompleteness theorem). The set of integers n such that
val(n) +/- is not r.e.; hence, there can be no effectively given formal system for
enumerating all true equations between LAMBDA-terms.

(A critic may sense here an application of Church’s thesis in stating the
metatheoretic consequence of the nonresult.) A few details of the proof can be
given to see how the notation works. First let v be a (total) primitive recursive
function such that:

val(v(n)) n val(n).
and note that:

n f’l val(n) 2_ iff n val(n).
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Call the set in question in Theorem 3.4 the set b. If it were r.e., then so would be:

{n e oolv(n) e b} (An e oo.v(n) f3 b n, n)(-I-).

That would mean having an integer k such that:

val(k) {n e tolv(n e b}.

But then:

kevai(k) iff v(k) e b

itt va(v(k))=_L

itr kg val(k),

which gives us a contradiction. This is the usual diagonal argument.
The relationship ,val(n)=val(m) means that the expressions with G6del

numbers n and m have the same value in the model. (This is not only not r.e. but is
0a complete II2-predcate.) A total mapping can be regarded as a syntactical

transformation on expressions defined via G6del numbers. Such a mapping p is
called extensional if it has the property:

val(p(n))=val(p(m)) whenever val(n)=val(m).
The Myhill-Shepherdson theorem shows that extensional, syntactical mappings
really depend on the values of the expressions. Precisely we have:

TI-mOREM 3.5 (The completeness theorem for definability). If a (total)
extensional mapping p is LAMBDA-definable, then there is a LAMBDA-
definable q such that val(p(n)) q(val(n)) for all n

Of course q is uniquely determined (because the values of q are given at least
on the finite sets). Thus any attempt to define something new by means of some
strange mapping on G6del numbers is bound to fail as long as it is effective and
extensional. The main part of the argument is concentrated on showing these
mappings to be continuous; that is why q exists.

The preceding results indicate that the expected results on r.e. sets are
forthcoming in a smooth and unified manner in this setting. Some knowledge of
r.e. theory was presupposed, but analysis shows that the knowledge required is
slight. The notion of primitive recursive functions should certainly be well
understood together with standard examples. Partial functions need not be
introduced separately since they are naturally incorporated into LAMBDA (the
theory of multiple-valued functions). As a working definition of r.e. one can take
either "empty or the range of a primitive recursive function" or, more uniformly,
"a set of the form {m[:ln.m + 1 p(n)} where p is primitive recursive". A few
obvious closure properties of r.e. sets should then be proved, and then an
adequate foundation for the discussion of LAMBDA will have been provided.
The point of introducing LAMBDA is that further closure properties are more
easily expressed in a theory where equations can be variously interpreted as
involving numbers, functionals, etc., without becoming too heavily involved in
intricate G6del numbering and encodings. Another useful feature of the present
theory concerns the ease with which we can introduce relative recursiveness.
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As we have seen, {val(n)[n 6 to} is an enumeration of all r.e. sets. Suppose we
add a new set a as a new constant. What are the sets enumerable in a ? Answer"
{val(n)(a)[n to}, since in combinatory logic a parameter can always be factored
out as an extra argument. Another way to put the point is this: for b to be
enumeration reducible to a it is necessary and sufficient that b u(a) where
u RE. This is word]or word the definition given by Rogers (1967, pp. 146-147).
What we have done is to put the theory of enumeration operators (Friedberg-
Rogers and Myhill-Shepherdson) into a general setting in which the language
LAMBDA not only provides definitions but also the basis of a calculus for
demonstrating properties of the operators defined. The algebraic style of this
language throws a little light on the notion of enumeration degree. In the first
place we can identify the degree of an element with the set of all objects reducible
to it (rather than just those equivalent to it) and write

I)eg(a) {u(a)lu RE}.

The set-theoretical inclusion is then the same as the partial ordering of degrees.
What kind of a partially ordered set do we have?

TI-IOgZ 3.6 (The subalgebra theorem). The enumeration degrees are
exactly the finitely generated combinatory subalgebras of Pto.

By "subalgebras" here we of course mean subsets containing G and closed
under application (hence, they contain all of RE, the least subalgebra). Part of the
assertion is that every finitely generated subalgebra has a single generator (under
application). This fact is an easy extension of Theorem 3.1. Not very much seems
to be known about enumeration degrees. Joins can obviously be formed using the
pairing function (x, y) on sets. Each degree is a countable set; hence, it is trivial to
obtain the existence of a sequence of degrees whose infinite join is not a degree
(not finitely generated). The intersection of subalgebras is a subalgebra--but it
may not be a degree even starting with degrees. There are no minimal degrees
above RE, but there are minimal pairs of degrees. Also for a given degree there
are only countably many degrees minimal over it; but the question of whether the
partial ordering of enumeration degrees is dense seems still to be open.

Theorem 3.6 shows that the semilattice of enumeration degrees is naturally
extendable to a complete lattice (the lattice of all subalgebras of Pto), but whether
there is anything interesting to say about this complete lattice from the point of
view ofstructure is not at all clear. Rogers has shown (1967, pp. 151-153) that
Turing degrees can be defined in terms of enumeration degrees by restricting .to
special elements. In our style of notation we would define the space"

TOT= {ulu $(u) and Vn e to.u(n) e to},

the space of all graphs of total functions. Then the system {Deg(u)lu TOT} is
isomorphic to the system of Turing degrees. Now there are many other interesting
subsets of Pto. Whether the degree structure of these various subsets is worth
investigation is a question whose answer awaits some new ideas.

Among the subsets of Pto with natural mathematical structure, we of course
have FUN, which is a semigroup under AuAvAx.u(v(x)). It is, however, a rather
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complicated semigroup. We introduce for its study three new combinators"

(3.13) R hx.(0, x);

(3.14) L IX.XI(X2)"

(3.15) ft hX.Xo (1, u, xl), U(X1)(X2).

THEOREM 3.7 (The semigroup theorem). The countable semigroup
RE f)FUN of computable enumeration operators is finitely generated by
R, L and G.

The proof rests on the verification of two equations which permit an
application of Theorem 3.1"

(3.16) L R hx.u(x)

(3.17) a 3 R u(v).

Certainly the word problem for RE fqFUN is unsolvable, indeed, not even

recursivel enumerable. Can the semigroup be generated by two generators by
the way?

4. Retracts and data types. Data can be structured in many ways: ordered
tuples, lists, arrays, trees, streams, and even operations and functions. The last
point becomes clear if one thinks of parameters. We would normally hardly
consider the pairing function AxAy.(x, y) as being in itself a piece of data. But if we
treat the first variable as a parameter, then it can be specialized to a fixed value, say
the element a, producing the function Ay.(a, y). This function is more likely to be
the output of some process and in itself can be considered as a datum. It is rather
like one whole row of a matrix. If we were to regard a two-argument function f as
being a matrix, then its ath row would be exactly Ay.[(a)(y). If s were a selection
function, then, for example, Ay.f(s(y))(y) would represent the selection of one
element out of each column of the matrix. This selection could be taken as a
specialization of parameters in the operator AuAvAy.u(v(y))(y). We have not been
very definite here about the exact nature of the fixed a, [, or s, or the range of the
variable y or the range of values of the function f. The point is only to recall a few
elements of structure and to suggest an abstract view of data going beyond the
usual iterated arrays and trees.

What then is a data type ? Answer: a type of data. That is to say, a collection of
data that have been grouped together for reasons of similarity of structure or
perhaps mere convenience. Thus the collection may very well be a mixed bag, but
more often than not canons of taste or demands of simplicity dictate an adherence
to regularity. The grouping may be formed to eliminate irrelevant objects and
focus the attention in other ways. It is frequently a matter of good organization
that aids the understanding of complex definitions. In programming languages,
one of the major reasons for making an explicit declaration of a data type (that is,
the restriction of certain variables to certain "modes") is that the computed
objects of that type can enjoy a special representation in the machine that allows
the manipulation of these objects via the chosen representation to be reasonably
efficient. This is a very critical matter for good language design and good compiler
writing. In this report, however, we cannot discuss the problems of representation,
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important as they may be. Our objective here is conceptual organization, and we
wish to show how such ideas, in the language for computable functions used here,
can find the proper expression.

Which are the data types that can be defined in LAMBDA? No final answer
can be given since the number is infinite and inexhaustible. From one point of
view, however, there is only one: Pro itself. It is the universal type and all other
types are subtypes of it; so Pro plays a primary role in this exposition. But in a way
it is too big, or at least too complex, since each of its elements can be used in so
many different ways. When we specify a subtype the intention is to restrict
attention to a special use. But even the various subtypes overlap, and so the same
elements still get different uses. Style in writing definitions will usually make the
differentiation clear though. The main innovation to be described in this section is
the use of LAMBDA expressions to define types as well as elements. Certain
expressions define retracts (or better: retraction mappings), and it is the ranges (or
as we shall see" sets of finite points) of such retracts that form the groupings into
types. Thus LAMBDA provides a calculus of type definitions including recursive
type definitions. Examples will be explained both here and in the following
sections. Note that types as retracts turn out to be types as lattices, that is, types of
partial and many-valued objects. The problem of cutting these lattice types down
to the perfect or complete objects is discussed in 6. Another view of types and
functionality of mappings s presented in 7.

The notion of a retract comes from (analytic) topology, but it seems almost an
accident that the idea can be applied in the present context. The word is employed
not because there is some deep tie-up with topology but because it is short and
rather descriptive. Three easy examples will motivate the general plan:

(4.1) fun= AuAx.u(x);

(4.2) pair= AU.(Uo, Ul)’

(4.3) bool Au.u O, 1.

Here is the doubly strict conditional defined by

(4.4) z x, y z (z x, T), (z T, y),

which has the property that if z is both zero and positive, then it takes the value T
instead of the value x U y.

DEFINITION. An element a c Pro is called a retract itt it satisfies the equation
a=aoa.

Of course the o-notation is used for functional composition in the standard
way:

(4.5) u v Ax.u(v(x)).

And it is quite simple to prove that each of the three combinators in (4.1)-(4.3) is a
retract according to the definition. But what is the point?

Consider fun. No matter what u Pro we take, fun(u) is (the graph of) a
function. And if u already is (the graph of) a function, then u fun(u). That is to
say, the range of fun is the same as the set of fixed points of fun is the same as the
set of all (graphs of) functions. Any mapping a whose range and fixed-point set
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coincide satisfies a a a, and conversely. A retract is a mapping which
"retracts" the whole space onto its range and which is the identity mapping on its
range. That is the import of the equation a a a. Strictly speaking, the range is
the retract and the mapping is the retraction, but for us the mapping is more
important. (Note, however, that distinct retracts can have the same range.) We let
the mapping stand in for the range.

Thus the combinator tun represents in itself the concept of a function
(continuous function on Pro into Pro). Similarly pair, represents the idea of a pair
and booi the idea of being a boolean value as an element of {l, 0, 1, -1-}, since we
must think in the multiple-valued mode. What is curious (and, as we shall see,
useful) is that all these retracts which are defining subspaces are at the same time
elements of Pro.

DEFINITION. If a is a retract, we write u’a for u a(u) and Au’a. for
Au.z[a(u)/u].

Since retracts are sets in Pro, we cannot use the ordinary membership symbol
to signify that u belongs to the range of a; so we write u a. The other notation with
the A-operator restricts a function to the range of a. For f to be so restricted simply
means f f a. For the range of [ to be contained in that of the retract a means
f a f. These algebraic equations will be found to be quite handy. We are going
to have a calculus of retracts and mappings between them involving many
operators on retracts yet to be discovered. Before we turn to this calculus, we
recall the well-known connection between lattices and fixed points.

THEOREM 4.1 (The lattice theorem). The fixed points of any continuous

function form a complete lattice (under ); while those of a retract form a
continuous lattice.

We note further that by the embedding theorem (Theorem 1.6), it follows
that any separable (by which wc mean countably-based) continuous lattice is a
retract of Pro; hence, our universal space is indeed rich in retracts. A very odd
point is that a =a a is a fixed-point equation itself (Au.u u is obviously
continuous). Thus the retraction mappings form a complete lattice. Is this a
continuous lattice? (Ershov has proved it is not; sec the Appendix for a sketch.) A
related question is solved positively in the next section. Actually the ordering of
retracts under

_
does not seem to bc all that interesting; a more algebraic ordering

is given by:
DEFINITION. For retracts a and b wc write a o b for a a b b a.
The idea here should bc clear: a o b means that a is a retract ofb. It is easy to

prove the:
THEOREM 4.2 (The partial ordering theorem). The retracts are partially

ordered by
There do not seem to bc any lattice properties of o of a general nature. Note,

however, that if retracts commute, a b b a, then a b is the greatest lower
bound under o of a and b. Also if we have a sequence where both a, o a,+l and
a, a,+l for all n to, then [,_J{a, ln to} is the upper bound for the a, under o, as
can easily be argued from the definition by continuity of o.

Certainly there is no "least" retract under o. One has d_ _1_ a (recall:
_t_ Ax._l_), but not a _l_ .1_. This last equation means more simply that a(+/-) _1_;
that is, a is strict. For retracts strictness is thus equivalent to _1_ o a, so we can say
that there is a least strict retract. The combinator I Au.u clearly represents the
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largest retract (the whole space), and it is strict also. In a certain sense strictness
can be assumed without loss of generality. For if a is not strict, let

b Ax.{nla(x) a(+/-)}.

This function takes values in {+/-,-I-} and is continuous because {x l’,ola(x) 
a(_l_)} is open. Next define:

a* Au.a(u) f’l b(u).

This is a strict retract whose range is homeomorphic (and lattice isomorphic) to
that of a. Note, however, that the mapping from a to a* is not continuous (or even
monotonic).

To have a more uniform notation for retracts we shall often write nil, id, and
seq for the combinators _t_, I, $. Two further retracts of interest are

(4.6) open= xu.{mle,,
_

e,,.n u};

(4.7) int Au.u O, int(u- 1) u, u.

The range of open is lattice isomorphic to the lattice of open subsets of Pro;
definition (4.6) is not a LAMBDA-definition of the retract, but such can be given.

In (4.7) we intend int to be the least fixed point of the equation. By induction
on the least element of u (if any) one proves that:

{i if u =-L;
int(u) if u to;

otherwise.

This retract wipes out the distinctions between multiple values, moving all above
the singletons up to -I-; its range thus has a very simple structure. The retract int
clearly generalizes bool. The range of fun is homeomorphic to the space of all
continuous functions from Pro into Pw; the range of pair, to the space of all
ordered pairs; the range of seq, to the space of all infinite sequences. A combina-
tion like Au.int seq(u) is a retract whose range is homeomorphic to the space of
infinite sequences of elements from the range of int.

We now wish to introduce some operators that provide systematic ways of
forming new combinations of retracts. There are three principal ones:

(4.8) a b Au.b u a;

(4.9) a (R) b Au.(a(uo), b(Ul));

(4.10) a b AU.Uo (0, a(ul)), (1, b(Ul)).

These equations clearly generalize (4.1)-(4.3). Before we explain our operators,
note these three equations which hold for arbitrary a, b, a’, b’ Pro:

(4.11) (a o--> b) (a’ o--> b’) (a’o a) o--> (b b’);

(4.12) (a (R) b) (a’ (R) b’) (a a’) (R) (b b’);

(4.13) (a b) (a’ b’) (a a’) (b b’).

The reversal of order (a’ a) on the right-hand side of (4.11) should be remarked.
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These equations will be used not only for properties of types (ranges of retracts)
but also for the mappings between the types.

THEOREM 4.3 (The function space theorem). Suppose a, b, a’, b’, c are
retracts. Then we have:

(i) a b is a retract, and it is strict if b is;
(ii) v a b iff u hx a.u(x) and Vx a.u(x) b

(iii) if a a’ and be b’, then a b a’ b’;
(iv) if f: a b and f’ a’ b’, then f f’ (b a’) (a b’);
(V) iff a b and f’ b c, then f’ f a c.

Parts (i), (iii), (iv), and (v) can be proved using (4.8) and (4.11) in an algebraic
(formal) fashion. It is (ii) that tells us what it all means: the range of a b consists
exactly of those functions which are restricted to (the range of) a and which have
values in b. So we can read u:a o- b in the normal way: u is a (continuous)
mapping from a into b. In technical jargon, we can say that the (strict) retracts and
continuous functions form a category. In fact, it is equivalent to the category of
separable continuous lattices and continuous maps. In this context, (iv) shows that

operates not only on spaces (retracts) but also on maps: it is a functor
contravariant in the first argument and covariant in the second. Further categori-
cal properties will emerge.

THEOREM 4.4 (The product theorem). Suppose a, b, a’, b’ are retracts. Then
we have:

(i) a (R) b is a retract, and it is strict if a and b are;
(ii) u:a (R) b iff u=(uo, ul) and uo:a and U :b;
(iii) i]: a e a’ and b o b’, then a (R) b o a’ (R) b’;
(iv) iff a o- b and f’ a’ o-- b’, then f (R) f’ a (R) a’ o-- b (R) b’.
Again the operator proves to be a functor, but what is stated in Theorem 4.4

is not quite enough for the standard identification of (R) as the categorical product.
For this we need some additional combinators:

(4.14) |st AU.Uo;

(4.15) snd U. Ul"

(4.16) diag Au.(u, u).

Then we have these properties:

(4.17)

(4.18)

(4.!9)

(4.20)

(4.21)

Here a and b are retracts and f and f’ are functions. Now suppose a, b, and c are
retracts and f c a and g c b. Let

h (f (R) g) diag c.
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We can readily prove that:

h c o- (a (R) b),

(4.26) inleft Ax.(O, x);

(4.27) inright Ax.(1, x);

(4.28) outle|t iU.U0 Ul,[_l_

(4.29) outright hU.Uo +/-, ul

(4.30) which AU.Uo;

(4.31) out= AU.Ul.

and

fstoh=f and sndoh=g.

Furthermore, h is the unique such function. It is this uniqueness and existence
property of functions into a (R) b that identifies the construct as a product.

There are important connections between o--> and (R).-To state these we
require some additional combinators:

(4.22) eval AU.Uo(UO;

(4.23) curry= huAxhy.u((x, y)).

If a, b, and c are r.etracts, the mapping properties are:

(4.24) eval ((b o--, c) (R) b) ((b o--, c) (R) b) o-, c

(4.25) curry ((a (R) b) o-> c): ((a (R) b) o--> c) o-> (a o--> (b o-. c)).

Suppose next that f: (a (R) b) o--> c and g: a o-> (b o--> c). We find that

eval (curry(f) (R) b)= f
and

curry(eval (g (R) b)) g.

This shows that our category of retracts is a Cartesian closed category, which
means roughly that product spaces and function spaces within the category
interact harmoniously.

THEOREM 4.5 (The sum theorem). Suppose a, b, a’, b’ are retracts. Then we
have

(i) a O) b is a retract, and it is always strict;

(ii) u a b iff u +/- or u T or

u (0, u) and ua :a or

u (l, ua) and u b;

(iii) if a o a’ and b b’, then a O) b o a’ O) b’;
(iv) iff a o-> b andf a’ o--> b’, then f O)f a O) a’ o- b
There are several combinators associated with
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(The last two are the same as fst and snd, but they will be used differently.) We
find:

(4.32) (a 0) b) inle|t a a o- (a 0) b);

(4.33) (a 0)b) inright b:b o- (a b);

(4.34) a outle|t (a b) (a 0) b) o- a;

(4.35) booutrighto(aO)b):(aO)b)o- b;

4.36) which a) b) a b) o- bool;

(4.37) a out (aO)a):(aO)a) o- a;

where a and b are retracts. Most of these facts as they stand are trivial until one
sets down the relations between all these maps; but there are too many to put them
down here. Note, however, if a, b, and c are retracts and f: a o- c and g: b o c,
then if we let

h c out (fg),

we have:

and

h (aO) b) o- c,

h inleit f and h inright g.

But, though h exists, it is not unique. So ab is not the categorical sum
(coproduct). The author does not know a neat categorical characterization of this
operator.

There would be no difficulty in extending (R) and 03 to more factors by
expanding the range of indices from 0, 1 to 0, 1, , n 1. The explicit formulae
need not be given; but if we write ao (R) al (R)" (R) an-x, we intend this expanded
meaning rather than the iterated binary product.

To understand sums and other facts about retracts, consider the least fixed
point of this equation:

(4.38) tree nil@(tree (R) tree).

To be certain that tree is a retract, we need a general theorem:
THEOREM 4.6 (The limit theorem). Suppose F is a continuous function that

maps retracts to retracts and let c Y(F). Then c is also a retract. If in addition F
maps strict retracts to strict retracts and is monotone in the sense that a oz b implies
F(a) o F(b) for all (strict) retracts a and b, then the range of c is homeomorphic to
the inverse limit of the ranges of the strict retracts F (_L) for n to.

This can be applied in the case of (4.38) where F= Az.nil0)(z (R) z). Thus we
can analyze tree as an inverse limit. This approach has the great advantage over
the earlier method of the author where limits were required in showing that tree
exists. Here we use Y to give existence at once, and then apply Theorems 4.3-4.5
to figure out the nature of the retract.

In Theorem 4.6, the fact that c is a retract can be reasoned as follows: _l_ is a
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retract. Thus each F (+/-) is a retract. We compute"

co U{F"(I)In ,o}o U{F"(Z)In
U{Fn(+/-) Fn(+/-)[n to} (Note" same n.)

In case F is monotone and preserves strictness, then we can argue that each
F (+/-) O C. The retracts F" (+/-) are the pro]ections of c onto the terms of the limit.
Of course Fn(+/-)o F’(+/-) if n =<rn. The u’c can be put into a one-to-one
correspondence (homeomorphism, lattice isomorphism) with the infinite se-
quences (v0,/An," /An," "), where v F"(+/-) and v, Fn(Z)(/An+l). Indeed v,
F"(Z)(u) and u {vln o}. This is exactly the inverse limit construction.

Retreating from generalities back to the example of tree, we can grant that it
exists and is provably a retract. Two things in its range are +/- and 7- by Theorem
4.5(ii), but they are not so interesting. Now +/-’nil, so by Theorem 4.5(ii) we have
(0)= (0, +/-)’tree. Let us think of this as the atom. What else can we have? If
x, y "tree, then (x, y)" tree (R) tree and so (1, (x, y)) tree. Thus (the range of) tree
contains an atom and is closed under a binary operation. Note that the atomic and
nonatomic trees are distinguished by which and that suitable constructor and
destructor functions are definable on tree. But the space also contains infinite
trees since we can solve for the least fixed point of:

t= (1, ((0), t))

and t: tree. (Why?) And there are many other examples of infinite elements in
tree.

A point to stress in this construction is that tree being LAMBDA-definable is
computable, and there are many computable functions definable on or to (the
range of) tree. All the "structural" functions, for example, are computable. These
are functions which in other languages would be called isatom or eonstrnet or
node, and they are all easily LAMBDA-definable. Just as with 03, (R), o--, they are
not explicit in the notation, but they are definable nevertheless. In the case of
node, we could use finite sequences of Boolean values to pick out or name nodes.
Thus solve for name nil0)bool (R) name, and then give a recursive definition of:

node’name o- (tree tree).

Any combination of retract preserving functors can be used in this game. For
example:

(4.39) lamb int@(lamb o- lamb).

This looks innocent, but the range of lamb would give a quite different and not
unattractive model for the A-calculus (plus arithmetic). What we do to investigate
this model is to modify LAMBDA slightly by replacing the ternary conditional
z x, y by a quarternary one w x, y, z; otherwise the syntax of the language
remains the same. The semantics, however, is a little more complex.

Let us use z, o-, p, 0 as syntactical variables for expressions in the modified
language. The semantics is provided by a function that maps the expressions of
the language to their values in (the range of) lamb. To be completely rigorous we
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also have to confront the question of free and bound variables. For simplicity let us
index the variables of the language by integers, and let us take the variables to be
v0, Vl, v., , vn, . We cannot simply evaluate out an expression - to its value
’]] until we know the values of the free variables in -. The values of these
variables will be given by an "environment" which can be construed as a
sequence of values in lamb. We can restrict these environments to the retract:

(4.40) env At.lamb seq(t).

When t: env, then tn :lamb is the value that the environment gives to the variable

v. We also need to employ a transformation on environments as follows:

(4.41) t[x/n] Am 6 to.eq(n)(m) x, t,,.

Here eq is the primitive recursive function that is 0, if n, m are equal, and is 1,
otherwise, for n, m to. The effect of t[x/n] is to replace the nth term of the
sequence by the value of x, otherwise to leave the rest of the sequence
unchanged. To correspond with our use of very simple variables we have selected
a simple notion of environment: in the semantics of more general languages it is
customary to regard an environment as a function from the set of variables into the
domain of denotable values.

The correct way to evaluate a term - given an environment is to find
’]](t). We use the brackets and ]] here simply as an aid to the eye in keeping the

syntactical part separated from the rest. The environment enters as a function-
argument in the usual way; thus we shall have:

(4.42) [[ -]] env o--, lamb.

(4.43) ev,]](t) tn

[[0]](t) inle|t(0)

,91- + 1]](t) which(’]](t)) inleft(out(l[r]](t)) + 1), _1_

[[r- 1]](/) whieh(z]](t)) inleft(out(l[’]](/))- 1), _1_

0 ’, tr, p(t) lamb(which(0]](t))
(out(I[ 0]](t)) e-]](t), [[tr]](t)), p]](t))

r(tr)]](t) whicb([z]](t)) _1_, out(’]](t))([[tr]](t))

Av,,. ’]](t) inright(Ax lamb.![’]](t[x/n])).

A good question is: why does exist? The answer is: because of the fixed-point
theorem.

If we rewrite the semantic equations [[-]](t) (. in (43) by the equation
-]] At: env(. ), then is seen to be a function from expressions to values in

lamb. As the range of lamb is contained in Pto, we can say more broadly that
ptoExp, where Exp is the syntactical set of expressions and the exponential

notation designates the set of all functions from Exp into Pto. This function set is a
complete lattice because Pto is. Therefore if we read (4.43) as a definition by cases
on Exp, then we can find as a suitable fixed point in the complete lattice
Indeed it is the fixed point of a continuous operator.
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Actually we can regard Exp as being a subset of Pro to avoid dragging in other
lattices. What we need is another recursive definition of a data type"

exp int0)nil0)exp0)exp0) (exp (R) exp (R) exp (R) exp)
(4.44)

@(exp (R) exp)@(int (R) exp)

Note that there are as many summands in (4.44) as there are clauses in (4.43). We
can think of exp as giving the "abstract" syntax of the language. We use the
integers to index the variables and the nil element to stand for the individual
constant. Read (4.44) as saying that every expression is either a variable or a
constant or the successor of an expression or the predecessor of an expression or
the conditional formed from a tuple of expressions or the abstraction formed from
a pair of a variable and an expression. We do not need in (4.44) to introduce
special "symbols" for the successor, application, etc., because the separation by
cases given by the operation is sufficient to make the distinctions. (That is why
the syntax is "abstract".) The point is that for recursive definitions it does not
matter how we make the distinctions as long as they can be made. From this new
point of view, we could rewrite (4.43) so as to show:

(4.45) :exp (env lamb),

which is clearly more satisfactorymespecially as it is now clear that (is computa-
ble. And this is a method that can be generalized to many other languages. The
method also shows why it is useful to allow function spaces as particular data types.

Another example of this method can be illustrated, if the reader will recall the
G6del numbering of 3. It will be seen that there are similarities with the tree
construction: instead of 0 and apply(n)(m), tree uses (0) and (1, (x, y)). Note,
however, that G6del numbers are finite while tree has infinite objects. But the
infinite objects are always limits of finite objects, so there are connections. (We
discuss this again in 6.) In particular, recursive definitions on G6del numbers,
like that of vai, have analogues on tree. Here is the companion of (3.7).

(4.46) vaal Ax :tree.which(x) G, vaai(fst(out(x)))(vaal(snd(out(x)))).

We have vaal :tree o- id, where of course (4.46) is taken as defining vaal as the
least fixed point. This is an example of a computable function between effectively
given retracts. The LAMBDA-definable elements of Pro are the computable
elements in the range of vaai.

We have discussed the category of retracts and corrtinuous maps, but if they
are all LAMBDA-definable, then they fall within the countable model RE. Thus
there is another category of effectively given retracts and effectively given
continuous maps. (Examples: tree, id, vaai, and all those retracts and maps
generated by , (R), and o--.) This category seems to deserve the status of a
generalized recursion theory; though this is not to say that as yet very much is
known about it. In fact, the proper formulation may require an enriched category
rather than a restricted one. Thus instead of confining attention to the computable
retracts and computable maps, it might be better to use the full category with all
maps and to single out the computable ones (also maybe the finite ones) by special
predicates. In effect we have avoided any methodological decisions by working in
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the universal space Po and by defining a notion when requiredmif possible with
the aid of LAMBDA. This makes it possible to give all the necessary definitions
and to prove the theorems without at first having to worry about axiomatic
problems.

5. Closure operations and algebraic lattices. Given any family of (finitary)
operations on a set (say to) there is a closure operation defined on the subsets of
that set obtained by forming the least subset including the given elements and
closed under the operations. Examples are very familiar from algebra" the
subgroup generated by a set of elements, the subspace spanned by a set of vectors,
the convex hull of a set of geometric points. We simplify matters here by
restricting attention to closures operating on sets in Pro, but the idea is quite
general. The main point about these "algebraic" closure operations--as distin-
guished from topological closure operations--is that they are continuous. Thus, in
the case of subgroups, if an element belongs to the subgroup generated by some
elements, then it also belongs to the subgroup generated by finitely many of them.
In the context of Pro we can state the characteristic condition very simply.

DEFINITION. An element a Pro is called a closure operation itt it satisfies"
la=aoa.

We see by definition that a closure operation is not only continuous, but it is
also a retract. This is reasonable since the closure of the closure of a subset must be
equal to the closure. To say of a function that I

___
a, means that x

_
a(x) for all

x Po. In other words, every set is contained in its closure. (Note that closures are
opposite to the "projections", those retracts where a

___
I.) Among examples of

closure operations we find I and 7-; the first has the most closed sets (fixed points),
the second has the least. (Note that 7-= w always is a fixed point of a closure
operation; T Ax.T is thus the most trivial closure operation.) The examples fun,
open, int of 4 are all closure operations (cf. (4.1), (4.6), (4.7)). We remarked that
fun is a retract, but the reader should prove in addition:

(5.1) u Ax.u(x),

for all u Po (cf. Theorem 1.2). We note that this fact can be rewritten in the
language of retracts as:

(5.2)
_

o-,,
the significance of which will emerge after we develop a bit of the theory of closure
operations.

Unfortunately the natural definition of the retract booi does not yield a
closure operation, in this section we adopt this modification:

(5.3) boool Xu. u
___

0, T + 1.

The closed sets of boool are 2_, 0, T + 1, and 7. Note that with any closure
operation a, the function value a(x) is the least closed set (fixed point of a)
including as a subset the given set x. Thus given any family Pro of "closed" sets
which is closed under the intersection of subfamilies, if we define

(5.4) a(x) (’]{y e lx
_

y},
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then this will be a closure operation provided it is continuous. This remark makes
it easy to check that certain functions are closure operations if we can spot easily
the family of fixed points.

Alas, the "natural" definition of ordered pairs (cf. (2.21)) leads to projections
rather than closures. Here we must choose another:

(5.5) [x, y] {2nln x} {2m + lim y},
with these inverse functions"

(5.6) [U]o {n[2n u},

(5.7) [U]l {m[2m + 1 u}.
We shall find that the main advantage of these equations lies in the obvious
equation:

(5.8) U [[U]o

which is not true for the other pairing functions. Of course we have:

(5.9) [Ix, Y]]o x,

(5.10) [Ix, y]]l y.

We shall not extend the idea of these new functions to triples and sequences,
though it is clear what to do.

Abstractly, an algebraic lattice is a complete lattice in which the isolated
points are dense. An isolated (sometimes called: compact) point in a lattice is one
that is not the limit (sup or l.u.b.) of any directed family of its proper subelements.
This definition works in continuous lattices, but more generally it is better to say
that if the isolated point is contained in a sup, then it is also contained in a finite
subsup (a sup of a finite selection of elements out of the given sup). In the case of
the lattice of subgroups of a group, the isolated ones are the finitely generated
subgroups. The isolated points of Pto are the finite sets e. To say that isolated
points are dense means that every element in the lattice is the sup of the isolated
points it contains. The sequel to Theorem 4.1 for closure operations relates them
to algebraic lattices.

THEOREM 5.1 (The algebraic lattice theorem). The fixed points ofany closure
operation form an algebraic lattice.

The proof is very easy if one notes that the isolated points of {xlx a(x)},
where a is a closure operation, are exactly the images a(en) of the finite sets in Pto.
What makes Theorem 5.1 more interesting is the converse.

THEOREM 5.2 (The representation theorem for algebraic lattices). Every
algebraic lattice with a countable numberofisolatedpoints is isomorphic to the range
of some closure operation.

By Theorem 1.6 we know that the algebraic lattice is a retract, but a more
direct argument makes the closure property clear. Thus, let D be the algebraic
lattice with {dnln to} as the set of all isolated points with the indicated enumera-
tion. We shall use the square notation with symbols

_
and II for the lattice

ordering and sup. The desired closure operation is defined by:

a(x) {mid,,, =_ I{d,,ln x}}.
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It is an easy exercise to show that from the definition of "isolated’ it follows that a
is continuous; and from density, it follows that D is in a one-to-one order
preserving correspondence with the fixed points of a.

In the last section we introduced an algebra of retracts, much of which carries
over to closure operations given the proper definitions. Without any change we
can use Theorem 4.3 on function spaces, provided we check that the required
retracts are closures.

THEOREM 5.3 (The function space theorem for algebraic lattices). Suppose
that a and b are closure operations; then so is a o.9 b.

The proof comes down to showing that:

(5.11) u(x)
_

b(u(a(x))),

whenever a and b are closure operations. But this is easy by monotonicity. Note
that (5.1) is needed.

For those interested in topology, one can give a construction of the isolated
points of the function space which is much more direct than just taking the
functions b en a, which on the face of it do not tell us too much. But we shall not
need this explicit construction here.

The reason for changing the pairing functions is to be able to form products
and sums of closure operations. In the case of products, the analogue of (R) is
straightforward"

(5.12) a - b Au.[a([u]o), b([U]l)];

while for sums using a’= Ax.0 t.J a(x- 1)+ 1 and similarly for b’ we write:

(5..13) a[T] b Au.([Uo]o = 0, 0) U ([u]l D 1, 1) [a’([U]o), _L], [_L, b’([U]l)].
We can then establish with the aid of (5.8)-(5.10):

THEOREM 5.4 (The product and sum theorem for algebraic lattices). Suppose
that a and b are closure operations; then so are a [- b and a b. Analogues o]: the
results in Theorems 4.4 and 4.5 carry over.

Following the discussion in 4, we can also show that the closure operations
form a Cartesian closed category, which in some ways is better than the category
of all retracts. What makes it better is the existence of a "universe".

Every continuous operation generates a closure operation by just closing up
the sets under the continuous function (as a set operation). We can institutionalize
this thought by means of this definition:

(5.14) V AaAx. Y(Ay.x U a(y)).

Clearly V is LAMBDA-definable, continuous, etc. A more understandable
characterization would define V(a)(x) by this equation:

(5.15) V(a)(x) O{ylx =- y and a(y) y}.

These two definitions are easily seen to be equivalent. What is unexpected is the
discovery (due in a different form to Peter Hancock and Per Martin-L6f) that V
itself is a closure operation.

THEOREM 5.5 (The universe theorem for algebraic lattices). ThefunctionV is
a closure operation and its fixed points comprise the set of all closure operations.
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Thus to say a is a closure operation, write a V. To have a mapping on closure
operations, write ]’: Vo--V. Remark that 5.5 allows us to write V: V. It all seems
rather circular, but it is quite consistent. The category of separate algebraic lattices
"contains itself"mif we are careful to work through retracts of Pro.

The proof of Theorem 5.5 requires a few steps. We note first that for all
x, a Pro:

(5.16) x _c V(a)(x).

Let y V(a)(x). This is the least y with x (.J a(y) y. What is the least z with
y U a(z) c__ z? The answer is of course y, which proves:

(5.17) V(a)(V(a)(x)) V(a)(x).

Thus V(a) is always a closure operation. If a is already a closure operation, then
clearly V(a)(x)= a(x). Therefore we have shown:

a V(a) iff a is a closure operation.

But then by (5.16) and (5.17) we have by (5.18):

(5.19) V(a) V(V(a)).

From (5.16) by monotonicity we see:

(5.20) a(x) c_ a(V(a)(x)) c_ V(a)(x).

Hence by (5.1) we can derive:

(5.21) a c_ ax.a(x) c_ ax. V(a)(x) V(a).

From (5.19) and (5.21) it follows that V itself is a closure operation.
The operation V forms the least closure operation containing a given

element, and it shows that the lattice of closure operations is not only a retract of
Pro but also an algebraic lattice. Since we can now use V as a retract, the earlier
results become formulas:

(5.22)

(5.23)

(Aa :V.Ab V.a[b) Vo-+(Vo-+V);

(Aa :V.Ab V.a[]b) Vo--(Vo-+V);

we can also state such functorial properties as:

(5.24) (Aa :V.Ab V.ao->b) Vo->(Vo-V).

Using this style of notation we have:
THEOREM 5.6 (The limit theorem for algebraic lattices).

(Af Vo+V.Y(f)) (Vo-V)o-,V.

In words: if f is a mapping on closure operations, then its least fixed point is
also a closure operation. The proof of course holds with any retract in place of V,
but we are more interested in applications to V. For example, note that V(_I_) I.
Now let f Aa V.a o--, a. The least fixed point of this f is the limit of the sequence:

_L, I, Io->I, (lo->I)o->(lo-->l), ((Io->I)o->(Io->I))o->((Io-->I)o->(Io->I)),...,
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and we see that all these retracts are strict. This means Y(f) is nontrivial in that it
has at least two fixed points (viz., +/- and 7-). But d Y(f) must be the least closure
operation satisfying

(5.25) d d o-, d,

and we have thus proved that there are nontrivial algebraic lattices isomorphic to
their own function spaces. This construction (which rests on hardly more than
(5.2), since we could take d (Aa.l U (a o-> a))) is much quicker than the inverse
limit construction originally found by the author to give A-calculus models
satisfying (r/). There are many other fixed points of (5.25) besides this least closure
operation, but their connection with inverse limits is not fully investigated.

We note in conclusion that most constructions by fixed points give algebraic
lattices (like lamb in 4), and so we could just as well do them in V if we remember
to use [k-] and 1. The one-point space is 7- (not nil), and so the connection with
inverse limits via Theorem 4.6 is not as clear when nonstrict functions are used.
For many purposes, this may not make any difference.

6. Subsets and their classification. Retracts produce very special subsets of
Pw: a retract always has a nonempty range which forms a lattice under _. For
example, the range of int is {+/-, 7-} U w. We often wish to eliminate +/- and 7-; and
with a retract like tree the situation is more complex, since combinations like
(1, ((1, (+/-, (0))), 7-)) might require elimination. In these two cases the method is

simple.
Consider these two functions:

(6.1) mid= hx :int. x5 0, 0

(6.2) ped hu :tree.which(u)5 O, A(perl(|st(out(u))))(ped(snd(out(u))))

where A is a special combinator:

(6.3) A hxhy.(x (y 0, Y), 7-) U (y (x 0, T), 7-).

We find that o {x int[mifl(x) 0}. In the case of trees, note first this behavior of

+/- 0 T

A_ +/- T
+/- 0 T
T T T

The question is: what subset is {u treelped(u)= 0}?
Now peal is defined recursively. We can see that

and

ped(_L)=+/-, ped(T)=T, ped(<O>)=O,

peal((1, (x, y>>)= A(ped(x))(ped(y))

when x, y :tree. Every tree, aside from T or _L, is either atomic or a pair of trees.
The atomic tree is "perfect" (that is, pert((O))= 0). A finite tree which does not
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contain +/- or T is perfect--as we can see inductively using the table above for A.
An infinite tree is never perfect: either some branch ends in T and l)erf maps it to
-l-, or T is never reached and l)erf maps it to +/-. Thus the subset in question is then
seen to be the set of finite trees generated from the atom by pairing. This is clearly
a desirable subset, and it is sorted out by a function with a simple recursive
definition. The general question is: what subsets can be characterized by
equations? The answer can be given by reference to the topology of Pto.

DEFINITION. Let ( be the class of open subsets of Pto, and be the class of
closed subsets. Further let 8 be the class of all (finite) Boolean combinations of
open sets.

We recall from 1 that U just in case for all x Pto, we have x U if and
only if some finite subset of x is in U. The class of open sets contains and Pto and
is closed under finite intersection and arbitrary union; in fact, it can be generated
by these two closure conditions from subsets of the special form {x 6 Ptoln x} for
the various n to An open set is always monotonic (whenever x U and x

_
y,

then y U), so that every nonempty U ( has T U.
Another characterization of openness can be given by continuous functions.

Suppose U (. Define f: Pto --> {_t_, T} so that

U= {xl f(x) -1-};

then f is continuous. Conversely, if such an f is continuous, then U is open. But if
we do not assume the range of f is included in {_t_, 7}, this is not true. For the case of
general functions we know that f is continuous if and only if {xlf(x) V} is open
for all open V. This defines continuity in terms of openness, but we can turn it the
other way around:

THEOREM 6.1 (The theorem). The open subsets of Pto are exactly the sets of
the form:

{xlf(x) :z0},

where f: Pto - Pto is continuous.
We could have written 0 f(x) or the equation f(x) f3 0 0 instead of f(x) O.

Note that in case f:Pto - {+/-, 7"}, then fix)
_
0 is equivalent to fix) 7". Also any

other integer could have been used in place of 0.
We can say that {x]0 x} is the typical open set, and that every other open set

can be obtained as an inverse image of the typical set by a continuous function. We
shall extend this pattern to other classes, especially looking for equations. In the
case of openness an inequality could also be used, giving as the typical set
{x]x +/-}. But since closed sets are just_the complements of open sets, this remark
gives us:

THEOREM 6.2 (The theorem). The closed subsets ofPo are exactly the sets of
the form:

{xld(x) +/-},

where f: Pro - Pro is continuous.
Aside from {xlx +/-}, we could have used {xlx c__ a} as the typical closed set

where a Pro is any element whatsoever aside from 7". This T has, by the way, a
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special character. We note"

{T} ("){{xln x}ln to}.

Thus {T} is a countable intersection of open sets, otherwise called a -set. There
are of course many other (-sets, but {T} is the typical one:

THEOREM 6.3 (The (n theorem). The countable intersections of open subsets
o/Pto are exactly the sets o/the form:

V},

where f:Pto Pto is continuous.
It may not be obvious that every -set has this form. Certainly, as we have

remarked, every (-set has this form. Thus if W is a (, we have:

and further,

where the ), are suitably chosen continuous functions. Define the function g by
the equation:

g(x) {(n, m)[m L(x)}.

Clearly g is continuous, and we have:

w= {x]g x)
as desired.

We let 0 ( denote the class of all sets of the form C71 U, where C and
U @..Similarly for f (. Now {x]x

_
0} is closed and {x]x

_
0} is open. Thus

{0} (3 @. This set is typical.
THEOREM 6.4 (The f ( theorem). The sets that are intersections of closed

sets with open sets are exactly the sets o/the form:
{xl/ x) 0},

where f: Pto Pto is continuous.
Again it may not be obvious that every t ( set has this form. We can write"

c= _L},

and

U={xlg(x)-O},
where Ce and Ue ( and the continuous f and g are suitably chosen. Define

h(x) {2n + 1In e f(x)} U {2nln g(x)},

and remark that h is continuous. We have:

CO U= {xlh(x) 0},

as desired.
It is easy to see that {e} f ( if e is finite, but in general {a} 0 (. In
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case a is infinite but not equal to T (say, a {n[n > 0} T+ 1), then {a} is typical in
its class.

THEOrEM 6.5 (The ( ffl theorem). The sets that are intersections ofclosed
sets with countable intersections of open sets are exactly the sets of the form:

{xl/(x) a},

where f:Pto - Pro is continuous and a is a fixed infinite set not equal to T.
Note that ( qf)n is the same class as f q6, so we see by Theorem 6.4 that

a good choice of a is An to.0.
There is no single subset of Pro typical for , which can be viewed as the finite

unions of sets from the class
TI-IEOIZM 6.6 (The theorem). The sets that are Boolean combinations of

open sets are exactly the sets of the form:
{xlf(x)},

where/:Pro Pro is continuous and is a finite set offinite elements of Pro.
To see that every 2 set has this form, suppose that

V-- WoU Wl.J. .U Wn_l,

where each W/ (. We can write"

={x[/(x 0},

where ] Pro {l, 0, T} is continuous. Then define:

g(x)={2i+jljfi(x)fq{O, 1}, i<n},

and note that g is continuous. Let

q {y {m[m < 2n}[:li < n.2i y, 2i + 1 y};

we have:
V- {xlg(x) }

as desired.
THEORE 6.7 (The theorem). The sets that are countable intersections

Boolean combinations of open sets are exactly the sets of the form:

where f, g: Pro - Pro are continuous.
This is clearly the most interesting of these characterization theorems,

because equations like f(x)= g(x) turn up all the time and the collection is a very
rich totality of subsets of Pro. It includes all the retracts, since they are of the form
{x[x a(x)}. And much more. That every such set in Theorem 6.7 is 2 follows
from these logical transformations:

{xl(x) g(x)} {xlVn to[n f(x)--- n g(x)]}

[’ ({xln f(x), n g(x)}i,.J{xlnf(x), n g(x)})
n--O

That puts the set; in the class ( 1 ()
_.
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On the other hand, we can see that ( ) is exactly 8. Because, in view of
Theorem 6.6, , the class of countable unions of -sets, is exactly ( f’l (),. The
remark we want to make then follows by taking complements.

Now let S be an arbitrary 8-set. We can write:

s= ({x[h(x)=O}{xl.(x)=O}),
n--O

where f,,, gn Pro --> {_L, 0, 7-} are continuous. Now let u, v be continuous functions
which on {_L, 0, 7-} realize these two tables:

_L 0 T v

_L 0 0 _L

0 0 O’ 0
00’ O’ T

_L 0 T

0 0 0’
0 0 0’
0’ 0’ T

where 0’ =0U 1. This is an exercise in many-valued logic, and we find for
x, y {_k, O, T}:

u(x)(y) v(x)(y) iff x 0 or y 0.

Thus define continuous functions f’ and g’ such

f AxAn to.u(fn (x))(gn (x)),

g’= AxAn to.v(f(x))(gn(x)),

and we find:

s-- {xlf’(x)-- g’(x)}

as desired.
This is as far as we can go with equations. More complicated sets can be

defined using quantifiers, for example the E] or analytic sets can be put in the
form:

{x[:ly.f(x)(y) g(x)(y)},

and their complements, the rIl sets, in the form

{xlVy ::lz.h(x)(y)(z) 0},

with continuous f, g, h. For the three classes we then have as "typical" sets those
shown in Table 3.

It should be remarked that contains all the closed sets in the Cantor space
topology on Pro (that is, the topology obtained when it is regarded as the infinite
product of discrete two-point spaces). Therefore the E] sets for the two topologies

1.on Pro are the same. Hence, since we know for Cantor space that A1 1/’) 1-I1 IS

the class of Borel sets, we can conclude that the two topologies on Pro have the
same Borel sets. (That is, in both cases A is the Boolean tr-algebra generated
from the open sets.)
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TABLE 3
Classes and typical sets

Classes Typical sets

{xl0x}
{+/-}, {’r-}

( {0}
fs {-I-+1}, {uluo u}
X {u[::ly.uo(y) u(y)}
II {u[Cy z.u(y)(z) 0}

Returning now to the example involving trees mentioned at the beginning of
this section, we see that the set of perfect (finite) trees can be written in the form:

{x[x tree(x), pea(x) 0} {x[(x. pert(x)) (tree(x). 0)};

thus it is a -set. (Note that are obviously closed under finite intersection by
the ordered pair method just illustrated; that they are closed under finite union is a
little messier to make explicit, but the essential idea is contained in the proof of
Theorem 6.7.)

As another example, we might wish to allow infinite trees but not the strange
tree -I-. Consider the following function"

(6.4) top Au tree.which(u)
_

+/-, top(fst(out(u))) t3 top(snd(out(u))).

We can show that top: Po->{+/-, T}. For a tree u the equation top(u)= +/- means
that it does not contain T, or as we might say: it is topless. The topless trees form a
closed subset of the subspace of trees. (An interesting retract is the function
Au.tree(u)t3top(u) whose range consists exactly of the topless trees plus one
exceptional tree T.) Such a closed subset of (the range of) a retract is a kind of
semilattice. (We shall not introduce a precise definition here.) Every directed
subset has a limit (least upper bound) and every pair with an upper bound has a
least upper bound. But generally least upper bounds do not have to exist within
the semilattice. The type of domains that interest us become continuous lattices
with the addition of a top element T larger than all the other elements. The
elimination of T is done with a function like top of our example. This is convincing
evidence to the author that an independent theory of semilattices is quite
unnecessary: they can all be derived from lattices. The problem is simply to define
the top-cutting operation, then restriction to the "topless" elements is indicated
by an equation (like top(u)- +/-). in this way all the constructions are kept within
the control of a smooth-running theory based on LAMBDA. This point seems to
be important if one wants to keep track of which functions are computable.

An aspect of the problem of classification treated in this section which has not
been given close enough attention is the explicitly constructive way of verifying
the closure properties of the classes. Consider the class 3,, for example. Let B be
the typical set as shown in Table 3. Then whatever f Po we choose, the set

{xlf(x)B}
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is a 8-set and every such set has this form. Thus the f’s index the elements of the
class. Suppose f, g Pto. What we should look for are two LAMBDA-definable
combinators such that unian(f)(g) and iuter(f)(g) give the functions that index the
union and intersection of the sets determined by [ and g. That is, we want:

(xlunian(f)(g)(x) B} (xl/(x) B} U {xlg(x) B}.

It should be possible to extract the precise definition from the outline of the proofs
given above, but in general this matter needs more investigat!on. There may very
well be certain classes where such operations are not constructive, even though
the classes are simply defined.

7. Total functions and functionality. There is an inevitable conflict between
the concepts of total and partial functions: we desire the former, but it is the latter
we usually get. Total functions are better because they are "well-defined" at all
their arguments, but he rub is that there is no general way of deciding when a
definition is going to be well-defined in all its uses. In analyst’s we have
singularities, and in recursion theory we have endless, nonfinishing computations.
In the present theory we have in effect evaded the question in two ways. First we
have embraced the partial function as the norm. But secondly, and possibly
confusingly, the multiple-valued functions are normal, total functions from Pto
into Pto. The point, of course, is that we are making a modelof the partial functions
in terms of ordinary mathematical functions. But note that the success of the
model lies in notusing arbitrary functions: it is only the continuous functions that
correspond to the kind of partial functions we wanted to study. It would be a
mistake to think of the variables in A-calculus as ranging over arbitrary
functions--and this mistake was made by both Church and Curry. The fixed-point
operator Y shows that we must restrict attention to functions which do have fixed
points. It is certainly the case that Pto is not the only model for the A-calculus, but it
is a very satisfactory model and is rich enough to illustrate what can and what
cannot be done with partial functions.

Whatever the pleasures of partial functions (and the multiple-valued ones,
too), the desire for total functions remains. Take the integers. We are more
interested in to than to t,J {_1_, T}. Since the multiple values _1_ and T are but two in
number, it is easy to avoid them. The problem becomes tiresome in considering
functions, however. The lattice represented by the retract int o- int is much too
large, in that there are as many nontotal functions in this domain as total ones. The
aim of the present section is to introduce an interpretation of a theory of
functionality in the model Pto that provides a convenient way of restricting
attention, to the functions (or other objects) that are total in the desired sense. The
theory of functionality is rather like proposals of Curry, but not quite the same for
important reasons as we will see.

In the theory of retracts of 5 and 6, the plan of "restricting attention" was
the very simple one of restricting to a subset. It was made notationally simple as the
subsets in question could be parameterized by continuous functions. The retrac-
tion mappings stand in for their ranges. Even better, certain continuous functions
act on these retractions as space-forming functors (such as 0) and o-), which gives
greater notational simplicity because one language is able to serve for several
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tasks. When we pass to the theory of total functions, this same kind of simplicity is
no longer possible owing to an increase in quantifier complexity in the necessary
definitions. (This remark is made definite below.) Another point where there is
some loss of simplicity concerns the representation of entities in Po: subsets will
no longer be enough, since we will need quotients of subsets. This is not a very
startling point. Many constructions are affected in a natural way via equivalence
classes. An equivalence relation makes you blind to certain distinctions. It may be
easier also to remain a bit blind than to search for the most beautiful representa-
tive of an equivalence class: there may be nothing to choose between several
candidates, and it can cost too much effort to attempt a choice. Thus our first
agreement is that for many purposes a kind of object can be taken as a set of
equivalence classes for an equivalence relation on a subset of Po.

Because Pro is closed under the pairing function hxAy.(x, y), we shall construe
relations on subsets of Po as subsets of Po all of whose elements are ordered
pairs. That is, a relation A satisfies this inclusion:

(7.1) A
_

{(x, Y)lx, y Pco}.

DEFINITION. A (restricted) equivalence relation on Pro is a symmetric and
transitive relation on Pro.

Such relations are restricted because they are only reflexive on their
domainswhich are the same as their rangesand these are the subsets with
which the relations are concerned. We shall write x A y for (x, y) A and x A for
x A x. What we assume about these relations is the following:

(7.2) xAy implies yAx.

(7.3) xAy and yAz imply xAz.

In case a is a retract, we introduce an equivalence relation to correspond"

(7.4) Ea={(x,x)lx:a}.

This is the identity relation restricted to the range of a. Such relations (for obvious
reasons) and many others satisfy an additional intersection property:

(7.5) xAy and xAz imply xA(yz).

We shall not generally assume (7.5) in this short discussion, but it is often
convenient.

Each equivalence relation represents a space: the space of all its equivalence
classes. Such spaces form a category more extensive than the category of retracts
studied above. The familiar functors can be extended to this larger category by
these definitions:

(7.6),

(7.7)

(7.8)

A B {(Ax.u(x), hx.v(x))lu(x)Bv(y) whenever x A y},

A B {((x, x’), (y, y’))lx A y and x’ B y’},

A +B {((0, x), (0, y))[xA y} t.J {((1, x’), (1, y’))lx’B y’}.
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THEOREM 7.1 (The closure theorem). If A and B are restricted equivalence
relations, then so are A -> B, A x B and A + B. We find:

(i) f A -> B iff f- Ax.f(x) and whenever x A y, then f(x) Bf(y), in
particular:

(ii) iff A -> B and x A, then f(x) B; furthermore,
(iii) u:A xB iff u=(uo, Hi) and uo:A and Hi:B;
(iv) u A +B iff either u (0, Hi) and Ul:A or u (1, Hi) and Ul:B.
It follows easily from 7.1 that the restricted equivalence relations form a

Cartesian closed category which--in distinction to the category of retractsmhas
disjoint sums (or coproducts as they are usually called in category theory). This
result is probably a special case of a more general theorem. The point is that Pto
itself is a space in a Cartesian closed category (that of continuous lattices and
continuous maps) and it contains as subspaces the Boolean space and especially its
own function space and Cartesian square. In this circumstance any such rich space
must be such that its restricted equivalence relations again form a good category.
Our construction is not strictly categorical in nature, as we have used the elements
of Pto and have relied on being able to form arbitrary subsets (arbitrary relations).
But a more abstract formulation must be possible, The connection with the
category of retracts is indicated in the next theorem.

THEOREM 7.2 (The isomorphism theorem). Ifa and b are retracts, we have the
following isomorphisms and identities relating the spaces:

(i) Ea -{(x, y)la(x)-
(ii) Eaob Ea - Eb;
(iii) Ea(R)b Ea X Eb;
(iv) Ea.b Ea + Eb 0 {(3-, 3-), (T, T)}.
Part (iv) is not categorical in nature as it stands, but (ii) amd (iii) indicate that

E is a functor from the category of retracts into the category of equivalence
relations that shows that the former is a full sub-Cartesian-closed category of the
latter. We cannot pursue the categorical questions here, but note that there are
many subcategories that might be of interest; for example, the equivalence
relations with the intersection property are closed under -->, x, and +.

Returning to the question of total functions we introduce this notation:

(7.9) N= {(n, n)ln to}.

This is the type of the integers without and 3_ and T, i.e., the total integers. We note
that:

(7.10) N {u lu (Uo, Uo), Uo int(uo), mid(uo) 0}.

Thus N is a -set. What is N--> N? We see:

(7.11) f:N-->N iff f:|unandf(n)swwhenevernew.

This N->N is indeed the type of all total functions from to into to. It can be shown
that N->N is also a -set: good. But what is (N-> N)-> N? This is no longer a
-set, the best we can say is II. By Theorem 7.1 it corresponds to the type of all
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(extensional) continuous total functions from NoN into N. (The condition on A
and B on the right side of (7.6) makes the concept of function embodied in A oB
extensional, since the functions are meant to preserve the equivalence relations.)

A more precise discussion identifies NoN as a topological space, usually
called the Baire space. If we introduce the finite discrete spaces by:

(7.12) Nk {(n, n)ln < k},

then No N2 can also be identified with a topological space, usually called the
Cantor space. In this identification we find at the next type, say either (No N) oN
or (N-->.N2)--> N2, that elements correspond to the usual notion of continuous
function defined in topological terms. However, these higher type spaces are not
at all conveniently taken as topological spaces. Certain of them can be identified as
limit spaces according to the work of Hyland, and for these o, x, and + have the
natural interpretation. We cannot enter into these details here, but we can remark
that the higher type spaces become ever more complicated. Thus ((No N) o N) o
N is a II-set and each o will add another quantifier to the c[efinition. This is
reasonable, because to say that a function is total is to say that all its values are
well-behaved. But if its domain is a complex space, this statement of totality is
even more complex. Despite this complexity, however, it is possible to sort out
what kind of mapping properties many functions have. We shall mention a few of
the combinators.

THEOREM 7.3 (The functionality theorem). The combinators I, K, and S
enjoy the following functionality properties which holdfor all equivalence relations
A,B,C:

(i) I:AoA;
(ii) K:A -->(BOA);

(iii) S:(A o (B o C)) o ((A o B) o (A o C)).
Furthermore, these combinators are uniquely determined by these properties.

Let us check that S satisfies (iii). Suppose that:

f(A o (B --) C)).f’.

We must show that:

S (f)((A o B)o(A o C)) S(f).

To this end suppose that:

We must show that:

To this end suppose that:

We must show that:

g(A o B)g’.

S(f)(g) (A o C) S(f’)(g’).

xAx’.

S(f)(g)(x)CS(f’)(g’)(x’).
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Now by definition of the combinator S we have:

$(f)(g)(x) f(x)(g(x)),

S(f’)(g’)(x’) f’(x’)(g’(x’)).

By assumptions on g, g’ and on x, x’, we know:

g(x) g’(x’).

By assumptions on f, f’ and on x, x’, we know:

[(x)( - C)f(x’).

The desired conclusion now ollows when we note such combinations as $(f) and
$(f)(g) are indeed unctions. (We are using Theorem 7.1(i) several times in this
case.)

In the case of the converse, let us suppose by way of example that k Pro is
such that

k A -> B-> A

holds for all equivalence relations A and B. By specializing to, say, the identity
relation we see that whatever a Pro we take, both k and k(a) are functions. To
establish that k K we need to show that the equation:

k(a)(b)=a

holds for all a, b Pw. This is easy to prove, for we have only to set:

A {(a, a)} and B {(b, b)},

and the equation follows at once. Not all proofs are quite so easy, however.
In the case of the combinator S it is not strictly true to say that Theorem

7.3(iii) determines it outright. The exact formulation is this: ifs Pro is such that:

s(f) s(AxAy.f(x)(y)) and s(f)(g)= s(f)(Ax.g(x))

for all f, g Po; and if

s :(A -> (B --> C)) --> ((A -> B) --> (A --> 63)

for all A, B, C, then s S. In other words, we need to know that s converts its first
two arguments into functions with the right number of places before we can say
that its explicit functionality identifies as being the combinator S.

In Hindley, Lercher and Seldin (1972) they show tha,t the functionality
property:

(7.13) AfAg.f g (S --> C) --> ((A --> B) -> (A -> C)),

follows from Theorem 7.1(ii) and Theorem 7.3(ii) and (iii) in view of the identity:

(7.14) AfAg.f g S(K(S))(K)

(see Appendix A).
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A more interesting result concerns the iterators defined as follows:

(7.15) Z0 &flx.x,

(7.16) Z,+ Afx.f(Z,(f)(x)).

In other words, Z,(f)(x)= fn(x). These natural combinators can be typed very
easily, but Gordon Plotkin has shown that the obvious typing actually charac-
terizes them.

THEOREM 7.4 (The iterator theorem). The combinators Z. enjoy thefollowing
functionality property which holds for all equivalence relations A:

(i) Z,, A -> A)-> A -> A).

Further, if any element z Pco satisfies (i) ]:or all A, then it must be one of the
iterators, provided that z(f) z(hx.f(x)) holds for all f Pco.

That each of the Z, satisfies Theorem 7.4(i) is obvious. Suppose z were
another such element. Then clearly:

z

Suppose f and x are fixed for the moment. Let:

A {(f"(x), f"(x))[n co},

where we can suppose in addition that:

f Ax.f(x).

Then f:A --> A is clear, and so z(f) :A --> A also. But x :A, therefore z(f)(x)
f" (x), for some n co, because z(f)(x):A. The trouble with this easy part of the
argument is that the integer n depends on f and x. What we must show is that it is
independent of f and x, then z Z, will follow.

Plotkin’s method for this case is to introduce some independent successor
functions:

(7.17)

Note that:

rj Ax.{(], k + 1)l( ], k) x}.

(7 18) r;"((]’, 0))= (]’ m) if j
]’._1_ if/

It then follows that:

(7.19) (rj U o),)’((j, 0) U (j’, 0)) (j, m) U (j’, m).

Having these identities, we return to the argument.
From what we saw before, given j co, there is an n such that"

z(cri)((/, 0))= o’7’( ], O)= (y, ni).

Take any two ], ]’ e co. We also know there is an n e co where:

z(- U o-j,)((], 0) U (]’, 0)) (], n) U (]’, n),
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in view of (7.19). But since trj tr-LJ ., and tr, . 12 tr,, we have"

It follows that

(j, ni) U (j’, n ,)
_

(j, n) U (j’, n).

and so they are all equal. This determines the fixed n to we want.
Suppose that both f and x are finite sets in Pea. Choose ] > max (fU x). Let A

this time be the least equivalence relation such that"

fro(X) A f"(x) 12 (j, m)

holds for all rn ea. We then check that:

Ax.f(x)(A --> A)(Ax.f(x)) [.J tri.

Therefore, we have:

z(Ax.f(x))(A - A)z((Ax.f(x)) rj),

and since x A x LJ (j, 0), we get:

z(Ax.f(x))(x) A z((Ax.f(x)) [.J tri)(x [.J (j, 0)).

Now there is an integer m ea such that:

z((,x.j:(x)) t_J o.)(x t3 (j, o)) ]’re(X) t.J ?((j, 0))

f"(x) 12 (j, m),

where we have been able to separate f and o- because j is so large. But the
right-hand side must contain z(cr)(j, O)= (j, n). Thus rn and our fixed n are the
same. The other element

z(,x.f(x))(x) ](x)

for some q to. Thus we have"

fq(x) A f’(x) (], n).

Again since j is so large, (j, n)gfq(x). Thus by our choice of A we must have
fq(x) fn(x). This means then, since n is fixed, that for all finite f, x"

z(2txJ(x))(x) f’(x).

But then by continuity this equation holds for allf, x. It follows now that z Z,, by
the proviso of the theorem.

These results bring up many questions which we leave unanswered here. For
example, which combinators (i.e., pure A-terms) have functionality as in the

examples above, and can we decide when a term is one such? In particular, can the

diagonal combinator Ax.x(x) be typed? (The argument of Hindley, et al. (1972, p.
81) is purely formal and does not apparently apply to the model.) What about

terms in LAMBDA beyond the pure A-calculus?
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Appendix A. Proofs and technical remarks.
For Section 1. If we give the two-point space {+/-, T} the weak T0-topology

with just three open sets: , {-1-}, {+/-, T}, we have what is called the Sierpinski
space and its infinite.product {+/-, 1-} with the product topology is the same as Pro.
The finite sets en Pro correspond exactly to the usual basic open sets for the
product. For those familiar with such notions, this well-known observation makes
many of the facts mentioned in this section fairly obvious. From any point of view,
Theorem 1.1 and the remarks in the following paragraph are simple exercises.

Proof of Theorem 1.2. Equation (i) as a functional equation comes down to

{ml]e c_ x.m f(e,,)} f(x),

which is just another way of writing the definition of continuity. Thus it is indeed
true for all x. Next, inclusion (ii) means that if (n, m) u, then ::iek

_
e,,.(k, m) u.

Clearly all we ne6d to do is take k n. If we also want the converse inclusion to
hold, then what we need is condition (iii).

Proofof Theorem 1.3. Substitution is generalized composition of functions of
many variables with all possible identifications and permutations of the variables;
however, as we are able to define continuity by separating the variables, the
argument reduces to a few special cases. The first trick is to take advantage of
monotonicity. Thus, suppose f(x, y) is continuous in each of its variables. What
can we say of f(x, x), a very special case of substitution? We calculate

f(x, x)= U{f(e, x)le c_ x}

U{f(e,, e,)[e, c_ x, e,,
_

x}.

Then if we think of ek e, U e, and realize that f(en, era)c_ f(ek, e), we see that

f(x, x)= U{f(e, e)[e
_

x}.

This means that f(x, x) is continuous in x. This same argument works if other
variables are present, as in the passage from f(x, y, z, w) to f(x, x, z, w). When an
identification of more than two variables is required, as from f(x, y, z, w) to
f(x, x, x, x), the principle is just applied several times.

Finally to show that f(g(x, y), h(y, x, y)) is continuous, it is sufficient to show
that f(g(x, y), h(z, u, v)) is continuous in each of its variables separately. By simply
overlooking the remaining variables, this comes down to showing that f(g(x)) is
continuous if f and g are. But the proof for ordinary composition is very easy with
the aid of the characterization theorem (Theorem 1.1).

Proofof Theorem 1.4. This well-known fact holds for continuous functions on
many kinds of chain-complete partial orderings; but Pro illustrates the idea well
enough. Suppose f had a fixed point x-f(x). Then since 5_ x and f is
monotonic, we see that f() _c f(x) x. But then again, f(f())

_
f(x) x; and so

by induction, f"()G x. This proves that fix(f)_ x; and thus if fix(f) is a fixed
point, it must be the least one. To prove that it is a fixed point, we need a fact that
will often be useful:

LEMMA. If X C Xn+1 for all n, and iff is continuous, then

Z(U{x.ln ’,’})= U{/’(x.)l,.,
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Proof. By monotonicity, the inclusion holds in one direction. Suppose e., c_
[(..J{x.[nto}). Then by Theorem 1.1 we have e.,_f(e) for some eg

___
..J{xn[n to}. Because ek is finite and the sequence is increasing, we can argue that
ek c_ Xn for some n. But then [(eL)c_ f(x,,). This shows that e., _c J{f(x.)[n e to}
and proves the inclusion in the other direction. (Exercise: Does this property
characterize continuous functions?)

Proof of Theorem 1.4 concluded. Noting that f()
_
f"+ () holds for all n,

we can calculate:

f(fix(f)) ..J{f(f"())[n to}= [,_J(f"+()[n a ca}.

But this is just fix(n), since the only term left out is/o() .
Proofof Theorem 1.5. The function f is clearly well-defined even when y Y

has a neighborhood U where Xf) U : in that case f(y) to by convention on
the meaning of in Pro. In case x X, it is obvious that f(x)___ f(x). For the
opposite inclusion, suppose that m f(x). Because f is continuous and {zlm z} is
open in Pto, there is an open subset V of X such that x’ V always implies that
m f(x’). But X is a subspace of Y, so V XVI U for some open subset U of Y.
Thus we can see why m f(x). It remains to show that f is itself continuous.

We must show that the inverse image under f of every open subset of Pro is
open in Y. But the open subsets of Pto are unions of finite intersections of sets of
the form {z[m z}. Thus it is enough to show that {y[m f(y)} is always open in Y.
But this set equals {Ulm {f(x)lx X U}}, which being a union of open
sets is open. Note that what we have proved is that f is continuous no matter what
function f is given; however, if f is not continuous, then f cannot be an extension
of f.

For readers not as familiar with general topology we note that the idea of
Theorem 1.5 can be turned into a definition. Suppose Xc_ pto is a subset of Pro. It
becomes a subspace with the relative topology. What are the continuous functions

f"XPto? From Theorem 1.5 we see that a necessary and sufficient condition is
that the f" Pro Pro be an extension of f. Thus for x Xwe can write the equation
f(x) f(x) as a biconditional"

m f(x) iff ::le. c_ x Vx’ e X[e.
_

x’ implies m f(x’)],
which is to hold for all m to. This form of the definition of continuity on a
subspace is more complicated than the original definition, because in general
e X and we cannot write f(e,).

Proof of Theorem 1.6. What To means is that every point of X is uniquely
determined by its neighborhoods. Now e(x) just tells you the set of indices of the
(basic) neighborhoods of x. Thus it is clear that e is one-to-one. To prove that it is
continuous, we need only note"

u.,
which is always open. To show that e is an embedding, we must finally check that
the images of the open sets U are open in e(X). This comes down to showing:

e( V,,) e(X) fq {zln e z},

which is clear.
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For Section 2. Equation (2.1) defines a continuous function because it is a
special case of Theorem 1.5, where we have been able to simplify the definition
into cases because to is a very elementary subset of Pto. Equation (2.2) gives a
continuous function since the definition makes/ distributive, as remarked in the
text for finite unions, b0t it is just as easy to show that/ distributes over arbitrary
unions. The difference between a continuous f and a distributive/ is this: to find
m f(x) we need a finite subset e

___
x with rn f(e); however, to find m /9(x) we

need only one element n 6 x with m 6/9({n}) =/3(n) p(n). Continuous functions
are generalizations of distributive functions. The generality is necessary. For
example, in (2.3) we see another function x; y distributive in each of its variables;
but take care: the function x; x is not distributive in xthere is no closure under
substitution. This is just one reason why continuous functions are better. Another
good example comes from (2.4) if you compare the functions x, x + x, x + x + x,
etc.

Equations (2:5)-(2.7) are very elementary. Note that z x, y is distributive in
each of its variables. We could write: z x, y=fi(z), where p(0)=x and
p(n + 1) y, to show that it is distributive in z.

Proof of Theorem 2.1. If we did not use the A-notation, then all LAMBDA-
definable functions would be obtained by substitution from the first five (cf. Table
2). Since they are all seen to be continuous, the result would then follow by the
substitution theorem (Theorem 1.3). Bringing in A-abstraction means that we
have to combine Theorem 1.3 with this fact:

LEMMA. If f(X, y, Z,’" ") is a continuous function of all its variables, then
Ax.f(x, y, z, .) is a continuous function of the remaining variables.

Proof. It is enough to consider one extra variable. We compute from the
definition of A in Table 2 as follows:

Ax.f(x, y) {(n, m)lm f(e,,, y)}

{(n, m)l::lek c_ y.m f(e,,, ek)}

[._J{{(n, m)[m f(e,, ek)}[ek y}

{Ax.f(x, e)le =_ y}.

Thus Ax.f(x, y) is continuous in y.
Proof of Theorem 2.2. The reason behind this result is the restriction to

continuous functions. Theorem 2.1 shows that we cannot violate the restriction by
giving definitions in LAMBDA, and the graph theorem (Theorem 1.2) shows that
continuous functions correspond perfectly with their graphs.

The verification of (a) of Table 1 is obvious as the ’x’ in ’Ax." is a bound
variable. (Care should be taken in making the proviso that ’y’ is not otherwise free
in -.) The same would of course hold for any other pair of variables. We do not

bother very much about alphabetic questions.
The verification of (/3) is just a restatement of Theorem 1.2(i). Let z define a

function f (of x). Then by definition f(x)= z and Ax.-= graph(f). Also un(u)(x)
in the notation of Theorem 1.2 is the same as the binary operation u(x) in the
notation of LAMBDA. Thus in Theorem 1.2(i) if we apply both sides to y we get
nothing else than (/3).
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Half of property (sc) is already implied by (/3): the implication from left to
right. (Just apply both sides to x.) In the other direction, ’/x. z r means that " and
r define the same function of x; thus, the two graphs must be equal.

Remarks on other laws. The failure of (r/) simply means that not every set in
PoJ is the graph of a function. Condition (iii) of Theorem 1.2 is equivalent to saying
that u Ax.u(x), in other words, u is the graph of some function if and only if it is
the graph of the function determined by u.

Law (tz) is the monotone property of application (in both variables); there-
fore, (/z) and (s) together imply (sc*) from left to right. Suppose that /x.z

_
or; then

clearly:

{(n, m)lm z[e,/x]}_ {(n, m)lrn tr[e/x]},

which gives (sc*) from right to left.
There are, by the way, other laws valid in the model, as explained in the later

results.
Proof of Theorem 2.3. This is a standard result combinatory logic. We have

only to put:

U lXolXl"’" AXn-l.f(Xo, Xl,’" ", Xn--1).

That is, we use the iteration of the process of forming the graph of a continuous
function. As each step (from the inside out) keeps everything continuous, we are
sure that the equation of Theorem 2.3 will hold for iterated application.

Proof of Theorem 2.4. This can be found in almost any reference on
combinatory logic or A-conversion. The main idea is to eliminate the A in favor of
the combinators. The fact that we have a few other kinds of terms causes no
problem if we introduce the corresponding combinators. The method of proof is
to show, for any LAMBDA-term - with free variables among x0, xl," , x,_l,

that there is a combination y of combinators such that:

z= v(Xo)(X). (x_).

This can be done by induction on the compJexity of z.

Proof of Theorem 2.5. The well-known calculation shows that we have from
(2.8):

Y(u) (Xx.u(x(x)))(Xx.u(x(x)))= u(Y(u)).

Thus (u) is a fixed point of the function u(x). What is needed is the proof to show
that it is the least one.

Let d hx.u(x(x)) and let a be any other fixed point of u(x). To show, as we
must, that d(d)_ a, it is enough to show that el

_
d always implies el(el) a;

because by continuity we have:

d(d) J{el(el)[el
_

d}.

By way of induction, suppose that this implication holds for all n </. Assume that
el c_ d and that rn el(el). We will want to use the induction hypothesis to show
that rn a. By the definition of application, there exists an integer n such that
(n, m) el and en

_
el. But n _-< (n, rn) </, and en

_
d. By the hypothesis, we have

e(e,)_ a. Note that (n, m) d also, and that d is defined by A-abstraction; thus,
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rn d(e,) by definition. By monotonicity u(e,(e,))_ u(a)= a; therefore m a.
This shows that el(et)c_ a, and the inductive proof is complete.

Remark. Note that we did not actually use the fixed-point theorem in the
proof, but we did use rather special properties of the pairing (n, m) and the finite
sets et.

Equation (2.9) is proved easily from the definition of application; indeed u(x)
is distributive in u. Equation (2.10) is proved even more easily from the definition
of h -abstraction. For (2.1 1), we see that the inclusion from left to right would hold
in general by monotonicity. In the other direction, suppose rn f(x) 71 g(x). Then
for suitable k and we have (k, m)f and ek

_
X, also (l, m) g and et

_
x. Let

e ek U el c_ x. Because f and g are graphs, we can say (n, m) fn g; and thus
m (fN g)(x). This is the only point where we require the assumption on graphs.
Equation (2.12) follows directly from the definition of abstraction. For (2.13),
which generalizes (2.9), we can also argue directly from the definition of applica-
tion. In the case of intersection it is easy to find u, such that 0 u, (T) for all n, but
N{u.l +/-.

Equation (2.14) is obvious because the least fixed point of the identity
function must be _L. A less mysterious definition would be _L 0-1, but the
chosen one is more "logical".

For (2.15) we note that by definition:

Az.0 {(n, m)lm 0} {(n, 0)In 6 o}.

Because 0 (0, 0) and 1 (1, 0), we get the hint. Equation (2.16) makes use of U
for iteration. If x 0U (x + 1), then x must contain all integers; hence x T. The
iteration for N in (2.17) is more complex. The fundamental equation we need is:

xN y= x =(y =0, _L), ((x- 1) n (y- 1))/ 1.

This says to compute the intersection of two sets x and y, we first test whether
0 x. If so, then test whether 0 y. If so, then we know 0 x n y. In the meantime
we begin testing x for positive elements. If we could compute (by the same
program) the intersection (x-1)n(y-1), then we would get the positive ele-
ments of the intersection x N y by adding one. This is a very slow program, but we
can argue by induction that it gives us all the desired elements. Of course, N is the
least function satisfying this equation.

In the case of (2.18) it is clear that we have:

Ax._L {(n, m)lm _t_}= _L;

Ax.T {(n, m)lm T} T;

because in the last every integer is a (number of a) pair. Suppose now that a ,x.a
and a -F. Let k be the least integer where k a. Now k (n, m) for some n and
m. If m a, then (n, m) a Ax.a; hence m a. But m <_- k and k is minimal;
therefore, rn k. But this is only possible if k rn n 0. Suppose further a # _L

and that is the least integer where a. Now (i, ]) with ] a and ] -< I. So ]
and ] 0. This contradiction proves that a _L or a T.

Equations (2.19)-(2.22) are definitions, and (2.23) is proved easily by
induction on i. Equation (2.24) is also a definition. To prove (2.25) we note that
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{uili x} is continuous (even" distributive) in u and x. Thus, there is a continuous
function seq(u)(x) giving this value. What is required is to prove that it is
LAMBDA-definable. We see"

seq(u)(x) {n Uol0 x} tA (m U{u,/li + 1 x}13k.k + 1 x}

x Uo, seq(At.U,+l)(X 1);

that is, seq satisfies the fixed-point equation for $. Thus $
_

seq. To establish the
other inclusion we argue by induction on for:

[X, u[i x ui c_ $(U)(X)]

This is easy by cases using what we are given about $ in (2.24); it implies that
seq

_
$. Note that:

Anto.’=Anto.o" iff tneto.’r=tr.

For primitive recursive functions, even of several variables, there is no
trouble in transcribing into LAMBDA-notation any standard definition--
especially as we can use the abstraction operator An o. If we recall that every r.e.
set a has the form"

a {ml::ln.p(n) m + l},

where p is primitive recursive, we then see that a =/(q-)-1. This means that
every r.e. set is LAMBDA-definable.

Proofo]: Theorem 2.6. In case of a function of several variables, we remark"

.XoXI lXk-l.f(Xo)(X1)" (Xk-1)

{(no, (na, ("’, (nk-x, m)’’ ")))lm e f(e,,o)(e,,1)’’" (e,k_l)}.

This makes the implication from (i) to (ii) obvious. Conversely, if a graph u is r.e.,
then from the definition of application we have"

m e u(eno)(enl)"" (e,,k) iff (no, (nl, (’", (nk-1, m)...)))e u,

which is r.e. in m, no, nl," , nk-1. Therefore (i) and (ii) are equivalent.
We have already proved that (ii) implies (iii). For the converse we have only

to show that all LAMBDA-definable sets are r.e. For this argument we could take
advantage of the combinator theorem, (Theorem 2.4). Each of the six com-
binators are r.e., and there is no problem of showing that if u and x are r.e., then so
is u(x); because it is defined in such an elementary way with existential and
bounded universal number quantifiers and with membership in u and in x
occurring positively. Explicitly we have"

m u(x) iff ::ie, x.(n, m) u

iff =In Vm < n[[m e, implies m x] and (n, m) u].

For Section 3. For the proof of (3.1) we distinguish cases. In case x y +/-,
we note that eond( +/- )(+/-) +/- and +/- +/- +/-, so the equation checks in this case.
Recall:

confl(x)(y) Az.z x, y {(n, m)lm (e, x, y)}.
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We can show 0eond(x)(y). Note first 0=(n, m) iff n=0=m; furthermore,
e0 _1_ and _1_ x, y +/-; but 0 e _1_. Also we have:

cond(x)(y)(0) x and cond(x)(y)(1)= y;

so if either x _t_ or y +/-, then eonfl(x)(y) _1_. In this case, eonfl(x)(y) must
contain positive elements. The result now follows.

Theorem 3.1 is obvious from the construction of G, because G(G)= 0 and
G(0)(0) sac, and so the G(0)(i) give us all the other combinators.

The primitive recursive functions needed for (3.4)-(3.6) are standard. Equa-
tion (3.7) is a definition--if we rewrote it using the Y-operator--and the proof of
Theorem 3.2 is easy by induction. There is also no difficulty with (3.8)-(3.12). The
idea of the proof of Theorem 3.3 is contained in the statement of the theorem
itself. The proof of Theorem 3.4 is already outlined in the text.

Proof of Theorem 3.5. The argument is essentially the original one of
Myhill-Shepherdson. Suppose p is computable, total and extensional. Define:

q {(j, m)[m vai(p(fin(j)))},

where fin is primitive recursive, and for all j to:

val(fin(j)) e-.
Certainly q RE, and we will establish the theorem if we can prove "continuity":

val(p(n)) [._J{vai(p(fin(])))lej
_

vai(n)}.

We proceed by contradiction. Suppose first we have a k 6val(p(n)), where
k vai(p(fin(]))) whenever ej_ vai(n). Pick r to be a primitive recursive function
whose range is not recursive. Define s, primitive recursive, so that for all m to:

val(s(m)) {j val(n)[me {r(i)[i <--_ j}}.

The set val(n) must be infinite, because p is extensional, and if val(n)=ei
vai(fin(])), then kval(p(fin(j)))=val(p(n)). Note that vai(s(m)), as a subset of
the infinite set, is finite if m is in the range of r; otherwise it is equal to val(n).
Again by the extensionality of p we see that k vaip(s(m))) if and only if m is not
in the range of r. But this puts an r.e. condition on m equivalent to a non-r.e.
condition, which shows there is no such k.

For the second case suppose we havi a keval(p(n)), where for a suitable

e
_

vai(n) it is the case that k vai(p(fin(j))). Define:

We have:

t= Am s to.ei [.J (val(m) val(n), vai(n)).

t(m)={ eval(n)
We choose u primitive recursive, where:

if val(m) +/-;

if not.

By the choice of k, and by the extensionality of p, and by the fact that vai(n) ej,

vai(u(m)) t(m).
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we have:

k eval(p(u(m))) itt t(m)=e
iff val(m) _L.

But this is impossible, since one side is r.e. in rn and the other is not by Theorem
3.4. As both cases lead to contradiction, continuity is established and the proof is
complete.

Proof of Theorem 3.6. Consider a degree Deg(a). This set is closed under
application, because:

u(a)(v(a)) S(u)(v)(a),

and S(u)(v) is r.e. if both u and v are. Note that it also contains the element G;
hence, as a subalgebra, it is generated by a and G.

Let A be any finitely generated subalgebra with generators ao, a 1, ", an-1.
Consider the element a=cond((a’o,a’,... ,a’,-1))(G). As in the proof of
Theorem 3.1, a generates A under application. It is then easy to see why
A Deg(a).

Proof of Theorem 3.7. We first establish (3.16) and (3.17):

L ti R Ax.L(ti((O, x)))

,x.L((1, u, x))

=Xx.u(x).

tTo 5 R Ax.tT(5((0, x)))

Xx.a((1, v, x))

x.()(x)
u(v).

Now starting with any u s RE, we write u =-, where - is formed from G by
application alone. By (3.17), we can write t2 in terms of (] and R using only o. That
is, t7 belongs to a special subsemigroup. In view of (3.16), we find that Ax.u(x)
belongs to that generated by R, L and . But

RE (’l FUN= {Ax.u(x)lu RE},

and so the theorem is proved.

For Section 4. The notion of a continuous lattice is due to Scott (1970/71)
and we shall not review all the facts here. One special feature of these lattices is
that the lattice operations of meet and join ([-1 and L_J) are continuous (that is,
commute with directed sups). As topological spaces, they can be characterized as
those To-spaces satisfying the extension theorem (which we proved for Pro in
Theorem 1.5).

Proof o[ Theorem 4.1. Consider a continuous function a, and let A
{xlx a(x)}. By the fixed-point theorem (Theorem 1.4) we know that A is
nonempty and that it has a least element under _. Certainly A is partially ordered
by ; further, A is closed under directed unions but not under arbitrary unions.
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That is, A is not a complete sublattice of Pto with regard to the lattice operations
of Pto, but it could be a complete lattice on its own--if we can show sups exist.
Thus, let S

_
A be an arbitrary subset of A. By the fixed-point theorem, find the

least solution to the equation"

y U{xlx s} O a(y).

Clearly x
_
y for all x S; and so x a(x)

_
a(y), for all x S. This means that

y-a(y), and thus yeA. By construction, then, y is an upper bound to the
elements of S. Suppose z e A is another upper bound for S. It will also satisfy the
above equation; thus y

_
z, and so y is the least upper bound. A partially ordered

set with sups also has infs, as is well known, and is a complete lattice.
Suppose that a is a retract. We can easily show that the fixed-point set A

(with the relative topology from Pto) satisfies the extension theorem. For assume
f" X--> A is continuous, and X_ Y as a subspace. Now we can also regard
f" X- Pto as continuous because A is a subspace of Pto. By Theorem 1.5 there is
an extension to a continuous [" Y-* Pto. But then a f. y-A is the continuous
function we want for A, and the proof is complete.

The space of retracts. Let us define"

REX {ala a a},

the set of all retracts, which is a complete lattice in view of Theorem 4.1. It will be
proved to be not a retract itself by showing it is not a continuous lattice; in fact, the
meet operation on RET is not continuous on RET.

The proof was kindly communicated by Y. L. Ershov and rests on distinguish-
ing some extreme cases of retracts. Call a retract a nonextensive if for all nonempty
finite sets x we have xg a(x). Call a retract b finite if all its values are finite (i.e.,
b(i) is finite). If a is nonextensive and b is finite, then Ershov notes that they are
"orthogonal" in RET in the sense that c a b _t_. The reason is that, since
c

_
b, it is finite; but c

_
a, too, so c(x)

_
a(x) for all x. Because c is a retract, we

have c(x)= c(c(x))_ a(c(x)). As c(x) is finite and a is nonextensive, it follows
that c(x)= _1. for all x.

This orthogonality is unfortunate, because consider the finite retracts b,,
Ax.en. We have here a directed set of retracts where U{b, ln to} Ax.T T. If
were continuous, it would follow that for nonextensive a:

a a n T a rl U{b,,In to} U{a Iq b,,ln to} ..L,

showing that there are no nontrivial such a. But this is not so.
Let << be a strict linear ordering of to in the order type of the rational

numbers. Define"

a(x) {mlEln x.m << n}.

We see at once that a is continuous; and, because << is transitive and dense, a is a
retract. Since << is irreflexive, it is the case for finite nonempty sets x that
max<< (x) a(x); hence, a is nonextensive. As a(T)= T, we find a # _1_. The proof
is complete.

Note that there are many transitive, dense, irreflexive relations on to, so there
are many nonextensive retracts. These retracts, like a above, are distributive. A
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nondistributive example is:

a’= {mlBn, n’ . x.n << m <<

Many other examples are possible.
Proof of Theorem 4.2. The relation is by the definition of retract reflexive

on RET; it is also obviously antisymmetric. To prove transitivity, suppose
a bc, then

a =aob=aoboc=aoc.

Similarly, a c a. Note, by the way, that a o b implies that the range of a is
included in that of b; but that the relationship a

_
b does not imply this fact. The

relationship a o b, however, is stronger than inclusion of ranges.
Proofs of Theorems 4.3-4.5. We will not give full details as all the parts of

these theorems are direct calculations. Consider by way of example Theorem
4.3(i). We find:

(a o- b)o (a o- b)= Au.b (b u a)o a

Au.b u a

=a o- b,

provided that a and b are retracts. A very similar computation would verify part
(iv), if one writes out the composition:

(a b’)o (/o--, f) (b a’)

and uses the equations:

f=bofoa and f=b’ofoa’.
The main point of the proof of Theorem 4.6 has already been given in the

text.

For Sections 5-7. Sufficient hints for proofs have been given in the text.

Appendix B. Acknowledgments and reterences. My greatest overall debt is
to the late Christopher Strachey, who provided not only the initial stimulus and
continuing encouragement, but also what may be termed the necessary irritation.
Not being a trained mathematician, he often assumed that various operations
made sense without looking too closely or rigorously at the details. This was
particularly the case with the A-calculus, which he used as freely as everyday
algebra. Having repeatedly and outspokenly condemned the A-calculus as a
formal system without clear mathematical foundations, it was up to me to provide
some alternative. The first suggestion was a typed system put forward in Scott
(1969) (unpublished, but later developed as LCF by Robin Milner and his
collaborators). Experience with the type structure of function spaces, which had
come to my attention from work in recursion theory by Nerode, Platek and others,
soon convinced me that there were many more similar structures than might at
first be imagined. In particular, a vague idea about a space with a "dense" basis led
quickly to the more direct construction, by inverse limits, of function spaces of
"infinite" type that were very reasonable models of the classical "type-free"
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A-calculus (as well as many other calculi for other "reflexive domains). The details
can be found in Scott (1971) and Scott (1973b). Algebra was jastified, but the
work in doing so was tiring and the exact connections with computability were not
all that easy to describe.

In the meantime Plotkin (1972) contained suggestions for a "set-theoretical"
construction of models, but not much notice was taken of the plan at the time it
was circulated--perhaps owing to a fairly sketchy presentation of the precise
semantics of the A-calculus. The present paper evolved particularly from the
project of making the connections with ordinary recursion theory easier to
comprehend, since a satisfactory theory of computability and programming
language semantics had to face this problem. The idea of using sets of integers for a
model was first put forward by the author at a meeting at Oberwolfach at Easter in
1973 and in a more definitive form at the Third Scandinavian Logic Symposium
shortly thereafter (see Scott (1975a) which is a preliminary and shorter version of
this paper). The author gave a report on the model at the Bristol Logic Collo-
quium in July 1973, but did not submit a paper for the proceedings. A series of
several lectures was presented at the Kiel Logic Colloquium in July 1974,
covering most of the present pape.r which was distributed as a preprint at the
meeting. The text (but unfortunately neither acknowledgments nor references)
was printed in the proceedings (Springer Lecture Notes in Mathematics, vol. 499).
In 1973 after experimentation with definitions somehow forced him into the
definition of the model, the author realized that it was essentially the same as
Plotkin’s idea and, even more surprising, it was already implicit in a very precise
form in much earlier work by Myhill-Shepherdson (1955) and Friedberg-Rogers
(1959) (see also Rogers (1967)) on enumeration operators. What had happened
was that Plotkin had not made enough tie-up with recursion theory, and the
recursive people had not seen the tie-up with A-calculus, even though they knew
that one could do a lot with such operators. Actually, if the author had taken his
own advice in 1971 (see Continuous lattices, Scott (1972a, end of 2)), he would
have seen that many spaces have their own continuous-function spaces as
computable retracts, a fact which is just exactly the basis for the present construc-
tion; but instead he said: "it [the representation as a retract] does not seem to be of
too much help in proving theorems."

Over the years in work on A-calculus and programming language semantics,
personal contact and correspondence with a large number of people has been very
stimulating and helpful. I must mention particularly de Bakker, Barendregt,
Bekic, Blikle, B6hm, Curry, Egli, Engeler, Ershov, Goodman, Hyland, Kreisel,
Landin, Milne, Milner, Mosses, Nivat, Park, Plotkin, Reynolds, de Roever,
Smyth, Stoy, Tang, Tennent, Wadsworth. (I apologize to those I have inadver-
tently left out of this list.) In the reference list a very imperfect attempt has been
made to collect references directly relevant to the topics of this paper as well as
pointers to related areas that may be of inspiration for future work. The list of
papers is undoubtedly incomplete, and inaccurate as well, but the author hopes it
may be of some use for those seeking orientation. It is a very vexing problem to
keep such references up to date. Some remarks toward references and acknow-
ledgments on the specific results in the various sections follow. Felipe Bracho
deserves special thanks for help in the preparation of the final manuscript and with
the reference list.
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Section 1. The relevance of the "positive" or "weak" topology first came to
the author’s attention through the work of Nerode (1959). Continuous functionals
were studied by Kleene and Platek and many other researchers in recursion
theory. Monotonicity was particularly stressed by Platek (1964). The graphs and
the definition of application are used in the same way by Plotkin (1972) and
Rogers (1967, see p. 147). The fixed-point theorem is very well-known. See, e.g.,
Tarski (1955). The extension theorem was formulated by the author, but it is very
similar to many results in point-set topology; it was used in a prominent way in
Scott (1972a) to characterize continuous lattices. The embedding theorem is
well-known; see, e.g., ech (1966).

Section 2. The language LAMBDA is due to the author. Note in particular
that Plotkin and Rogers do not define A-abstraction, even though they know of
the existence of many combinators and could have defined abstraction if anyone
had ever asked them. In particular, they understood about conversion in many
instances. The reduction and combinator theorems are well known from com-
binatory logic and can be found in any reference. The first recursion theorem is
basic to all of elementary recursion theory; what is new here is the adaptation of
David Park’s proof (Park (1970c), unpublished) to the present model to show that
Curry’s "paradoxical" combinator actually does the recursion. The definition of
computability and the definability theorem tie up the present theory with the older
theory of enumeration operators.

Section 3. The idea of reduction to a few combinators is an old one in
combinatory logic; the author only needed to find a small trick (formula (3.1))
which would take care of the arithmetical combinators. The ideas for the GiSdel
numbering and the proof of the second recursion theorem are standard, as is te
proof of the incompleteness theorem. It only looks a little different since we
combine arithmetic with the "type-free" combinators. The proof of the complete-
ness theorem for definability (Theorem 3.5) is taken directly from Myhill-
Shepherdson (1955). The author is indebted to Hyland for pointing this out. The
subalgebra theorem is an easy retormulation of talk about enumeration degrees;
for more information on such degrees consult Rogers (1967), Sasso (1975), and
also Gutteridge (1971). The area is underdeveloped as compared to Turing
degrees. Semigroups of combinators have been discussed by Church and B6hm.

Section 4. The notion of a retract is common in topology, but the idea of using
them to define data types and of having a calculus of computable retracts is
original with the author. Of course the connection between lattices and fixed
points was known; more about lattices is to be found in Scott (1972a). The various
operations on retracts and the idea of using fixed-point equations to define
retracts recursively are due to the author. Applications to semantics were given in
Scott (1971) for flow diagrams, and this has been followed up by many people, in
particular Goguen, et al. (1975) and Reynolds (1974b).

Section 5. Algebraic lattices have been known for a long time (see Gratzer
(1968)) and also closure operations (see, e.g., Tarski (1930)). It was Per Martin-
L/Sf and Peter Hancock who suggested that they might form a "universe"; in
particular the construction of V is essentially due to them. The limit theorem is
due to the author.

Section 6. More information on the classification by notions in descriptive set
theory ot various subsets can be found in the work of Tang who also makes
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connections with the work of Wadge. The various normal forms for the classes of
sets (e.g., Table 3) are due to the author.

Section 7. Functionality has been studied for some time in combinatory logic
(see, e.g., Hindley, et al. (1972) for an introduction). The author had the idea to
see what it all means in the models; there are, of course, connections going back to
Curry and Kleene, with functional interpretations of intuitionistic logic (cf.
Theorem 7.3, which is well-known). The proof of Theorem 7.4 is due to Plotkin.

Appendix A. After the main body of the paper was written, Y. L. Ershov
solved the author’s problem about the space of retracts. Ershov’s proof is
presented after the discussion of the proof of Theorem 4.1 in this Appendix. Quite
independently Hosono and Sato (1975) found almost exactly the same proof.
Before corresponding with Ershov, the author was totally unaware of the connec-
tions with and the importance of Ershov’s extensive work in "numeration" theory
(see citations in the reference list).

Appendix B. ,All defects are due to the author.
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THEORY OF OUTPUT SET ASSIGNMENTS AND
DEGREE SWITCHING OPERATIONS*

BHARAT KINARIWALA AND KABEKODE V. S. BHAT"

Abstract. In this paper we study the basic aspects of the output set assignment problem using
graph theory. The output sets of an n n matrix A constitute sets of disjoint cycles of total length n in
the network (i.e., a graph having weighted directed edges including self-loops) of matrix A. We
introduce two new graphical transformations, viz., the degree switching operations (DSO) in a network
and study their properties. The DSO yield output sets and lead to all graphs that can be associated with
a given matrix A. Possible applications for the theory are indicated.

Key words, output set assignment, systems of equations, matrices, graphs, networks, degree
switching operations, decomposition

1. Introduction. Large sparse systems of linear equations occur in a variety of
frequently encountered problems such as linear programming, circuit analysis,
structural analysis and numerical solution of partial differential equations 1]. The
set of nonzero elements which could be placed on the diagonal by a reordering of
the equations is called an output set, and there may, of course, be a large number
of possible output sets. The identification of an output set is central to the efficient
solution of matrix equations. Equally useful are the ways of determining other
output sets from a given output set. Different output sets usually lead to different
structural graphs corresponding to the same set of equations, and these structural
graphs have a direct relation to the efficiency of the corresponding elimination
routine.

Besides the use in the solution to systems of linear equations and matrix
inversion problems [2], [3], the output set assignment problem has applications in
large scale decomposition problems arising in several disciplines [4], [5], [6] and in
graph theoretic methods for partitioning and tearing of systems [7], [8], [9].

Several authors [6], [10]-[17] have provided ad hoc algorithms for the
determination of an output set. A well-known method for output set assignment
is due to Steward [10]. An algorithm which is computationally more efficient than
Steward’s method is given by Patel and Kinariwala [5]. The algorithm of Hopcroft
and Karp [18] which is the best known algorithm for bipartite matching in a
computational complexity sense can also be used for finding an output set.
However, these works are inadequate to explain important questions concerning
the characterization and implications of different output sets for a given problem.
In this paper we study the basic aspects of the output set assignment problem using
graph theory [19]. We examine the combinatoric properties that govern the
existence and identification of such sets for a given n n matrixA and develop the
necessary theory for obtaining different graphs that can be associated with the
given matrix A.
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A network of a square matrix A is a graph having directed, weighted edges
that may include self-loops. It is shown that output sets for an n n matrix A
constitute sets of disjoint cycles of total length n in the network of the matrix. We
introduce the important concept of degree switching operation (DSO) in a
network with n vertices. The DSO is a graphical transformation and leads to a
network with n self-loops. We show that the DSO yields output sets and leads to
all graphs that can be associated with a given matrix A.

In 2 we briefly review the pertinent concepts from network theory and
indicate the correspondence between a matrix and a network. In 3 we present
certain properties of permutation matrices that are of interest to us in the later
sections and provide a characterization for a given network using the set of
disjoint cycles of total length n and other edges in the network. In 4 we define
two new operations, namely, the indegree switching and the outdegree switching
operations in a network. These operations correspond to specific permutations on
the rows or column of a matrix associated with the given network. Some of the
interesting and useful properties of the newly defined DSO are given in this
section. An example is presented to illustrate the DSO in a network and some of
its properties.

In -5 we examine the output set assignment problem. We consider the
combinatoric output set assignment problem and present a network theoretic
interpretation for the same. Thus once the set of disjoint cycles of length n in the
assignment network is identified with an output set, the problem of forcing an
output set along the diagonal of a resulting matrix simply corresponds to a DSO in
the assignment network. The complexity involved in forcing the elements of an
output set along the diagonal of the resulting matrix is shown to be directly related
to the number of disjoint cycles which are associated with the chosen output set.
The DSO is shown to provide a systematic method for obtaining the network
associated with any output set.

The theory developed in this paper providing an understanding of the output
set assignment problem will be used for developing an efficient algorithm for the
determination of an output set for a given square matrix. The notion of degree
switching transformation can be used in tackling the resource allocation problems.

2. Preliminaries. A network N is a pair (V, E), where V is a finite nonempty
set of IVI vertices and E {(vi, vj)lvi, vj V} is the set of directed edges, with each
edge (vi, vi) being associated with a nonzero element aii (which can be a constant
or a pair) termed as the weight of (v, vi). A network that is embedded in N is a
subnetwork of N. Let N1 Va, El) and N2 (V2, E2) be two subnetworks of N.
Then the network (N1 t_J N2) is given by (V1 U V2, E1 LIE2). For a network
N (V, E), an ordering a of V is a one-to-one mapping

a: {1, 2,..., v,

and N, (V, E, a) is an ordered network associated with N. Two ordered net-
works N,, and No are said to be isomorphic if one can be obtained from the other
by a reordering of the vertices of one of the networks. Given v V, the set
adj (v) {vil(v, vj) E} is the set of vertices adjacent to vi, and the set of directed
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edges {(v, vi)lviadj (v)} is called the outbundle of vi. The set iadj (v)=
{vil(v, v) E} is the set of vertices to which v is adjacent, and the set of directed
edges {(vi, v)lv iadj (v)} is called the inbundle of the vertex v. The cardinality of
inbundle (outbundle) of vertex v is called the indegree (outdegree) of v.

For v, vt V, a directed path v vt of length is a sequence of distinct
vertices {kl, k2,..., k/} (with the possible exception of k and k/l) such that
k v, k+ vt and k iadj (k+), 1, 2,. -, I. If there exists a directed path
between each and every pair of vertices in a network, the network is said to be
strongly connected.

For vi V, a directed path vi --> vi is a cycle. Two cycgs in a network are said
to be disjoint if they do not have any common vertices. A set of cycles in a network
is said to be a set. of disjoint cycles if each and every pair of cycles in the set are
disjoint. The number of edges in a set of disjoint cycles gives the total length of the
set of disjoint cycles. A cycle of length one is called a loop. There can be at most n
loops in a network with n vertices. The weight of a set of cycles is given by the set
of weights of the directed edges in the set of cycles.

An ordered network N(A) V, E, a), a {i}i"_- 1, can be associated with an
n x n matrix A as follows: to the row of matrix A, the vertex vi of N(A) is
assigned. A directed edge (v, vi) with weight ai exists in E if and only if aii : O.
Note that there is a one-to-one correspondence between the matrix A and N(A).
An alternative way of associating an ordered network /Q(A)--(V,/, a) is to
assign column of matrix A to the vertex v N(A). A directed edge (vi, v) with
weight a exists in (A) if and only if a 0. Note that (A) is identical to N(A t),
where A is the transpose of matrix A.

An adjacency matrix of a network N(A) is an n n matrix whose (i, j)th
element is 1 if (v, vi) E and is 0 if (v, vi) e E. A network G is called a digraph if
there are no loops in G and each edge of G has weight equal to one.

3. Permutation matrices, set of disjoint cycles, and network characteriza-
tion. A permutation matrix P of order n is an n n matrix, in each row and each
column of which there is exactly one nonzero element, the value of this element
being one. Permutation matrices are orthonormal matrices; i.e.,

(1) p.p’=I,

where I is an n x n identity matrix. On a premultiplication of an n n matrix A by
P, the rows of A get permuted; i.e., if pi 1 for some i,/’, then the row of the
resulting matrix, fi P. A, is the same as the row of the matrix A. A
postmultiplication of the matrix A, by P, implies a permutation of the columns of
A. The product of any two n x n permutation matrices is also a permutation
matrix.

Let N(P) be the network associated with an n x n permutation matrix P.
Then the following can be stated.

PROPOSITION 1. N(P) constitutes a set of disjoint cycles of total length n.

Proof. Since each row and each column of P has exactly one nonzero element,
there is exactly one directed edge in the inbundle and in the outbundle of every
vertex of N(P). Each vertex is in a cycle. No vertex belongs to more than one cycle.
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Thus N(P) constitutes a set of disjoint cycles. N(P) must have n directed edges
since P .has exactly n nonzero elements. The total length of the set of disjoint
cycles is exactly n.

It must be noted that the adjacency matrix of a set of disjoint cycles of total
length n in a network is a permutation matrix of the order n.

We define an n n elementary permutation matrix (denoted by EPM) as an
n n permutation matrix, which has at most one cycle of length greater than one,
in its associated network. Thus if M is an EPM, then all the off-diagonal entries of
M correspond to a single cycle in N(M). With the definition of an EPM, we have a
convenient procedure for a canonic factorization of any permutation matrix as
follows.

PROPOSITION 2. Any n n permutation matrix P having k cycles in the
associated network N(P) can be expressed as the product of k EPM’s.

Proof. Assume that the cycles of N(P) have been ordered in some fashion. Let
li be the length o1 cycle i. Then M, the ith EPM is obtained by the following
procedure:

1. Except for those l’s which correspond to the ith cycle in N(P), replace all
l’s of P by zeros and obtain a matrix Mi.

2. For j 1, 2, 3,. ., n, if the row j of M does not contain a 1, then set

m 1.
Once (M, M, M3,""", Mk) are found by the above procedure, the following
relationship, viz.

k

(e) II M e,
i=1

is immediate in view of the rules for direct product of matrices.
An n n transposition is an EPM which has a longest cycle of length 2 in its

associated set of cycles. On a repeated premultiplication or postmultiplications by
an appropriate sequence of transpositions, any EPM can be transformed into an

identity matrix. The minimum number of such transpositions needed is of some
interest and is given in the following.

PROPOSITION 3. The minimum number of transpositions needed to reduce an
EPM having the longest cycle of length in its associated network to an identity
matrix is 1),.

Next we present a decomposition for a given network which would be useful
in the next section. We begin with a few definitions.

DEFINITION 1. Let C1 and C2 be two sets of disjoint cycles. C1 and C2 are
equivalent if the set of directed edges of C are the same as those in C2. Otherwise,
C1 and C2 are distinct.

DEFINITION 2. A cycle R1 which does not belong to any set of disjoint cycles
of total length n in a network having n vertices is a residual cycle.

DEFINITION 3. The set of edges of a network which does not appear in any
cycles of the network is defined to be a set of residual edges of the network.

With these definitions, we have the following proposition, which serves to
characterize any given network.
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PROPOSITION 4. Any network N(A having n vertices can be characterized by
the following equality, viz.

(3) N(A)= C J R Q,
i=1 ]--1

where {Ci}=l corresponds to all possible distinct sets of disjoint cycles of total length
n. {Ri}= corresponds to the set of residual cycles in N(A and Q corresponds to the
set of residual edges of N(A ).

Proof. An edge in N(A) can either be in a cycle of N(A) or in the set of
residual edges, not both. Thus N(A) can be decomposed into a network of
residual edges and a network of cycles. A cycle can either be in a set of cycles of
total length n or in a residual cycle but not in both. Thus all cycles can be
partitioned uniquely into the class of set of disjoint cycles of total length n and a
set of residual cycles. Thus the decomposition of the network as given by (3) is
valid.

4. The degree switching operations in a network and their properties. Let C
be a set of disjoint cycles of total length n in a network N(A)= (V, E, c) where
IV[ n. Let P denote the adjacency matrix associated with the subnetwork C.
Note that P is an n n permutation matrix. We define the following new graphical
transformations in N(A).

DEFINITION 4. A network N() is said to have resulted from an outdegree
switching operation on N(A about C if and only if

(4) , P’. A,

where fi is the matrix correspondin to N(fi).
DEFINITION 5. A network N(A) is said to have resulted from an indegree

switching operation on N(A about C if and only if

(5) A A P’,

where/ is the matrix corresponding to N(/).
The matrix transformations of the type 4 and 5 are respectively defined as the

outdegree switching and indegree switching transformations.
The graphical transformation performed by the degree switching operations

in a network N(A) about C is explained next. For this purpose, we assume that the
disjoint cycles of the set C are ordered in some fashion; i.e., C {c} 1, where c is
a cycle of length l defined by the sequence of vertices {vh, v, v3,’", v,,, vh}.
Then the outdegree switching operation in N(A) about C switches the outbuadles
of the vertices {vh, v,v,...,v,.}, respectively, over to the vertices
{v, v,..., v&, vh} for j j, 2, ,’k. The indegree switching operation in
N(A) about C switches the inbundles of the vertices {vi, vi,..., vi,
respectively, over to the vertices {vh, vi.,..., vi,}, for j--1, 2,..., k. The net-
works resulting out of these transformations would be N() and N(), respec-
tively.
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One important consequence of a degree switching operation on N(A) is that,
in the resulting network, there will be exactly n loops. This is because the n edges
of the set C about which the degree switching operation is performed would
become loops in the resulting network.

Next we consider some of the important properties of the newly defined
degree switching operations. Since some of these properties are independent of C,
the set of disjoint cycles of total length n about which an out(in)degree switching is
performed in N(A), C will not be specified. Further, since the weights of the edges
do not influence the properties to be discussed, they are assumed to be unity. With
these remarks, we present the following results.

THEOREM 1. On an out(in)degree switching operation, in a network N(A), a
set of dis.joint cycles of total length n in N(A remains as a set of disjoint cycles of
total length n in the resulting network N(A)(N(, )).

Proof. We prove the theorem for an outdegree switching operation. The
proof for an indegree switching operation is similar. Analogous to the network
decomposition equation (3), we have the following Boolean matrix equality for
the Boolean A matrix:

(6) A=
i=1 j=l

where {Pi}7= is the set of distinct n n permutation matrices associated with the
set of disjoint cycles of total length n, {M/}=I is the set of Boolean matrices
(corresponding to the residual cycles) and R corresponds to the residual edges in
N(A). The "0)" operation is the Boolean "inclusive or" operation and i=1
stands for operation for the s matrix operands.

An outdegree switching operation on N(A) is characterized by a premultipli-
cation of A by an n x n permutation matrix, say P, where, Pk E{Pi}=I, i.e.,
fi P-A. Thus

(7) P" P,0) P" M-0)P,. R =,.
i=1 j=l

Since the operation P. P necessarily leads to an n n permutation matrix, it
follows that all sets of disjoint cycles of total length n in N(A) (corresponding to
P’s) remain as sets of disjoint cycles of total length n (corresponding to P. P) in
N(A).

However, it must be noted that the exact cycle structure of each set of disjoint
cycles of total length n in N() may be different from the one in N(A). The
next property concerns invariancy of the number of sets of disjoint cycles of total
length n.

THEOREM 2. The number of sets of disjoint cycles of total length n in the
network N(A is invariant under degree switching operations.

Proof. Given a matrix A, each distinct set of disjoint cycles of total length n
can be coordinated with a nonzero term in the permanent expansion for the matrix
A. Thus the number of sets of disjoint cycles of total length n in N(A) is given by
the number of nonzero terms in the permanent expansion for A. From determin-
ant theory, it is known that the determinant expansion is invariant with respect to
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the permutation of rows or columns of the matrix, assuming that the sign of each
term is disregarded. Since the number of nonzero terms in the permanent
expansion is invariant with respect to permutations of rows or columns, the
theorem is true.

THEOREM 3. Edges of the residual cycles which do not belong to any set of
disjoint cycles of total length n do not remain in any cycle after a degree switching
operation.

Proof. It is true that each and every cycle in the resulting network must belong
to at least one set of disjoint cycles of total length n in the resulting network. The
set of edges which constitute all sets of disjoint cycles of total length n in the
network and the resulting network are the same. Thus if any of the edges of the
residual cycles which do not appear in any of the sets of disjoint cycles of total
length n in the network were to appear in a cycle in the resulting network, then this
would contradict the invariance property of the number of sets of disjoint cycles of
total length n. If this were not to happen, the theorem must be true.

A direct consequence of Theorem 3 is the following corollary.
COROLLARY 1. The network resulting on a degree switghing operation on a

strongly connected network having residual cycles may not be strongly connected.
Proof. If the network has a residual cycle having edges not belonging to any

set of disjoint cycles of total length n, then in the resulting network on degree
switching there are edges which do not belong to any cycles. Existence of such
edges destroys the strong connectivity property of the resulting network.

The corollary explains the need for a degree switching transformation on an
n x n matrix A in order to exploit the bireducibility of the matrix A, in the large
scale matrix inversion problem [3]

If the resulting network N(A) were strongly connected, then necessarily
N(A) must be strongly connected. This can be shown by contradiction. Assume
N(A) is not strong; then either N(A) is disconnected or N(A) has some residual
edges. In both cases, the resulting network N(A) cannot be strong, which is a
contradiction.

The next property concerns the relation between the indegree switching and
outdegree switching operations.

THEOREM 4. N(/) is isomorphic to N().
Proof. The outdegree switching on N(A) about C is characterized by the

equation

(8) A pt. A.

The indegree switching operation on N(A) about C is characterized by the
equation

(9) A P’.
From (8) and (9) we get

(o) A.P=P.A,

(11) ,=P. A P’.
Hence N(A) is isomorphic to N(A).



596 BHARAT KINARIWALA AND KABEKODE V. -S. BHAT

Let N(A) be a given network and N(A1) a network that resulted from an
out(in)degree switching operation. If N(A1) has cycles, it is possible to perform
a further degree switching operation on N(A1) to obtain a network N(A2). A
sequence of k degree switching operations performed on N(A), to obtain a
network N(Ak), is termed as a sequence of a degree switching operation.

Next we present an example to illustrate some of the concepts introduced in
this section.

Example 1, Consider the network N(A) with 5 nodes in Fig. 1. The
associated matrix A is given in Fig. 2. There are two distinct sets of disjoint cycles
of total length 5. These are C1 (1, 2, 3, 4, 5, 1) and C2
((1, 1), (2, 2), (3, 4, 5, 3)). Cycle R1 (1, 2, 3, 1) is the residual cycle since this
cycle does not belong to C1 or C2.

A

O011

a12 0 0 0

a22 a23 0 0

a 0 0 a34 0

0 0 0 a45

o/a51 0 a53 0

FIG. 2 Matrix A

Permutation matrix P1 is obtained from A by forcing all the elements of the
Booleanized A matrix to zero except those l’s corresponding to the directed
edges in C1. Thus we have

"0 1 0 0 0-

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1

_1 0 0 0 0_
An outdegree switching operation about C1, characterized by the transformation
fi P A, leads to a new network N(/) as shown in Fig. 3. Matrix is shown in

a34

FIG. 3. Network N(, obtained on an out-
degree switching operation on N(A about C1

as1 0 a53 0 0

al a12 0 0 0

a22 a23 0 0

a31 0 0 a34 0

L_0 0 0 0 a45

FIG. 4. Matrix
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It can be seen that the directed edges of the set of disjoint cycles of total
length 5 remain as edges in a set of disjoint cycles of total leng 5. However, the
edge with weight a31 of N(A) becomes a residual edge in N(A). As can be seen
from Figs. 3 and 1, on an outdegree switching operation on N(A) about Ca, the
outbundles of a vertex in Ca are switched over to another vertex of the same cycle,
which is nearest to it when traversed along the cycle. This switching of outbundles
occurs for all vertices of Ca.

The indegree switching operation about Ca is characterized by the transfor-
mation A P. The resulting network N() and the associated matrix/ are
shown in Figs. 5 and 6, respectively.

QI2 (322

051 @ Q45

12 0 0 0 al

2:z a3 0 0 0

0 a34 0 a31

0 0 a45 0

a53 0 0 a51

FIG. 6. Matrix

It can be seen that in this case also, the edges in the set of disjoint cycles of total
length 5 remain in a set of disjoint cycles of total length 5 in network N(/). The
edge with weight a31 (which is an edge of the residual cycle R not belonging to C1
or C2) does not remain in any cycle of N(A).

Note that the network N(fi) of Fig. 3 and the network N.(A) of Fig. 5 are
isomorphic since a node ordering (5, 1, 2, 3, 4) of network N(A) corresponds to
the node ordering (1, 2, 3, 4, 5) of network N(fi).

5. The output set assignment problem. Given a nonsingular n n matrix M,
an output set assignment problem involves the permutation of the rows and
columns of M, so that in the resulting matrix, the elements along the diagonal are
all nonzeros. Since the problem involves only permutations, we need to be given
only the (zero nonzero) structure for the matrix M. Let B be a matrix defined as
follows:

0 if mij 0,.
b

(i, j) otherwise, i, j 1, 2,. , n.

The matrix B will be referred to as the assignment matrix associated with the
matrix M. It provides the necessary structure for M in a convenient form. Then
we define an output set assignment problem for a given matrixM as one of finding
a pair of n n permutation matrices, if one exists, such that

(12) :=P. B. Q,

where all the elements along the diagonal of the matrix/ are nonzero. The set of
these n nonzero diagonal elements of B is termed as an output set]or the matrix M.
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There may exist a set of (P, Q) pairs each of them leading to an output set. Output
sets $1 and $2 are said to be distinct if and only if $1 $2. If $1 and $2 are not
distinct, then they are said to be equivalent.

It is well known (see, for example, [ 16]), that there exists at least one output
set for a given n n nonsingular matrix M. Concerning the number of distinct
output sets for the given matrix M, we have the following.

PROPOSITION 5. The number ofdistinct sets ofdisjoint cycles of total length n in
N(B) gives the number of distinct output sets for M.

Proof. The number of distinct output sets for the matrix M is given by the
number of distinct n n permutation matrices that can be embedded in the
Booleanized version of matrix M (i.e., the matrix obtained by replacing all
nonzeros of M by l’s). The result follows in view of Proposition 1.

Thus in order to enumerate all possible output sets for the n n matrixMwe
need to do the following:

1. Enumerate all directed cycles of the network N(B), where B is the
assignment matrix corresponding to M.

2. Find a set of disioint cycles of total length n in N(B). Include the weight of
the set in the set of distinct output sets.

3. If all the output sets are found, stop; otherwise find a new output set, on
branching to step 2.

A brief discussion on the complexity of the above method in the context of
edge sparse N(B) is pertinent. Step 1 can be effectively handled by the algorithm
given by Johnson [20]. Step 2 can be implemented by enumerating all maximal
cliques of a derived graph G* V*, E*), where each vertex v* V* corresponds
to exactly one of the elementary cycles c* of N(B) and (undirected) edge
[v*, vf] 6 E* whenever cycles c* and c] are disjoint. An effective algorithm given
by Akkoyunlu [21 can be used for enumeration of all maximal cliques of the large
graph G*. For sparse matrix problems where major preprocessing is required
before solving a class of problems with the same structure, the method given
above can be meaningful.

Up to now, we have considered the problem of identifying the output set
elements given an n n matrix. The next important question pertains to forcing
the elements of a chosen output set along the diagonal of a resulting matrix, and
the number of row or column interchanges required to achieve this. We begin with
the following.

THEOREM 5. There exists row-only or column-only permutations to force an
output set element along the diagonal position of the resulting matrix.

Proof. Let/3 be the assignment matrix. Then

(13) B=B+BR,

where the nonzero elements ofB are the elements of the output set q. B can be
written as follows"

(14) B Pq,

where P is an n x n permutation matrix and q is an n n diagonal matrix whose
nonzero entries constitute the output set q. On premultiplying (13) by P and
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simplifying, we get

(15) P=+P.
The above equation implies the existence of a row-only permutation which forces
the elements of q9 along the diagonals of the resulting matrix P. Similarly, by
postmultiplication of (13) by P, we get

(16) B P P @ P+Bg P’q.
Note that P.q,.P is a diagonal matrix equivalent to @. This implies that a
column-only permutation can force the output set elements along the diagonal of
the resulting matrix.

It must be clear at this stage thaithe row alone permutation corresponds to an
outdegree switching operation in the network N(B) about the set of cycles
associated with the permutation matrix P. Similarly, the column-only permuta-
tion which forces the output set elements along the diagonal of the resulting
matrix corresponds to an indegree switching transformation in N(B) about a set of
cycles associated with P. Further, it is easily seen that the networks associated
with (B P) and (P. B) are isomorphic. In fact, with any permutations involving
both rows and columns of B, which forces the elements of the output set along the
diagonal of a resulting matrix, the network associated with the resulting matrix
also is isomorphic to N(B P).

An interchange of rows (or columns) of a matrix is affected by a pre(post)mul-
tiplication of the matrix by a transposition. The minimum number of transposi-
tions needed to force the output set along the diagonal of the resulting matrix is
given in the following.

THEOREM 6. The minimum number of transpositions needed to force an
outputset ofMwhich constitutes k cycles in N(M) along the diagonalofthe resulting
matrix is n- k.

Proof. Let P’ be the permutation matrix associated with the degree switching
operation. Then P’ can be expressed as follows"

k

i=1

where M is the EPM associated with ith cycle of N(P’). If the largest cycle
associated with M is of length lg, then from Proposition 3, we have that the
minimum number of transpositions needed to force the elements along the
diagonal of a resulting matrix is (l- 1). Hence the required minimum number of
transpositions is Ygl (I- 1), i.e., it is n -k.

Theorem 6 implies that the larger the number of cycles the output set
constitutes in N(M), the fewer transpositions are needed to force the elements of
the output set along the diagonal of a resulting matrix. Thus if there is an output
set along the diagonal, then no computational effort is needed. The theorem thus
gives a criterion for choosing an optimal output set when more than one are
available.

The next important problem is to provide a method to obtain the network
associated with an alternate output set, given the network associated with an
output set. This can be achieved in view of the following.
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PROPOSITION 6. Given a network N(B)having n loops, the network corre-
sponding to all other distinct output sets can be obtained by a sequence of degree
switching operations on N(B).

The DSO in a network thus provides a systematic method for obtaining
different networks which can be associated with an n n matrix, depending upon
the choice of output sets.

6. Conclusion. In this paper we have presented a theory needed to tackle
important questions related to the output sets for a given n n matrix. We have
defined the degree switching operations in a network and studied their properties.
The DSO are shown to yield output sets.

The theory developed in this paper, providing an understanding of the output
set assignment problem, can be used for developing an algorithm for the determi-
nation of an output set for a square matrix. The concept of degree switching can be
used for tackling more general resource allocation problems.

By extending the operations of degree switching to digraphs, a formal
solution to the optimum elimination problem can be given. Other problems which
can be tackled by our present understanding include optimum tearing procedures
for the large scale systems and suboptimal algorithms for the elimination problem.
These and other related topics will be the subject matter for our subsequent
papers.
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RANKING ALGORITHMS FOR LISTS OF PARTITIONS*

S. G. WILLIAMSON

Abstract. Given an algorithm for producing a list of objects, a "ranking" algorithm or "sequential
numbering scheme" is a rule p which, given an object x, computes its position m p(x) in the list. The
associated algorithm for computing p-a, produces the object x given its position m. In this paper, we
consider the objects to be various classes of partitions of a set S. We consider ranking algorithms for
lists of all ordered partitions, ordered partitions corresponding to a given multinomial index, all
unordered partitions, unordered partitions with a bounded number of blocks, unordered partitions
with a fixed number of blocks, unordered partitions with blocks of equal size, unordered partitions
corresponding to a fixed ordered partition, and unordered partitions of specified block type. These
ranking algorithms are frequently useful for organizing computations associated with the above lists.
The computation of p-a at a randomly selected m provides a method for the random selection of
elements from any of these lists.

Key words, ordex,ed set partitions, unordered set partitions, ranking algorithms, lexicographic
order.

1. Introduction. An unordered partition of a set S is a collection c of subsets
of S satisfying the conditions

(i) the empty set
(ii) A, B 6 , A B, then A
(iii) the union of the subsets of q is S.

The subsets of S contained in the unordered partition will be called the blocks of

An ordered partition c of S of length n is an n-tuple (A1,. , An) of subsets
of S satisfying

(i) if j then Ai
(ii) U i=I Ai S.

In an ordered partition some of the components Ai may be empty.
We are concerned with algorithms for listing in some specified order certain

classes of ordered and unordered partitions of a set S. The basic feature that these
algorithms must have is that they admit an easily computable "ranking
algorithm." This means that given a number m we must have a simple algorithm
for producing the ruth element in the list being generated, and, conversely, given
any element in the list we must be able to compute its corresponding rn value. We
do not attempt to be precise about ’,’easily computable." This is left as a matter of
practical judgment. For example, if the permutations of the set {0, 1, 2, 3, 4, 5} are
listed in lexicographic order, the 364th permutation to appear in the list will be
(3, 0, 1, 4, 5, 2). An easy method for computing this fact is described in [3]. A hard
way to compute this information would be to list all of the permutations in
lexicographic order and keep a count, stopping at the 364th.

Given a positive integer r we denote by r the set {0, 1, 2,- ., r- 1}. The
functions from d to r will be denoted by ra. A function f in ra will be written as a

* Received by the editors December 30, 1974, and in revised form September 24, 1975.
5" School of Mathematics, University of Minnesota, Minneapolis, Minnesota 55455. This research

was supported by the National Science Foundation under Grant GJ43333.
602



RANKING ALGORITHMS 603

d-tuple (ca-1,"" ", Cto) where f(i)=ca--i. Given f=(aa-1,’", ao) and g=
(/3a-1,"" ",/3o), we say f is lexicographically less than g if ad-1 <d-1 or if
ca-1 =/3a-1 and (ca-2, "’, ao) is lexicographically less than (/3a-z, ",/30). This
recursive definition defines a standard linear order which we shall call lex order on
r’. We say that (ca-1, ", ao) is colexicographically less than (/3d-1, "’,/30) if
(ao, ", ca-1) is lexicographically less than (/30, ",/3a-1). We call the resulting
linear order on r’ colex order.

Let P and O be ordered sets and let r/ P-> O be a bijection such that x -< y if
and only if r/(x) _<- .(y). Such a bijection is called an order isomorphism between P
and O. The order isomorphism p between a linearly ordered set P with cardinality
]PI p and the linearly ordered set {0, 1,- ., p- 1} is called the ranking function
for P. If x P, then p(x) is called the rank of x. The number p(x) is expressed base
10 in this paper.

Given a function f 6r’, the unordered partition {f-l(t) image f} is called
the coimage of f.

2. Ordered partitions. By associating with each f in r’ the ordered
partition (f-l(0), ., f-(r- 1)) we obtain a natural bijection r/between ra and
r(d), the ordered partitions of d of length r. Let the order on r’ be lex order and
let the order on r(d) be defined from lex order onra by means of r/. Call this order
lex order on (d).

THEOREM 2.1. Let (Ao," ", Ar-1) be in g(d) and define b(k)= d-l-k;
then

d-1

p(Ao," "’, Ar-1)-- E f(b)rk,
k=0

wheref r/-(Ao, ., A_I). Thenp is the rankingfunctionforr(d) in lex order.
This result amounts to the simple observation that the functions

(c_1," ’’, ct0) of ra listed in lex order are the coefficients of the integers
-10, 1,..., (ra- 1) expressed base r. The functions p and p are computed in the

usual manner for converting between base r and base 10.
The ranking of the following basic sublist of r(d) is more interesting. An

ordered partition (A0," "’, Ar-) is said to correspond to the multinomial index
(a0," ", ar-1) if IAI a for 0, 1,. ., r- 1. We now consider the listing and
ranking of the partitions of r(d) corresponding to a given multinomial index
(ao,"" ", ar-1).

First we state two basic results. Consider the functions (ca_l,’’ ", Co) in
ra- " ro when the ri are positive integers. Suppose this set is linearly ordered
by lex order (regard this set as a subset oftd in lex order for r max (ra-l, ", ro)).
The first result is elementary but useful.

THEOREM 2.2. Let (Od_l, ", 19/0) be in rd- x. x ro and define

d-1

p(a_, o)= Z
t=0

where ct rt-lCt-1 and Co 1. Then p is the rankingfunction for the set [d-1 " )<

ro in lex order.
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We shall use this result in several instances below. Given m, the following
algorithm produces the rank m function in the lex list of rd- X. X to.

Step 1. t-d-l,xm,jOfor=O,...,d-1.
Step 2. c, max {z zc, <= x}.
Step 3. If ttct x, then go to (4); else x x a,ct, t- 1 go to Step 2.
Step 4. Stop: (ca-1, , an) is the rank m function of rd- " ro in lex

order.
The second result is due to D. H. Lehmer [3]. If (ad-1, , an), cd-1 <" <

Co, is a strictly increasing function in rd, d<-r, then the correspondence
(c-1, ", Co) ---{c-1, ", an} defines an obvious bijection between these func-
tions and the subsets of r of size d. For example, (0, 1, 4) corresponds to the set
{0, 1, 4}. Using this correspondence, we define lex order (or colex order) on
subsets to be that order induced by lex (or colex order) on the strictly increasing
functions. Assume from now on that the elements in any subset {ota-1, ", Cto} ofa
linearly ordered set are written left to right in increasing order 0<-_ ta- < Ca-2

< Cto < r. Let cCa, denote the subsets of r of size d.
THEOREM 2.3 (Lehmer [3]). Let {ad-1,’" ", So} be in CCd, and define

P{aa-1, Co}= (c1-1)+"". + (o). Then p is the ranking function for the set

ca. in colex order. The function

where i r- 1 aa-l-i, is a ranking function for ca, in lex order.
Given m, the following algorithm produces the rank m subset in colex order

in cl,
Step l. t+-d-l,x-m, Tj-] for]=O,. .,d-1.

Step 2. Ttmax{z "()-<x}.
Step 3. If (Yt)=x, then go to (4)" else X’X--("Yt) t--t--1 go to Step2

Step 4. Stop: (ca-1, , Co) where a, 3’a-l-t is the rank m subset in colex
order on

For example, the set 3,5 in colex order is 0 1 2, 0 1 3, 0 2 3, 1 2 3,

0 1 4,02 4,12 4,03 4,13 4,2 3 4. Theelement0 3 4hasrank

(32) (4)=7 We shallusecolexorderforlistingsubsets.+
3

Given a multinomial index (a0,’" ,a-l), consider the functions in

bo...br_l where bo=(d) and bt=(d-a at-l) for l<=t<=r-1.
an at

Suppose this set is linearly ordered by lex order. Given a function (fin," ", fir-l)
in bo ’" b,_, define rt(o,’" ", r-1)= (An,’" ", Ar-1) where An is the rank
/30 (colex order) subset of size an of d, A is the rank/31 subset of size a of d- An,
and, in general, At is the rank/3, subset of size at of d- An A,-I. Define lex
order on the ordered partitions of length r on d corresponding to the multinomial
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index (no, ", ar-1) to be the order induced by applying r/to bo" b,_ in lex
order.

THEOREM 2.4. Let (Ao," A-I) be an ordered partition of length r on d
corresponding to (no," ", a_). Define

r--1

p(Ao, A_,)= Z c,(A,),
=0

where c_ 1 and c, c,+ r 2 and where (A,) is
at+l

the rank oA in colex order on subsets osize a, o-Ao A,_. Then 0 is a
rankingunctionor the lex list oordered partitions olengch r on corresponding to

(ao," ",ar-1).
Given m,p-(m) is computed by first applying the inversion algorithm

following Theorem 2.2 and then applying the algorithm following Theorem 2.3 to
each component of the resulting function.

As an example of Theorem 2.4, we find the rank of the ordered
partition (Ao, A,, A2, A3)= ({2, 5, 13}, {0, 3, 8, 11, 12}, {1, 10}, {4, 6, 7, 9}) on
the lex list of ordered partitions of 14 corresponding to (3, 5, 2, 4). The rank
of {2, 5, 13} in the colex list of subsets of size 3 from 14 is (by Theorem 2.3)

()+()+(1)=298. The rank of {0,3,8,11,12} in 14-{2,5,13}=

+ + + + =399 and the
1 3 5

{0,10} in {1 4,6,7,9,10} is (0) (52)rank Of + 10 Thus ((Ao), (A)

(A), (A))= (298,399, 10, 0). We have c3 1, ca 4

11). 15=6930. Thus the rank of this ordered partition is15, co= 5
(298) (6930)+(399) (15)+(10) (1) +(0) (1)= 2,071,135. Conversely, we find the
rank 1,000,000 element in the above list: The rank 1,000,000 function

in the lex list of functions in "--’___(l)x ""’____()x "-’___()x (:)is (144, 138, 10, 0). The rank

144 set of size 3 in colex order on 14 is {3, 7, 10}. The rank 138 subset of size 5 on
14-{3,7,10} is {0,4,5,6,12}. Continuing in this manner, we obtain
{{3, 7, 0}, {0, 4, 5, 6, a2}, {, 3}, {2, 8, 9, an}}.

3. Unordered partitions. We now consider unordered partitions, hence-
forth called simply "partitions." If {A0, , Ap} is a partition of d, we shall adopt
the convention that 0 A0 and the smallest integer not in A0 U U At_ is in At
for 1, ., r- 1. All partitions will be assumed written in this order, which we
call standard order. Given a partition {Ao," ", Ap}, associate with it a function f
defined by f-l(t) A, for 0,- ., p.

A function f ra will be called a function of restricted growth if f(0)= 0 and
f(t)(max<,f(i))+ 1 for t= 1,- .., d- 1. Denote the set of such functions by
RGr.
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THEOREM 3.1. f ra is a function of restricted growth if and only if the blocks
of the coimage are in standard order when written {f-l(0), ., f-l(d- 1)}.

The result of Theorem 3.1 describes a bijection (f to coimage of f) between
RG and the partitions of tl with at most r blocks. We list RG

__
r’ in lex order and

define lex order on the partitions of d with at most r blocks to be the order defined
by the above bijection. For r d 5, see Table 1. For algorithms based on this
bijection see [2].

TABLE

p [ in 5
5

Coimage of p in 5
5

Coimage of

0 0 0 0 0 0 (0,1,2,3,4) 26 0 0 (0,3)(1,2,4)
0 0 0 0 (0,1,2,3)(4) 27 0 0 2 (0,7)(1,2)(4)

2 0 0 0 0 (0,1,2,4)(3) 28 0 0 (0,4)(1,2,3)
3 0 0 0 (0,1,2)(3,4) 29 0 (0)(1, 2, 3, 4)
4 0 0 0 2 (0, 1,2)(3)(4) 30 0 2 (0)(1,2,3)(4)
5 0 0 0 0 (0,1,3,4)(2) 31 0 2 0 (0,4)(1,2)(3)
6 0 0 0 (0, 1, 3)(2, 4) 32 0 2 (0)(1, 2, 4)(3)
7 0 0 0 2 (0,1,3)(2)(4) 33 0 2 2 (0)(1,2)(3,4)
8 0 0 0 (0,1,4)(2,3) 34 0 2 3 (0)(1,2)(3)(4)
9 0 0 (0,1)(2,3,4) 35 0 2 0 0 (0,3,4)(1)(2)
10 0 0 2 (0, 1)(2,3)(4) 36 0 2 0 (0,3)(1,4)(2)
11 0 0 2 0 (0, 1,4)(2)(3) 37 0 2 0 2 (0,3)(1)(2,4)
12 0 0 2 (0, 1)(2,4)(3) 38 0 2 0 3 (0,3)(1)(2)(4)
13 0 0 2 2 (0, 1)(2)(3,4) 39 0 2 0 (0,4)(1,3)(2)
14 0 0 2 3 (0, 1)(2)(3)(4) 40 0 2 (0)(1,3,4)(2)
1.5 0 0 0 0 (0,2,3,4)(1) 41 0 2 2 (0)(1,3)(2,4)
16 0 0 0 (0,2,3)(1,4) 42 0 2 3 (0)(1,3)(2)(4)
17 0 0 0 2 (0, 2, 3)(1)(4) 43 0 2 2 0 (0,4)(1)(2,3)
18 0 0 0 (0,2,4)(1,3) 44 0 2 2 (0)(1,4)(2,3)
19 0 0 (0,2)(1,3,4) 45 0 2 2 2 (0)(1)(2, 3, 4)
20 0 0 2 (0,2)(1,3)(4) 46 0 2 2 3 (0)(1)(2,3)(4)
21 0 0 2 0 (0,2,4)(1)(3) 47 0 2 3 0 (0,4)(1)(2)(3)
22 0 0 2 (0,2)(1,4)(3) 48 0 2 3 (0)(1,4)(2)(3)
23 0 0 2 2 (0,2)(1)(3, 4) 49 0 2 3 2 (0)(1)(2,4)(3)
24 0 0 2 3 (0,2)(1)(3)(4) 50 0 2 3 3 (0)(1)(2)(3,4)
25 0 0 0 (0,3,4)(1,2) 51 0 2 3 4 (0)(1)(2)(3)(4)

We now describe the ranking function for the lex list of partitions of tl with at
most r blocks. For n => 0, m _-> 0, define Tcr)(n, m) recursively:

(i) 7r)(0, m) 1 if 0 =< m <- r 1 and T(r)(0, m) 0 if m _--> r.
(ii) Tcr)(n, m)=(m+ l)TCr)(n-l, m)+ Tcr)(n-l, m+ l).

Some of these numbers are given in Table 2. A combinatorial interpretation of
these numbers is given in 4 (proof of Theorem 3.2).

THEOREM 3.2. Let f (aa-1, ", o) be a function in RG
_

r. Define
d-2

D([)-- Z tT(r)( t, mr),
t=0

where m, =max{%-j> t}. Then p is the ranking function for the lex list of
RG-functions and hence the rankingfunction for the lex list ofpartitions of tl into at
most r blocks.
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7

14

41

122

365

1094

27

81

243

729

TABLE 2
(a) 563)(n, m)

27

81

243

0

9 0

0

0

15

51

187

2795

10

36

136

528

2080

16

64

256

1024

(b) 74)(n, m)

16

64

256
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5

(c) 7(n, m)

15

1o

37

4 5 6

17 26 37

77 141 235

52

203

877

4140

151

674

3263

372 799

1915

5O

For example {{0, 3}, {1, 4}, {2}} corresponds to f (if4, 03, 02, if l, Co)=
(0, 1, 2, 0, 1). From Theorem 3.2 and Table 2(c), we obtain (d 5)

p(f)= 1. T(5)(3, 0)+2 75)(2, 1)+0-75)(1, 2)+1 75)(0, 2)

1.15+2.10+0+1.1 =36

which is the rank of {{0, 3}, {1, 4}, {2}} in the lex list of partitions of 5.
Similarly, using Table 2(a), we obtain p(f) 1 14 + 2.9 + 1 1 33 which is

the rank of this partition in the lex list of partitions of $ into 3 or fewer blocks.
These examples can be checked directly from Table 1.

A basic sublist of the list of all partitions of d into r or fewer blocks is the list of
partitions of d into exactly r blocks. This list is treated in a manner analogous to
the above case. For n _-> 0, m _-> 0, define integers E(r)(n, m) recursively according
to the following rules:

1 ifm=r-1,
(i) E((0, m)=

0 if m : r- 1.

(ii) E(r)(n,m)=(m+l)E(r)(n-l,m)+E(r)(n-l,m+l).
In Table 3(a) and (b) we give a partial list of these numbers for r 3, and 4.
The partitions of d into exactly r parts correspond to the surjective RG

functions. These functions are easily generated in lex order.
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2

o

TABLE 3
(a) E(3)(n, m)

0

301

966

10

65

350

1701

3 4 6

5

19

65

211

665

9

27

81

243

0

(b) Et3)(n, m)

4

0 0 0 0

0 4 0 0

7 16 0 0

9 37 64 0

55 175 256

285 781

1351

0 O

6

0 0

THEOREM 3.3. Let f =(d-1,"" ", O0) be a surjective function in RG _ra.
Define

d-1

P(/)= E ,E(r)( t,
t=O

where m, max {aj j > t}. Then p is the rankingfunctionfor the lex list ofsurjective
RG functions and hence the ranking function for the lex list of partitions of d into
exactly r blocks.
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For example, using Table 3(a), the partition {{0, 3}, {1, 4}, {2}} has rank
1 6 + 2 5 + 1 1 17 in the lex list of partitions of into exactly 3 parts.

We now discuss the inversion algorithm for the ranking function p of
Theorems 3.2 and 3.3.

We assume we are given an integer p and we wish to find the rank p partition
of the lists referred to in Theorems 3.2 and 3.3. In the case of Theorems 3.2, fill
A(n, m) T()(n, m) and in the case of Theorem 3.3, fill A(n, m)-E()(n, m).

The following algorithm produces the rank p function f (ca_, .., ao) in
the list.

Step. 1. n - d 2, m .- O, x p, and c - 0 for all i.
Step 2. c,max{z zA(n,m)<-x,z<-_m+l}.
Step 3. If c, A(n, m)=x, then go to (4); else x-x-, A(n, m),

n 1, m max (m, c,), go to (2).
Step 4. Stop: (e_, .., 0) is the rank p function.
For example, to find the rank 500 partition of into exactly 4 blocks, we use

the above algorithm together with Table 3(b). The basic parameters progress as
follows:

We have p 500, d 8, A (n, m) E(4)(t, m) (Table 3(b)).
Step 1. n 6, m O, x .- 500, and ci 0 for 0, ., 7.
Step 2. 6 <’" max {z zA (6, 0) _-< 500, z -< 1}, .’. O6

Step 3. n+-5, m-l,x150.
Step 4. asmax {z zA(5, 1)-< 150, z <-2}, .’. c50.
Step 5. n4, m-1, x-150.
Step 6. c4 max {z zA (4, 1) =< 150, z -< 2}, .’. c4 2.
Step 7. n+-3, m2, x-40.
Step 8. c3max{z zA(3,2)<-40, z<=3}, .’. +-1.
Step 9. n2, m.-2, x3.
Step 10. c2max{z zA(2,2)<=3, z<-3}, .’. c2-0.
Step 11. n.-1, m2, x,-3.

Step 12. lmax{z zA(1,2)<-3, z<=3}, .’.

Step 13. 1A(1, 2) 3 1 3 x so STOP.
Thus we obtain the RG function (c7, a6," ", c0)= (0, 1, 0, 2, 1, 0, 3, 0) which
gives {{0, 2, 5, 7}, {1, 4}, {3}, {6}} as the rank 500 partition in the lex list of
partitions of 8 into exactly 4 blocks.

It is interesting to note that the partitions dominating a given partition in the
lattice of partitions are easily obtained from the associated RG functions. Let
f (ca-, "’, Co) be an RG function. The following algorithm produces in lex
order the list of RG functions associated with the dominating partitions of f:

Step 1. - 1, m max {aa_a, ", Co}.
Step 2. j 4- O.
Step 3. (Ya-," ", Yo) - (ffd-1, ", fro)-
Step 4. For 0, , d 1 if at > then Yt - Yt- 1.
Step 5. For 0,..., d- 1 if ct then Yt - j.
Step 6. Write (ya_,- ., Yo).
Step 7. If j < 1 then j - j + 1 and go to (5).
Step 8. If < m then - + 1 and go to (2).
Step 9. Stop.
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For example, for f (0, 1, 0, 2, 1, 0, 3, 0)
{1, 4}, {3}, {6}} we obtain:

corresponding to {{0, 2, 5, 7},

0
2 0
2
3 0
3
3 2

Y7 Y6 Y5 Y4 Y3 Y2 Yl

0 0 0 0 0 2
0 0 0 0 2
0 0 0 2
0 0 2 0 0
0 0 2 0
0 0 2 0 2

Dominating partitions

{0, 1, 2, 4, 5, 7}, {3}, {6}
{0, 2, 3, 5, 7}, {1, 4}, {6}
{0, 2, 5, 7}, {1, 3, 4}, {6}
{0, 2, 5, 6, 7}, 1, 4}, {3}
{0, 2, 5, 7}, 1, 4, 6}, {3}
{0, 2, 5, 7}, {1, 4}, {3, 6}

Listing and ranking algorithms for two additional classes of partitions follow
from the cases previously discussed. For the first class, we consider the list L of
(unordered) partitions of b into k blocks of size where b kt. Listing the blocks

in standard order, we must have the number 0 in the first block, leaving (b- 1)1
choices for the remaining elements of the block. The smallest element not in the

first block must be in the second block, leaving "(b 1) choices for this block.
t-1

Let L, (b-l)(b-t-l) ... 1 be listed in lex order. Given a function
t-1 t-1

(ak-1,""", ao) in L’, we construct an element {Ak-1,’", Ao} of L as follows:
(a) 0 A-I and A_I -{0} is the rank a-i subset of b-{0} in colex order (or

lex order).
(b) In general, given A,-1,’" ,A,-t, we put xtGAl-l-t where xt

min(b-U=l A_i) and let Ak-t-l--{xt} be the rank a,-t- subset of b-

U=I A,_i-{x} in colex order (or lex order).
A calculation where lex order is used in the above correspondence is given

after Theorem 3.4 below. Henceforth, we shall always assume colex order is used
in reference to Theorem 3.4.

This construction defines a bijection o between L’ and L, and thus induces a
linear order on L (not the same as lex order on partitions).

The generation and ranking algorithms for L’ follow from Theorem 2.2.
THEOREM 3.4. Let {Ak_l, ", Ao} be a partition of b, b kt, into k blocks of

size t. The function
k-1

p{A,-1,’" ", Ao} Z cici,
j=o

b-(k-j-1)t-1)where Co 1, Cj+l
t- 1 cj for j 0,. , k 2, and

(a-l, , Co) q-l{A-l, , Ao} is the rankingfunctionfor the listL ofall such
partitions.

For example, consider b=12, k=3, t=4 and {A2, A1, Ao}=
{{0, 6, 8, 11}, {1, 5, 7, 10}, {2, 3, 4, 9}}. By Theorem 2.3, we first find the rank of
{6, 8, 11} in the lex list of subsets of 12-{0} of size 3. The ranks of 6, 8 and 11 are
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5, 7 and 10 in 12-{0}. We thus have {5, 7, 10} 165-1-
3

151. Similarly, we find the rank of A-{1} in 12-{0, 1, 6, 8, 11}. The answer is
32. Thus q-{A, A, Ao} (151, 32, 0). Theorem 3.4, we have o{A, A, A0}
35( 151) + 1 (32) 5,317. Conversely, to find the rank 1000 partition in this list, we

first find rank 1000 function in the lex list ""’_.._(l)x ""__(:)x ()which is (28, 20, 0).

Next we find the rank 28 subset in lex order of 12-{0} which is found by
computing (using Theorem 2.3 inversion algorithm) the rank 165-1-28 136
subset in colex order. This subset is { 1, 6, 10} so the rank 28 subset in lex order is
{0,4, 9} in terms of ranks or {1,5, 10} in 12-{0}. Thus the first block is
{0, 1, 5, 10}. Similarly, we find the rank 20 subset in {3, 4, 6, 7, 8, 9, 11} which in
terms of ranks is { 1, 3, 5} corresponding to the subset {4, 7, 9}. Thus the rank 1000
partition is {{0, 1, 5, 10}, {2, 4, 7, 9}, {3, 6, 8, 11}}.

Suppose we are given a fixed ordered partition A (A1," , Aa) of d. Using
Theorem 3.4 together with Theorem 2.2, we obtain a ranking algorithm for the list
P(A) of partitions of the form

{All," ",AIM;A21," ",A2k2;" ;Adl," ",Adka},
where {At, ", Ate,} is a partition of At into kt blocks of size t. By Theorem 3.4,
we have, for each t, an algorithm for computing the rank of {Ate, ., A,,}. This

rank will be a number in the set B where B k t-1 t-1
have a bijection between P() and the set B x. x Ba. By listing the latter set in
lex order, we define an order on P() (again not the same as lex order on
partitions). Using Theorem 2.2, we have immediately

THEOREM 3.5. Let {All, Alk; A21, A2k2, "} be a partition in
P(A), A= (A1, ", Aa). Define

d

t=l

where y, is the rank of {At l, Atk,} in the lex list ofpartitions ofA, into kt blocks of
size t, ca 1, c, Bt+I Ba, 1, , d- 1 (B, as defined above). Then is the
ranking function for P(A) with the order induced by lex order on B x x Ba.

Finally, from Theorem 2.4 and Theorem 3.5, we obtain a listing and ranking
algorithm for partitions corresponding to a given "type" 12k... dk. Let
k (kl, , ka). A partition of type lk’2k" dk is a partition with kt blocks of
size t, 1,. ., d. Such a partition can be specified by first choosing an ordered
partition A (A,. , Aa) corresponding to the multinomial index (a,. , aa)
where a, tkt (see Theorem 2.4) and then choosing a partition in P(A) according
to Theorem 3.5. We list the pairs of ranks of these choices in lex order and thus
define a linear order on P(k), the partitions of type lk2k’’’ dk. By applying
Theorem 2.4, Theorem 3.5 and then a trivial application of Theorem 2.2 to the
pairs of ranks, we obtain a ranking algorithm for P(k).

For example, we determine the rank of {{1}, {8}, {2, 7}, {5, 6}, {0, 3, 4}} in P(k),
k (2, 2, 1, 0,- , 0). These are the partitions of 9 of type 12223. This partition
corresponds to the ordered partition A ({1, 8}, {2, 5, 6, 7}, {0, 3, 4},



RANKING ALGORITHMS 613

,,,,,) of type 12223. The set {1, 8} has rank 29 in the colex list of
subsets of size 2 from 9. Ttre set {2, 5, 6, 7} has rank 32 in the colex list of subsets of
size 4 from 0, 2, 3, 4, 5, 6, 7, etc. Thus, converted to ranks, this ordered partition
becomes (29, 32, 0, 0, 0,..., 0)= (sO(A1),. "’, sO(A7)). By Theorem 2.4, p(A)=

29.35+32.1+0+...+0=1047. WehaveB= =I,B=
1 =3’

B= --(2)2 1 By Theorem 3.5 (trivial in this case), the partition {{1}, {8}} has rank

0, the partition {{2, 7}, {5, 6}} has rank 2, and all of the rest have rank 0. Thus in
xxx.-.x, we have the element (0, 2, 0,..., 0). Thus the pair of
ranks associated with {{1}, {8}, {2, 7}, {5, 6}, {0, 3, 4}} is (1047, 2), so this partition
has rank 3(1047)+ 2 3143 in the list of partitions of type 123 of . The process
is easily inverted by applying the inversion algorithms for Theorems 2.2, 2.4 and
3.5. For example, we find the partition of P() with rank 10,000,000,
(0, 2, 2, 0, 1, 1, 0,. , 0), d 21. Here (a,. , de) (0, 4, 6, 0, 5, 6, 0,. , 0)
and IP( )I 30. Find x, y, 30x + y 10,000,000. (x, y)= (333333, 10). To find
the rank 333,333 ordered partition corresponding to (0, 4, 6, 0, 5, 6) we find the

rank 333,333 function in lex order in (l) x ()x (l)x (l)x (l)x ().
we solve (16/)(12)+(1)+=333,333. This gives (,,)=Thus

(0, 721, 231). The rank 0 subset of 1 of size 4 is {0, 1, 2, 3}. The rank 721 subset

(colex) of {4, 5,... ,20} of size 6 is given by {x,..., x}, where (X)l +"’+
() =721 and xi is the rank of the ith element. We find 1=0, xa=2, x3=3,

x4 5, xs 10, xa 11 corresponding to the subset {4, 6, 7, 9, 14, 15}. Similarly,
the rank 231 subset (colex) of the remaining 11 elements is {5, 8, 17, 18, 19}. Thus
the rank 333,333 ordered partitions of1 corresponding to the multinomial index
(0,4,6,0, 5, 6, 0,..., 0) is

A= (, {0, 1, 2, 3}, (4, 6, 7, 9, 14, 15}, ,
{5, 8, 17, 18, 19}, {10, 11, 12, 13, 16, 20}, ,. ., ).

We must now find the rank 10 element of P(A). P(A) is order isomorphic to

(;)() X ()()= 3 X l0 in ,ex order. Thus we solve 3,. 10+= 10and find the

rank -g partition of {0, 1, 2, 3} into 2 blocks of size 2 and the rank partition of
{4, 6, 7, 9, 14, 15} into 2 blocks of size 3. Here y 1, 0. The rank 1 partition of
{0, 1, 2, 3} is {{0, 2}, {1, 3}} and the rank 0 partition of {4, 6, 7, 9, 14, 15} is
{{4,6,7},{9, 14, 15}}. Thus the rank 10,000,000 partition of P(k), k=
(0,2,2, O, 1, 1, 0,..., O) is

{{0, 2},{1,3},{4, 6, 7},{9,14,15},{5, 8, 17, 18, 19},{10,11,12, 13, 16, 20}}.

4. Proofs and additional comments. To prove Theorem 2.2, we let



614 s.G. WILLIAMSON

be the set of functions in ro-l"’ro that are lexicographically less than
(ad-1,"’, a0). Let Sj ={(fld-1,’",/30)" where fl-i =a,-i for i= 1,...,j-1
and fl_j < a_j}. Observe that the S are disjoint and S- [A_-i Si. For any fixed
value /3d_j- k <aa_i, there are r,_i_ra_i_2...ro c,_i functions in Si. Thus

d d-1

j=O t=0

To prove that the inversion algorithm associated with Theorem 2.2 works, we
proceed by induction. Suppose that the inversion algorithm is valid for the product
of any d 1 coordinate space: ra-2 " to. Suppose we are to find the rank m
function of l’d_1 ra-2" ro. Observe that m rd-lCd-l--1 SO the ad_ pro-
duced by the algorithm satisfies a-i < r_ or a-i r,_l. By the maximality of
td_l, we must have x m--od_Cd_l (Ca-1--rd-2Cd-2. Thus by the induction
hypothesis and the recursive structure of the algorithm we have

d

E Old-tCd- X,
t=2

where (td_2,"" ", a0) El’d_Z’"" to. Thus (Od-1,’"" OO) produced by the
algorithm is the rank m function in rd-1 " to. Clearly, the algorithm works for
d 1, so the proof is complete.

We now prove Theorem 3.1. Suppose first that f is in RG and show that the
coimage written in the order f-l(0), f-l(1),. is in standard order. Suppose
f-l(O),. ., f-(t- 1) are in standard order and let ] be the smallest integer not in
f-(O)U...t_Jf-(t-1). Thus f(j)>=t. But fERG implies that f(j)<=
(maxi<if(i))+ 1 <-_(t- 1)+ 1 t. Thus f(j)= or j Ef-a(t). The single block f-l(0)
is trivially in standard order so the result follows by induction.

Conversely, suppose fEra and the blocks f-l(0), f-l(1),-..are in standard
order. We show that f is in RG. We show that if ted and Ef-a(x), then
f-l(z)t for any z <x. This, of course, implies that maxj<f(j)>-x-1 or

x<-_max)<f(j)+l. For S_d, let S= Si lFor z<x, we have minf-a(z)
min (f-(O)U .U f-(z-1))C <min (fdx,,vj,_, "13 f- (x-1))C =min f-(x) <-_
t. Thus f-l(z) f3t and the proof is complete.

The basic Theorem 3.2 admits a simple combinatorial proof analogous to that
of Theorem 2.2. First we interpret the numbers T(r)(n, m) combinatorially. Let
T(r)(n, m) denote the cardinality of the set

((Xn--l,’’’, Xo)" (d-1, OI.n, Xn-l," ", Xo) E RG, where max {aa-1, ", an}

That is, T(r)(n, m) represents the number of ways of filling in the last n coordinates
of an RG function in ra when the maximum up to that point is m. If we take
x,-1 m + 1, then there are T(n- 1, m + 1) ways of computing x,-2, ", Xo. If
x,-1 =0,..., m, there are T(n-1, m) ways of filling in x,-2,"" ", x. Thus we
obtain the basic recursion

T(n, m) (m + 1)T(n- 1, m)+ T(n-1, m + 1).
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Clearly, T(1, m) m + 1 for m < r 1 and T(1, r 1) r 1. We take T(1, m) 0
if m>r-1.

To prove Theorem 3.2, we let

St {(d--1, j[3(,)" (d-1, ", 0) < (Od-1, ", O0)}

denote the set of RG functions lexicographically less than the given RG function
(ae-l,"’, ao). Let S={(e-1,"’,/30)" where /3e-i =ae-i for i= 1,...,,]-1
and/3e-i < ae-i}. Again S RG. The S are disjoint and S’= U/-, S. For any
fixed value /3e-i k <ae-i -< me-i + 1, there are T(d-], md-i) functions in S
giving [SI ae_iT(d-], me-i). The result follows immediately.

It is instructive to look carefully at the relationship between the rule of
succession in RG and the basic recursion

(R) T(r(n, m)=(m + 1)Tr)(n 1, m)+ T(r)(n 1, m + 1).

Consider any function f=(ae-1,"’, ao) in RGra other than the last
function. Let denote the largest index such that a, is not maximal. There are two
possibilities for f (setting m m,).

(1)
f= (ad-1,""" ,at, m+l,"" ,m+t)

if max(ad_a,’’’,at)=m and m+t<r-1,

or

(2)
f-- (Od_l, at, m + 1, , r- 2, r- 1, , r- 1)

if max(ad_,...,at)=m and m+t_->r-1.

In case (2) ao a a,,+t-r+l r- 1.
In each case the next element f’ in the lex list RG is

f’=(e-," "’, ,, ,+1, 0," "’, 0).

Thus we have (writing simply T for Tr)
p(f’)-p(f) T(t, m)-((m + 1)T(t- 1, m)+(m + 2)T(t- 2, m + 1)

(’)
+...+(m+t)T(O, m + t- 1)), m+t<r-1,

p(f’)-p(f) T(t, m)-((m + 1)T(t- 1, m)+(m + 2)T(t- 2, m + 1)
(2’)

+-..+(r- l_)r’+’-r+’+.-.+(r- 1)r+(r- 1)).

Observe that in (2’) the sum

(r 1 )rm-t-r+ -4r- -Jr- (r 1)r + (r 1) (rre+t-r+2 1)

=(r-1)T(m+n-r+ 1, r-2)+ T(m+n-r+ 1, r- 1)- 1.

Thus to show p(f’)-p(f)= 1, we need to verify the two identities.
For m+t<r-l"

(3)
T(t, m)=(m + 1)T(t-1, m)+(m +2)T(t-2, m + 1)

+. +(m + t)T(O, m + t- 1)+ 1,
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(4)

For m+t>--r-l:

T(t, m)=(m + 1)T(t- 1, m)+(m +2)T(t-2, m + 1)

+...+(r-1)T(m+n-r+l, r-2)

+ T(m+n-r+l, r-l).

These identities follow by repeated application of the recursion (R) above.
The proof of Theorem 3.3 is directly analogous to the proof of Theorem 3.2.

Let RG* denote the set of surjective RG
_

rd functions. Interpret Er(n, m) as the
cardinality of the set

{(Xn--1,""", XO): (aa--1, ", an, Xn--1, "’, XO)6 RG*},

where max {a,-l, -, an} m. This cardinality is independent of the choice of
ad-1, ", an since the RG property implies that in fact the set {ad-1, ", an}
{0, 1," ", m} if max {aa-1, ", an} m. With these modifications, the proof of
Theorem 3.2 becomes a proof of Theorem 3.3. The associated inversion
algorithm is easily proved.

Schemes for ranking or randomly generating certain classes of partitions
based on recursions for Bell numbers may be found in [4], [5].. Final relnarks. Many classes of combinatorial structures arise by the
process of partitioning a finite set and then by constructing a "connected object"
on each block of the partition. For example, a labeled graph with labels
1, 2,..., n can be obtained by partitioning the set n--{1,..., n} into blocks
{B1," "’, Bk} and constructing a connected graph on each block Bi. A permuta-
tion on n may be constructed by putting a full cycle on each block Bi. A "labeled
forest" on n may be constructed by putting a labeled rooted tree on each block B.
A nonattacking configuration of n k rooks on an (n 1) x n board can be viewed
as a construction of a partition {B1,’",Bk} and then a specification of a
permutation on each B. In cases where the connected objects to be constructed on
each block admit a reasonable ranking algorithm, sets such as those above can be
ranked by combining the previously mentioned ranking procedure for unordered
partitions corresponding to a fixed type with this ranking algorithm for connected
objects. This provides a good way, in general, to rank such structures of fixed
"type". As a ranking procedure for the set as a whole, serious problems arise due
to the fact that, in general, the "types" (corresponding to numerical partitions of
n) must be generated. For example, this procedure is clearly not the way to rank
the set of all permutations on n (see [3]), but is a reasonable way to rank all
permutations of a fixed type. The connected objects in the latter three of the above
four examples are all easily ranked. The connected graphs do not seem to admit a
reasonable ranking function. All of these structures are special cases of a more
general class of sets which admit an algebraic structure called a "prefab" by
Bender and Goldman (our examples are actually "exponential" prefabs) 1 ]. The
uniqueness of the prime decomposition in a prefab suggests possible ranking

The possibility of extending these ranking algorithms to certain classes of prefabs was pointed
out to the author by the referee.
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functions for these structures in general. However, the multivalued character of
the operation of composition in the prefab seems to rule out any very useful
general approach to ranking prefabs. As in the case of permutations above, each
set must be looked at carefully for the most easily ranked linear order. The notion
of a prefab is itself one of several possible axiomatic approaches to generating
functions. The axioms for prefabs are constructed to guarantee that the generating
function associated with a certain class of sets can be written as a product of
simpler generating functions. No assumptions about linear order are involved in a
prefab, whereas the careful choice of a linear order is the key to a good ranking
algorithm.

Acknowledgment. The author wishes to thank Rod Canfield for a careful
reading of this paper.
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FAST PARALLEL MATRIX INVERSION ALGORITHMS*

L. CSANKY

Abstract. The parallel arithmetic complexities of matrix inversion, solving systems of linear

equations, computing determinants and computing the characteristic polynomial of a matrix are shown
to have the same growth rate. Algorithms are given that compute these problems in O(log n) steps
using a number of processors polynomial in n. (n is the order of the matrix of the problem.)

Key words, complexity of parallel computation, parallel algorithms, functions of matrices

1. Introduction. The parallel arithmetic complexity of solving systems of
linear equations has been an open question for several years. The gap between the
complexity of the best algorithms (2n + 0(1), where n is the number of unknowns/
equations) and the only proved lower bound (2log n (all logarithms in this paper
are of base two)) was huge. Csanky exhibited an algorithm for solving systems
of linear equations in 2n- O(log2 n) steps. This also proved that Gaussian
elimination, Jordan elimination, Jacobi’s method and Strassen’s method are not
the fastest for parallel computation.

2. The model of parallel computation and some basic definitions. The model has
an arbitrary number of identical processors with independent control and an
arbitrarily large memory with unrestricted access. Each processor is capable of
taking its operands from the memory, performing any one of the binary operations
+, -, *, ! and storing the result in the memory in unit time. This unit time is
called a step. (The bookkeeping overhead is ignored.) Before starting the computa-
tion, the input data is stored in the memory. The parallel arithmetic complexity of
the computation is the least number of steps necessary to produce the result in the
memory.

If C is a computational problem of size n, then the parallel arithmetic computa-
tional complexity C(n) of C is the least number of steps necessary to compute C
for any possible input.

Let A be an order n matrix. Let det (A), adj (A), tr (A) denote the determinant
of A, the adjoint of A and the trace of A, respectively. Unless specified otherwise,
capital letters denote matrices, lower case letters denote scalars.

Let I(n), E(n), D(n), P(n) denote the parallel arithmetic complexity of inverting
order n matrices, solving a system of n linear equations in n unknowns, computing
order n determinants and finding the characteristic polynomials oforder n matrices,
respectively.

3. Results.
LEMMA 1.2 log n =< I(n), E(n), D(n), P(n).
Proof. The proof is direct from the fact that in each case, at least one partial

result is a nontrivial function of at least n2 variables and fan in argument. Q.E.D.
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THEOREM 2. I(n) O(f(n)) , E(n) O(f(n)) , D(n) O(f(n)) P(n)
O(f(n)).

Proof. (i) D(n) <__ E(n) + log n + O(1). Let Dt denote an order determinant
and let D, be the determinant to be computed. Define Xk D,-k/D,-k+ 1, where

=< k =< n and D._ is a properly chosen minor of D._ k+l. Since H(k)Xk
D1/D,, D, D1/I-Ik) Xk. Thus to compute D,, compute Xk for all k in E(n k + 1)
parallel steps by solving the corresponding systems of equations, then in

=< log n + O(1) additional steps, compute D,.
(ii) E(n) _< I(n) + 2. Bring Ax b to the form A’x (1),1 in two steps by

row operations, then invert A’ in I(n) steps, x (A’-1),1. ((A),j denotes the jth
column of A.)

(iii) I(n)<= P(n)+ 1. Invert A by the classical inverse formula using that
g(0) det (B), where g is the characteristic polynomial of B.

(iv) P(n) D(n) + log n + O(1). To compute the characteristic polynomial g
of A, first compute g(wi) for all distinct w parallel, where w is a primitive (n + 1)st
root of unity, by using the algorithm for computing determinants. This computa-
tion takes D(n) + steps. Then compute the coefficients of g by fast fourier trans-
form. This takes log n + O(1)steps.

From Lemma and the four inequalities above, the theorem follows. Q.E.D.
THEOREM 3. I(n) <= O(log2 n), and the number of processors used in the algorithm

is a polynomial in n.

Proof. Let 21, ..’, 2, denote the roots of the characteristic polynomial f(2)
of A. Let

s= 2 forl__<k__<n.
i=1

Then

sk=tr(Ak) forl =<k <n

and

S 2

S2 S 3

S3 S2 S1

Sn Sn 2 Sn 3

or in a more compact form,

4

Sn 4 S n

C1 S1

C2 S2

C3 $3

C4 $4

(These formulas constitute Leverrier’s method (Faddeev-Faddeeva [2]) for finding
the coefficients of the characteristic polynomial of a matrix.)
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To invert A, first compute sk for =< k =< n; this takes log2 n + O(log n) steps
and 1/2n4 processors. Then invert triangular matrix S in logZn + O(log n) steps
using O(n3) processors (Heller [4] and Csanky [1] have independently developed
such algorithms). Compute ci for __< =< n in log n + 0(1) steps from e S- is
using O(n2) processors. A is invertible ,% - 0 and

A + clA 2 ._ ...._ Cn 11
Cn

This formula, since Az, A are already available, can be evaluated in
log n + 0(1) steps using O(n3) processors. Thus

I(n) =< 2 log2n + O(log n)

and

p =< 1/2n’. Q.E.D.

Alternate proof. Let A be the order n matrix to be inverted. Let the character-
istic polynomial f(2) of A be

f(2) det(21 A) 2" + c12"-1 + + c,_12 + c,.

Let

adj (2I A)= I2"-1 + B22"-2 + + B,_12 + B,.

Using the idea of one of the simplest proofs of the Cayley-Hamilton theorem
(Marcus-Ming [5]), the following formulas were obtained:

(1) B1 I,

I
(2) B ABe,_1 k---Z tr (ABe,_

(3) ci --tr (ABi)

and

(4) A- n
tr (AB.)"

(A number of people derived essentially the same formulas in recent years. Frame
[3] seems to have been the first.)

Define operator T as

TN tr (N),

(I/ MT)N= N+ MTN N / Mtr(N),

where M, N are order n matrices. Then

I
k-1 T) ABk_
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and

(5) B
n--2---T){A[... (I IT){A[I]} .]}I}

In this formula, A can be thought of as a second operator, its action being
multiplication on the left.

Observe that

(6) T(A T) (TA)T,

that is, operators T and A associate. This implies that the factors in the expression
for B, associate, i.e.,

n- n- 2
rA A - TA (A- IRA).

Thus B, can be computed in roughly log n stages by the well-known binary tree
method.

Stage 1. For all + 2t, compute from (A [l/(i + 1)]TA)(A (I/i)TA)
the form

A2 M?)2tTA2 M?)2tTA.
As a consequence of (6), matrices M]h)t can be computed independently.

The powers of A can also be computed independently.

Stage j. For all 2Jr, compute from

(A2j-’ a/t(1) 2JtTA2-’ M(2-’) TA)

(A2-’ MI) TA2-’ A/t2-’) TA),,aj_ 2J(t-1) j-1 2J(t-1)

the form

A2 M2)j,TA2 M2)j,TA2-, a/t,2) TAj2.

As a consequence of (6), matrices Mf)2 can be computed independently.
The powers of A can also be computed independently.

The number of steps stage j takes is roughly

logn+ +logn+ +log2j=logn+logn+2+j,

where the first two terms are the number of steps the multiplication on the right
by A2J-1 and matrices Mh) takes, the third term is the number of steps computing
the traces takes, multiplication by the trace takes 1 step and addition of the
matrices takes j steps. Thus the total number of steps for all stages is roughly

(log n)(2 log n + 2) + + 2 + 3 + + logn 2.5 logZn + 2.5 logn.

Since nBn/(TABn) (TAB 4: 0,, A is invertible) can be computed in O(logn)
additional steps, we have

I(n) <= 2.5 log2n + O(log n).
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A very crude upper bound on the number of processors can be obtained by
observing that in any stage, the multiplication phase takes the maximum number of
processors.

In stage j, the number of matrix multiplications is roughly

n
22j-22s-1 +

Thus, for the number of processors p, we obtain

{ } ln3p__<max n32J-1+-722J-2 n + Q.E.D.
(J)

COlOtA,v 4. E(n), D(n), P(n) <= O(log2 n), and the number of processors used
in the algorithms is a polynomial in n.

Proof. Solve Ax b, where b is a column vector by inverting A ;then x A- b.
Compute det(A) from det(A)=-c, (TAB,)/n. Compute f(2) from c
-(TAB,)/i. Q.E.D.

Let PWR(n) denote the parallel arithmetic complexity of computing An.
Then we have the next theorem.

TH;O,EM 5. I(n) _< 2PWR (n) + O(log n).
Pro@ To invert A, first compute the triangular matrix S in PWR (n)+

log n + O(1) steps. Then compute S2, S3, ..., S" in PWR (n) additional steps.
Since log n =< PWR(n) and one can compute the coefficients di ofthe character-

istic polynomial g(2) of S from the roots of g(2) (these roots are 1, 2, ..-, n) in
2 log n + O(1) steps (Csanky [1]), by the time the powers of S are computed, the
coefficients of g(2) are also computed. Then

S"- + d S 2 ._}_ "t- d,_ 1I
dn

and S- can be computed in log n + 0(1) additional steps. Compute ci for =< _<_ n
from c S-xs in log n + 0(1) steps.

An-1 nt_ Cl An-2 .nt-... nt-Cn_I I

Cn

can be computed in log n + 0(1) additional steps. Q.E.D.

4. Conclusions. This work has decreased the gap between the lower and upper
bounds on the parallel arithmetic complexity of problems I, E, D, P. Indeed,
we have

O(log n) <= I(n), E(n), D(n), P(n) _<_ O(PWR (n)) N O(log2 n).

It is our belief that if I(n) O(log n), then the algorithm which establishes ttis
will have to use some new, surprising and fundamental result.

Acknowledgments. I am indebted to Professor Phil Spira for his friendship
and constructive criticism during the initial stage of this research. I wish to thank
Professor Manuel Blum for his encouragement and interest in this work.
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ON THE NUMBER OF MULTIPLICATIONS REQUIRED
FOR MATRIX MULTIPLICATION*

ROGER W. BROCKETT" AND DAVID DOBKIN

Abstract. In this paper we give a new algorithm for matrix multiplication which for n large uses
n + o(n2) multiplications to multiply n p matrices by p n matrices provided p =< log2,. Mul-
tiplication and division by 2 is necessary in this algorithm. This is to be compared with pn for the
standard algorithm and p’58n2 + o(n2) for an algorithm of Hopcroft and Kerr [1] which, however,
requires no multiplication and division by 2.

Key words, matrix multiplication, complexity theory

1. n 2 by 2 n matrix multiplication. We consider here multiplication of
n 2 by 2 n matrices. Our notation is set by the equation

X1 Xn+ IX2 Xn + FY
Yn+

X2n

Y2 Y" I
Yn+2 Y2n

XlYl + Xn+ lYn+ xlY2 + Xn+ lYn+ 2 "q
I

X.x21Yy. .h-_t_. x._xn
2

2ylYn +1" 1.. X2nY;22.-’1-_ .Xxn; +n.2y "+’+2 ..i.’’ld"
We now assume that n rp for positive integers r and p. We define the vectors

x (xl, x2, x,), x2 (x,+ 1, x,+ 2, x2,), yl (Yl, Y2, Y,) and y2
(Yn+I,Yn+2, "’’, YZ.) and index their components by p-digit r-ary numbers
(i,j,..., k). Consider the set

L {(o,fl)" o ;g,fl 7/, 0 _<_ o,fl <__ n 1.
We define an equivalence relation in L according to (, fl) (7, 6) if, in terms of
the r-ary expansions of (1, 2,’", %), fl (fll,fl2,’", tip), 7 (7,72,
.-, 7p) and t$ (61,62, "’", 6p), we have for each i, (i, fli) (7i, 6. The equiva-

lence class that contains (, fl) will be denoted by [(, fl)]. Notice that (, fl) (fl, ).
Define the weakly diagonal subset of L by

D ((, fl)’i- fli for some i, =< p}.
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There are at most 2p elements in an equivalence class, and if (,//) D, there are
exactly 2p elements in the equivalence class [(u, fl)].

We observe that for p 1, the weakly diagonal set is merely the set ofdiagonal
elements {(i, i)11 _-< __< n}, and a pair of elements belong to the same equivalence
class if and only if they are transposes of each other (i.e., (j, i) [(i,j)]). For larger
values of p, these definitions are extended to p-tuples. The total number of equiva-
lence classes with 2 elements is r(r- 1)P2-; that is, to define an equivalence
class, we pick a p-tuple (i, j,..., k) with elements from 0, 1,..., r- 1 and a
second p-tuple (l, rn,..., n) with elements from 0, 1,..., r- 1, subject to the
restriction that the qth digit of the second p-tuple is not equal to the qth digit of
the first p-tuple, and then acknowledge that there are the 2p possible interchanges
which give pairs defining the same equivalence class. There are n2 r2p elements
inL, andinDwehave(r2- rP(r- 1)p) prZV -x [p(p- 1)/2]rZp -2 + + rp,
as a simple combinatorial argument shows. (To choose an element not in D,
there are r ways to choose the and (r 1)P ways to choose the//given a choice
of 0. Thus the cardinality of D is r2p rP(r 1).)

Suppose that (, fl) is not weakly diagonal. Consider

0{’ de_l" {V "(’, 6) [(0{, )] for some 6}.
Otherwise stated, fl is the set of p-tuples whose ith entry equals either i or fli.
Clearly Zlfl 2fl2 if (1,//1) (Zz,f12). Define a function f on fl by

f-= __.x +x y

and define g for (,/3) D by

Observe that there is one f and 2v g’s for each equivalence class defined by a
nondiagonal element of L.

The reason for this choice off and g is expressed by the following identity"

which may be rewritten as

2 2

(,)

Now observe--and it is this point that makes the algorithms work--that the
only 7 in zfi such that (7, fl) does not belong to D is z; otherwise 7 agrees with
/3 in one or more places and (7, fl)e O.

We see that the matrix product can be evaluated by using (.) to compute the
elements which are not weakly diagonal and using naive methods for the weakly
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1,y, 2 2 2diagonal elements. That is, we compute x xya and xy for (, fl)e D and
then compute all the f’s and g’s. The xy terms need not be computed since
they do not appear. To carry this out takes rP(r 1)P(1 d- 2 -p) multiplications
for thef’s and g’s plus 3It2p rP(r 1)p] multiplications for the diagonals. Conse-
quently there are

d {rP(r- 1)p} {1 + 2 -p} + 3(r2p -rP(r- 1)p)

rP[3rp -(2 2-P)(r 1)p]
multiplications in such a method. In terms of n rp and p, this becomes

d n[3n -(2- 2-P)(Px/- 1)p]

n2[1 + 2 -p + (2 2-P)pn -alp + ].

Thus we see that if we chose p as a function of n in such a way as to have p
go to infinity with n going to infinity but at such a rate as to have p/x// go to zero,
then this algorithm will require n2 + o(n2) multiplications. Suitable choices for p for
these constraints would be pP x/ or 2p2 n; i.e., p x//log2 n.

For p small, on the other hand, we may compare this with known results.
Thus for p 1, we have d -n2 -F- n, which is not as good as Hopcroft and Kerr’s
-n2 -F n/2. But with p 2, we have

d-- 1/4n2 -I- 31/2n 3/2 1/4n
which is smaller than n: + n/2 if n is larger than 196.

Now consider values of n which are not of the form. rp. Clearly any algorithm
which multiplies n 2 by 2 n matrices also multiplies m 2 by 2 m matrices
if m < n. Thus the burden here is to show that there exists for each n a choice of
r and p such that fi(n) rp upper bounds n with

lim (Yt(n)/n)=

so that the asymptotic expansions given above remain valid. Consider the choice

p /(log2n)l/2J and r In 1/tlg2")l’/2]

where and denote the "largest integer less than or equal to" and "smallest
integer larger than or equal to", respectively. We see that

rP/n <= n-(n /t(lg2n)l/21 -+- 1)t(lg2n)’/21

<= + [(logzn)X/ZJn-/t(lg2n)I/2l +
where the dots indicate lower order terms. Now by examining the logarithm of
the second term, we see that it does indeed go to zero as n goes to infinity. Thus,
with the above choice of p and r, we have an n: + 0(/72) algorithm for all n.

2. The main result. It is well known that any algorithm not utilizing com-
mutativity for multiplying n x 2 by 2 x n matrices can be extended to yield an
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algorithm for multiplying n 2 by 2 n matrices merely by embedding the
original algorithm in itself times. If the original algorithm takes m multiplica-
tions, the new one takes m. Thus, using the algorithm of the previous section, we
observe that n’[3n (2 2-P)(w/- 1)P] multiplications suffice for multiplying
n 2 by 2 n matrices. With a little extra work, we may establish the follow-
ing slightly better result.

TI-mOREM. There is an algorithm for multiplying an n r(n) matrix by an
r(n) n matrix which requires only n2 + o(n2) multiplications, provided that

lim
log2 r(n)

,oo log2 n

Proof Let d(M,,rt,),,) be the number of multiplications required. Let q
(log2 r(n))-1. Then, by the observation above,

d(M,,r,),,) <= [d(M,q,z,,q)] x/q l l/q,

and for a choice of p Lw/log2n/log2r(n)J, the algorithm of the previous section
shows that grows as n2/lg2r(n) + o(n2/lg2r(n)) with n.

These results are surprising since for the naive algorithm, the result is rn2,
and for the Hopcraft-Kerr algorithm, the result is r’58n2. We have shown that
the rate of growth for n large is independent of r and in fact equal to n2. The
algorithms presented here are clearly asymptotically optimal--a fact which puts
the known lower bounds on the number of multiplications required in a new
perspective. In particular, we have shown that d(Mn,n,logzn n2 -k- O(/2), which
makes finding a nonlinear lower bound on the multiplication of square matrices
appear to be an even more difficult task. It is interesting to note that while we
have not computed the total multiplication requirements, the only other multipli-
cations which occur here involve either positive or negative powers of 2 and can
thus be done in a binary machine by shifting.

3. The commutative case. If we assume that xyj yjxi, then we can do
better insofar as the (n 2) by (2 n) matrix multiplication is concerned. In
this case, Winograd [2] observed that n2+ 2n multiplications are sufficient.
However, it is possible to reduce this to n2 + 2n l, as Waksman has indicated [3].

The notation is as above. Define n2 functions

2 x) xyj + yjx + yjyj + xx,hij(x ,y) (x + yj)(yj + 2 2

Define n functions as

lii(X y)--(X y)(y] x2)-- xy + yx YYl xlx,

and define n functions

mi(x,y) (xl y)(y x)= xly] + yx xlx yy],

Now we see that

<=i, jn.

l<=i<n

2<i<n.

l<=i<=n,
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and that

Thus

ff/u(X, y) 1/2{hli(X, Y) mi} y{y + xlx2,
2tll(X, Y) 1/2{h11(x, Y) Ill(X, Y)} xlx21 + YlY.

2<=i<=n,

xy) + xy] h,j(x, y)- qoii(x, y) + Ou(X, y)- O22(x,y), <__ i, j <__ n,

and we can compute the matrix product with n2 + 2n 1 multiplications.
Notice that this permits the multiplication of 4 x 4 matrices in 46 multiplica-

tions and 3 x 3 in 23, as opposed to 49 and 24, respectively, by the best non-
commutative algorithms now known.

If we now imbed this algorithm in itself times, we obtain a procedure for
evaluating a family of bilinear n2t bilinear forms. This family has many formal
similarities with the family of bilinear forms which occurs in n x 2 by 2 x n
matrix multiplication. It requires (n2+ 2n- 1) multiplications. In terms of
m nt, we have a family of bilinear forms with the basic features of m x r by
r x m matrix multiplication and which requires m2 + tm2- x/t + multiplica-
tions. The significant point is that successive applications of the commutative
algorithm which is asymptotically very near to the bounds given in 2 for matrix
multiplication, thus suggesting a limit on the kind of improvement one can expect
using commutativity.
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GENERAL RESULTS ON TOUR LENGTHS IN MACHINES
AND DIGRAPHS*

TAKAO ASANO,f MICHIRO SHIBUI" AND ITSUO TAKANAMI

Abstract. A tour in a sequential machine is a shortest input sequence taking the machine from some
initial state, through all of its remaining states and back again into its initial state. A. K. Dewdney
and A. L. Szilard [2] found the best upper bound for tour length for two classes of machines: the class
of n-state sequential machines with unrestricted input alphabet and the class of n-state sequential
machines with a two-letter input alphabet. We define a strong circulation on a strong digraph D whose
volume is equal to the tour length of D. Characterizing the volume of strong circulation, we derive
the best upper bound for tour length for n-state sequential machines with an r-letter input alphabet.
Putting r- 2 or , we have the same results as those obtained by A. K. Dewdney and A. L.
Szilard.

Key words, directed graph, spanning walk, Hamiltonian cycle, finite state machine, diagnosis
sequence, tour, strong circulation

1. Introduction. A tour in a sequential machine is a shortest input sequence
taking the machine from some initial state, through all of its remaining states and
back again into its initial state. A. K. Dewdney and A. L. Szilard [2] introduced
the concepts of a tour in a machine and a circulation on a strong digraph and
found the best tour length upper bound for two classes of machines: the class of
n-state sequential machines with unrestricted input alphabet and the class of
n-state sequential machines with a two-letter input alphabet. They also suggested
that a similar analysis would help to prove analogous results for the class of
n-state machines with an r-letter input alphabet.

In this paper, we show that their suggestion works. However, we have found
a problem with their argument. Namely, they said in [2] that their Theorem 3
implies that the question "what is the maximum tour length over all strong
digraphs in ?" can be replaced by the question "what is the maximum volume
of circulation over all circulation digraphs in ?". In the next section however,
we show that if the support of circulation on a strong digraph D is not strong, the
tour length of D is greater than the volume of circulation. So we define a strong
circulation on D whose volume is equal to the tour length of D. Then we show that
the question "what is the maximum tour length over all strong digraphs in ?"
can be replaced by the question "what is the maximum volume of strong circula-
tion over all strong circulation digraphs in @?". Characterizing the volume of
strong circulation, we derive the best upper bound for tour length for the class
of n-state sequential machines with an r-letter input alphabet. Putting r 2 or
r c, we have the same results as those obtained by A. K. Dewdney and A. L.
Szilard.
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2. Strong circulation and tour length. This section follows the terminology
of [2] and [3]. A digraph D consists of a finite set V(D) of points and a collection
X(D) of ordered pairs of distinct points. Any such pair x (u, v) is called an arc
or directed line and will usually be denoted uv. The arc x uv goes from u to v
and is incident with u and v. We denote x + u and x- v. Points u and v are
called the initial and final points of x, respectively. We also say that u is adjacent
to v and v is adjacent ’om u. The outdegree d+(v) of a point v is the number of
points adjacent from it, and the indegree d-(v) is the number of points adjacent
to it.

A (directed) walk W in a digraph D is an alternating sequence of points and
arcs, Vo, x, vx,..., x,, v, in which each arc x is v_ v. In particular, n 0
implies W is a walk consisting of only one point. The length of such a walk W is
n, the number of occurrences of arcs in it, and is denoted by l(W). A closed walk
is a walk with the same first and last points, and a spanning walk is a walk contain-
ing all the points. A circuit is a nontrivial closed walk with all points distinct
(except the first and last).

A tour is a closed spanning walk of minimum length. D will be called a circuit
digraph when its tour is a circuit. If there is a walk from u to v, then v is said to
be reachable from u. A semiwalk is again an alternating sequence Vo, x, v, ...,
x,, v, of points and arcs, but each arc x may be either ui_ 1ui or viui._ 1" A digraph
is strongly connected, or strong, if every two points are mutually reachable; it is
weakly connected, or weak, if every two points are joined by a semiwalk. Clearly,
a digraph has a tour if and only if it is strong. The maximum tour problem for a
class @ of strong digraphs is the problem of finding the least upper bound for
tour length over all members of @.

Let D be a strong digraph. A semi-chainf on D is a function on the arcs of D
into the nonnegative integers. Equality and sums for semi-chains are defined as
for functions; f __> g denotes that there is a semi-chain h such that f g + h.
Obviously, such an h is unique and is denoted by f- g. Furthermore, when
h 0, the trivial semi-chain, thenf g. Otherwisef > g. The subgraph If[ of D,
called the support off, consists of all the arcs x X(D) for which f(x) > 0, along
with their initial and final points. The volume of a semi-chain f is the nv.mber
x)f(x) and is denoted by vol (f).

A circulation introduced in [2] by A. K. Dewdney and A. L. Szilard is a semi-
chain f on D which satisfies the following conditions"

CI" Zx+ =f(x) ’.x-:,f(x) for all v e V(D),
C2" g(] f]) V(O),
C3" vol (f) is a minimum over all semi-chains which satisfy conditions C1

and C2.
A nontrivial semi-chain c on D is a circuit semi-chain if [c[ is a circuit sub-

digraph in D and c =< 1, where denotes the function :X(D)--, {1}, of course.
Note that there is a 1-1 correspondence between the set of circuit subdigraphs in
D and the set of circuit semi-chains on D.

The following example shows that the volume of a circulation on a strong
digraph does not necessarily coincide with the length of its tour" a semi-chain f
on a strong digraph A such that f(xi)= for i- 1, 3, 4, 6 and f(xj) 0 for
j 2, 5 is clearly a circulation on A. The volume off is 4, but the tour length of
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A1 is clearly 6. See Fig. 1. So we define a strong circulation whose volume exactly
agrees with the tour length.

Xl X2 X X

X6 X X4

X3

X6 X

A strong digraph The support Ifl off
FIG.

Let D be a strong digraph. A semi-chain f on D is a strong circulation if we
have the following conditions:

S1 x+ f(x)

_
f(x) for all v V(D),

S2: v(Ifl) V(D),
$3: fl is weak,
$4: vol (f) is a minimum over all semi-chains which satisfy conditions S1,

$2 and $3.

Clearly, if a semi-chainf satisfies the conditions S1 and $3, then its support
If] is strong. Therefore the condition $3 may be replaced by the condition

S3’: Ifl is strong.
Conditions S1 and $2 make it possible to extend f to the points of D by defining
f(v) + =f(x).

A semi-chain g on the foregoing digraph A_ such that g(x) for all x is
clearly a strong circulation. Therefore, a strong circulation is not necessarily a
circulation. Furthermore, since a circulation satisfies the conditions S and $2 but
$3 is not implied by these conditions, the volume given by $4 is not less than that
given by C3. The following theorem shows that the volume of a strong circulation
on a digraph is equal to the length of its tour.

For any walk W in a digraph D, the semi-chain fy on D is defined to have
the valuefy(x) equal to the number of times the arc x appears in W. Consequently
l(W) vol (fy) holds.

THEOREM 1. Let D be a strong digraph and f a semi-chain on D. f is a strong
circulation on D if and only if there is a tour T on D such that f fT.

Proof Let f be a strong circulation on D. Since the support fl off is strong
andf satisfies the conditions S1 and $2, it can readily be shown by induction on
the number of points of D that there is a closed walk T in Ifl in which the arc x
appears f(x) times and every point of D also appears [3, p. 204]. Clearly, fT f.
Assume 7’ is not a tour on D but T* is a tour. Then we have

(1) l(T*) < I(T).

Since the semi-chain fT* corresponding to T* satisfies the conditions S1, $2 and
$3,

(2) l(T*) vol (fT*) VO1 (f)= l(T).

But (1) contradicts (2), and our assumption is invalid. Therefore T is a tour
on D.
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For the proof of the "if" part, let T be a tour on D and let fT be a semi-chain
corresponding to T. Assume fr is not a strong circulation on D and assume f is
a strong circulation. Since the function fr satisfies the conditions S1, $2 and $3,

(3) vol (f) < vol (fr).

By the foregoing portion of this proof, there exists a tour T’ corresponding to f
such that fr’ f. Since both T and T’ are tours,

(4) vol (f)= l(T’) l(T) vol (fT).

We have a contradiction from (3) and (4). Hence fr is a strong circulation on
D.

A strong digraph D is called a strong circulation digraph if D has a strong
circulation f for which Ifl D. Since the volume of a strong circulation f on D
is equal to the volume of a strong circulation on fl, it may be assumed that D is
a strong circulation digraph. Then Theorem says that the question "what is the
maximum tour length over all strong digraphs in 5?" can be replaced by the
question "what is the maximum volume of strong circulation over all strong
circulation digraphs in ?". The volume of a strong circulation on a digraph with
only one point is clearly 0. In what follows, unless stated otherwise, we assume
that a digraph has at least two points.

Let f’ be a semi-chain on a strong subdigraph D’ of a strong digraph D.
Furthermore, let f be the semi-chain on D such that f(x)= f’(x) for x X(D’)
and 0 otherwise. Then f is called the extension off’ to D or X(D). On the other
hand, let g be a semi-chain on D and g’ the semi-chain on a strong subdigraph D’
of D such that g’(x) g(x) for x X(D’). Then g’ is called the restriction of g to
D’ or X(D’).

THEOREM 2. Let D be a strong circulation digraph, and letf be a strong circula-
tion on D such that ]fl D. Then there is a circuit semi-chain c on D such that
either f c or If- el is a strong circulation digraph and (f c)’ is a strong
circulation, where (f c)’ is the restriction off c to If c[.

Proof Theorem shows that for any strong circulation f on D, there is a
tour T on D to which f corresponds. Let T VoXlV x,v, and Vo v,. Then
there exist and j, 0 =< < j _-< n, for which vi vj and vk v for any k and l,
< k < < j. Hence, W vxi+ ...vj forms a circuit to which a circuit semi-

chain c corresponds. If 0 and j n, then f c. If either :- 0 or j :/: n, then
T’ VoXl vxjv+ v, is a closed walk andfr, f c. Therefore, the sup-
port [f el off c is strong. Letf be a strong circulation on If cl andf* the
extension off to D. Since f* + c satisfies S1, $2 and $3 on D,

() vol (.f) + vol (c) vol (f* + c) >__ vol (f).

On the other hand, let (f c)’ be the restriction off c to If c[. Then

(6) vol (f) __< vol ((f c)’) vol (f) vol (c).

From (5) and (6), we have vol. (f) vol ((f c)’). Therefore (f- c)’ is a strong
circulation on If- cl. [3
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THEOREM 3. Let f be a strong circulation on a strong circulation digraph D, and
let If[ D. Thenf may be decomposed into a sum of circuit semi-chains

f c -[- C2 -JI- AI- Cn

Proof Using Theorem 2 repeatedly, we can readily prove the theorem.
It was shown in [2] that any decomposition of a circulation satisfying the

hypothesis of our Theorem 3 has the property that each circuit digraph Ic[ con-
tains a point not in any other circuit digraph IcjI. But the following example shows
that such a decomposition of a strong circulation does not necessarily have the
same property as that of a circulation. Consider the foregoing digraph A. The
function g such that g(x3 for all x is a strong circulation. Let c(x3 if

1, 6 and 0 otherwise. Let c2(x3 if 2, 5 and 0 otherwise. Let ca(xi)
if i= 3, 4 and 0 otherwise. Then g c + c2 + ca. But V(Ic2]) V(lf-c2]).
Note that f c2 is a circulation on A but If cz] is not strong.

Let f be a strong circulation on D, and let f c + c2 + + c, be a
decomposition off into a sum of circuit semi-chains. If- cl is not necessarily
strong. Let D, ..., D be the maximal strong components of ]f- c]. Then it
can be seen that 4: j implies that V(D3 f’) V(Dj) and X(D3 fq X(D)

LEMMA 1. Let f be a strong circulation on a strong circulation digraph D and
let ]fl D. Let f c + c2 + + c, be a decomposition off into a sum of
circuit semi-chains. Let f- c, 0 and Dx,..., D be the maximal strong compo-
nents of If c,[. Let fi be the restriction off c, to X(Di). Then If/[ Oi andf is
a strong circulation on D. Thus D is a strong circulation digraph.

Proof Let f’ be the extension off/to D. Then f c, can be expressed as a
sum off"s" f-c,=f’+f + +ft*. Since f.*,(x)=(f-c,)(x)>O if
x X(D) and 0 otherwise, If’[ [f/[ contains every arc and point of Di but none
of any other component Dj. Therefore If/I Di. Since x+ =,f/(x)

_
=,f/(x)

for any point v of each D and v(Ifl) V(D), and If] is strong,f. satisfies the condi-
tions S1, $2 and $3 on D. Let f be a strong circulation on D. Then

(7) vol (f/) _<_ vol (f/).
Let f’ be the extension off to D. Clearly, vol (f/)= vol (f’). Let f f’ + f +

+ f* + c,. f clearly satisfies the conditions S1, $2 and $3 on D. Since f is a
strong circulation on D,

(8) vol (f) =< vol (f) vol (f]’) + + vol (f*) + vol (c,).

On the other hand,

(9) vol (f) vol (f]’) + + vol (f*) + vol (c,).

From (7), (8) and (9), vol (f/)= vol (f’)--vol (f’)--vol (f/). Therefore f/ is a
strong circulation on Di. Since Ifl D, D is a strong circulation digraph, l-]

Let @ denote the class of strong digraphs with p points in which the out-
degree d /(v) of any point v does not exceed r. Note that p => 2 implies r => 1.

LEMMA 2. Let D be a strong circulation digraph in p. Letf be a strong circula-
tion on D and let f c + + c, (n >= 2) be a decomposition off into a sum of
circuit semi-chains. Then there is a point v in V(D) such that

2 <= d+(v)= f(v) _< r.
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Proof Note that f(v) >= d+(v) for any point v in D since If[ D. Assume no
such points exist. Then either d+(v) for all points v in V(D) or f(v) > d+(v)
for all points v in V(D) such that d+(v)>= 2. In the former case, D is a circuit
digraph since D is strong. This contradicts that n >= 2. Hence there is a point u
such that its outdegree d+(u) __> 2. By assumption, 2 =< d+(u) r and f(ul) >
d+(u). Construct an infinite sequence u, u2, u3, of points such thatf(u) >__ 2.
If Um is the ruth point of the sequence, the (m + 1)st, Um+ , may be found as follows.
Let x,, be the arc leaving Um on which f is maximum. Since f(u) >__ 2, f(x) >__ 2
if there is only one arc leaving u,,. If there are two arcs leaving Urn, then f(Um) >
d/(um) by assumption, and f(x,)_>_ 2 in any case. Taking Um+ X,, then
f(Um+ ) _-> 2. Since D has only a finite number of points, the sequence so formed
must contain a circuit, say u, x+x, u+ , ..., xj, uj. If c is defined as the semi-
chain having the value on each arc x + , ..., xj of this circuit, and 0 otherwise,
then f- c fulfills conditions S1, $2 and $3 and violates the minimality off.

THEOREM 4. Let D p be a strong circulation digraph with f being a strong
circulation, and let fl D. Let f ca + c2 + + c, be a decomposition off
into a sum of circuit semi-chains such that each circuit digraph Icl contains a point
v not in any other circuit digraph [cj[. Let v v2, "’, Vp be an arrangement ofpoints
of V(D) for which < j implies f(vi) <= f(vj). Then the following hold"

(i) f(v)= for all i, <= <__ n;
(ii) for j such that f(Vn+j) and f(Vn+j+ 1) 1, f(Vn+j+k) k(r 1) +

for all k, <_ k <__ p (n + j).
Proof Part (i) is clearly true since each circuit digraph [c[ contains a point

v not in any other circuit digraph [cj[ andf(v) 1. The proof of part (ii) proceeds
by induction on n.

If n 1, f(vi)= for all i, 1 <i=< p, and the statement of the theorem
is vacuously true. If 2 __< n __< r, the statement of the theorem is also obviously
true since f (v) __< n __< r for all points v.

Suppose the theorem holds for all (r <) n < m but not n m. Then it
will be shown that we have a contradiction. There exists a strong circulation
digraph D e withf being a strong circulation, which does not satisfy the state-
ment of the theorem. Let [f[ D and f c + c2 + + Cm be a decomposi-
tion off into a sum of circuit semi-chains, where each circuit digraph [c[ contains
a point not in any other circuit digraph [ci[. By Lemma 2 there is a point v such
that r >=f(v)= d+(v)_>_ 2 since rn >__ 2. Let v+j+ be the point such that
f(Vm+j) 1 andf(v,,+j+ ) n’ > 1. Then r >= f(v) >__ n’ >= 2. It may be assumed
that the (ii) holds for Vm+j+, "’", V,,+j+k_ but not for V,,+j+k. Then k => 2 and
furthermore,

f(Vm+j+q) q(r 1) + for all q, _< q _< k 1,
(0)

f(v+j+q)>k(r- 1)+ for allq, q_>k.

Then there exist n’ circuit semi-chains Ci(1) "’’, Ci(n, such that Ci(s)(Um+ j+ l) 1
for all s, =< s =< n’. Without loss ofgenerality, it can be assumed that ct ), ...,
are c,..., c,,. Thus exactly n’ circuits [cl, "., [c,,I pass through Vm+j+ in D.
Let D, ..., D be the maximal strong components of If cl. Letf be the restric-
tion off cx to X(D). By Lemma 1, each D is a strong circulation digraph with
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f/a strong circulation and [f/I Di. Let f/= ci(1) -+- -- Ci(h(i) be a decomposi-
tion of f into a sum of circuit semi-chains for which each *Citk) Cj for some j,
2 =< j =< m, where Citk)* is the extension of Citk) to D. Repeating the same process as
above, we have maximal strong components F1,-’., Ft, of If- Cl c2
c,,_ 11, where each Fi is a strong circulation digraph and the restriction gi of g
f- (Cl + + c,,_ 1) to X(F/) is a strong circulation on Fi and Ig/I Fi. Note
that only one circuit Ic,,I passes through Vm+.i+l in If- cl c2 c,’-11,
hence g(Vm+j+ 1) 1. Since g c,, + + Cm, each g’ which is the extension of
gi to D may be a sum of some of these circuit semi-chains, g g + + g
and N(1) + + N(t’) m n’ + 1, where g’ is a sum ofN(i) circuit semi-chains.
For any k’ => k,

(11) g(Vm+j+k, > f(Vm+j+k, (n’ 1) > k(r l) / (n’ l)
_> (k- 1)(r- 1)+ l,

since n’ __< r. Let u be a point of the set {v,+j+,lk’>= k} in which g(u) is the
smallest. From (11),

(12) g(u) > (k 1)(r 1)+ 1.

Without loss of generality, we can assume that u is contained in F1. Let

(*) wl wi(1), wn(1)+ "’", wp,
be an arrangement of points of V(F1) such that < j implies gl(wi) =< g,.(wj) and
the point u appears before all points v such that gl(v)= gl(u), where P is the
number of points of F1. Thus no point v in {v,,,+j+k,lk’ >= k} appears before u.
Therefore the number of points v appearing before u in the sequence (*) such that
gl(v) >= 2 is at most k 2 since g(Vm+j+,) 1. Note that N(1) < m since n’ >= 2.
Hence, by hypothesis of induction, the statement of the theorem is true for F1 and

(13) g(u) gl(u) =< (k 1)(r 1)+ 1.

We have a contradiction that (12) and (13) occur simultaneously.
LEMMA 3. Let D e p be a strong circulation digraph with f being a strong

circulation, and let fl D. Let f c + c + + c, be a decomposition off
into a sum of circuit semi-chains such that each circuit digraph ]c] contains a point
not in any other circuit digraph [c)l. Then

p >- n + Q(n, r), Q(n, r)--

where Ix] is a largest integer not more than x and [0/0] 1.
Proof If r 1, then n and p _> 2, and therefore the lemma holds. Let

r >= 2 and let v be a point of V(le[) not in any other V(Icj[). Note that f(v) 1,
therefore d+(v) d-(v) 1, and there is no arc connecting vi and vj. It may be
easily shown that the subgraph D {vl, v2, "", v.} of D which is obtained by
deleting vl, "’", v, and the arcs incident with them from D is weakly connected.
Hence there are at least p- n- arcs in D- {v l, "-’, v,}. Assume that
p n + Q(n, r) for some positive integer t. Let Z be the total number of arcs
incident from points of V(D) {v1,.", v,} in D. Since the outdegree of each
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point of V(D) {vx, v,} is at most r, Z <= (p n)r (Q(n, r) t)r. n arcs of
the Z arcs go to vl, "’", v,, and the other Z n arcs go to the points of V(D)
{v l, .-’, v,}. Therefore p n Z n. Since Z (Q(n, r) t)r,

(14) n- 1 + (r- 1)t _<_ Q(n, r)(r- 1).

On the other hand, in view of inequalities n __> Q(n, r)(r 1) and (r 1)t >__
r-l>0,

(15) n- +(r- 1)t> Q(n,r)(r- 1).

Now, we have a contradiction" that (14) and (15) hold simultaneously. Therefore
< 0, and the theorem holds.

THFORFM 5. Under the same conditions as in Theorem 4, we have thefollowing"
(i) f(vi) for all i, <__ <__ n;

(ii) f(v,+k) <= k(r 1) + for all k, <= k <= Q(n, r) if Q(n, r) >= 1;
(iii) f(v,+o.,,r)+k) <= nfor all k, <= k <= p n Q(n, r)ifp (n + Q(n, r)) >=
Proof The theorem follows from Theorem 4 and Lemma 3.
The difference between the results of Theorem 4 and Theorem 5 is depicted

in Fig. 2.
Let g(n, p, r)= n + ’jo.,,r) [i(r 1) + 1] + (p n Q(n, r))n. Then, for a

"-"i=

strong circulation f in Theorem 5, we have

vol (f) =< g(n, p, r) <__ h(p, r),

where h(p, r) max, {g(n, p, r)l <= n + Q(n, r) <= p}.

/31 gn l)n ++1 l)n+O(n, r)+l

Theorem 4

Theorem 5

FIG. 2

THEOREM 6. Let p s(2(r 1) + 1) + t, 0 _< _< 2(r 1), and let p > 2 and
r >= 1. Then g(n, p, r) is maximum at n s(r 1) + + {(t 2)/2}, and

h(p,r)= pn + n n2 + 1/2s(s(r 1)+ r+ 1-2n),
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where {x} is the smallest integer not less than x for x > 0 and {x} 0 otherwise.
Proof See Appendix A. [-]

Now we have shown that a tour length of any strong digraph satisfying the
conditions of Theorem 4 or 5 is bounded by h(p, r). In what follows, we show that a
tour length of any strong digraph which does not satisfy the conditions ofTheorem
4 or 5 is also bounded by h(p, r).

LEMMA 4.
(i) h(q,r) >= h(q 1, r) + 2 forq >= 4andr >__ 2;

(ii) h(q, 2) >__ h(q 1, 2) + 3for q >= 6;
(iii) h(q, 2) __> h(q l, 2) + 4for q >= 9;
(iv) h(q, 2) => h(q 2, 2) + 5for q >= 6;
(v) h(q, 2) >__ h(q- 2, 2)+ 6forq >__ 7;
(vi) h(q, 2)-- h(q 3, 2) + q + for q >__ 3.
Proof. See Appendix B.
LEMMA 5. h(pl + PE, r) >-- h(pl, r) + h(p2, r) + p + P2 2 for P >-- 4 and

P2 >- 5ifr= 2, and for px >__ 3 and p2 >= 3if r>__ 3.
Proof. See Appendix C.
In the foregoing discussion, we have assumed r __> and the function h(p, r)

has been defined at p __> 2 and r __>_ 1. Now we define h(p, r) 0 for p __< 1. Then
we have the main theorem as follows.

THEOREM 7. Let D p be a strong circulation digraph with f being a strong
circulation, and let fl D. Then vol (f) __< h(p, r).

Proof. The proof proceeds by induction on p.
If p l, the theorem clearly holds since vol (f) 0.
If p 2, only the digraph A2 (Fig. 3) may be considered as a strong circula-

tion digraph.

X1

)o171

X2

FIG. 3. A strong circulation digraph A

The volume of strong circulation on A2 is clearly 2. On the other hand, h(2, r) 2.
Therefore, the theorem holds.

If p 3, only the two digraphs A3 and A4 (Fig. 4) may be considered as
strong circulation digraphs.

DO X6 O0

01 Xl
X2

Ol 02
x2 D2

A strong digraph A A strong digraph

FIG. 4
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The volumes of strong circulations on A and A4 are 3 and 4, respectively. On the
other hand, h(3, 1) 3 and h(3, 2) 4. Therefore the theorem holds.

Assume the theorem holds for all p less than q for q 4. Let D with f
being a strong circulation, and let Ifl D. Iff Cl + c2 + + c, is a decompo-
sition off into a sum of circuit semi-chains such that each circuit digraph Icl con-
tains a point not in any other circuit digraph IcjI, we have vol (f) =< h(q, r) by
Theorem 5. Hence we consider the other case. Then r >= 2, and for such a decompo-
sition off, there is a circuit semi-chain C such that V(Icel) =_ V(lf cl). For such c,
If cl is not strong because otherwisef c satisfies the conditions S1, $2 and
$3 on D and vol (f- ci) < vol (f) holds, which contradicts the hypothesis that
f is a strong circulation. Let D1,.-., Dt be the maximal strong components of
If- cgl. Let f be the restriction off- c to X(D,). Then, by Lemma 1, each D
is a strong circulation digraph withf a strong circulation such that Ifl D, and
f ci f + + ft*, where each f: is the extension off, to D. q q + + qt
holds, where q # V(D,), the number of elements of V(D). Note that 2,
V(If- cl) V(Dx) U U V(Dt), V(D) f’l V(Dj) if k 4= j, and each point
of V(Icil)is contained in some V(Dj) since V(Icil)c_ V(lf- cil). Furthermore,
each V(D,) contains a point u not in V(Icil) because otherwise f-f’ would
satisfy the conditions S1, $2 and $3 on D and violate the minimality off, which
contradicts the hypothesis that D is a strong circulation digraph.

Case (i). If there is a D for which q 2, the D and If-fffl have only one
point in common and If -f’l is also a strong circulation digraph with (f .-f’)’
a strong circulation, where (f-f’)’ is the restriction of f-f’ to If-f’l.
#V(If-f’l)- q- 1. Hence, by hypothesis of induction, vol(f-f’)=<
h(q 1, r) and therefore vol (f) < h(q 1, r) + 2. By q > tq, _>_ 4 and Lemma 4,
we have h(q 1, r) + 2 <= h(q, r).

Case (ii). In this case, r __> 3 and there are no D’s such that q 2. Since
q < q and each V(D,) contains a point not in any other V(Dj) and not in V(Icl),
vol (ci) < q t, and by hypothesis of induction, vol (f) =< h(q,, r) for all f.
Hence

vol(f) vol(ci) + vol (f)+ + vol(ft) <= q + h(q, r) + + h(qt, r).

Then, by Lemma 5, we have vol (f) < h(q, r) since each q >= 3.
Case (iii). In this case, r 2.
Case (iii-1). There is no Dj for which qj 2, but there is a D for which q 3.

It suffices to consider the two cases" D and Icl have in common (a) only one point
or (b) two points. Since D is a strong circulation digraph, it must be one of the
digraphs A3 or A4. The case (a)" since D and Icl has only one point in common,
# V(lf- f’l) q 2 and clearly, If- f’l is a strong circulation digraph with
(f-f’)’ a strong circulation, where (f- f’)’ is the restriction of f-f’ to

If f’l. Then, by hypothesis of induction, vol (f f’) < h(q 2, 2). Therefore

vol (f)= vol (f- f’)+ vol (f’) __< h(q 2, 2) + 4.

Since each qj >_ 3 and hence q _>_ 3t => 6, we have h(q 2, 2) + 4 =< h(q, 2) by
Lemma 4. The case (b)" we may assume that there is no such D which has only one
point in common with Icl, Suppose D A. Common points of Icl and D are
either Vo and v or Vo and v of A4. Let g be a semi-chain on D such that g(vov)
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g(vlv0) and 0 otherwise. Thenf- g satisfies the conditions S1, $2 and $3 on
D and violates the minimality off, which contradicts the hypothesis that D is a
strong circulation digraph. Therefore the case D A, can not occur. Let Dk A 3.

Then # V(If-f’l)= q- 1. Furthermore, (f- "*’j), the restriction of f- f’
to If-f’l, satisfies the conditions S1, $2 and $3 on If- f’]. Assume g is a
strong circulation on If- f’]. Then vol (g) =< vol (f- f’). On the other hand,
vol (g* + f) vol (g) + vol (f’) __>. vol (f) since g* + f’ satisfies the condi-
tions S1, $2 and $3 on D, where g* is the extension of g to D. Therefore vol (g)
vol (f- f’), and hence f-fl is a strong circulation digraph with (f- f’)’
a strong circulation. Thus, by hypothesis of induction, we have

vol (f) vol (f f’) + vol (f’) <_ h(q 1,2) + 3.

In this case, q _>_ 6 must hold. Then we have h(q 1, 2) + 3 =< h(q, 2) by Lemma 4.
That is, vol (f) _< h(q, 2).

Case (iii-2). There is no Dj such that qj 2 or 3, but there is a Dk such that
qk 4. Since Dk is a strong circulation digraph, Dk is one of the following four
digraphs [3]. We consider the three cases" the number of common points of Dk
and Icil is (a) one, (b) two, or (c) three.

A5 A

Ol /)2

/)2

/)0

/3

FIG. 5

8

The case (a)" clearly, ]f- f’l is a strong circulation digraph with (f- f’)’
a strong circulation. Then, by hypothesis of induction, we have

vol (f) vol 0 f) + vol (f’) N h(q 3,2) + 6.

Since qj _>__ 4 for all Dj, q _>=_ 8. Then, by Lemma 4, h(q 3, 2) + 6 _<_ h(q, 2).
The case (b)" # V(if-f’[) q 2. Just as in the case (b) of Case (iii-1), we

can show If- f’l is a strong circulation digraph with (f -f’)’ a strong circula-
tion. Therefore

vol (f) vol (f f’) + vol (f’) =< h(q 2, 2) + 6.
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Since q > 8, by Lemma 4, h(q 2, 2) + 6 <_ h(q, 2). The case (c)" since D is a
strong circulation digraph, just as in the case (b) of Case (iii- 1) it may be shown that
Dk must be A5 (Fig. 5). It may be assumed that the common points of D and Icl
are v0, v, v2. Then # V(If- fl) q 1. Furthermore, just as in the case (b) of
Case (iii-1), we can show If f’l is a strong circulation digraph with (f f’)’ a
strong circulation. Then, by hypothesis of induction,

vol (f) vol (f f’) + vol (f’) =< h(q 1,2) + 4.

If q >= 9, by Lemma 4, h(q 1, 2) + 4 _< h(q, 2). If q 8, we also have the result
that 2, ql qe 4 and D Dk. Both D1 and De have three points in com-
mon with Icl for otherwise this case could be reduced to the case (a) or (b). There-
fore, D De As, and Icl contains 6 points. Hence

vol(f) vol(f) + vol(fe) + vol(ck)= 4 + 4 + 6 < h(8, 2) 17.

The above discussion shows that vol (f) <= h(q, 2) for Case (iii).
Case (iv). In this case, there is no Dk such that qk <= 4. vol(f)=

vol (f) + + vol (f) + vol (ci). Since each qj < q, by hypothesis of induction,
vol (f) _<_ h(qj, 2). Therefore

vol(f) <_ h(q 1, 2) + + h(qt, 2) + q t, t>2.

Then by Lemma 5, we have vol (f) =< h(q, 2).
Now we have completed the proof of Theorem 7.
Figure 6 shows a strong digraph Do whose tour length is h(p, r). The

outdegree of each point vi, =< =< n, is and each arc incident from them is
incident to Vp. If s 0, d+(v,,+ ) n and the n arcs from v,+ are to v, ..., v,.
If s >= 1, the outdegree of each point v,+k, =< k _< s, is r and d+(v,,+s+)=
{(t- 2)/2} + 1. The r arcs from v,+ ar.e to v, ..., vr, and the r arcs from
Un+k, 2 <- k _< s are to l)n+ k_ 1, V(k- 1)(r- 1)+ 2, V(k- 1)(r- 1)+ 3, Uk(r- 1)+ 1" The
{(t 2)/2} + arcs from Vn+ s+ are to Vn+, v,(r_ 1)+ 2, v,.(_ 1)+ 3, "’", v,. For s => 0,
if n + s + < p, each outdegree of v,+s+ 2, "’", Vp is 1, and an arc from Vn+
k >= 2, is to Vn++k-" The set of arcs in Dp consists of only these arcs.

Let f be a strong circulation on O. Since V(lfl) V(Op), it can readily be
shown that"

f(Vk) for each k, =< k __< n,
f(V,+k) >= k(r 1) + for each k, =< k <__ s,
f(v,++k) >= n for each k, __< k _<_ p (n 4- s),

and we have vol (f) >= h(p, r). Therefore, vol (f) h(p, r).
By Theorem 1, Theorem 7 and Fig. 6, we have the following theorem.
THEOREM 8. The maximum tour length over all strong digraphs in p is h(p, r).
COROLLARY. h(p, c)-- [p + 1)23, and h(p, 2)- (p + /3])[(p +

3)/33- 1.

Appendix A. Proof of Theorem 6. Let p s(2(r 1) + 1) + t, 0 <_ =<
2(r 1) and let no s(r 1) + + {(t 2)/2}. If r 1, only n satisfies
<=n+Q(n,r)<=p and n0-- 1, where Q(n,r)= (n- 1)/(r- 1)]. Hence the

theorem holds and h(p, 1) p. If r 2 and p 2, only n satisfies =< n +
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(r-l)

Vs(r-1)+l
Vs(r-1)+2

Vp-1

Vp

Vn

11 ii ]

p=s(2(r- 1)+ 1)+ t, 0_<_t__<2(r- I) and n=s(r- 1)+ +Jt-2:

FIG. 6. A strong digraph whose tour length is h(p, r)
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Q(n,r)-<2 and no= 1. If r__>3 and p=2, only n= 1 or 2 satisfies l_<_n+
Q(n, r) _< 2 and no 1. But g(1, 2, r) g(2, 2, r) 2. Hence for r >__ 2 and p 2,
the theorem holds.

Consider the case where r _>_ 2 and p _>_ 3. Letf(n) g(n + 1, p, r) g(n, p, r).
Then f(n)=p-2n-k for all n, k(r- 1)=<n- =<(k+ 1)(r- 1)-2 or
n- 1 =(k+ 1)(r- 1)- 1. Hence f(n)=p-2n-Q(n,r). Since f(no)- t-
2- 2{(t- 2)/2},

Sincef(no

0 if >_ 2 and is even,

f(no) if > 2 and is odd,

-2 ift 0.

1) f(no) + 2 + Q(no, r) Q(no 1, r),

ort= 1,

2 if >_ 4 and is even, ort= 1,

f(no- 1)= 1 if => 3 and is odd, ort=0,

3 ift= 2.

Since 1 __< no + Q(no, r) <_ p and f(n) is monotonously decreasing, we have

g(1,p,r) < < g(no 1,p, r) < g(no,p, r) >_ g(no + 1,p, r) >

Therefore g(n, p, r) is a maximum at n no and clearly h(p, r) g(no, p, r).

Appendix B. Proof of Lemma 4.
(i). Table 1 shows the values of t, s and n in Theorem 6. tq, sq and n correspond

to the case where p q, while t_ 1, s_ and n_ to the case where p q 1.

TABLE

0

2
3
4
5
6
7

2r- 3
2r,- 2

lq_

2r 2
0

2
3
4
5
6

2r 4
2r- 3

sq_

s-1 s(r- 1)+
s(r- 1)+
s(r- 1)+
s(r- 1)+ 2
s(r- 1)+ 2
s(r- 1)+ 3
s(r- 1)+ 3
s(r- 1)+4

s(r- 1)+r-
s(r- 1)+r-

ttq_

s(r 1)
s(r- 1)+
s(r- 1)+
s(r- 1)+
s(r- 1)+ 2
s(r- 1)+ 2
s(r- 1)+ 3
s(r- 1)+ 3

s(r- 1)+r-2
s(r-1)+r-

From Table it suffices to consider the following three cases.
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(a) If no=no_1, so=so-1 and hence h(q,r)-h(q- 1, r)=no. If so=0,
to=q>=4 and hence no>_s(r- 1)+2>_2. Ifso>= 1, no>=so(r- 1)+ 1_>2.

In any case, h(q, r) h(q 1, r) 2.
(b) Ifno- 1 =no_1 and so- 1 =so_1, to=0, so_>_ 1 and h(q,r)-h(q-

1, r)= so(r 1)+ 1_>_2.
(c) Ifno- 1 =no_landso=so _l, toisoddandto>=3,andhenceh(q,r)-

h(q- 1, r)=so(r- 1)+ (to+ 1)/2>__2.
In Theorem 6, ifr=2, p=3s+t, 0=<t=<2andn=s+ 1.
(ii). q >= 6 implies so => 2. Then, from Table 1, h(q, 2) h(q 1, 2) no

so+l=>3.
(iii). q >= 9 implies so

_>_ 3. Then h(q, 2) h(q 1, 2) no so + 1 _> 4.
(iv) and (v). We have Table 2. q > 6 implies so >_ 2. q >= 7 implies either

so3,orso=2andto=> 1.

TABLE 2

0

2

to_

2
0

Sq

s-1

nq

s+l
s+l
s+l

/q-2

s+l

If so So_ 2, no no-2 Sq "]- 1 and h(q, 2)- h(q- 2, 2)= 2nq 2(Sq +
1)_>_6. If so- 1 =so_ 2, no=so+ 1 and no_ 2 =s and h(q, 2)-h(q-2,2)=
q+ 1- so 2so + tq + >_ 5forq>=6and >=6forq>=7.

(vi). We have Table 3.

0

2

TABLE 3

to_ Sq_

s-1
s-1
s-1

nq Hq_

s+l
s+l
s+l

Then we have h(q, 2) h(q 3, 2) q + 1.

Appendix C. Proof of Lemma 5. The proof proceeds by induction on p or p2.
Since h(9,2)= 21, h(5,2)= 8 and h(4,2)=6, h(9,2)_>_h(5,2)+h(4,2)+5+
4 2. Since h(6, 3)= 12 and h(3, 3)= 4, h(6, 3) => h(3, 3) + h(3, 3) + 3 + 3 2.
Let Ah(p + P2)-- h(Pl + P2 + 1, r)- h(pl + p2,r) and Ah(pl)= h(pl + 1, r)-
h(pl,r). If Ah(pl + P2) Ah(pl) _>- 1 and h(pl + p2, r) >= h(pl,r) + h(p2,r) +
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Pl + P2 2, h(pl + P2 / 1,r) >__ h(p + 1, r) + h(pE,r / (p + 1) + P2 2. More-
over, h(p / P2, r) [h(px, r) + h(P2, r) / Pl / P2 2] is symmetric in terms
of pl and P2" Therefore, it suffices to prove that Ah(px / P2) Ah(pa) __> for
P l, P2 >---- 3 and r >_ 2.

Let

AH Ah(p + P2)- Ah(pa),

p= s(2r- 1)+ t, n= s(r- 1)+ +
2

i= 1,2,

Pl / =s(2r- 1)+ t],

and

Pl / P2 s(2r 1) + t,

P + P2 / s’(2r- 1) / t’,

n’ =s’(r-1)+1 +{t’,-2}2

n=s(r-1)+ + 2

n’=s’(r-1)+ +
2

0 <= tx,t2, t’,t,t’ <= 2r- 2.

All the cases which must be considered are in Table 4.

III

+ t2 < 2r 2

+ 2r 2

t +t2 >2r-2

t =2r-2

<2r-2

t=2r-2

2 t <2r-2

+S

s +s

s+sz+l

TABLE 4

t +t

t-+-t s+l

t + s+l

t +t2-2r+
(= 1)
t +t2--2r+S + s2 +

t+l sl

0

t+l
(= t2)
t+l

st+l

s+l

t+l

t+l

t+l

tz=0

Case I. The following cases must be considered; either (A) n’ n, or (B) n’
n + 1, and either (a) n’ n x, or (b) n’ n + 1. AH for each combination of
these cases is in Table 5. If s2 >- 1, AH >__ 1 for all cases. If s2 0, 2 P2 >- 3
and we can easily show AH => for all cases.

Case (II-1). From Table 1, s’=s+ and t’=0 imply n’=n+
s’(r- 1)+ 1. Similarly, n] n + s’(r- 1)+ 1. Then AH sz(r- 1). If
S2 0, 2 P2 ----> 3, and this contradicts 2 0. If s2 >= 1, AH __> 1.

Case (II-2). Either (a) n’ nl or (b) n nx + 1.
(a) AH s2(r 1) + (r 1) {(t 2)/2}, t’ -< 2r 2, therefore AH __> 1.
(b) AH=s2(r- 1)+(r- 1)+ 1-(t’x + 1)/2, 3__<t’x__<2r-3 and t’ is

odd, therfore AH >__ 1.
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TABLE 5

(A) s2(r 1) +
2 2

t+t {t-l}S2(r 1) +
2

t +t 1}s2(r 1) +
2

2r-4=>tx_>_2andtliseven

/’2
s2(r 1) +

2

Case (III-1). Either (a) n’ n, or (b) n’ n + 1. From Table 1, t’x 0 implies
n’x nl + s’(r- 1)+ 1.

(a) AH s2(r 1)’+ {(t’- 2)/2} sz(r 1) + {(t2 2)/2}. s2 0 implies
t2 P2 3, therefore AH >__ 1.

(b) AH s2(r 1) + (t’ + 1)/2 1, 3 -< t’ =< 2r 3 and t’ is odd, there-
fore AH > 1.

Case (III-2). The following cases must be considered" either (A) n’= n, or
(B) n’ n + 1, and either (a) n’ nx, or (b) n’ nl + 1. AH for each combina-
tion of these cases is in Table 6. We can easily show AH >= 1 for all cases.

We have completed the proof of Lemma 5.

TABLE 6

(A)

(B)

(a)

(sz + 1)(r-- 1)+

(s2 + 1)(r 1) +
2 2

3 < t’ and t’ is odd

(b}

(s + 1)(r- 1)+ +

3 -< t’l =< 2r- 3 and t’ is odd

(s2 + 1)(r- 1)+

3 =< t’, t’t _-< 2r- 3 and t’ and t’ are odd
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ON SETS COOK-REDUCIBLE TO SPARSE SETS*

ROBERT M. SOLOVAY’f

Abstract. Lynch showed that any set many-one reducible in polynomial time to arbitrarily sparse
sets is polynomial time computable. We prove the analogous theorem for polynomial time Turing
reproducibility.

Key words, polynomial time computable, Turing reducibility

Introduction. We settle a technical question left open in [2]. In that paper,
Lynch showed that any set many-one reducible in polynomial time to arbitrarily
sparse sets lay in , and conjectured the analogous result for reducibility in
Cook’s sense. We prove her conjecture by a combination of the methods in [2]
and those used to prove Theorem 6 of [1.

This paper is organized as follows. In 1, we recall the basic definitions.
We follow [2] except that we identify the binary string s with the integer whose
binary representation is ls. In 2, we state our theorem precisely and reformulate
Lynch’s result on the core of a set in a more convenient form. In 3, we outline
our proof. The remainder of the paper is devoted to the details.

1. Notation and definitions. All sets will be sets of finite strings over E
{0, 1}. If x X*, Ixl will represent the length of the string x. We shall identify the
string x with the integer whose binary representation is Ix. In this way, the set E*
is identified with the set of positive integers. Note that Ixl is simply the integral part
of log x. (All logarithms in this paper are to the base 2.)

For a set A, IA] will represent the cardinality of A and cg
A its characteristic

function.
2 represents the empty string. (It will also be used as in Church’s lambda

notation.)
We write "i.o. (x)" to denote "for infinitely many x", and "a.e. (x)" to denote

"for all except possibly finitely many x". When no confusion is likely, we write
simply i.o. or a.e.

If A is a set and t’X* N is a recursive function, we write Comp A =<
if there is a deterministic Turing machine computing cgA, which uses not more
than t(x) steps on the string x. (The machine runs in "time t(x)".) Our machines
are not restricted as to their number of tapes or worktape symbols.

We write A if for some polynomial p, Comp A _<_ 2x[p(lxl)].
We write A <_ B (A is polynomial time Turing reducible to B) for Cook’s

reducibility. Namely, A =< B iff there is an oracle Turing machine M and a
polynomial p such that"

x A M with input x and oracle B accepts within p(Ixl) steps.

* Received by the editors February 13, 1975, and in revised form September 29, 1975.

" Mathematical Sciences Department, IBM Thomas J. Watson Research Center, Yorktown
Heights, New York 10598.
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We write A <= Pm B (A is polynomial time many-one reducible to B) for Karp’s
reducibility. Namely, A _< m B iff there is a polynomial time computable function f
such that"

x e A *, f(x) e B.

2. Sparse sets and cores. We now recall Lynch’s notion of a set B being
s-sparse. In Lynch’s notion, what is really "sparse" about B is the set of places
where B is difficult to compute. Lemma 2.1 will reduce the study of such B’s to
that of B’s which are sparse in the usual sense of the word.

Let s N N be a recursive function. Let B be recursive. We say B is s-sparse
if there is a Turing machine M computing c and a polynomial p such that for
any integer x, M runs in time greater than 2y[p(lyl)] for at most x strings of length
<__s(x).

THEOREM. The following conditions on an A
_
E* are equivalent"

(i) A
(ii) (’ recursive s N N) (:! recursive B

_
*) [B is s-sparse and A <_ B].

Of course, the implication "(i) (ii)" is trivial.
LEMMA 2.1. Let A satisfy (ii) of the theorem. Let s N N be recursive. Then

there are recursive sets B and C with the following properties"
(i) A __< B;

(ii) B
_

C;
(iii) if C is infinite and if {c, n N} is an enumeration of C in increasing order,

then for all n, s(n) <= c (i.e., C is, informally speaking, sparse);
(iv) C .
Proof. Let B1 be provided by clause (ii) of the theorem applied to s. Let M

be the machine guaranteed by the fact that B1 is s-sparse, and p the corresponding
polynomial. Let

C {xl M takes > p(lxl) steps to compute n,(x)}.
Let B B 71 C. Then properties (ii) and (iv) are clear. Note that B _<_ B.

9" if x C" use M, if x C This division into(Use a B-oracle to decide ’x B.
cases can be done in polynomial time, since C .) Since A <_ B, (i) is clear.
Since B is s-sparse, C has at most n members of length =< s(n). Deleting the least
member of C from C and B will not upset (i), (ii), or (iv), and we will now have
c, >= s(n) as stated by (iii) since now

[C ("1 0, s(n))[ < n 1.

The following lemma is proved by Lynch in 2, Lem. 1, p. 342].
LEMMA 2.2. Let A be a set with A . Then there is an infinite recursive set X

with the following property. Let M be a machine that computes (a (with time function
). Let p be a polynomial. Then for a.e. x in X,

(x) > p(lxl).

(Following Lynch, we call X a core for A.)
LEMMA 2.3. Let A be a set of strings not in . Let X be a core for A. Let M

be a Turing machine that computes the partial function 99. We suppose that q)(x),
whenever defined, is equal to cga(x). Let (x) be the time M takes on input x. (Thus
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if q(x) is undefined, (x) .) Then if p is any polynomial, we have

(x) p(Ixl) a.e. on X.

Proof. If not, let M1 be a machine that computes cg
A. We run M and M in

parallel, getting a machine M2 (with time function (I)2, say) such that M2 computes
A and 2(x)-<_ 2(x). So by our assumption on M, M2 computes x in time

=< 2p([x[) for infinitely many x in X. But this contradicts X being a core for A.

3. Outline of the proof. At the suggestion of the referee, we indicate after
each step of our outline the portion of 4 to which it corresponds.

Let A satisfy clause (ii) of the theorem. We assume A q and will derive a
contradiction. Let X be a suitably sparse core for A. We are going to choose a
rapidly growing function s, and let B, C be given by Lemma 2.1.

If C were finite, the conclusion A would follow from (i) and (ii) of Lemma
2.1. Thus C is infinite. Our choice of s will guarantee the following happens for
infinitely many n:

(a) Let

e(x) 222x.

Let l(x) be the largest z such that e(z) <= x. (If x =< 3, l(x) 0.)
Then X f"l [e(c,), l(c,,+ 1)) (= l/V,, say) will have at least e(c,,) members. (Cf.

4.1 and 4.2.)
(b) No computation of "x A?" from B by the program provided by Lemma

2.1 will ever consult a member of C > c,, if x W,. This is because e(x) < c,,+ 1.

(Cf. ’4.3.)
(c) There are at most 2"+ possible candidates for B f3 [0, c,] (since B C).

Let us call two members of W, equivalent if for all possible B’s, the oracle makes
the same predictions for x, y. A pigeonhole argument now shows that there are
x, y in W, unequal but equivalent. Say y < x. (Cf. 4.6.)

(d) The following procedure will contradict Lemma 2.3.. We look, given x
for an equivalent y < x. Having found y, check using some recursive algorithm
for A whether y A. Then x A iff y A. (Cf. 4.4 and 4.5.)

Of course, this outline leaves many loose ends dangling. We turn to the
detailed proof.

4. The proof.
4.1. Fix Mo that computes A. Let go(n) be the longest time M0 takes on any

input of length at most n. Let g(n) max (g0(n), e(n)). Note that g is monotone
increasing in n. We assume A and that clause (ii) of the theorem holds. We shall
derive a contradiction. We select a core, X, for A. By shrinking X to some infinite
subset if need be, we arrange that

(1) g(x.) < log (x.+ 1).

(Here (x, "n N) is an enumeration of X in increasing order.)
Before stating the following lemma, we need to develop some notation.

Let C be an infinite subset ofN. Let (c, n N) be an enumeration ofC in increasing
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order. Let
w. {x e x g(.) __< x < g(x) __< c.+}.

(This definition is slightly different from the provisional definition given in 3.)
It will be important for the proof ofLemma 4.1 that W, is known once the members
c, and c,+ are known.

LEMMA 4.1. There is a recursive function s N N such that, if C is any
infinite set such that for all n, s(n) <= c,, then for infinitely many n, we have

(,,) I1 g(c,).

Proof. Let ho(n) be the least integer m such that {x e X g(n) =< x < g(x) _< m}
has at least g(n) elements. Such an m clearly exists since X is infinite. Moreover,
it is immediate from the definitions of l/V, and of (sO,) that if c,+ >= ho(c,), then
(ag,,) holds.

Let hi :N - N be a strictly increasing recursive function such that h(n) >=
ho(n), for all n. From the last sentence of the preceding paragraph, we see that if
(s,) does not hold, then c,+ < h(c,).

Let hz:N N be defined by: h2(0 0, hz(n -t- 1) h(hz(n)). Thus if
fails and c, <= h2(n + k), then c,+ <= hz(n + k + 1).

Suppose that a.e. (n), (sO,) fails. We shall show then that for some k, we have

c <= h2(n + k), all n.

Indeed, suppose that (sO’,) fails for n => no. Pick k so large that c, <__ h2(n nt- k)
for all n __< no. Since (se’,) fails for n no, we can now prove that c, <= hz(n + k)
for n > no by induction on n, using the remark of the preceding paragraph.

Now let s(n) hz(2n). We show that this choice of s makes the Lemma 4.1
true. Suppose, towards a contradiction, that we can choose the infinite set C
so that c, >__ s(n) for all n, but a.e. (n), (d,), fails. But then by the preceding
paragraph, we have, for a suitable k, and all n >__ k + 1,

c,, <= h2(n + k) < h2(2n s(n) <= c,,.

This gives us c, < c,, which is the desired contradiction.

4.2. We now invoke Lemma 2.1 for the s just constructed, getting B and C,
with C infinite. We let M be the oracle machine that computes A from B in time
2x[p(lxl)] for some polynomial p.

LEMMA 4.2. There is an oracle machine M* that computes A from B in polynomial
time and has the following additional properties.

(i) There is a fixed polynomial p* such that for any oracle Y
_

E* and any
input x E*, Y halts in time p*(lxl), with output in {0, }.

(ii) For any Y, x, as above, M* will never ask the oracle: "Is z Y?" for any
z not in C.

Proof. M* will simulate the operation of M. Whenever M presents its oracle
with a query about z, M* determines by a polynomial time algorithm if z e C.
If not, M* tells its version of M the answer no. If so, M* consults its own oracle
and transmits the answer to its M.

At the same time, M* is keeping a count of the number of steps M has taken.
If M attempts to take more than p(Ixl) steps, M* halts and gives output zero.
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Similarly, if M gives an output other than 0 or 1, M* gives output 0. Otherwise,
M* gives the same output as its version of M.

Since C , M* runs in polynomial time;i.e., (i) holds. Since B C, with
oracle B, M* correctly simulates M and so computes cga By construction, M* has
property (ii) of the lemma.

To simplify notation, we drop the *’s and assume our original M and p
have the properties (i) and (ii) of Lemma 4.2.

4.3. By our choice of s, sO, holds i.o. (n). In the remainder of the proof, n is
an integer for which (s’,) holds, and when we say "a.e. (n)" we mehn "for all but
finitely many n for which (sO,) holds".

Let W, be as in 4.1. Let x e I4/,. Then a.e. (n), no computation of M on any
input x can consult any member of C > c,. This is because a.e. (n), we have

p(lxl) _-< 2TM < ]cn+ xl
(since e(Ixl) < g(x) c+ x).

It follows that for x e IV,, {Co,’", c,} is a kernel for x in the sense of the
following definition"

A finite subset Ca of C is a kernel for x if for no oracle Y does M on input x
consult Y about any z not in C1.

LEMMA 4.3. There is a Turing machine M1 which on input the pair of numbers
(y, x) with y < x, will do the following"

(i) print out a list of the members of {n C" n <= log log x} (call this set E);
(ii) determine whether or not E is a kernelfor y; moreover, M will run in time

_-< px(Ixl) for some polynomial pl.

Proof. M1 proceeds as follows.
1. It computes log log x. (This can be done in time
2. It computes E and prints a list of E on its output tape (cf. (i) of the current

lemma). (There are O(loglogx) numbers to check and each check takes
O(log log log x)k) steps for some k. Thus the whole procedure is easily O(Ixl).)

3. It lists all subsets of E, say E1, ..., Er. (This is easily o(Ixl).) Note
r O(log x)= O(Ixl).

4. For each Eg, we determine if a computation on input y using E as an
oracle will ever inquire of a z E. If so, E is not a kernel for y.

Suppose, on the other hand, that for each i, the computation on input y with
the oracle E does not inquire about z’s not in E. Then E is a kernel for y. Indeed,
if Y c__ 22* and E Y (-I E, then our assumption at the beginning of this paragraph
guarantees that the computations on input y using the oracles Y and Ej will
coincide, whence the Y oracle will never be questioned about a z not in E.

This last phase has to examine O(Ixl) subsets. Each examination takes time
O(Ixl) for some suitably large k (independent of the Ei being examined!). Thus
the whole procedure runs in time polynomial in Ixl. This proves the lemma.

4.4. We now describe a certain Turing machine M2 M2 will have the follow-
ing two properties.

(i) M2 computes a partial function, qg, mapping into {0, }. If qg(x) is defined,
then q(x)= A(X).

(ii) There is a polynomial q such that if , holds (and n is sufficiently large),
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then for some x e l/V,, we will have 99(x) defined, and M2 computes qg(x) in q(lxl)
steps.

Ofcourse, once we construct M2 satisfying (i) and (ii), we will have contradicted
Lemma 2.3 i.e., our assumption that A will have led to a contradiction and
our proof of our main theorem will be complete.

We proceed to our description of M2. Let the input x be given. M2 proceeds
as follows.

1. Compute C f-I [1, log log x] (call it E), and check that E is a kernel for x.
(cf. Lemma 4.3.) (If not, halt.)

2. Now search for the least y =< log log x satisfying the following conditions
(and if there is no such y, then halt):

(a) y >= max (E).
(b) E is a kernel for y.
(c) For each subset S of E, 99t(Y) 99S(x)

(Here M is our orac!e machine such that 99t ZA.)
3. We now use our given procedure, Mo, for computing CgA(y). We output

CgA(y as the value M2 computes on input x.
This completes our description of M.
4.5. Let 99 be the partial function computed by M2. Since there are "error

halts" in the definition of M2, 99 need not be total.
LEMMA 4.5. If 99(X) is defined, 99(x) Cga(X).
Proof. Since 99(x) is defined, E is a kernel for x. Let y be the number computed

in step 2 of the computation of 99(x). Then E is also a kernel for y. Thus A(X)
q(X) 99E(X) (since E is a kernel for x), and similarly A(Y) 99ne(y). Clause (c)
in our choice of y insures that 99nE(x) 99e(y). The upshot is that CgA(X Cga(y),
and 99(x)= c4(y A(X). This proves the lemma.

4.6. We have verified claim (i) of 4.4, and turn to verification of claim (ii).
Recall that our choice of s was designed to ensure that sO, held for infinitely many n
(cf. Lemma 4.1). The analysis that follows will be valid for all but finitely many n’s
such that s, holds. Thus at any point, our claims are permitted to hold with a
finite number of exceptions.

Suppose , holds. Then there is a set W,
___
X such that (a)IW.I >_- 222";

(b) x l/V, implies

g(c.) __< x < g(x) __< c.+.
We have remarked in 4.3 that g(x) =< c,+ entails that no computation of

qt(x) can consult c,+1 (or any larger member of C). Thus C f’l [1, log log (x)]
E {Cl, c,} is a kernel for x if x e l/V,.

For each x e l/V,, define a map sx "P(E) {0, 1} by sx(O)= 99(x), O
_

E.
(Here P(E)is, of course, {D D c_ E}.) Now there are 22" maps of P(E)into {0, 1},
and by (a) above, W, > 22". Thus there are elements z and x of l/V, such that
z < x and Sz s (pigeonhole principle !). We shall see that for this x, 0(x) is
defined.

In the first place, since g(c,) < x, and C f’l [1, log log x] {c, ..., c,} is a
kernel for x, step of the computation of 99 is completed without an error halt.
Next, since by our choice of X, g(z) < log (x) (cf. 4.1), E is a kernel for z, and
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Sz sx, we see that step 2 will not error halt. (Since z meets the requirements for y
and z =< log log x.)

Our last claim is that for some polynomial p, independent of n or x, we can
estimate the time M2 takes on input x as =< p(Ixl).

Let us examine each step in the program for M2 in turn. That step can be
done in time polynomial in Ixl is the content of Lemma 4.3.

For step 2, we have at most log (Ixl) candidates for y. Thus it suffices to see
we can check out each candidate in time polynomial in Ixl. Clause (a) causes no
trouble, and clause (b) is handled by Lemma 4.3. As for clause (c), we have to
examine at most 2glxl subsets of E since clearly E has at most log Ixl members.
Since 2glxl Ixl, and q9u runs in polynomial time, there is no difficulty completing
step 2 in time polynomial in x.

How about step 3? By our choice of X in 4.1, go(Z)<= g(z)<= Ixl, since
z, x Xand z < x. But since lYl =< Izl, Mo computes CgA(y in time at most go(z) =< Ixl.
Thus step 3 can be done in time polynomial in Ixl.

This completes the verification of claim (ii) of 4.4 for M2. As explained in
4.4, this establishes the theorem we set out to prove.

REFERENCES

[1] T. BACER, J. GILI AqD R. SOLOVa’, Relativizations of the ? vlf question, this Journal,
4 (1975), pp. 431-442.

[2] N. LvNfr, On reducibility to complex or sparse sets, J. Assoc. Comput. Mach., 22 (1975), pp.
341-345.



SIAM J. CoMPtrr.
Vol. 5, No. 4, December 1976

AUGMENTATION PROBLEMS*

KAPALI P. ESWARAN’I" AND R. ENDRE TARJAN:

Abstract. This paper considers problems in which the object is to add a minimum-weight set of
edges to a graph so as to satisfy a given connectivity condition. Simple characterizations of the minimum
number of edges necessary to make a directed graph strongly connected and to make an undirected
graph bridge-connected or biconnected are given. Efficient algorithms for finding such minimum sets
of edges are discussed. It is shown that the weighted versions of these problems are NP-complete.

Key words, algorithm, augmentation, biconnectivity, bridge-connectivity, connectivity, graph,
strong connectivity, NP-complete problem

1. Introduction. A common computational problem in graph theory is that
of determining how many vertices or edges must be removed from a graph in order
to satisfy some connectivity property. For instance, we might ask how many
vertices must be removed from a graph to disconnect it. If the answer is zero,
the graph itselfis disconnected if the answer is one or more, the graph is connected
if the answer is two or more, the graph is biconnected, and so on. Many good
algorithms have been developed for solving such problems [6], [12], 14].

We can turn this idea around and ask questions about how many edges must
be added to a graph to satisfy a given connectivity property. Several well-known
problems, and also several new ones, can be stated in this form. This paper
proposes a theoretical framework for studying such augmentation problems,
gives well-known examples of such problems, and analyzes in detail the strong
connectivity, bridge-connectivity and biconnectivity augmentation problems.

1.1. Definitions. A (finite) graph G ( $) is a finite set of vertices and
a finite set of edges such that either all elements of are ordered pairs of distinct
elements of (G is directed) or all elements of are unordered pairs of distinct
elements of (G is undirected). A directed edge (v, w) has head w and tail v, enters w,
and leaves v. Generally, we let V denote the number of vertices and E the number
of edges in G. If contains all possible edges, then G is complete. A graph G
(/, 1) is a subgraph of G (, ) if Y

_
Y/ and i - . G1 is a spanning

subgraph of G if .
A path p from vl to vn is a sequence of edges (vl, v2), (v2, v3), (vn_ 1, v,).

A path is closed if vl v,. A cycle is a closed path such that vl, v2, ".’, v,_ are
all distinct. A path may contain no vertices, but a cycle must contain at least
two vertices. A cycle is Hamiltonian if it is spanning. A graph is acyclic if it has
no cycles.

If G is an undirected graph, G is connected if there is a path between every pair
of vertices. If x is a vertex of G such that there are vertices v, w -: x for which
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every path from v to w contains x, and there is a path from v to w, then x is a
cutnode. If G is connected and contains no cutnodes, it is biconnected. If (x, y) is
an edge such that every path between x and y contains (x, y) then (x, y) is a bridge.
(An edge is a bridge ifand only ifno cycles contain it.) If G is connected and contains
no bridges, it is bridge-connected. If G is a directed graph, G is strongly connected if,
for all pairs of vertices v and w, there is a path from v to w. The connected (bicon-
nected, bridge-connected, strongly connected) components of a graph are its
maximal connected (biconnected, bridge-connected, strongly connected) sub-
graphs.

A tree is an undirected, connected, acyclic graph. A spanning tree of a graph G
is a spanning subgraph which is a tree. An arborescence is an acyclic directed graph
with one vertex, the root, having no entering edge, and all other vertices having
exactly one entering edge. A spanning arborescence of a directed graph G is a
spanning subgraph which is an arborescence.

Let C be a property defined either for directed or undirected graphs. We shall
assume that C is monotone increasing;i.e., if G1 is a spanning subgraph of G2 and
C holds on G1, then C holds on G2. Many interesting properties, such as "G is
connected", "G is nonplanar", are monotone increasing, but their negations
("G is not connected", "G is planar") are monotone decreasing and are not
allowed here.

Let be any set of vertices and let f(v, w) be a real-valued cost function
defined on all possible edges between vertices of /. We shall allowfto have value
infinity on some edges. If C is any monotone increasing graph property, then the
weighted augmentation problem with respect to C is the problem of finding a
spanning subgraph G of the complete graph on vertex set / such that G satisfies C
and the total cost of G’s edges is minimum. That is, we want to find a minimum-
cost set of edges g between vertices such that G (, g) satisfies C. If f is
a 0-1 valued function, then the augmentation problem is said to be unweighted.

Because C is monotone increasing, we may assume without loss of generality
that f is nonnegative and that g0 --- fo, where 0 {(v, w)[ v, w , f(v, w) 0}.
Thus an equivalent way to look at an augmentation problem is to assume that
a graph Go (, go) and a cost f(v, w) on edges not in go are given, and we desire
a minimum-cost set of edges fo’ such that G- (V, go U g’) satisfies C. If the
augmentation problem is unweighted, we are interested in finding the minimum
number of edges which must be added to a given graph Go so that it satisfies C.

Let G* (,, d*), where eg* {(v, w)lf(v, w) is finite}. If C holds on a*, then
we may restrict our attention to G* when trying to solve the weighted augmentation
problem on vertex set with cost function f. If C does not hold on G*, then
any graph with vertex set which satisfies C has infinite cost. Thus, yet another
way to look at an augmentation problem is to assume that a graph G* (, g*)
and a finite cost function f(v, w) on edges in g* are given, and we desire a minimum-
cost spanning subgraph of G* which satisfies C. For any unweighted augmentation
problem, G* is the complete graph on vertex set . We shall switch freely between
these three ways of presenting an augmentation problem.

One class of hard-to-solve problems deserves special attention. This is the
class of NP-complete problems, as studied by Cook [1], Karp [8], and others.
Let E* be the set of all finite strings of O’s and l’s. A subset of E* is a language.
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Let()be the class of languages recognizable in polynomial time on one-tape
deterministic (nondeterministic) Turing machines. Let rl be the class of functions
from E* into E* computable in polynomial time by deterministic one-tape Turing
machines. If L and M are languages, we say L is reducible to M if there is a function

f rl such that f(x) M iff x L. A language L is NP-complete if (i) L 4/ and
(ii) every language in ff is reducible to L.

Reducibility is transitive, so in order to show (ii) for a given language L,
we need only show that some known NP-complete problem is reducible to L.
The NP-complete problems are computationally related in the sense that their
time bounds are polynomial functions of one another; that is, either all these
problems have polynomial-time algorithms, or none do. Such famous problems
as the tautology problem, the traveling salesman problem and the chromatic
number problem are all NP-complete [8].

1.2. Examples of augmentation problems. Several well-known problems are
augmentation problems. For instance, let G* be an undirected graph with a finite
cost on each edge. If C is "a given vertex x is connected to a given vertex y", the
resulting augmentation problem asks for the minimum-cost path in G* between
x and y. Efficient algorithms for solving this problem are discussed in [7]. If C
is "G is connected", the augmentation problem asks for the minimum-cost
spanning tree in G*. Various researchers have developed algorithms to find
minimum-cost spanning trees [9], [16], [17].

An analogous problem for directed graphs G* uses as C: "all vertices in G
are reachable from some single vertex". This augmentation problem asks for a
minimum-cost spanning arborescence in the graph G*. Edmonds [2] has proposed
an algorithm for this problem; the algorithm is quite efficient if implemented
properly 15].

Eswaran [3] has considered the problem of adding a minimum-cost set of
edges to a directed graph Go so that there is a cycle which contains all the edges of
Go. He gives efficient algorithms for solving both the weighted version and the
unweighted version of this problem. Goodman and Hedetniemi [5] have given
an O(V2) algorithm to find a minimum number of edges which must be added to
a tree so that the resulting graph has a Hamiltonian cycle. More recently, they
have improved the algorithm to O(V).

Not all augmentation problems have efficient algorithms. Let G* be an
undirected graph with a finite cost on each edge, let S

_ , and suppose C is
"there is a path in G between any two vertices in S". This augmentation problem
is called the Steiner tree problem. It asks for the minimum-cost tree in G* containing
all vertices in S; other vertices may or may not be included in the tree. Karp [8]
has shown that the Steiner tree problem is NP-complete.

A much more general kind of augmentation problem has been studied by
Frank and Chou [4]. Given a V V symmetric matrix Irj] with r, 0 for all i,
they ask for an undirected graph with fewest edges on vertex set U { 1, 2, ..., V}
such that there are at least rj edge-disjoint paths between vertices and j. They
provide a polynomial-time algorithm for solving this unweighted augmentation
problem, but they give no exact time bound. The weighted version of this problem
is NP-complete (as we shall see). They do not discuss what happens in the
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unweighted problem when some of the edges have cost zero instead of one;
presumably the problem becomes much harder. Here we shall consider the special
case when rij 2 for all - j and some of the edges have cost zero.

2. The strong connectivity augmentation problem. Let Go- (, go) be a
directed graph and let f(u, v) be a function defined on edges not in go between
vertices of . The (weighted) strong connectivity augmentation problem is the
problem of finding a minimum-cost set of edges such that G (, go U g) is
strongly connected. If f(u, v)= 1 for all edges, the augmentation problem is
unweighted. The weighted strong connectivity augmentation problem is NP-
complete, but the unweighted version has an O(V + E) algorithm.

THEOREM l. Let Y/ be a set of vertices, f a cost function on ordered pairs of
distinct vertices, and F a total cost. The problem of determining whether there
exists a set, with cost F or less, of edges which strongly connect the vertices of
is NP-eomplete.

Proof. (i) It is easy to construct a nondeterministic Turing machine which in
polynomial time will guess a set ofedges with total cost F or less and check whether
the edges strongly connect the vertices of. Thus the strong connectivity augmenta-
tion problem is solvable on a nondeterministic polynomial-time-bounded Turing
machine.

(ii) We prove that the directed Hamiltonian cycle problem (which is NP-
complete [8]) is reducible to the strong connectivity augmentation problem. Let
G--(, g) be a directed graph. Construct a strong connectivity augmentation
problem on vertex set C with costs f(v, w) 1 if (v, w) g, f(v, w) 2 otherwise,
and F V. This augmentation problem has a solution with cost F or less if and
only if G contains a Hamiltonian cycle. This construction is obviously computable
in polynomial time, so the weighted strong connectivity augmentation problem
is NP-complete.

It should be noted that only the most general version of the strong connectivity
augmentation problem is NP-complete. For instance, if Go, the graph we wish to
strongly connect, has the property that some vertex x can be reached from every
vertex, then the strong connectivity augmentation problem reduces to that of
finding a minimum weight spanning arborescence with root x, which is efficiently
solvable using Edmonds’ algorithm [2], [15].

Consider the unweighted version of the strong connectivity augmentation
problem. We are given a graph Go to which we want to add a minimum number
ofedges to form a graph G which is strongly connected. We can reduce this problem
to a simpler one by converting Go into a directed graph G which contains one
vertex for each strongly connected component (subgraph) of Go. Two vertices
representing components are joined by an edge in G if there is an edge in Go from
a vertex in one component to a vertex in the other. G is called the condensation
of Go (with respect to strong components). G is well-defined, acyclic, and may be
constructed in O(V + E) time by using depth-first search 12].

Let Go (, go) be a directed graph and let G (’,) be its condensation.
For v , let 0(v) be the vertex in Gb corresponding to the strong component in

Go containing v. For x ’, let/(x) be any vertex in the strong component of Go
corresponding to x. Clearly (//(x))= x for all x Y/’. The following result is
obvious.
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LEMMA 1. Let A be an augmenting set of edges which strongly connects Go.
Then (A)= {((v), o(w))l(v, w) A, (v) -7: (w)} is a set of edges which strongly
connects G’o. Conversely, let B be an augmenting set of edges which strongly connects

G’o. Then fl(B) {(fl(x), fl(Y))l (x, y) B} is a set of edges which strongly connects Go.
Because of Lemma l, we can restrict our attention to the acyclic graph G.

This graph contains zero or more sources (vertices with no entering edges and one
or more exiting edges), zero or more sinks (vertices with no exiting edges and one
or more entering edges), and zero or more isolated vertices (no entering or exiting
edges). The following theorem gives a lower bound on the numbering ofaugmenting
edges needed to make G strongly connected.

THEOREM 2. Let G’o be an acyclic directed graph with s sources, sinks, and
q isolated vertices, where s + +.q > 1. Then at least max (s, t) + q edges are
needed to make G’o strongly connected.

Proof. After G is made strongly connected, each source and each isolated
vertex must have at least one entering edge. Thus at least s + q edges must be added.
Similarly, each sink and each isolated vertex must have at least one exiting edge.
Thus at least + q edges must be added. Combining these two results gives the
theorem. ]

The bound in Theorem 2 is attainable the rest of this section gives an efficient
algorithm for finding a set of max (s, t) + q edges which will strongly connect G.
We may assume without loss of generality that s _< t. (Otherwise, reverse the
directions of all the edges in G, solve the augmentation problem on the resulting
graph, and reverse the direction of all edges in the minimum augmenting set.)

Let v(1), ..., v(p) be sources of G and w(1), w(p) be sinks of G such
that

(i) there is a path from v(i) to w(i) for =< =< p;
(ii) for each source v there is a path from v to some w(i); and

(iii) for each sink w there is a path from some v(i) to w.
Let v(p + 1), v(s) be the remaining sources of G;, let w(p + 1), ..., w(s) be
s p of the remaining sinks, and let x(1), ..., x(q + s) be the isolated vertices
and the sinks not among the w(i). Let G; V’, E; U A}, where

A {(w(i), v(i + 1))11 =< < p} {w(i), v(i))lq + 1 s}

J{(w(p),v(1))} ifq+t-s=0

[{(w(p), x(1)), (x(q + s), v(1))} I.J {(x(i), x(i + 1))11 =< < q + t- s}
ifq+t-s>O.

Note that A contains + q edges.
LEMMA 2. G) is strongly connected.
Proof. Clearly G; has a cycle which contains vertices v(i), w(i) such that

1 <i=<p, andverticesx(i),l <__ i<q+ t-sifq+ t-s>0;thusallofthese
vertices are mutually reachable. Consider any source v(i) with p + 1 _-<iN s.
By property (ii) there is a path from v(i) to some vertex on the cycle and hence to
all vertices on the cycle. Also v(i) is reachable via added edge (w(i), v(i)) from w(i).
By (iii), w(i) is reachable from some vertex on the cycle. Hence v(i) is reachable
from any vertex on the cycle. Similarly, any sink w(i) with p + 1 __< __< s is mutually
reachable with any vertex on the cycle. [-1
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Thus A is a minimal augmenting set of edges for G. The following algorithm,
expressed in AL6OL-like notation, finds a set of sources and sinks which satisfy
properties (i)-(iii)

algorithm ST :begin
procedure SEARCH(x);

if x is unmarked then
begin

if x is a sink and (w 0) then w x;
mark x;
for each y such that (x, y) is an edge do SEARCH(y);

end SEARCH
initialize all vertices to be unmarked;
i.’= 0;
while some sink is unmarked do begin

choose some unmarked source v;
w:=0;

FIG. 1. A directed graph Go which we wish to make strongly connected. Strongly connected components
are circled.
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SEARCH(v);
if w - 0 then begin

i.’= + 1;
v(i) v;
w(i) w;

end end;
p:=i;

end ST;

It is obvious that this algorithm finds a sequence ofsources and sinks satisfying
(i)-(iii). It follows that the following algorithm will find a minimum augmenting
set of edges for an arbitrary directed graph Go"
algorithm STRONGCONNECT: begin
SCI" Use depth-first search to form the condensation G of Go, identifying the

sources, sinks, and isolated vertices of G;
SC2" Apply algorithm ST to G) to find a set of sources and sinks satisfying

(i)-(iii);
SC3 Construct the corresponding augmenting set of edges A;
SC4" Convert A into an augmenting set of edges for Go, using Lemma 1
end STRONGCONNECT;

It is easy to implement this algorithm to run in O(V + E) time if the method
described in [12] is used for step SC1. Algorithm ST clearly requires time pro-
portional to the number of vertices and edges in G, and steps SC3 and SC4
clearly require time proportional to the number of vertices in G. Figures 1-2
show the application of this algorithm to a directed graph.

10 w(1)

v(1) 1

9 x(1)

13 x(2)

!

FIG. 2. Acyclic directed graph corresponding to graph in Fig. 1. Numbers are those of arbitrary
vertices in the corresponding strongly connected components. Dotted edges give a minimum strongly
connecting augmentation, which also works for graph in Fig. 1.
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3. The bridge-connectivity and biconnectivity augmentation problems. Let Go
be an undirected graph, and consider the problem of adding a minimum-cost set of
edges to Go to make it (i) bridge-connected or (ii) biconnected. Both of these
weighted augmentation problems are NP-complete, while the unweighted versions
of these problems have O(V + E) algorithms.

THEOREM 3. Let be a set of vertices, f a cost function on unordered pairs of
distinct vertices, and F a total cost. The problem of determining whether there
exists a set, with cost F or less, of edges which bridge-connect the vertices of
is NP-complete.

Proof. (i) It is easy to construct a nondeterministic Turing machine which
solves the bridge-connectivity augmentation problem in polynomial time.

(ii) We prove that the undirected Hamiltonian cycle problem, which is NP-
complete [8], is reducible to the bridge-connectivity augmentation problem.
Let G (, ) be an undirected graph. Construct a bridge-connectivity augmenta-
tion problem oa vertex set with costs f(v, w) 1 if (v, w) , f(v, w) 2 if
(v, w) g, and F V. This augmentation problem has a solution with cost F or less
if and only if G has a Hamiltonian cycle. This construction is obviously polynomial-
time, so the weighted bridge-connectivity problem is NP-complete. [3

THEOREM 4. Let be a set of vertices, f a cost junction on unordered pairs of
distinct vertices and F a total cost. The problem of determining whether there exists
a set, with cost F or less, of edges which biconnect the vertices of " is NP-complete.

Proof. The undirected Hamiltonian cycle problem is reducible to the weighted
biconnectivity augmentation problem using the same transformation as in the
proof of Theorem 3. V]

These constructions can be improved to show that even if the graph Go is
connected, both the bridge-connectivity and biconnectivity augmentation problems
are NP-complete. Thus these weighted augmentation problems are different from
the weighted strong connectivity augmentation problem, for which an interesting
special case has an efficient algorithm. However, the unweighted bridge-connectivity
and biconnectivity problems both have good algorithms. Here we present an
O(V + E) algorithm for the bridge-connectivity problern Pecherer and Rosenthal
have developed an O(V + E) algorithm for the biconnectivity problem [! 1].

3.1. Bridge-connectivity. Let Go be any undirected graph. If Go has exactly
two vertices, then there is no way to bridge-connect the vertices without allowing
multiple edges. Thus suppose that Go (; go) with V __> 3.

To find a minimum augmenting set for Go, we first find the bridge-connected
components of Go and shrink each to a single vertex to form a graph G, called
the condensation of GO (with respect to bridge-connectivity). This transformation
requires O(V + E) time [12], [13]. G is a set of trees; each edge in G corresponds
to a bridge of Go and each vertex in G corresponds to a bridge-component of Go.
Any set of edges which bridge-connects Go corresponds in an obvious way to a set
of edges which bridge-connects G, as described in the result below.

Let G) (Y/", ) be the condensation of Go (, o). For v / let (v) be
the vertex in G corresponding to the bridge-component in Go containing v.
For x ’, let fl(x) be any vertex in the bridge-component of Go corresponding
to x. Clearly a(fl(x)) x for all x e ’.
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LEMMA 3. Let A be a set of edges which bridge-connects Go. Then (A)=
{(z(v), z(w))J(v, w)6 A, z(v):/: cz(w)} is a set of edges which bridge-connects G’o.
Conversely, if B is a set of edges which bridge-connects G’o, then fl(B)=
{(fl(x), fl(Y))l (x, y) B} is a set of edges which bridge-connects Go.

Because of Lemma 3 we can concentrate on G. G contains zero or more
vertices with exactly one incident edge, called pendants, and zero or more vertices
with no incident edges, called isolated vertices. The following theorem gives a
lower bound on the number of edges needed to make G bridge-connected.

THEOREM 5. Let G’o contain p pendants and q isolated vertices, where p + q > 1.
Then at least p/2] + q edges are needed to make G’o bridge-connected, where
denotes the smallest integer greater than or equal to x.

Proof. After G is bridge-connected, each pendant will have at least one new
incident edge, and each isolated vertex will have at least two new incident edges.
Each new edge can satisfy at most two of these requirements. Thus at least
[p/2] + q edges are needed to bridge-connect G).

The bound in Theorem 5 is attainable. The rest of this section gives a method
for efficiently finding a set of p/2] + q edges which bridge-connect G. The
method first adds enough edges to make G into a tree and then pairs pendants in
a simple fashion.

Let G (V’, E). Let n be the number of trees in G. Let v(i), 1 <= <= 2n,
be a set of vertices of G such that

(i) v(2i 1) and v(2i) are each a pendant or an isolated vertex in the ith tree
of Go, for each 1 _<_ =< n;

(ii) v(2i 1) v(2i) if and only if the ith tree of G) is an isolated vertex.
Let T= (V’, E (3 A1), where A1 {v(2i), v(2i + 1)J 1 < n}. The following
result is obvious.

LEMMA 4. T is a tree having p’ p + 2q 2(n 1) pendants and no isolated
vertices.

Note that A1 contains n edges. Thus all that remains is to find a set of
p’/2] edges to biconnect any tree T with p’ pendants. We assume p’ >__ 3; p’ 2
is easy.

To accomplish this, we convert T into an arborescence T’ by picking an
arbitrary nonpendant vertex as root and directing all the edges so that there is
a directed path from the root to every vertex. The pendants of T are exactly the
vertices with no exiting edges in T’. We then number the vertices in preorder 10].
This numbering scheme corresponds to applying the following algorithm to T"

algorithm PREORDER begin
procedure DFS(v); begin

number(v) i:= +
for w ach that (v, w) is an edge do DFS(w);

end;
i:: 0;
DFS(r);
comment r is the root of T’;
end;

It is easy to construct T’ and number the vertices in preorder in O(V) time [13].
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Let v(1), ..., v(p’) be the pendants of T, ordered so that number(v(/))<
number(v(/+ 1)) for 1 < =< p’. Let A2 {(v(i), v(i + Lp’/2])l 1 =< __< [p’/2]},
where Ix] is the greatest integer not greater than x, and Ix] is the least integer
not less than x. We will show that addition of the edges A2 to T makes T bridge-
connected. We need a little notation and two lemmas. If (v, w) is an edge of T’,
we write v w in T’. If w is reachable from v in T’, we write v & w. In this case
v is an ancestor of w and w is a descendant of v.

LEMA 5. The descendants of any vertex have consecutive numbers in any
preorder numbering.

Proof. See [13].
LEMMA 6. Let (v, w) be an edge of G’ (t#’, ’o IO A U Az) with number(v) <

number(w). Then (v, w) is a bridge of G’ if and only if v w and there is no edge
(x, y) such that w & x in T’ and --nw *& y in T’.

Proof. See [13].
LFMMA 7. G’ (Y/", o U A U A2) is bridge-connected.
Proof. We must show that G’ has no bridges. Let (v, w) be any edge of G’

such that v w. Suppose the pendants of T which are descendants of w are
contained in {v(1), ..., v( [p’/2 ])}. Then there is an edge (x, y)e Az such that
w & x and --q w & y, so (v, w) is not a bridge by Lemma 5. Similarly, if the pendants
of T which are descendants of w are contained in {v(Ip’/2] + 1), ..., v(p’)} then
(v, w) cannot be a bridge.

The last case occurs when some pendant v(i) with 1 <= <= [p’/2 and some
pendant v(j) with [p’/2J + <__ j p’ are descendants of w. Then, by Lemma 5,
v([p’/2]) and v([p’/2] + 1) are descendants of w. Since the root of T’ has degree

FIt3.3. Undirected graph we wish to make bridge-connected. Bridge components are circled.
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5(3)
8(4)

,
11(5)

151 1)

FIG. 4. Set of trees corresponding to graph in Fig. 3. Graph has three pendants and one isolated vertex.
First numbers on vertices are those of arbitrary vertices in the corresponding bridge components. Numbers
in parentheses give preorder numbering. Edge (15, 11) is in A (5, 8) and (8, 11) are in A2.

two or more, either v(1) or v(p’) is not a descendant of w, and there is an edge
(X, y) A2 such that w x and - w y, so (v, w) is not a bridge. [3

Since A2 contains [p’/2 edges, A and A2 together contain [p/2 + q edges
and form a minimum augmenting set for G. Combining the steps discussed
above, we get the following bridge-connectivity augmentation algorithm.

algorithm BRCONNECT; begin
BRI: find the bridge-connected components of Go;
BR2" condense Go into an acyclic graph G by collapsing each component

subgraph of Go into a single vertex;
BR3" construct a set A1 of edges to connect G into a tree T;
BR4: convert T into an arborescence, number its vertices in preorder, and order

the pendants of T by preorder number;
BR5 construct A2 to bridge-connect T;
BR6: convert A Aa U A2 into a minimum set of edges which bridge-connect

Go by using Lemma 3;
end BRCONNECT

It is clear that BRCONNECT requires O(V + E) time and space. Figures 3-4
show the application of this algorithm to an example graph.

3.2. Bieonneetivity. Let Go be a graph we want to make biconnected by
adding a minimum number of edges. In this section we characterize the number
of edges which must be added. Go has a number of biconnected components (or
blocks). We call a block of Go isolated if it contains no cutnodes, and pendant if
it contains exactly one cutnode. Let p be the number of pendant blocks and let
q be the number of isolated blocks of Go.

Let v be any node of Go. We can divide the edges of Go into equivalence classes
Ei such that two edges (x, y), (w, z) are in the same equivalence class if and only if
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there is a path (vl,/)2), (Vk-1, Vk) containing (x, y) and (w, z) but such that
vi - v for 2 =< __< k 1. Each equivalence class Ei defines a subgraph G (V, Ei)
of Go, where V {x e Vl(x, y)e Ei}. We call the subgraphs Gi the v-blocks of Go.
Let d(v) be the number of v-blocks of Go. Then d(v) > 1 if and only if v is a cutnode.
If G contains n connected components and v is contained in b blocks, then d(v)
b+n- 1. Letd=max{d(v)lvV}.

Suppose Go is connected and consider two pendant blocks of Go which lie
in different v-blocks. Suppose we connect these two pendant blocks by an edge
not connecting cutnodes. Consider the resulting graph G. Gb has the same
v-blocks as Go with the exception that the two v-blocks containing the joined
pendant blocks are coalesced into one new v-block. G has one pendant block in
the new v-block for each pendant block in the old v-blocks except for the two
pendant blocks newly joined, unless the old v-blocks both contain only one
pendant block. In this case, the new v-block has exactly one pendant block
representing the entire v-block. This observation forms the basis for Theorem 7
below.

THEOREM 6. At least max (d- 1, [p/2] + q) edges are needed to make Go
biconnected if p + q > 1.

Proof. Since any biconnected graph is bridge-connected, Theorem 5 implies
that at least [p/2] + q edges are necessary to biconnect Go. Let v be a cutnode of

Go with d(v) d. Deletion of v from Go leaves d connected components. At least
d 1 edges are necessary to connect these components. V]

The bound in Theorem 6 is attainable, as we show in the next theorem.
THEOREM 7. We can biconnect Go by adding max (d 1, [p/2] + q) edges.
Proof. The proof is by induction on i= max (d- 1, [p/2] + q). If Go is

biconnected, there is nothing to prove. If Go is not biconnected, => 1. It is easy
to verify the theorem for i= 1. Suppose the theorem is true if max(d- 1,
[p/2] + q) _>_ 1. Let max (d 1, [p/2] + q) + 1. We must consider several
cases.

(i) Go is not connected. Pick two connected components of Go. Each is
either an isolated block or contains a pendant block. Join an isolated or pendant
block in one component to an isolated or pendant block in the other component
by a single edge not connecting cutnodes. The resulting graph G) has max (d’ 1,
[p’/2 + q’) i. By the induction hypothesis we need only more edges to biconnect
GO

(ii) Go is connected. Then q 0. There are three subcases.
(a) d 1 > [p/2]. There can only be one cutnode v with d(v) d. Pick any

two pendant blocks of Go which lie in different v-blocks in Go and join them by
an edge not connecting cutnodes. The resulting graph G; has max(d’-1,
[p’/2]) i. By the induction hypothesis we can biconnect Go with more edges.

(b) d- [p/2]. There can be at most two cutnodes v with d(v)= d.
Choose such a cutnode v. Since d 1 [p/2] + >= 2, there must be some
v-block of Go which contains two or more pendant blocks of Go. Pick such a
v-block G1. If some other cutnode w satisfies d(w) d, then w must be in Ga.
Furthermore, each pendant block of Go must be the unique pendant block in
either a v-block or a w-block.

Connect any pendant block in G to any pendant block in some other v-block,
using a single edge not joining cutnodes. This reduces the number of pendant
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blocks by two. It also reduces the number of v-blocks by one. Finally, if another
cutnode w satisfies d(w) d, addition of the edge reduces the number of w-blocks
by one. Thus the resulting graph G has max (d’- 1, [p’/2])= i, and by the
induction hypothesis we can biconnect Go with more edges.

(c) d 1 < [p/2]. There must be a cutnode v in Go having a v-block which
contains two or more pendant blocks of Go. Connect one of the pendant blocks
of Go in such a v-block to a pendant block in some other v-block, using an edge
not joining cutnodes. The resulting graph G has two less pendant blocks than Go,
and by the induction hypothesis we can biconnect Go with more edges, fq

The proof ofTheorem 7 leads to an algorithm for finding a minimum augment-
ing set of edges to biconnect a graph. This algorithm will run in O(V + E) time if
properly implemented [11], but the program is fairly complicated because some
involved list-processing must be used. We leave open the problem of determining
a simple O(V + E) algorithm for finding a minimum augmenting set of edges to
biconnect a graph.
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SIMPLE PROGRAMS REALIZE
EXACTLY PRESBERGER FORMULAS*

JOHN C. CHERNIAVSKY?

Abstract. A class of programs, L+, is introduced which lies between L1 and L in the loop program
hierarchy. As a tool for analysis of this class, we use formulas in Presberger’s arithmetic and we show
that L+ realizes these formulas both relationall, and functionally. Moreover, the realization is exact
in the sense that every program in L+ realizes some Presberger formula. Using known decidability
and complexity results for Presberger’s arithmetic, we are able to obtain a decision procedure for
equivalence of L+ programs and to obtain upper bounds for the complexity of this procedure.

Key words, logic, computational complexity, program semantics, flow chart schemata

Introduction. A key problem facing computer scientists is the formulation of
meaningful and mathematically precise semantics for computer programs. This
problem runs a spectrum of difficulty ranging from the development of semantics
for regular languages to the development of semantics for high level languages
such as AL6OL 68 and PL/1. We propose to study the semantics of a simple pro-
gramming language L+.

The semantics of L+ will be related, in a very precise manner, to functions
and relations definable in Presberger’s theory of addition, P+. The motivation
for the study was twofold. First, we were interested in classes of programming
languages with decidable equivalence problems. Rather than attempt to use the
usual techniques for their analysis, we decided to try and use a first order decidable
logical theory, for the logical theory provides a ready-made formalism for describ-
ing the semantics of the programming language. Second, we wanted to develop
a purely computational interpretation of P+, that is, a programming language
which "realized" formulas in P+. We were able to show that the pair L+, P+
satisfied both criteria; that is, P+ acts as a formalism to describe the semantics of
L+ and L + acts as a mechanistic description of P+. We call such a realization of
a logic by a class of programs an exact realization.

The notion of realization was originally introduced by Kleene [7] to dif-
ferentiate between classical and intuitionistic provability in number theory.
Starting from a sentence in intuitionistic number theory (INT), a G6del number
for the sentence can be effectively calculated from a proof in INT of the sentence.
The G6del number refers to a program that duplicates the intuitionistic proof in
the sense that constructivity is interpreted as computability. In essence, an interpre-
tation of the provable formulas in a logic is provided using programs (this is
inverse to the usual procedure where interpretations for programs are obtained
as formulas, to be proven in a logic). We will introduce a notion of realizability
motivated both by Kleene’s considerations and semantic considerations.

Let T be a logical theory; let F(T) be the first order formulas constructed
from function and predicate symbols occurring in T; let I (D, {f}, {p})
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be a model for T; let L be a set of programs computing over D. We say that
L realizes T relative to I if for every formula Q(Xl,..., x,) in F(T) there is a
program r in L with input variables x1,"’, x, such that for d1,.-., d, in D,
Q(dx,..., d,) is true in I iff z halts on inputs d l, ..., d,. The realization is exact
if for every program 7r in L with inputs x l, "", x, there is a formula Q(Xl, "",

in F(T) such that 7r realizes Q.
L is said to functionally realize T relative to I if for every functionf in D" D

represented by a formula Qi(xl,..., x,, z) in F(T) (i.e., Qi(d,..., d,, c) is true
in I ifff(dl, ..., d,) c), there is a program rQ with inputs x l, ".., x,, and output
z such that rrQ(dl, ..., d,) c iffQy(dl, ..., d,, c) is true in I. A functional realiza-
tion is exact if for every program r with inputs x x, "", x, and output z, there is
a formula Q(x,..., x,, z) in F(T) such that r functionally realizes Q.

In this paper we shall be investigating the semantics of a language L+ that
essentially lies between Meyer’s and Ritchie’s [9] L1 and L2. Following their
notation, the functions computed by programs in L+ will be denoted by 5+. We
will show that L+ has an exact realization in the theory P+. Since properties of
this theory are quite well known (and the theory is decidable), it provides a good
semantics for L+. In addition, we will have extended the decidability result of
Tsichritzis [11] from L to L+ and thus further refined the boundary between
decidable and undecidable equivalence problems for subrecursive classes. As an
added benefit, using known complexity results for equivalence in P+, we are able
to obtain complexity bounds for equivalence in L+ and in L. Finally, we will
have obtained yet another characterization of P+, thus further refining our notions
of the power of this theory.

1. The theory P+. P+ is the theory for the structure {, 0, + 1, +, <, =)
and is a conservative extension of the original Presberger theory (for axioms, see
[8]). Historically this theory is important because the solution to its decision
problem was interpreted by many as a positive step in Hilbert’s program. Today
it remains as one of the stronger logical theories with a decidable equivalence
problem. In addition, it has been of recent interest for problems associated with
its complexity, as evidenced by the research of Oppen [10] and Fischer and
Rabin [6. It should be remarked that the decision procedure for L+ has some
striking resemblances to that developed for La. However, La is not a realization
for P+, as will be shown below.

Because of its key role in one of the embeddings, we feel that a brief presenta-
tion of some elements of the quantifier elimination procedure for P+ is in order
(see [5] for more details). P+ is somewhat peculiar because the quantifier elimina-
tion cannot be done in P+ but must be done in a conservative extension of P+, P*_.
The language for P*+ includes all the symbols of P+ with the addition of new
symbols _=2, =3,"" which are to represent binary relations corresponding to
equivalence modulo 2, modulo 3, etc. That the theory resulting is a conservative
extension of P+ can easily be seen by translating "t -m t2" to "Zlbl :ib2((ta mb
& 2 rrlb2) V (t mbl + 8l.t2 tnb2 -+- 1) V V (t mb + rn 8zt2

mb2 + m 1))", where abbreviations have been freely used and t, t2 are terms.
Beginning with a formula Q(x,..., x,) in F(P+) and just before elimination

of variable z, a disjunction of formulas of the following form is obtained"



668 JOHN C. CHERNIAVSKY

:tz[Ar <z+s& A z+uj<tj& A X+W----m,V]
i<l j<k i<n

& Boolean combination of atomic formulas not involving z]

where ri, si, uj, tj, wi, v are terms in P+. After all quantifiers have been eliminated
in Q, the result is a Boolean combination of atomic formulas of the form t t,
ti < t, t =__,, t, where the terms have free variables from {xl, ..., x,}.

2. The programming language L+. The language L+ is essentially a language
in which no assignment statement is embedded in more than one loop. In order
to make this more precise, we must define "loop" more precisely.

DEFINITION. A cycle in a labeled directed graph is a sequence of nodes
a,..., a,, such that there is an edge leading from a to a+l, =< < n, and
a an.

DEFINmON. A subcycle of a cycle a l, ..., a, is a sequence of nodes bl, "’, bk
such that for some at, at bl, at+l b2,’", at/k-1 bk and bl,’", bk is a
cycle.

DEFINITION. A canonical cycle is a cycle with no identical subcycles.
A PNIL graph G is defined as a connected labeled directed graph G with a

distinguished source node of outdegree 1 (the start node), distinguished sink
nodes (halt and loop nodes), nodes of outdegree 1 (operational nodes), and nodes
of outdegree 2 (test nodes) for which one branch is labeled "_1_" and the other
"-]-’" PNIL graphs satisfy"

(A) No operational node is contained in two or more distinct canonical
cycles of G.

Example 1. Let 1,.I..
G1 +/-

3

T +/-

The start node of G1 is 1; the sink node is 7; the operational nodes are 3, 5 and
the test nodes 2, 4, 6. G1 is not a PNIL graph for 3 is in the canonical cycles 2342
and 2342562.

Example 2. Let

G2=f!4J7 8 / _t.



SIMPLE PROGRAMS 669

The start node is 1; the sink node is 10; the operational nodes are 3, 5, 7, 8 and
the test nodes are 2, 4, 6, 9. G2 is a PNL graph for the only canonical cycles are
234562 and 7897 and they have no operational nodes in common.

An L+ program is then defined as a PNL graph with source node START;
sink nodes HALT and LOOP; operational nodes x y + 1, x y 1, x y
and x 0; and test nodes x 0, where variables are drawn from a countable
set of names and y 1 is defined as y 1 if y > 0; 0 otherwise. The other opera-
tions have their standard interpretations.

The set of input variables to an L + program is a set of variables, included in
the program’s variables, that include those variables that first occur on the right-
hand side of an assignment statement within some path through the program, or
which first occur in a test node. The set of output variables may be defined arbi-
trarily as a set of variables included in the program’s variables; however, in order
to ensure that the only undefined computations are those that encounter a loop
node or those that never halt, we assume that the set of output variables is con-
tained within the set of input variables (and hence they always have a value).
Execution of an L+ program is defined in the natural manner, where flow of
control is determined by the connections of the underlying PNL graph. The
interpretations of the operational and test statements are again natural. The
statements in L+ can be weakened somewhat by noticing that x - y + 1 can be
replaced by x ,-- x + 1 and x - y 1 can be replaced by x - x 1, the former
statements being simulated by the introduction of extra variables.

The total functions in + lie between and 52, where and 592 are the
functions computed by programs defined in a program hierarchy due to Meyer
and Ritchie 9]. The statement types allowed in programs in this hierarchy con-
sisted of the following:

(i) x 0,
(ii) xx+ 1,

(iii) x - y,
(iv) LOOP x,
(v) END,

where every LOOP x is paired with an END.
Lo is defined as the set of programs consisting of statement types from (i)--(iii).

L is the set of programs containing L_ in which every LOOP x, END pair
encloses an L_ program. Given a value for x, the interpretation of LOOP x
z END, for 0 a program, is that is executed exactly times. The interesting facts,
for our purposes, about these classes is that the equivalence problem for L
programs is decidable [11], but is undecidable for L2 programs [9].

It is easy to see that L+ programs contain L programs. The statement types
(i)-(iii) are in L / and the following code simulates LOOP x 0 END, for z in Lo:

count - x;

L2: if count 0 then go to L;

count count

go to L2;
LI:
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Since is in L0, no other looping (and hence no other cycles) can occur. Hence no
canonical cycles intersect and the resultant program is in L/.

What makes L/ interesting is that it computes functions not computable in
L1. This is because of two features:

(i) So/ contains partial functions (51 functions are total).
(ii) x y is in + but not in 51.

Feature (i) tells us that So/ is not really a subrecursive class (though trivially so).
Feature (ii) says that So/ is interesting for its total functions properly contain .

LEMMA 1. X y is not in

Proof. As a consequence of Theorem 5 in Tsichritzis [11], x y is not simple
and hence not in 1.

All that remains to be shown is that + is properly contained in L’2 (for total
L’/ functions). This result depends upon Theorems 4 and 5 below and their
proofs. The theorems state that L+ is an exact functional realization of P/. To
prove that +

_
Aa2, all that needs to be done is to replace the L / programs by

L2 programs in the proof of Theorem 5. The easiest way to do this is to use a
result of Constable and Borodin [3] and to replace L / programs by SR programs
we leave it to the reader to fill in the details. To show the containment is proper,
all that is necessary is to exhibit an &a2 function that is not Z’+ computable. By
Theorems 4 and 5, this is equivalent to showing that the &a2 function is not P/
expressible. One such function is x * y z, for there is no formula Q(x, y, z) in P/
such that Q(x, y, z) is true exactly when x * y z [5].

3. L/ exactly realizes P+. As indicated in the Introduction, there are two
notions of realizability a relational notion and a functional notion. L/ realizes
P/ in both senses.

DEFINITION. A program in L/ with inputs xl, "’", x, realizes a relation on
described by Q(xl,’.., x,) in F(P/) iffVal,-.., a, in (Q(al,’", a,) is valid
g (a l, a.) halts).
Our problem is to prove that every program in L/ realizes seme P/

describable relation and that every relation described by a formula in P/ is
realized by a program in L/.

THEOREM 1. Every program in L + realizes a relation described by a formula in
F(P+). In addition, if n is the length of the program, the length of the formula is at
most O(22(")), where p is a polynomial.

Proof The proof of the first part of the theorem is in [2]. For the purpose of
calculating complexity bounds, we will present an outline of the proof.

The proof is a two step process. First we use a normal form reduction from
PROWL flowchart schemata (i.e., schemata defined on Prit graphs) to formulas in a
two-sorted logic. The functions and predicate symbols of these formulas are then
interpreted in accordance with the interpretations of functions and predicates in
L +. In the second step, the resulting formulas are translated to P+ formulas.

In more detail, the first step of the process consists of the following substeps
(a) A translation from a PNL graph to its Engeler normal form.
(b) An expansion of the Engeler normal form graph by identification of

loops and discrimination of periodic outputs of these loops.
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(c) For each path in the resulting tree, the construction of a conjunction,
each element arising from a node in the tree (these elements are the
iterated expressions described below). A disjunction is then taken over
all such conjunctions.

Given a program of length n, step (a) results in a program of length 0(2").
In step (b), the identification of a loop as a node along with the discrimination
of outputs can result in the spawning of O(n") subtrees below the identified node
(shown in [2]). Thus the size of the tree produced in step (b) is O(22P(")), where p
is a polynomial. Each branch in the tree still has length at most n. In step (c),
each element of the conjunction is linearly related to n in length; thus the resultant
formula has size O(22p(")).

After interpreting the function and predicate symbols according to those in
L+, our atomic formulas have the form "t < tj, tj and "]
x 0", where t and tj are terms constructed from + 1, 0 and variables ranging
over x, il, ..., i are,variables ranging over and is a composition of the
functions + 1, -1 and 0 (where 0(x)= 0 for all x). Given a value for i, the
interpretation ofx is the -fold composition of applied to x.

The final step of the construction is to convert atomic formulae of the form
,1,.’i, 0 to P+* formulas. This conversion is a straightforward (although
lengthy) recursive argument and results in a P*+ formula of length O(2"), where n
is the length of the atomic formula. This results in a multiplicative expansion of
0(2") on the formula resulting from the first step of the process. Thus the repre-
senting formula has length O(22P")), where n is the length of the original program.
Since P*+ is a conservative extension of P+, there is a P+ formula representing the
same relation.

We must next show that every P+ formula is realized by an L+ program.
The idea is to perform an elimination of quantifier procedure on the P+ formula,
obtaining a formula in P*+. Next we put this formula in disjunctive normal form
and then construct the L + program. The final result is obtained after the proof of
a sequence of lemmas.

LEMMA 2. All P+ terms are L+ computable.
_Proofi We proceed inductively on the number of function occurrences in the

P+ term. We let z represent the output variable.
Case O. The term is either "0" or "xi and respectively ’z ,-- 0" or ’z +- x

suffices.
Case n. All terms with n or less occurrences of functions are L + computable.
Case n + 1. Let fo xi be a term of P+, where has n occurrences of P+

functions andf / 0, + or + xj. Let be the output of the program to compute
xi and let ffj be a new variable; then"

(a) xi program (b) xi program
Z+--Z, Z +-Z
HALT z *-- z / 1;

HALT

suffice to cover the respective cases.

(c) exi program
Z--Z,

X.j +-- Xj,
L" ifff 0 then go to L’

z-z+l;

go to L;
L" HALT
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LEMMA 3. The formula A i<l ri < Si is realized by a program in L+ (ri, s are
terms).

Proof Let r; and si be the outputs of programs to compute ri and si. The
following program, ai, realizes one of the conjuncts"

1. e/" compute ri and si
2. L]’ifs 0 then LOOP;
3. if r 0 then go to e+
4. r ri 1"
5. si - si 1"
6. g-o to-L/

The entire conjunction is realized by
(ZO" (Z1; O(’l-1; e] HALT

LEMMA 4. Theformula A k ri si is L + realizable.
Proof The proof is the same as for Lemma 3 except that the labels e], L/

are replaced by e2g, L/2 and lines 2 and 3 are replaced by"
L/2. if si 0 then if ri 0 then go to e/2+ else LOOP

if r 0 .then LOOP; 71
LEMMA 5. Theformula A <, r =--m, Si is L+ realizable.
Proof Let ri and s be as in Lemma 3. The program for each conjunct consists

of two parts. The first is a "decision table" which checks what rg is congruent to
among {0, 1, ..., mi 1}. If it is congruent to k, a branch is made to b which
checks if s is congruent tc k also. For each conjunct, construct a program fli as
follows"

e/3" compute ri and si
L3" if r 0 ten goSo b;

r - r 1;

if ri 0 then go to bi,_
ri-- r 1;
go to L/3;

b" if s,. 0 then go to e/3+
S -- S 1;

}if si 0 then LOOP;
si T-- si 1; mi repetitions

go to b;

b" if s_ 0 then LOOP ;; k repetitions
s +- s
if si 0 then go to e/a+
S 4-- S 1;

}if s 0 then LOOP
s T-- s-" 1" m- k 1 repetitions

go to bgk

go to bmi-1
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The program for the entire conjunction then consists of

3. HALTflo, fl fln- en

THEOREM 2. Everyformula Q(x x,) in P+ is realized by a program in L+
Proof From Q(x 1, "’", x,) in P +, apply the elimination of quantifier procedure

to obtain an equivalent formula Q’(xl,..., x,) in P*+. Put Q’ in dnf form, with
negations of atomic formulas eliminated (as in the quantifier elimination pro-
cedure [5]), and obtain a disjunction of m conjunctions, each of which has the
form

"( A r < S tL A tj-- blj & A V mi Wi)""
i<l j<k i<n

For each such conjunction i, =< < m, use Lemmas 3, 4 and 5 to obtain pro-
grams 7i, 6i and #i which realize

A ri < si, A tj-- blj and A vi =m,
i<l j<k i<n

2 respectivelyrespectively. In 7i and 6i, change the statements labeled by e/ and ek
.3,,"" and "go to o Call each of these programs i,from "HALT" to "go to o

__< =< m. To the programs i, 2 __< __< m, add a label e to their first statements.
Finally, to the programs i, =< m- 1, change all "LOOP" statements to
"go to e/+". The resulting program realizes Q’. [-]

Theorems and 2 now allow us to state"
THEOREM 3. L+ is an exact realization of P+.
The proof for functional realization is somewhat different. Theorem 4,

which will correspond to Theorem 1, will be proven by a reduction to Theorem 1.
Theorem 5, which will correspond to Theorem 2, will be proven by a construction
driven by an elimination of quantifiers.

THEOREM 4. Every program rc with inputs x 1,’", x, and output Xout jinc-
tionally realizes some formula in F(P+).

Proof Modify the program n so it contains a new input variable z. In place
of each HALT statement in n, insert the following code"

L" if Xo,t 0 then if z 0 then HALT else LOOP;
ifz 0 then LOOP;
X -- Xou 1;
Z’--Z l
go to L;

The modified program, re’, has input variables x 1,..., x,, z and for values
aa,..., a,, b in , t’(a,..., a,,b) halts rt(a,..., a,) b. Use Theorem to
obtain from re’ a P*+ formula which realizes re’ and which also, by the above con-
struction, is functionally realized by t. Since P*+ is a conservative extension of
P+, there is a P/ formula which is functionally realized by

THEOREM 5. Given any formula Q(x1,... Xn, Z in F(P+) describing some

function over N, there is a program with inputs x ..., x, and output z such that
z fimctionally realizes Q.

Proof At the beginning, we proceed much as in Theorem 2. We obtain from
Q a formula Q’ in P in which all quantifiers have been eliminated; Q’ has free
variables x 1,..., x,, z, and we want to express the functional dependence of z
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on xl, "’", x,. We designate one of the input variables as an output variable and
call it Xout. From 1 we see that the functional dependence is expressed via disjunc-
tions of sets of equations of the form

A ri<z’+si& A z’+u<tj& A
j<k i<,

& conjunction of atomic formula not involving z’.

The variable z’ is a constant multiple of z, k.z, for which the constant k and the
change of variable name arises from the collection of terms involving z. Any
solution z’ to the above equations is guaranteed to be divisible by k, for the
congruence z’ =k 0 is introduced during the collection process.

Letting M 1-I, mi, our procedure is quite simple. From the terms r and
si, we calculate the minimum z’ satisfying A il r < z’+ s. We then check
z’, z’ + 1, ..., z’ + M and find the minimum value which satisfies

(i) A z’+uj<tj and (ii) A z’+wi_=,,,v.
j<k i<n

Since Q described a function and because of the Chinese remainder theorem, if
this conjunction is satisfiable it will be satisfied by exactly one of z’, z’ + 1,...,
z’ + M 1. The next step is to ensure that the conjunction of formulas not involv-
ing z’ is satisfied (this construction is the same as in Theorem 2), finally the calcu-
lated z’ is divided by k to yield the value assigned to Xout. If failure occurs at any
step, we LOOP. The final program is obtained by connecting the programs
constructed for each conjunction as in Theorem 2 to express the full disjunction.

From the equations it is clear that:
(i) z’> max {ri- si}, < 1, and

(ii) z’ < min {tj- uj},j < k.
We let Pl max {r Si} and P2 min {tj uj}, and we show how to calculate
P and P2. We compute r si using the following program:

ei: compute ri;

compute s;
ni---O

Li if r 0 then go to Li+

if si 0 then ni - ri; go to Li+
ri-- r 1;
si si 1;
go to Li;

Calling the above program i, {r- si} is computed and stored in {li} by
1;’" 1-1; el: HALT. To find maximum {hi} we construct programs fl,j,
< j < as follows:

el, F/ma 4-- ///i
count nj;

Li,j: if count 0 then go to ei,j+
if t/ma 0 then go to e,j+
count count

Hmax -- /’/max
go to Li,j;
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and programs fli,l, < l, as follows:
ei,l F/max ’ F/i

go to e,;
Then the complete program to compute maximum {ti} and store it in nma 1S

1,2 l- 2,l- ill,l; l- 1,1; el,l: HALT.

A similar construction will calculate the minimum {tj uj} and store the result
in F/min

To check that F/max is less than F/min, the following program suffices:
X +--- F/max;
y 4-- F/min

L: ify 0 then LOOP;
if x 0 then HALT;
xx 1;
yy--1;
go to L;

We next need to check congruences. We first set z’ to nma + 1, then we check
that z’ is less than F/min, then we repeat the congruence construction of Lemma 5.
We change all LOOP nodes from that construction (i.e., failure) to paths leading
to a copy of the above construction (i.e., set z’ to z’ + 1, check that z’ is less than
F/min, etc.). We do this M times.

Upon successful termination we test that the atomic formulas not involving
z’ are satisfied, and upon successful termination of these tests we divide z’ by k,
using the following program:

Xou 4-" 0;
L: ifz’ 0 then HALT;

Xou +- Xou "+" 1;
z’ *- z’ ]

I k repetitions

Z’ +-- Z’
go to L;

This completes the construction and the resulting program, connected as indi-
cated, computes the function described by Q. U

4. Applications and conclusions. The next natural question to ask is, "Is the
result for L/ P/ realizability unique?" That is, are there other examples of
exact realizability? In one sense, the question is trivial, for we can, given any
class of programs and the relations they represent, define a logical theory and
an interpretation such that the formulas in that theory are exactly realized (i.e.,
for each program n, introduce a relation symbol R. and define R. to be true
exactly when n halts).

For more natural logical theories we can say a bit more. Both the theory of
successor and the theory of "less than" 53 can be realized by natural loopless
programming languages. The astute reader will have also noticed that we need
not have restricted ourselves to the natural numbers and Presberger’s arithmetic
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in the above proofs (we did this primarily to obtain a comparison with L1), but we
could have been computing over the domain of integers. The appropriate logical
theory then would have been that of a commutative group with a discrete total
ordering. The proofs presented above remain virtually the same except that 1
is replaced by 1 (and 0 is no longer an endpoint).

Mention should be made here of similar concepts due to Cook [4] arising
out of the study of interpretive semantics for verification theories. Cook defines
the notion of assertive in obtaining relative completeness proofs. A logical theory
L is assertive relative to itself, an interpretation and a logic, L2, for the program-
ming language entities, if given any precondition from L1 and any statement from
the programming language, there is a strongest post condition from L1. Taking
our programming language logic to be the formula from the theory of the struc-
ture (, + 1, 1, 0, ), we have that for L+ programs P+ is assertive.

At this point an interesting metamathematical question can be formulated.
The techniques used to prove exact realizations require an explicit elimination
of quantifiers to some closed form. Many decidable theories do not fit this pattern
in that they use algebraic and/or model theoretic techniques to prove that their
elementary theories are decidable (the theory of finite fields [1] is an example).
The question is, are there decidable theories with no exact realizations?

Finally, we can present a complexity result for the difficulty of deciding
equivalence of programs in L +, and hence by reduction, programs in L1. The proof
is based on known results for P*+, thus fulfilling one of our earlier goals.

Define g(m, n) by
1. g(0, n) n,
2. g(m, n) 2 m-1,,) for m > 0.
THEOREM 6. An upper bound for deciding equivalence of L+ programs lies

between nondeterministic g(3, p(n)) time and deterministic g(4, p(n)) time, where p is a
polynomial and n the sum of the sizes o.f the L+ programs.

Proof Programs nl and 2 are equivalent iff their representing formulas are
equivalent. Let Q,(xl,..., x,) and Q2(x,..., x,) be the representing formulas
(in P*+); then the desired equivalence statement is

Vx Vx,[Q,(x, x,).=, (2(x, x,)].

Letting n be the sum of the length of n and rt, this formula, by Theorem 1, is of
length 0(22"’). The results of Oppen [10] and Fischer and Rabin [6] then yield
the desired bounds. ]

Acknowledgment. Appreciation is expressed for the referees’ comments, which
led to clarifications and improvements in several of the theorems.
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ON THE PARALLEL EVALUATION OF BOOLEAN EXPRESSIONS*

AMNON BARAK AND ELIAHU SHAMIR]"

Abstract. A bound for the number of steps that are required to evaluate Boolean expressions is
obtained. It is shown that any Boolean expression ofn distinct variables may be evaluated in 2 log2 n
steps if sufficiently many processors are available.

Key words, parallel algorithms, Boolean expressions

1. Introduction. There has been growing interest in parallel computation in
recent years. The importance of the evaluation of arithmetic expressions led to the
development of several efficient algorithms for parallel computation.

Brent, Kuck and Maruyama 1] have investigated the parallel evaluation of
general arithmetic expressions without division and showed that any such expres-
sion can be evaluated in 3 log2 n + O(1) steps using unlimited parallelism. They
further improved their result and reduced 3 log2 n to 2.465 log2 n steps. In the
conclusions of their paper they noted that one application of their work could be
in the area of logic design. For further reading the reader is referred to 1], [2],
[33, [43.

In this paper we study the parallel evaluation of Boolean expressions. We
assume that sufficiently many independent processors are available and that
each processor can perform basic Boolean operations in one unit of time or step.
The time required for communication between processors is ignored.

In 2 we present the notations used in the paper. We also prove a lemma
which establishes relations between trees and subtrees of Boolean expressions. In
3 we derive a bound for the time required to evaluate Boolean expression of

n =< 2k distinct elements called atoms, connected by the two operators A (AND)
and V (OR). We prove that such expressions may be evaluated in parallel in at
most 2k 1 steps.

The operator of negation is also included since it can be pushed down to the
atoms level without changing the number of atoms.

Finally, we note that our proof is valid for Boolean expressions (while it is
not valid for arithmetic expressions)just because in addition to associativity and
commutativity, the operator A distributes over V and vice versa. Therefore, our
results can be generalized to any pair of operators which satisfy these require-
ments.

2. Preliminaries. Define a literal as a Boolean variable or a constant. An atom
is a literal, or the negation of a literal. Atoms are denoted by lower case letters.
Boolean expressions are denoted by E. The number of atoms in E is denoted
by ]El. An atom is a Boolean expression E, where ]El 1. If E and F are expressions,
then (E/ F), (E V F) are Boolean expressions, where IE/ El IE V El IEI + IF].
By E(r) we denote an expression with =< r atoms (r may be real).
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Two Boolean expressions are equal if one can be obtained from the other
by applying the commutative, associative and distributive laws.

An expression E may be conveniently described by a unique binary tree Te
whose nodes are labeled with the operation symbols A and V and terminal
nodes labeled with atoms. Let g be an atom of E. Let T be the sequence of sub-
expressions corresponding to the subtrees with roots 0i, __< =< r, where 0 are the
nodes on the branch leading from g to the root of Te. Then 0i joins the expressions
Ti_ and Li (cf. Fig. 1), where for simplicity all Li are drawn to the left.

FIG. 1. Binary tree for T

The next lemma is a Boolean version of Lemma 1 in [1].
LEMMA 1. Let E be a Boolean expression. Let g be an atom in E. There exists a

pair ofsubexpressions A and B such that

E=(AAg) VB,

where

A A Lil/k taken over all i, __< __< r, for which 0 /

and B corresponds to the subtree obtainedfrom T by deleting the subtree T, where
j + is the smallest index for which 0+ V. (This corresponds to a substitution
g 0 in Te .)
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A dual result holds if/X and V are interchanged"

E--(A’V g) A B’.

3. Monotonic Boolean expressions. In this section we prove the main result
of this paper.

THEOREM 1. Any monotonic Boolean expression E(2k/2), k _> 1, can be evaluated
in k steps if unlimited number ofprocessors are used.

Proof. Let Te be any tree for E(2k/2). Without loss of generality, we rearrange
the tree in such a way that if TL and TR are the left and right subtrees which are
joined by 0, 0 6 { V, A }, then for all the nodes of Te
(3.) IT,I =< ITI.

The proof is by induction on k. By inspection, the theorem is true for k =< 4.
Suppose that for some k -> 5 any expression E(2k/2) may be evaluated in k- 1
steps. Now take’an expression E(2tk/l/2). Define the rightmost branch of
E(2tk/ 1/2) as in (3.1), with T (the expressions of) the subtrees rooted at 0i and Li
the left arguments joined at 0i, 1 =< =< r (cf. Fig. 1). For convenience we denote
2k/2 N. There is a node 0p such that

(i) Tp_ 11 -< _N/2 (hence also lEvi _-< N/2),
(ii) Tpl > (n/ 1)N.
Without loss of generality, we assume 0 /x. We note that similar proof

holds if 0 V. We denote the expression of T_ by gl and of Lp by g. Then
G g A g is the expression of Tp. Let E’ be the expression obtained by re-
placing G by an atom g. Because of (ii), T,I =< N, Using Lemma 1, we obtain

E’=(A A g) V B,

so that

E (A A g2 /k gl) V B,

where ]AI =< N, ]BI =< N, and A is a product (A AL) of some factor Li. By the
induction hypothesis B can be computed in k steps. It suffices to prove that
the product A A g2 A g can also be computed in k steps.

Case 1. Two factors in the product (ALi)A g2A g have more than
N. 2 -3/2 atoms (but <_N/2 atoms). Then the remaining factors together have
less than N/x// atoms. The product decomposes into 3 factors which can be
computed in k 3, k 3, k 2 steps. Thus A A g2 A g can be computed in
k steps.

Case 2. One factor of Asay A, has more than N/2 atoms (since it is an L
by (3.1) it must have <=N/x atoms). The remaining factors of A are combined
and will be denoted A2. Since we are not in case 1, two factors in A1 A A2 A
g2 A g (= A A G) have =<N. 2-3/2 atoms each, and can be computed in k 4
steps. Thus the four factors are computed in k 2, k 4, k 4, k 3 steps, and
so A A g2 A g can be computed in k 1 steps. Since at most one factor of A
(and no factor of G) can have more than N/2 atoms, we are left with Case 3.

Case 3. At most one of the factors of A or of G has more than N. 2- 3/2 atoms,
all the others (at least 3) have =< N. 2-3/2 atoms. We can clearly group several of
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those to have more than N. 2-3/2 atoms, but __< N/x/(since the difference between
these limits is again N. 2-3/2). Hence we have reduced the situation to Case 1
or 2, and the proof is concluded.

Note added in proof Using dual distributivity F. P. Preparata and D. E.
Muller [4] improved our bound to 1.81 log2 n.
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A GENERALIZED ASYMPTOTIC UPPER BOUND ON
FAST POLYNOMIAL EVALUATION AND INTERPOLATION*

FRANCIS Y. CHIN"
Abstract. It is shown in this paper that the evaluation and interpolation problems corresponding

n-1to a set of points, tSxiji=0,"-1 with (ci- 1) higher derivatives at each xi such that = c- N, can be
solved in O([N log N] [(log n) / 1]) steps. This upper bound matches perfectly with the known upper
bounds of the two extreme cases, which are O(N log N) and O(N log N) steps when n N and n 1,
respectively.

Key words, polynomial evaluation, polynomial interpolation, asymptotic upper .bounds

1. Introduction. It has been shown by Moenck and Borodin [6] and Kung [5]
that the evaluation problem of an (N 1)st-.degree polynomial at N points and
the interpolation problem at N points by an (N 1)st-degree polynomial can be
solved in O(N log2 N) steps. Aho, Steiglitz and Ullman [2] and Vari [93 have
independently investigated the evaluation problem of an (N- 1)st-degree
polynomial and all its derivatives at a single point and the interpolation problem
by Taylor series of N terms, and they have shown that these two problems can be
done in O(N log N) steps.

In this paper, we extend these results to a set of n points, {xi}i-o, with arbitrary
numbers of higher derivatives at each point. Let (ci 1) be the number of higher
derivatives at the corresponding point xi and N 7__-1 c, then we can show
that these generalized evaluation and interpolation problems can be done in
O(N log N(log n + 1)) steps, which fits exactly with the known upper bounds of
the two extreme cases, O(N log2 N) and O(N log N) steps when n N and n 1,
respectively.

In summary, we have Table 1.

TABLE

(a) N points

(b) n points, {xi}i= and their
corresponding (ci 1)
derivatives such that

n-1i=o ci N

(c) Single point and all its
derivatives

Evaluation

O(N log N)[6], [5]

O([N log N] [(log
(Theorem 1)

O(N log N) [2], [9]

Interpolation

O(N log N) [6], [5]

O([N log N] [(log n) + 1])
(Theorem 2)

O(N log N) [2], [9]

* Received by the editors February 6, 1975, and in revised form October 24, 1975.

" Department of Mathematics, University of Maryland, Baltimore County, Maryland. Now at
Department of Computing Science, University of Alberta, Edmonton, Alberta, Canada T6G 2GI.
This research is part of the author’s Ph.D. dissertation, Princeton University, Princeton, New Jersey.
This work was supported by the National Science Foundation under Grant GK-42048 and by the
U.S. Army Research Office--Durham under Contract DAHCO4-69-C0012.

In this paper, the number of arithmetic operations is being considered. In the paper by Shaw and
Traub, On the number of multiplications for the evaluation ofa polynomial and some of its derivatives,
appearing in J. Assoc. Comput. Mach., 1974, only the number of multiplications is counted.
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2. Polynomial evaluation. Moenck and Borodin [6] and Kung [5] have shown
that the problem of evaluating an Nth-degree polynomial is reducible to the
problem of dividing the polynomial and proved that a polynomial of degree
N can be evaluated at N points in O(N log2 N) steps. Aho, Steiglitz and Ullman
[2] and Vari [9] have independently discovered an O(N log N) algorithm for
evaluating an (N 1)st degree polynomial and all its derivatives at a single point.
Now we are going to consider the generalized evaluation problem corresponding
to different numbers of higher derivatives at an arbitrary set of points. In this

n-1paper, we say that P(x) is computed if the coefficients ti in P(x) i--o tixi are
known. (Presumably P(x) was initially represented in a different manner, such
as a Taylor expansion about a point other than 0.)

LEMMA 1. Ii(x (X Xi)c’ can be computed in O(ci) steps.
Proof. As

ci jxj,Ii(X)-- 2 ac.-JxJ= Xi
j=0 j=0 i J

SO

ao 1, ak Xi k ak-

fork= 1,2,...,ci.

It is obvious that all the ak’s can be found in O(ci) steps. V1
Let Je,y I-If= Ii(x) then we have
LEMMA 2. {J2’o-1),2,j-llJ-- 1,2,..., 2r- ;i 1,..., r} can be obtained in

n-1O([N log N] [log n]), where N i= o ci and n is the number ofdistinct points.

Proof We shall give a constructive proof schematically as in Fig. 1, assuming
n 2r.

Io(x) II(X) I2(x) I3(x)

\,/ \,/
depth Jo,1 J2,3

depth 2 Jo,3

L-(x)

\,/
Jn--2, n--1

Jn-4,n-I

depth r-

depth

Jo, .12 --1 J,,12,

Jo, n-1

FIG.

Let Zi be the number of steps required to compute all the terms at depth from
the terms computed at depth and z,j be the degree of thejth terms at depth i.
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Since there are 2r-i terms at depth and multiplication, of two kth-degree poly-
nomial takes O(k log k)steps, so we have Zi .<_- Z=- O(zij log zj)<= O(N log N),
as Z-’ zj N for all/= 1, ..., r. Hence it will take no more than O(rN log N)
O([N log N] [log n]) steps to build the whole tree.

Define P(x) as a general polynomial of degree (N 1), P(x)= o ax;
then we have

LEMMA 3. Let P(x) Q(x)Ii(x) + R(x), where deg (R(x)) < deg (I(x)) or

Ri(x P(x) mod/i(X). Then R tx"-t i **i=o can be computed in O([N log N][log n])
steps.

Proof The constructive proof is again illustrated schematically in Fig. 2.

level

level 2

P(x)

mod Jo, n/2"-I / Jn/2, n-1

/
Ro, ./2- (x) R./2, .-(x)

mod J0, ,/4- od Jn/2, 3n/4 od J3n/4,

Ro,./4-(x) R./4, n/2-1(x) R./2,(3/4).-(x) R3n/4, n-.l(x)

level r- Ro(X) R23(x) Rn--4,n--3(x) Rn-z,a-I(X)

I mod I.-4 \ mod I,,_

level Ro(x) Rl(X) Rz(x) R3(x) Rn-.4(x) Rn-3(x) Rn-z(X) Rn--l(x)

FIG. 2

The argument is analogous to that in Lemma 2, except that polynomial divi-
sion is used instead of polynornial multiplication. Consider any internal node in
the tree, say R’(x) --o rix, and let R"(x) o rx’ be a son;then we have

R"(x) R’(x) rood J’(x) or R’(x) Q(x)J’(x) + R"(x),

with deg (R"(x))< deg (J’(x)), where J’(x)= 7=o six’; Q(x)= :o q,x’.
If v > u/2, then by assuming that the higher coefficients of R’(x) are zeros,

we can treat R’(x) as a polynomial of degree 2v and find R"(x) in O(v log v) <
O(u log u) steps [1, pp. 286-289], [5], [6].

u--1If v u/2, by letting Q(x)J’(x)= =o tixi, it is clear that r t for i=
v, ..., u 1. Therefore we have,M i, where
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Sv Sv-1 Sv-2 So

Sv Sv S

Sv

qo

q

qa
?/= and

qu

SO

S

rv+
rv+ 2

ru- 2

ru-

SO

Sv-

Sv

and by [1, pp. 286-289], [5], [6] again, M-1, which is an upper Toeplitz matrix,
can be obtained in at most O(u log u) steps, and then Q(x) can be obtained with
another convolution. Since R"(x)= R’(x)- Q(x)J’(x), R"(x) can be computed
with another polynomial multiplication and subtraction which take no more than
another O(u log u) steps. Thus the tree is very similar to the tree in Lemma 2, and
the same kind of argument shows that all the terms at each level can be found from
the terms computed at the previous level in O(N log N) steps, and hence it will
take no more than O([N log N] [log hi) steps to compute the whole set of poly-
nomials R tx"-( i IJi=o. [-]

So far, we have shown that it will take no more than O([N log N][log hi)
steps to find all the R(x), where

P(x) Q,(x)I,(x) + R,(x),

and if we denote the kth derivative of P(x) by P(k)(x), then for k < Ci,

and

pk)(x
k

j=O j
(k-,X,I

P)(x)l= x,

Thus we have the following theorem.
THEOREM 1. Given an (N- 1)-st-degree polynomial, P(x), the problem of

evaluating {PJ)(x)l,=,,lj 0,..., ci- 1;i 0, ..., n 1), where N i=o ci,
can be done in O([N log N] [(log n) + 1]) steps.

Proof By Lemma 3, all the Ri(x)can be obtained in O([N log N][log hi)
steps, and from the above discussion, we know that the problem of evaluating
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PJ)(x)lx=x, is the same as evaluating Rl)(x)[,=x, for all 0 __< < n and j < ci. Since
R(x) is a (ci- 1)st-degree polynomial, the problem of evaluating Ri(x) and all
its derivatives at xi will take O(ci log c) steps [2], [9]. Hence, with another

n--1,i--o O(ci log ci) <= O(N log N) steps, we can evaluate PJ)(x)[=, for j 0, ...,
c and 0, .-., n 1. Thus total work will take O([N log N] [(log n) + 1])
steps. 71

3. Polynomial interpolation. Interpolation of an Nth-degree polynomial by
means of the Lagrangian interpolation formula has been studied by Moenck and
Borodin [6 and Kung [53, and they have proved that given the function values
at N points, the interpolation by an (N 1)st-degree polynomial can be performed
in O(N log N) steps. Aho, Steiglitz and Ullman [2 have also shown that given
the values of a polynomial and all its derivatives at a point, the interpolation by
Taylor series expansion can be done in O(N log N) steps. Now we are going to
show a more general result on interpolation. Lemma 4 gives the Hermite inter-
polation formula which appears in a different form in most numerical analysis
texts [7].

LEMMA 4. Given {fl)[j O, ..., c, 0,.. ., n 1} and {x}=o,,- the
polynomial P(x) can be written as

with

where

n-1

P(x) Qi(x),
i=0

il,,c,Z,
L(x,) :o .t :o

n-1

L,(x) I-[ (x xk<,

j=O

and Gj, are defined as follows:

Go, 1, Gk, -.. Gk_m,m=l Li(x,)]
such that P)(xi) fls) for 0,..., n and j 0,..., ci 1.

Proof. Since N =0 c, it can be shown easiiy that the degree of P(x)
-o Q(x) is indeed N 1. Without loss generality, we shall show that P(x)
fl for some and r < c. It is obvious that Q(xi) 0 for k i, so we have

P’(x) Qi(x)x=,

c1 fj) ci--’-l ak,i {} d
xi’j+k dr-S, gi(x, ]=o j! o =o (x- dx,. L,(x,j
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since

dx,(x-xi)J+klx=x,4=O iff j+k=s=< r,

so we have

j=o j + k "dx"-J-klLi(xi)]
By separating the term j r and letting m r j k, we have

X=Xi

Pe)(xi) f + Grj-OU
dr

(r m)
r m X

L,(x)

=flr)+ r’ G + G-a-’’’’i

j=07 -j,i
m=l

X=Xi

X=Xi

Before getting into the main theorem, we shall prove the following lemmas.
LEPTA {a,}L-o’ {b,}f__-o if ther a {a,};’---o’ which the

property that bj Zj=odiaj_,, then the sequence {d,}Y_--o can befound in O(N log N)
steps.

Proof Let
N-1 2N-2 N-1

A(x) a’,x’, B(x)= b’,x’, D(x)= d’,x’,
i=0 i=0 i=0

where

ai aN-i-1 for/ 0, ..., N 1,

b b2N_ i- 2 for N 1, 2N 2,

di dN-i-1 for/= 0,..., N 1.

By [5], [6], [1, pp. 286-289], given A(x) and B(x), we can find D(x) such that

B(x) A(x)D(x) + R(x), where deg (R(x)) < N 1,

in O(N log N) steps" By equating the coefficients of x2N- 2-j in B(x) and A(x)D(x),
whereN- >= i>=0, wehave

N-1

-i-j-- d’ia’2v 2 i’
i=N-l-j

bj= Z d}-l-ia’-,-J+i= Z diaj-1.
i=0 i=0

In other words, the set {di}___-o can be found in O(N log N) steps.
LEMMA 6. The set of values,

xmlLi(xi)] .=.,
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n-1where N i= o ci, can be found in O(N log N] [(log n) + 1) steps.

Proof. By Lemma 2, Jo,,-(x)can be computed in O([N log N] [log n])steps.
Since

and

SO

Li(x
Jo,,,- 1(x)
(X Xi)ci

dx
,

(c + j)
(x xi)C, -J Li(x

j=o dxk-J

dc+mJo,n_l(X)
dxCi +

X’--Xi

Cil i(X)
o,

dx----Li(x) --(ci + m)ll =x,"
Thus the problem of finding

d-Li(x)l=xlm 0,..., c 1;i 0,..., n

reduces to the problem of finding

-xmJ0,,-(x)lx=x, m el, 2c O, n

which has been shown in Theorem to require no more than O([N log. N] [(log n) +
1]) steps (Every c in Lemmas 1-3 and Theorem is changed to 2c, but it is still
the same order of magnitude.) In particular,

dci

L,(x,) Jo (x)lx= x,
ci dxc’

and

xlL,(x,)] x--, Li(xi) dXmLi(X)
x-x,

so with another N divisions, we can compute all the

for0__<m<ciand0__<i<n.
LEMMA 7. c,- lj)/j c, j- +{j=o f k=O Gk,i(X-- Xi) i= O, 1,.. n 1} can be

computed in O([N log N] [(log n) + 1]) steps.
Proof In Lemma 6, we have shown that
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can be obtained in O([N log N] [(log n) + 1]) steps. If we let

dk Li(x)
fork--0 ci

1, k=O,
bk= O, <=k<=q- 1,

d= G,i fork=0,1,...,ei- 1,

then the problem of obtaining { ,ij--o which is defined by the recursive formula
given in Lemma 4, reduces to the problem of finding {d)=c’-0 such that b=o da_. Since ak and b can be computed in O(ci) steps, by Lemma 5, the
d’s (or G,i) can be found in O(q log ci) steps. Furthermore, if we let Hi(x)=

ci ci + k,,v=o .flv)/J Zk=o G,,i(x -xi) we can write

clflj’cl i,.Hi(x)
V=o k:V

Gk-v’i(x xi)
=o V=o --fi O-v’i(x xi)"

As the inner summation in the above equation is a convolution, it can be computed
in O(ci log ci) steps. If we let hk =oflV)/j! G_v, for k 0, ..., ci- 1, then
we have

ci--1

Hi E hk(x xi)"k=O

It has also been shown in [2] that the Hi(x)’s can be computed in O(q log
steps. Hence total work in finding the set of polynomials "-1{Hi(x)}i=o will take no

n-1more than ,=o O(cilogci) + O([NlogN][(logN) + 1]) O(INlogN][(logn) + 1])
steps.

After we have established the above results, we can go to the main theorem
about the general interpolation problem.

THEOREM 2. Given {/Iv)l.j 0, ..., C 1;i-- O, ..., n 1}and{xi}Z,the
interpolation polynomial P(x) given in Lemma 4 can be computed in O([N log N].
[(log n) + 1]) steps.

Proof In Lemma 7, we have shown that {Hi(x)}TS_ can be obtained in
O([N log N] [(log n) + 1]) steps. By using a technique similar to [3], we get

nl Li(x

--" YI Iv(x)
i=0 l-’it-"i} j=0

Jn/2,n-
n/2- n/2 n/2

2 H’i(X) H Iv(x) + Jo,n/2--, 2
i= 0 j=O i=n/2

where H’i(x) Hi(x)/Li(xi). Let
f f

i:e j=e

n-1

H’i(x) H Iv(x),
j=n/2
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then we have Fig. 3.

H’o(X) H(x)

+
depth To,

depth 2

depth r-

depth

To, hi2-1 Tnlz, -1

J,l,,-*,,12--l*
+

To.,-I= P(x)

FIG. 3

It can be shown in a way similar to the proofgiven in Lemma 2 that the number
of steps for computing all the terms at each depth is O(N log N). Since the depth
of this binary tree is r log n, To,,- can be obtained in O([N log N] [log hi) steps.
Thus total work for obtaining P(x) takes no more than O([N log N] [(log n) + 1])
steps. [3

Acknowledgments. The author is grateful to Professor Kenneth Steiglitz for
his helpful discussions and guidance. The author also wishes to thank the referees
for their comments.

REFERENCES

[1] A. V. AHO, J. E. HOPCROFT AND J. D. ULLMAN, The Design and Analysis of Computer Algorithms,
Addison-Wesley, Reading, Mass., 1974.

[2] A. V. AHO, K. STEIGLITZ AND J. D. ULLMAN, Evaluation polynomiab at a fixed set ofpoints, this
Journal, 4 (1975), pp. 533-539.

[3] F. Y. CHIN, Asymptotic complexity of the inverse partial fraction expansion and Vandermonde
matrix, Tech. Rep. 171, Dept. of Electrical Engrg., Princeton Univ., Princeton, N.J., 1975.

[4] H. T. KUNG, Fast evaluation and interpolation, Computer Sci. Tech. Rep., Carnegie-Mellon Univ.,
Pittsburgh, 1973.

[5] On computing reciprocals ofpower series, Computer Sci. Tech. Rep., Carnegie-Mellon Univ.,
Pittsburgh, 1973.

[6] R. MOENCK AND A. BORODIN, Fast modular transforms via division, Proc. IEEE 13th Ann. Symposium
on Switching and Automata theory, Oct. 72, pp. 90-96.

[7] A. C. R. NEWBERY, Interpolation by algebraic and trigonometric polynomials, Math. Comp., 20
(1966), pp. 597-599.

[8] M. SIEVEKING, An algorithm for division ofpower series, Computing, 10 (1972), pp. 153-156.
[9] T. M. V,RI, Some complexity resultsJbr a class of Toeplitz matrices, Tech. Rep., Dept. of Computer

Sci. and Math., York Univ., Toronto, 1974.
[10] M. SHAW AND J. F. TRAUB, On the number ofmultiplicationsJbr the evaluation ofa polynomial and

some of its derivatives, J. Assoc. Comput. Mach., 21 (1974), no. 1.



SIAM J. COMPUT.
Vol. 5, No. 4, December 1976

ON THE COMPLEXITY OF TIMETABLE AND
MULTICOMMODITY FLOW PROBLEMS*

S. EVEN’, A. ITAIf AND A. SHAMIR:

Abstract. A very primitive version of Gotlieb’s timetable problem is shown to be NP-complete,
and therefore all the common timetable problems are NP-complete. A polynomial time algorithm,
in case all teachers are binary, is shown. The theorem that a meeting function always exists if all teachers
and classes have no time constraints is proved. The multicommodity integral flow problem is shown
to be NP-complete even if the number of commodities is two. This is true both in the directed and
undirected cases.

1. The timetable problem is NP-complete. The timetable problem (TT), which
we shall discuss here, is a mathematical model of the problem of scheduling the
teaching program of a school. In fact, it is a rather naive model since it ignores
several factors which definitely play a role in practice [1]. However, we shall show
that even a further restriction of the problem still leads to an NP-complete prob-
lem [2], [3].

DEFINITION (TT). Given the following data:
1. a finite set H (of hours in the week);
2. a collection {T, T2, .-., T,}, where T _c H; (there are n teachers and T

is the set of hours during which the ith teacher is available for teaching);
3. acollection {C, C2,-", Cm},whereCj

_
H (there are m classes and Cj is

the set of hours during which the jth class is available for studying);
4. an n x m matrix R of nonnegative integers; (Rij is the number of hours

which the ith teacher is required to teach the jth class).
The problem is to determine whether there exists a meeting function

f(i, j, h) {1, n} x {1, m} x H {O,1}
(wheref(i, j, h) 1 if and only if teacher teaches class j during hour h) such that:

(a) f(i,j,h) 1 he T f’l Cj;

(b) f(i,j,h)--Ri. for all _<i__<n and 1 =<j_<,m;
h_H

(c) f(i, j, h) __< 1 for alll j_m and hell;
i=1

(d) f(i, j, h) __< 1 for alll <_ inn and hell.
j=l

(a) assures that a meet takes place only when both the teacher and the class are
available. (b) assures that the number of meets during the week between teacher
and classj is the required number Rij. (c) assures that no class has more than one

Received by the editors February 20, 1975, and in revised form October 29, 1975. Part of this
work was done in the Department of Applied Mathematics, Weizmann Institute of Science, Rehovot,
Israel.

5" Department of Computer Science, Technion--Israel Institute of Technology, Haifa, Israel.
Department of Computer Science, University of Warwick, Coventry, England
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teacher at a time, and (d) assures that no teacher is teaching two classes simul-
taneously.

A teacher is called a k-teacher if IT[ k; he is called tight if

ITI Rij,
j=l

that is, he must teach whenever he is available.
DEFINITION (RTT). RTT (the restricted timetable problem) is a TT problem with

the following restrictions". IHI =3;
2. Cj H for all _< j _< rn (the classes are always available);
3. each teacher is either a tight 2-teacher or a tight 3-teacher;
4. Rij=Oorl for everyl =<i=< nandl =<j=<m.
Clearly both the TT and the RTT problem are in the NP class. We want to

show that RTT is NP-complete. In that case TT is trivially NP-complete too. We
recall that 3-SAT (satisfiability of a conjunctive normal form with 3 literals per
clause) is NP-complete where 3-SAT is defined as follows’ Given the data

1. a set of literals X {x1, x2, Xl, 1, ,2, l},
2. a family of clauses D 1, D2,... D such that for every =< j k, IDjI 3

andDj
_

X,
the problem is to determine whether there exists an assignment of values "true"
and "false" to the literals, such that

(a) exactly one of xi and ffi is assigned "true" while the other is assigned
"false",

(b) in each clause Dj there is at least one literal assigned "true".
THEOREM 1. 3-SAT RTT.
Proof The proof is by displaying a polynomially bounded reduction of the

3-SAT to RTT. In our construction, certain classes play the role of occurrences
of literals xi or ffi in the clauses" the order in which some 2-teachers teach these
classes indicates the truth value of the literals. All other classes and teachers are
used in order to guarantee that this assignment of truth values satisfies conditions
(a) and (b) above, and that all occurrences of a literal are assigned the same truth
value.

Let Pi be the number of times the variable x appears in the clauses, i.e.,

Pi E [Dj (’] {xi,Xi} [.
j=l

For each xi we construct a set of 5. p classes which will be denoted by (i) whereab

a p and b 5 (we omit the superscript whenever all classes used in
the construction refer to the same i). In order to simplify the exposition, we shall
use a graphic representation of the classes and teachers (see Fig. for the structure
corresponding to a single i). In our graphic representation the vertices denote
class-hour combinations, where the rows signify the hours and the columns
signify the classes. The hours are h, h and h3. Now a 2-teacher who is ..available
during hours h and h2, and is supposed to meet once with Cb and once with

Cb will be represented as shown in Fig. 2. The two diagonals show the only two
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h 0 0 0 0 0 0 0 0 0

h 0 0 0 0 0 0 0 0 0

h: 0 0 0 0 0 0 0 0 0

C Cz C C4 Cs Cz C,, Cpt4 Cpt s
FIG.

ways possible to schedule this teacher. A 3-teacher who has to teach C,,b,, Ca2b
and Ca3b3 is denoted by a line with three arrows in the columns corresponding to
these classes, as shown in Fig. 3. For every 1 < q =< Pi, we add two new classes,
Cql and Cqa with the structure shown in Fig. 4. There are three teachers described
in the structure; two are 2-teachers and one 3-teacher. Since all these 3 teachers
must teach during hi, the top 3 vertices, (ha, Cql), (ha Ca) and (ha, Cq) must be
utilized.

h

52

h: 0 0

Cal bl Cazb
FIG. 2

h 0 0 0

hE

53

0 0 0

0 0 0

Cab Cabe: Cab
FG. 3

h

Cql C’ql Cql
FG. 4

However, we have a choice of utilizing exactly one of the vertices (h2, Cql
and (h3, Cqa), while leaving the other available; there are several ways to do this,
as the reader may verify by himself. As far as the rest of our structure is concerned,
the effect of this substructure is as follows: (h, Cqa) is taken and one of (h2, Cqa
and (h3 Cqa) is taken. Thus we shall delete (ha, Cql) from our diagrams.

Consider now the structure of teachers described in Fig. 5; it is intended to
consistently assign truth values to all occurrences of x and ffi in the clauses.

h

h, 0 0

h 0 0

C Cz C: C4 C5 C,t Czz Cz Cz4
FIG. 5
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Clearly, there is a 3-teacher assigned to classes Cpi4, C11 and Ca3; thus the struc-
ture described in Fig. 5 is circular. Consider now the Pi 2-teachers who are available
during ha and h2, where the qth such teacher is assigned to classes Cq3 and Cq4.
We claim that all these teachers must be scheduled in the same manner; that is,
either all of them teach the Cq3 classes during ha and the Cq4 classes during h2, or
all of them teach the Cq3 classes during h2 and Cq4 classes during ha. Assume we
have a schedule which does not satisfy this consistency condition. Then there
must be a q such that the qth teacher teaches Cq3 during h2 and Cq4 during ha,
while the (q + 1)st teacher teaches the C(q+ 1),3 during ha and Ctq+ ), during h2.
In this case, the 3-teacher who must teach Cq,, Ctq+ a),a and Ctq+ a),3 cannot be
scheduled during ha--a contradiction.

We thus obtain, independently for each i, a uniform scheduling of all the 2-
teachers who are available during ha and h2. The order in which these teachers
teach Cq3 and Cq4 in the ith structure will be interpreted as the truth value of the
variable xi in the original 3-SAT problem.

We now add a few more 3-teachers, connecting the various/-structures, in
order to guarantee that in each clause Dj, at least one literal gets the value "true".
For every clause Dj {1, 2, 3}, we assign a 3-teacher in the following way.
He is assigned to one class for each of the three literals. If 1 xg and this is
the qth appearance of this variable, then the corresponding class is c’) while if’q2,

a 2 the corresponding class is c,ti) The classes corresponding to 2 and 3"q
are defined analogously.

This completes the definition of the RTT problem. The total number of
classes defined is 21 k, and the total number of teachers is 22. k (15. k 2-teachers
and 7. k 3-teachers). We claim that the given 3-SAT problem has a positive answer
if and only if the RTT problem constructed above has a positive answer.

First, assume the 3-SAT problem has a positive answer. We use, now, the
values of the literals in such an assignment to display a schedule for the con-
.structed RTT problem--to prove that its answer is positive, too.

If x is assigned "true", then for every 1 =< q =< Pi, the qth 2-teacher is
scheduled to teach r’i) during h and to teach r() during h2 Conversely, if x’q3 -q4

is assigned "false", then for every 1 __< q __< p, the qth 2-teacher is scheduled to
teach Cqt during hE and Cqt during h

In every clause Dj there is at least one literal assigned "true"; assume it is .
If x and this is the qth appearance of this variable, then the 2-teacher who is
supposed to teach Cq2 and Cq3 is scheduled to teach Cq2 during h3 and Cq3
during hE

(In our Fig. 6, the schedule assigned to each of the 2-teachers discussed so far
is shown by a heavy solid line, and the choice we avoided is shown by a dashed
line. A light solid line indicates that no choice has been made yet.) The 3-teacher
of C(q_ 1),4 Cql and Cq3 uses h to teach C(q_l),4,h2 to teach Cq andh3 to teach Cq3.
(His meets are indicated by the circled vertices.) Finally, the 3-teacher correspond-
ing to D uses hE to teach Cq2. It remains to be shown that he can use ha and ha
to teach the other two classes he is assigned to teach. Clearly, ha is never occupied

Here q + should be computed conventionally, except that Pi + 1, to fit the circular
structure.
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FIG. 6

O

O

Cq+ll

by any other teacher in classes of types Ca2 and Cas. If ’ x, is another literal in

Dj and it is "false", then the corresponding C,2 class must be taught during h2
by the 2-teacher, and h3 remains available. Also if ’ 2, and it is "false", then
Ca5 must be taught during h2 by the 2-teacher and again h3 remains available.
Finally, if both remaining literals in D are "true", then for one of them, we do not
follow the scheme used for . For example, if ’ x,, it is "true" and this is the
ath appearance of this variable, then the 2-teacher teaches C,2 during h2 and
Ca3 during h3. The 3-teacher teaches C,-),4 during hx, C,x during h3 and C,3
during h2 (as shown in Fig. 7). Thus h3 remains available to teach C,2, and the
scheduling of the 3-teacher corresponding to Dj is now easy. The other cases are
similar, and the reader may check them out for himself.

o o

Ca-l,l Ca-l,2 Ca-l,5 Ca-l,4 Ca-l,5 Cal Caz Ca:5 Ca4 Ca5 Ca+l,l

FIG. 7

Second, assume the answer to the constructed RTT problem is positive, and
assume we have a legal scheduling. If in the structure of xi the 2-teachers assigned
to teach Cq3 and Cq4 teach Cq3 during hi and Cq4 during h2, then xi is given the
value "true", and if they teach Cq3 during h2 and Cq. during hi, then x is given
the value "false". It remains to be shown that each clause D.i {x, 2, 3}
contains at least one literal which is "true". If e Dj and it is "false", then h2 is
used for teaching the corresponding class (a C,2 if xi, and a C,5 if ffi) by
the 2-teacher that teaches it and the adjacent class (C,3 if x and C,4 if 2).
Thus, if all three literals are "false", the 3-teacher corresponding to D cannot
have an assignment to teach its three classes, since he cannot use h2. Q.E.D.
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2. The timetable problem with binary teachers is polynomiaily solvable.
Consider the TT problem with the restriction that all teachers are 2-teachers. (A
1-teacher is of no interest.) We shall show that a simple branching procedure
solves the problem in polynomial time, since the branching depth is limited.

Our algorithm will determine schedules for the teachers progressively. At a
given stage, when part of the teachers have been scheduled we say that a teacher
is impossible if he cannot be scheduled consistently;we say that he is implied if
there is only one possible way to schedule him consistently with the schedules
established so far.

ALGORITHM.
1. Set PHASE to 2.
2. If all teachers have been scheduled, halt with a positive answer.
3. If there is an unscheduled teacher who is impossible, go to step 7.
4. If there is no unscheduled implied teacher, go to step 6.
5. Let T be an unscheduled implied teacher. Temporarily schedule T as

necessary and go to step 2.
6. Make all temporary schedules permanent. Let T be any unscheduled

teacher. Arbitrarily choose a schedule for him and record this decision.
Set PHASE to 1 and go to step 2.

7. If PHASE 2, halt with a negative answer.
8. Reverse the schedule of the recorded teacher and undo all the temporary

schedules. Set PHASE to 2 and go to step 3.
This algorithm clearly returns a positive answer only if a possible meeting

function is constructed. It uses a limited backtracking since only one decision is
ever recorded and possibly changed. It is less obvious that this limited back-
tracking is sufficient to discover a meeting function, if one exists.

Let a component of the evaluation be a set of teachers whose schedules gained
permanency simultaneously (in step 6). The components may depend on arbitrary
choices and on the order in which the teachers are considered. They are numbered
consecutively according to their order of occurrence. For completeness, the set
of teachers who are not scheduled or whose schedule had not been made perma-
nent at the time the algorithm terminated is considered the last component.

LEMMA 1. If T is a teacher of the last component, then none of the class-hours
he may use is occupied by a teacher of a previous component.

Proof New components are started by entering step 6; but this occurs only
when no teacher is implied. Since all teachers are binary, the lemma follows. Q.E.D.

The lemma implies that whenever the algorithm terminates with a negative
answer, after trying both possible schedules for a certain teacher and all the
schedules implied by it and failing, we can be sure that all the permanent schedules
made before could not have hindered the situation, and thus the negative answer
is conclusive.

It is worth noting here, that the technique of limited branching is applicable
in other similar situations, such as the 2-SAT problem (i.e., the satisfiability prob-
lem for conjunctive normal forms with at most two literals per clause). Using
appropriate data structures in order to find the implications of any decision made,
and trying both decisions in step 6 in parallel (so that the quicker success stops
the evaluation of the other possibility) it can be shown that the algorithm has
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time complexity O(n). Other known algorithms for the 2-SAT problem, such as
the Davis and Putham [4] algorithm (pointed out by Cook [2]) or an algorithm
which follows from Quine’s work [5] on the concensus (star) operation, have time
complexity O(n2).

3. There is always a meeting function if all teachers and classes have no time
constraints. The purpose of this section is to document a theorem which follows
from the classical theory of matching in bipartite graphs [6].

We say that a given .TT problem has no time constraints if for all 1 __< n
and 1 =< j =< m T C H; we say that it is apparemly feasible if neither the
teachers nor the classes are overloaded, i.e."

(i) for alll <= n, R,j <= IHI,

(ii) for all j <= m, Rii <= IHI.
i=1

Clearly the condition that a TT problem be apparently feasible is necessary
for the existence of a meeting function, but is not sufficient.

Our purpose is to prove the following theorem:
THEOREM 2. If a TT problem is apparentlyfeasible and has no time constraints,

then it has a meeting jhnction.
Proof First let us define the following quantities:

r Ri, h IHI,
i=lj=l

L- J [Jv=m- It:n-

Now, define a bipartite multi-graph G(X, Y, E) in the following way"

Y= {Ya,Y2, "", Y,,} U {r/a,r/2, "", U.}.
E is a set of edges connecting between vertices of X and vertices of Y con-

structed as follows. For every :<:<_ n and 1 =< j =< m, we put Rij parallel edges
between xi and yj. Next, for each 1 = _< n, we complete the degree2 of x to be
exactly h by putting h : Rj edges between xi and vertices of {r/x r/z, "’", r/,}
it does not matter to which of these vertices these edges are connected provided
the degree of each r/k never exceeds h. Also, for each 1 <_ j m, we complete the
degree of yj to be exactly h by putting h 7= Ri edges between yj and vertices
of {, 2, "’", }, again taking care that the degree of each l never exceeds h.
Finally, we complete the degree of the vertices in {, , .., .} and {r/a, r/z, "’",

r/u} to be exactly h, too, by putting edges from any to any r/k which both have
a lower degree.

It remains to show that this definition is proper in the sense that all the condi-
tions it mplies are easily met.

The degree of a vertex is the number of edges incident to it.
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The number of edges we construct in the completion of the degrees of
xx, x2, ".., x, is n. h r. Thus we can do this if/. h >__ n. h r, and/ satisfies
this inequality. Similarly, v satisfies .the condition for the possibility of the comple-
tion of the degrees of Y x, Y2,’", Y,n" Finally, the number of edges required to
complete the degrees of x, 2,"", v is v. h- (m. h- r), which is equal to
r [r/h ]. h. (This is the remainder ofF upon division by h.) Similarly, the number of
edges required to complete the degrees of {r/x r/z, r/u} is the same. Thus, the
last part of the construction raises no difficulties, either.

Next, let F(A), where A
_

X, be the set of vertices B Y such that there is
an edge a b E, where a A and b B.

LEMMA 2. For every A
_

X, [F(A)[ __> [A[.
Proof There are h. IF(A)[ edges incident to F(A) in G. This includes all the

edges which are incident to A. Thus

h. IF(A)I >_ h. IAI. Q.E.D.

Lemma 2 assures that Hall’s condition holds, and thus, by Hall’s theorem
6], there is a set of n + v(= m +/0 edges, no two of which have a common end-
point. We now use this set of edges M (which is commonly called a complete
match of X to Y) to define the meeting function for the first hour h H; if
xi- ym, then f(i,j, hx)= 1; otherwise f(i,j, hx)= 0. Clearly conditions (c)
and (d) hold for h x. Next we remove M from E. The new graph has degree h 1
for all its vertices, and as in Lemma 2, Hall’s condition holds again. This assures
the existence of another complete match M’ of X to Y, and we can use it to define
f(i,j, h2) for all 1 __< __< n and 1 __< j __< m. We repeat this until, by the hth applica-
tion, all E’s edges have been used. This assures that condition (b) holds. Thus the
proof of Theorem 2 is complete. Q.E.D.

The technique used here is an easy generalization of the one classically used
to prove the school dance theorem. (See, for example, [7, Example 2, p. 92].)
Since the proof is constructive and a complete match of X to Y can be obtained
in polynomial time (Hopcroft and Karp [8]), this technique can be used in order
to find an appropriate scheduling in polynomial time rather than just proving its
existence.

4. The two-commodity integral flow problem is NP-complete. Knuth (see [9])
has shown that the multicommodity integral flow problem is NP-complete. His
reduction, from the satisfiability problem, uses as many commodities as there are
clauses.

We present a reduction of the satisfiability problem to the two-commodity
integral flow in directed graphs (D2CIF), and in turn, a reduction of the D2CIF
problem to the U2CIF (the undirected version).

DEFINITION (D2CIF). Given the following data:
1. G(V, E) a directed finite graph; a directed edge from u to v is denoted

U-*V;

2. a capacity function c E --. N, where N is the set of nonnegative integers;
3. vertices sx and s (not necessarily distinct) which are called the sources;
4. vertices t and t (not necessarily distinct) which are called the terminals;
5. two nonnegative integers .Rx and R which are called the requirements.
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The problem is to determine whether there exist two flow functions f and
both E N, such that
(a) for every uvE, f (u --, v) >= O, fz(u-v)>=O and f(uv)+

f2(U V) -< C(U V);
intuitively, the commodities flow along the directed edge u v from u
to v. The total flow along an edge is bounded from above by the capacity
of the edge;

(b) for each commodity {1, 2} and each vertex v V- {si, ti}

Z
u--*vE vwE

this is the conservation rule which states that for each commodity the
amount of flow which enters a vertex equals the flow which emanates
from it;

(c) for each commodity i {1, 2), let the total flow be

Vi 2 fi(si ’ ))- E fi(I) --}

si vE v-siE

then it is required that

Fi >= Ri
A flow problem is simple if the capacities of all edges are equal to one.
THEOREM 3. Simple D2CIF is NP-complete.
Proof It suffices to show" satisfiability simple D2CIF.

FIG. 8

Let the clauses of the satisfiability problem be D1, "", Dk and xl, "", Xl,
1, "’", be the literals. For each variable xi, we construct a lobe as shown in
Fig. 8. (Here Pi is the number of occurrences of xi in the clauses and qi is the number
of occurrences of i.) The capacity of all edges is 1. The lobes are connected to

i+ and v to tis connected to vsone another in series vt s is connected to vs
and !i where j is odd. In addition, there ares2 is connected to all the vertices v.i
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vertices D1, D2, Dk and an edge from each to 2. For the jth occurrence of xi
(2i), there is an edge from vj (j) to the Dr in which it occurs. The requirements
are R1 and R2 k.

(a) Assume that there exist flow functionsfl and]) which satisfy the require-
ments. Clearly, Fa 1 and F2 k. The unit of the first commodity flow must pass
through all lobes. Define x to be "true" if and only if the first commodity flow
passes through the lower path of the ith lobe. In this case, flow of the second com-
modity may pass through the upper part of the lobe to all the clauses which contain
x. Since F2 k, through each vertex Dj there is a unit flow of the second com-
modity. Assume that this unit of flow comes from the ith lobe. If it comes from the
upper part of the lobe, then x Dj and the first commodity must flow through the
lower part of the lobe. Thus x is "true" and Dj is satisfied.

If the flow comes from the lower part of the lobe, a similar argument holds.
This completes the proof that the expression is satisfiable.

(b) If the expression is satisfiable, we send the first commodity flow through
the lower path of the ith lobe if and only if xi is "true". Since each clause Dj
contains at least one literal xi or which is "true", the second commodity passes
through the upper or lower path depending on whether xi or 2i is "true".

Thus both requirements are met. Q.E.D.
Next, we show that U2CIF [10] is NP-complete, too. The definition of U2CIF

is similar to that of D2CIF except that the graph is undirected. Denoting an
undirected edge between u and v as u v, its capacity is c(u v). However, the
flow has a direction. If the flow is from u to v f(u v) is positive and f(v u) is
its negation. (Note that c(u v) c(v u) >__ 0.) Condition (a) changes into

IL(u- v)! + If.(u v)l c(u v), u v E,

implying that the total flow in both directions is less than the capacity.
As before, condition (b) assures that for each v V- {s, t} the total flow of

commodity entering v is equal to the total flow of commodity emanating from
v, i.e.,

f(u v) o.
vE

Let the total ith commodity flow be Fi ,s,-ue f(si- u). Condition (c) states

that F > R.
TEOREM 4. Simple U2CIF is NP-complete.
Proof It suffices to show:

simple D2CIF simple U2CIF.

First we change the directed graph G(V, E) as follows: we add four new vertices
a, g2, and 2 to serve as the two new sources and terminals, respectively. We
connect gl to sl via R parallel edges and tl to via R1 parallel edges. Similarly,
2 is connected to s2 and 2 to 2 via R2 parallel edges in each case. Vertices s,
s2, tx and t are now subject to the conservation rule and the requirements are
the same. Clearly, the requirements can be met in the new graph G’(E’, V’) if and
only if they can be met in the original one. Also, without loss of generality, we
may assume that R + R2 _-< ]El, or obviously the requirements cannot be met.
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Thus these changes can only expand the data describing the problem linearly.
Now we proceed to construct the undirected network from the new directed
network.

FIG. 9

Each edge u v of G’ is replaced by the construct shown in Fig. 9. (u or v
may be one of the sources or terminals.) Only the unlabeled vertices of the con-
struct are new and do not appear elsewhere in the graph.

It remains to be shown that the requirements can be met in the directed
network if and only if the requirements R R1 + IE’I and Rz R2 + IE’I can
be met in the undirected network.

First assume that the requirements of the directed network can be met.
Initially, flow one unit of each commodity through each one of the edge-constructs,
as shown in Fig. 10. This yields F1 IE’I and F2 IE’I. Next, if u v is used in
G’ to flow one unit of the first commodity, then we change the flows in the edge-
construct as shown in Fig. 11. The case of the second commodity flowing through

FIG. 10
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u v in G’ is handled similarly. It is easy to see that R] and R are now met in
the undirected graph.

Now assume we have a flow in the undirected graph satisfying the require-
ments R’I and R. Since the number of edges incident to 5i ([i) is R, all these edges
are used to emanate (inject) ith commodity flow from (into) gi (i). The flow through
each edge-construct must therefore be in one of the following patterns"

1. as in Fig. 10;
2. as in Fig. 11;
3. as in Fig. 11, for the second commodity.

We can now use the following flow through u v in G’" If the u - v construct is of
pattern 1, then fl(u v) fz(u v) 0. If it is of pattern 2, then fl(u v) 1
and fz(u --, v) 0, etc. Clearly this defines a legal flow for G’ which meets the
requirements. Q.E.D.

It is easy to see that the multicommodity integral flow problems, as we have
defined them, are easily reducible to the version in which we have only one (total)
requirement, i.e., F1 + F2 ->_ R. Thus, the latter versions are NP-complete, too.
Also, the completeness of the above problems imply the completeness of the two-
commodity integral flow problems with arbitrary capacities for both the directed
and the undirected case. Also, the completeness of m => 2-commodity integral
flow problems follows.
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THE PLANAR HAMILTONIAN CIRCUIT
COMPLETE*

PROBLEM IS NP-

M. R. GAREY?, D. S. JOHNSON? AND R. ENDRE TARJAN:

Abstract. We consider the problem of determining whether a planar, cubic, triply-connected
graph G has a Hamiltonian circuit. We show that this problem is NP-complete. Hence the Hamiltonian
circuit problem for this class of graphs, or any larger class containing all such graphs, is probably
computationally intractable.

Key words, algorithms, computational complexity, graph theory, Hamiltonian circuit, NP-
completeness

1. Introduction. A Hamiltonian circuit in a graph is a path which passes
through every vertex exactly once and returns to its starting point. Many attempts
have been made to characterize the graphs which contain Hamiltonian circuits
(see [2, Chap. 10] for a survey). While providing characterizations in various
special cases, none of these results has led to an efficient algorithm for identifying
such graphs in general. In fact, recent results [5] showing this problem to be
"NP-complete" indicate that no simple, computationally-oriented characteriza-
tion is possible. For this reason, attention has shifted to special cases with more
restricted structure for which such a characterization may still be possible. One
special case of particular interest is that of planar graphs. In 1880 Tait made a
famous conjecture [8] that every cubic, triply-connected, planar graph contains a
Hamiltonian circuit. Though this conjecture received considerable attention (if
true it would have resolved the "four color conjecture"), it was not until 1946 that
Tutte constructed the first counterexample [9]. We shall show that, not only do
these highly-restricted planar graphs occasionally fail to contain a Hamiltonian
circuit, but it is probably impossible to give an efficient algorithm which disting-
uishes those that do from those that do not.

2. Proot of result. Our proof of this result is based on the recently developed
theory of "NP-complete problems". This class of problems possesses the follow-
ing important properties:

(A) There is no known polynomial-time algorithm that solves any single
problem in the class.

(B) The existence of a polynomial-time algorithm for solving any particular
problem in the class would imply that every problem in the class can be solved with
a polynomial-time algorithm.

It is widely believed that no NP-complete problem can be solved with a
polynomial-time algorithm and hence that all such problems are inherently
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See [2] for any undefined terminology in graph theory.
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computationally intractable. Formal introductions to the notion of NP-
completeness can be found in [1], [5], [6]. Karp [5] first demonstrated that many
well-known combinatorial problems were NP-complete. Others have added to a
long and growing list of such problems (see [6] for a recent survey).

In [5] a construction due to Lawler was presented which showed that the
Hamiltonian circuit problem for arbitrary graphs is NP-complete. Garey, Johnson
and Stockmeyer [4] proved that the Hamiltonian line problem for directed planar
graphs is NP-complete. (A Hamiltonian line in a directed graph is a directed path
which passes through each vertex exactly once, but need not return to its starting
point.) We shall show that the Hamiltonian circuit problem is NP-complete even
for graphs G satisfying

(i) G is planar,
(ii) G is cubic (each vertex has degree 3),
(iii) G is triply-connected (deletion of any two vertices leaves the graph

connected).
Thus the Hamiltonian circuit problem for these highly restricted graphs seems to
be essentially as difficult as that for arbitrary graphs.

The formal technical requirements for a proof of NP-completeness are
adequately described in [1, Chap. 10], [5], [6]. For our purposes, the only
nontrivial requirement is that we show how a known NP-complete problem can be
"transformed" in polynomial time into this restricted Hamiltonian circuit prob-
lem. This "known" NP-complete problem will be the satisfiability problem of
propositional calculus [3], [5].

Let F be any well-formed formula containing atomic variables and the
connectives / (and), V (or) and (not). F is satisfiable if there exists some
assignment of the values true and false to the variables which makes F true under
the standard interpretation of the connectives. We shall show how to construct, in
polynomial time, a graph G satisfying (i)-(iii) such that F is satisfiable if and only if
G contains a Hamiltonian circuit. By results in [3], [5], it suffices to consider only
formulas F in conjunctive normal form with three literals per clause. That is, we
may assume that F has the form

(p, ,Vp,2Vp,3)A(p2,Vp22Vp23)A" A(p.,, Vpm2Vpm3),

where each (PilVPi2VPi3) is called a clause and each P0, called a literal, is either an
atomic variable or the negation of an atomic variable. We assume that F contains
n atomic variables, denoted x, x2,..., Xn.

A number of special graph configurations will be used in our construction and
are illustrated in Figs. 1-7. Consider the graph, due to Tutte [9], shown in Fig.
l(a). Any Hamiltonian circuit in a graph G that contains this graph as a
vertex-induced subgraph must appear locally as one of the states shown in Fig.
l(b) and thus must use the edge marked A. That is, this subgraph acts like a single
degree-3 vertex which has one "specified" edge that is required to be used in any
Hamiltonian circuit of G.

We use the graph in Fig. i to construct the "exclusive-or" graph shown in Fig.
2(a). Any Hamiltonian circuit in a graph G which contains this graph as a
vertex-induced subgraph must appear locally in one of the two states shown in Fig.
2(b). Thus this subgraph acts like two separate edges, one joining v to v’ and the
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(a)

FIG. 1. Required-edge graph
(a) Graph and abbreviation
(b) Possible local states

other joining u to u’, with the constraint that exactly one of these two edges must
occur in any Hamiltonian circuit of G. In this case, we say that the edges {u, u’}
and {v, v’} have been "joined" by an exclusive-or. Schematically, this will be
represented by the abbreviation shown in Fig. 2(a), which we shall call an
"exclusive-or line".

The exclusive-or construction is crucial to the planarity of the graph G which
will correspond to the formula F. The key observation is that two "exclusive-or
lines" joining different pairs of edges may cross each other without destroying the
planarity of G. The property which permits this is that "exclusive-or lines" can be
connected in series, as shown in Fig. 3, to cross over an edge of G, when that edge
is required to occur in any Hamiltonian circuit. The sequence of two exclusive-or’s
pictured there act like a single "exclusive-or line" joining the two outermost edges
(B and D) while permitting the required edge (C) to pass between them. In
particular, since all 4 vertical edges in an exclusive-or graph must occur in any
Hamiltonian circuit, we can use this property to allow two "exclusive-or lines" to
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(a)

V

U

(b)

FIG. 2. Exclusive-or
(a) Graph and abbreviation
(b) Possible local states

(a)

(b)

FIG. 3. Exclusive-or’s in series
(a) Schematic of graph
(b) Possible local states
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cross each other. Figure 4 shows schematically how this can be done and illustrates
the possible states that can occur in a Hamiltonian circuit.

In addition to the exclusive-or, we will also use the two-input "or" graph of
Fig. 5(a). Any Hamiltonian circuit in a graph G which contains this graph as a
vertex-induced subgraph must appear locally in one of the states shown in Fig.
5(b). Thus this subgraph acts like two separate edges, one joining v to v’ and the
other joining u to u’, with the constraint that at least one of these two edges
must occur in any Hamiltonian circuit of G.

Finally we use the graphs in Figs. 1, 2 and 5 to construct the three-input "or"
shown in Fig. 6. This subgraph acts like three separate edges, one joining v to v’,
one joining u to u’, and one joining w to w’, with the constraint that at least one of
these three edges must occur in any Hamiltonian circuit of G.

With these components we can undertake the construction. For each of the
variables xi, 1 <-_i <=n, we construct four vertices/)il, I)i2, l)i3 and/-)in, and for each

(a)

(b)

FIG. 4. Crossing of exclusive-or’s
(a) Graph and abbreviation
(b) Possible local states
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(b)

FIG. 5. 2-input or
(a) Graph and abbreviation
(b) Possible local states

clause Ci, 1 -<j -< m, we construct six vertices Wjl Wj2 Wj3 Wj4, Wj5, Wj6. We start
with the following skeletal edges:

(a) two copies each of {vii, vi2} and {/Ai3, V/n}, 1 -<_i _<-n;
(b) {vi2, vi3}, 1 _<- _<- n;
(c) {Via, vi+l,1}, 1 -<_i _-< n 1;
(d) {/Ann Win6}"
(e) {vii, Wll};
(f) two copies each of {wil, W/z}, {wi3, W/a} and {wjs, wi6}, 1 =</" =< rn
(g) {W/z, Wj3}, {W]4, W]5}, 1 <_-y =<m;
(h) {w/6, wi+ 1,1}, 1 -<_ ] -<_ m 1

For each i, we join one copy of {vi, vi2} to one copy of {vi3, /Ai4} with an
"exclusive-or". For each/’, we connect one copy each of {wi, wjz}, {wj3, w.4}, and
{wis, wj6} with a three-input "or" Observe that so far the construction is planar
and depends only on the numbers rn and n, rather than any more specific details
about F.
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u w

U W

V

U W

(b)

FIG. 6. 3-input or

(a) Graph and abbreviation
(b) Possible local states (symmetric cases not shown)

Now let us consider each literal Pk in F. If pjk xi, we use an "exclusive-or" to
join the copy of {wj,2-l, wj,2 } not connected to a three-input "or" to the copy of
{0il Di2} which is not joined to {vi3,/)i4} by an "exclusive-or". If pi Yi, we use an
"exclusive-or" to join that copy of {wi,2-l, Wi,zk } to a copy of {vi3, Via} which is not
joined to {vi, vi2} by an "exclusive-or". Finally, we connect {v, wl} and
14,’m6} to a two-input "or". (This is only used to ensure triple-connectedness; both
edges in fact must be used in any Hamiltonian circuit of G.) See Fig. 7 for a
schematic of this construction for F= (xVyVz)A(xVYVw)A(yV2V).

Our constructed graph is planar except for crossing "exclusive-or lines",
which are made planar as in Fig. 4. Two "exclusive-or’s" need only cross once so
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(yvv)

(ivvw)

Y

(xvyvz)

w

FIG. 7. Complete constructionforF= (x/y Vz)A(xVfVw)A(yVz:V)

the constructed graph has O(m 2) vertices and edges and is easily constructed in
polynomial time.

We leave to the reader the straightforward but tedious verification that the
graph is cubic and triply connected. Basically, all one need do is verify that our
special subgraphs have these properties (or would if their external edges were
connected by external paths) and that the overall superstructure does also (while
in addition providing the required "external paths"). Let us now see why the
graph as it stands has a Hamiltonian circuit if and only if F is satisfiable.

Consider any Hamiltonian circuit in G. Of each pair of edges {D/1 V/Z}, {Vi3,
vi4} joined by an "exclusive-or", the circuit must use exactly one. If the circuit uses
{vii, vi2} from this pair, we assign x the value false; otherwise x is assigned true.
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FIG. 8. Elimination offour-sided face
(a) Substitution graph
(b) Possible local states (symmetric cases not shown)

The "exclusive-or lines" connecting edges for variables to edges for clauses
prevent the clause edges participating in the three-input "or" for that clause from
being used unless the corresponding variable makes the clause true. Since at least
one of those edges must be used in any Hamiltonian circuit, it follows that this
truth setting must make each clause, and hence F itself, true. Similar reasoning
shows that any truth assignment satisfying F can be used to construct a Hamilto-
nian circuit for G. Thus the Hamiltonian circuit problem for graphs satisfying
(i)-(iii) is NP-complete.

From our construction, we can also conclude that the three general planar
Hamiltonian problems that were left open in [4] are all NP-complete. The
undirected planar Hamiltonian circuit problem is NP-complete because it con-
tains our problem as a special case. The directed planar Hamiltonian circuit
problem is NP-complete because we can replace every edge {u, v} in our
construction with two directed edges (u, v) and (v, u) and thus get a directed graph
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(b)

FIG. 9. Elimination of triangle
(a) Substitution graph
(b) Possible local state (alternate and symmetric states not shown)

which has a Hamiltonian circuit if and only if our original undirected graph had
one. Finally, the undirected planar Hamiltonian line problem is NP-complete:
convert the "or" linking edges (v11, w.l} and (vn4, w,,6} into an "exclusive or". A
Hamiltonian line must either start at Vll and finish at Wl, or start at vn4 and finish
at Win6. Such a line will exist if and only if the original graph had a Hamiltonian
circuit. Note that the construction preserves triple connectivity and degree
threeness, as well as planarity.

We can also obtain a more specialized result that may be of interest. It has
been shown (see [7, Thin. 8.4.1]) that the four color conjecture depends only on
graphs in which each face has at least five boundary edges. We can show that the
Hamiltonian circuit problem remains NP-complete, even if we restrict ourselves
to graphs which have this property and obey (i)-(iii). We do this by taking our
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original graph and eliminating its faces with four or fewer sides by making the
following substitutions:

If G contains a four-sided face, introduce triangles into each of its four
corners as shown in Fig. 8(a). Figure 8(b) illustrates the fact that all the ways that a
Hamiltonian circuit might pass through the original face can be mimicked by its
replacement, and clearly no new possibilities are introduced. Also, since two
vertices are introduced into every edge of the original face, no external faces can
be made into four-sided faces by this substitution. We further note that the graph
remains planar, cubic and three-connected. Repeat the substitution until there are
no more four-sided faces.

Triangles are now eliminated in an analogous step by step manner, with the
substitution shown in Fig. 9. The result is a graph which is planar, cubic, three
connected, has no face with fewer than five sides, and has a Hamiltonian circuit if
and only if our original graph did. Since the replacement can clearly be accom-
plished in time proportional to the number of faces in the original graph, this
means that the more restricted problem is also NP-complete.
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AN ACCOUNT OF
SELF-ORGANIZING SYSTEMS*

W. J. HENDRICKS

Abstract. An account is given of existing results for two types of self-organizing schemes, and
more direct proofs are provided. Several new results are included, and a variety of open problems of
theoretical and practical interest are stated. The work has particular relevance to stochastic problems
which arise in computing.

Key words, self-organizing systems, library-type Markov chains

1. Introduction. We consider the following scheme. A finite or countably
infinite set of items 11, I2,’", IN (N a positive integer or +, assumed finite
unless otherwise stated) is placed in linear array; that is, according to one of the N!
possible orderings on a line. One can imagine the items as books on a shelf with
position numbered 1, 2,..., N from left to right or records in a vertical stack
numbered from top to bottom to give the problem a more colorful setting. At
successive integral times tl, t2, , one of the items is called for. If the item called
occupies position j on the shelf, 1 =<j-<N, then a permutation -i is performed
upon the existing order. If ’1, ’2,’", ’N are specified so that from a given
ordering we can reach (not necessarily in one step) any other specified ordering by
successive application of some or all of the % repetitions of the same ’i being
permitted, then we call the resulting - {-j}= a self-organizing scheme. Assume
that each item Ii has a probability p of being.selected and that the p satisfy:

(i) p > 0;
(ii)

u
Zi=I Pi 1;

(iii) the Pi remain fixed for times tl, t2,"’, and successive demands are
independent (in the probabalistic sense of independence) of each other.

Particular examples of - in which we shall be interested are the move-to-front
scheme -* and the move-back-one scheme -’ defined by (-(/’) denotes the
position, after application of ’i, of the item lying in position ):

+1 if 1 <=j-<i- 1,
ifj=i, i= 1,2,... ,N;
ifj>i,

where ’i(j)= + 1
if j and j 1,
ifj=i-1,

otherwise.

Thus, -* places whatever item is demanded at the left-hand end of the shelf and
moves items one position to the right as necessary to make room. -’ exchanges an
item which is demanded with the one immediately preceding it, while leaving the

* Received by the editors July 1, 1975, and in revised form January 7, 1976.
]" Department of Mathematics and Statistics, Case Western Reserve University, Cleveland, Ohio
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715



716 w.J. HENDRICKS

remaining ones fixed. In either scheme, if the item demanded is at the left-hand
end of the shelf, none of the items are moved until the next demand. We assume
that items are replaced in the pile prior to the next demand.

The introduction of the Pi gives the entire problem a probabilistic setting.
Hence at a given time we may not know where an item is on the shelf but hopefully
we could calculate or estimate the probability of its being at or near a particular
position. Moreover, given any initial ordering of the items and a particular -, the
system will reorganize itself. Thus we shall be interested in how the system
behaves under a given -, as well as what sort of - might have desirable properties.
Our purposes are threefold:

1. to provide a survey of knownresults on problems of this sort;
2. to arrive at some new results, as well as to provide new (and hopefully

more illuminating) proofs of existing theorems;
3. to pose several problems of theoretical as well as practical interest;
A frequent tool which has been used in the analysis of the stochastic

properties of self-organizing schemes has been that of Markov chains. Thus, each
of the N! arrangements is considered as a state in a Markov chain and one-step
transition probabilities from one state to another are determined by the Pi. A vivid
account of Markov chains is given in Feller [3]. For simplicity of terminology and
statement of results, we assume that we consider only those - which give rise to
aperiodic chains. Roughly speaking, this means that transitions from one state to
some other state are not restricted to certain integral multiples of time. Therefore
any self-organizing system can be studied as a finite, aperiodic irreducible Markov
chain. Such chains are ergodic and exhibit limiting (or "steady state") prob-
abilities for each state, as discussed in the next section.

2. Known results. With the advent of computers, interest in self-organizing
systems has shown a marked increase. There are many potential applications of
such study to computers (see Burville [1] or Rivest [9]), and undoubtedly to other
areas as well.

McCabe [8] studied the move-to-front scheme as early as 1965. We explain
McCabe’s work in the context of more recent efforts (Hendricks [4], [5]) and then
give an easier proof of some of McCabe’s results. In [4], we regarded the
move-to-front scheme as determining an ergodic Markov chain with N! states
transition matrix [pq].

From a given state (configuration) it is possible to move in one step to any one
of N states, including the present one. The conditional probability of passage from
state to state j (under some numbering of states) by selection and return of n

(n)items is denoted by pq According to the theory of Markov chains,

N

(1) lim pl’/)=-ui>O, where Y’. ui=l,
noo j=l

exists for all j and is independent of i. The {u}="a is referred to as a stationary
distribution and can be found as the unique solution to the following system of
equations:

N! N!

(2) uk Z uipi,, Z u, 1.
/=1 k=l
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We can think of the Uk as the long-term probability of the system being in state k.
There are several quantities of interest in any ergodic self-organizing scheme"

p(i, m) Z’ui,

the sum being over those j such that Ii is in position m;

N

Ii Z mp(i, m);
m=l

N

2" Pii.
i=1

Thus p(i, m) is the long-term probability of Ii being in position m, /zi is the
expected position of Ii in the steady state and is a measure of the expected time
searching for the next item requested, starting from the left.

McCabe showed that the expected search time,/z., for the move-to-front
scheme -* satisfied:

/z. 1+2 Y PiPj

<--i <j <--n Pi +

This result was also obtained in [2] and [9]. An easier derivation, using the method
of indicator random variables, follows. In the steady state,/, will lie to the left of Ii
iff item // was selected more recently than Ii. Consequently there exists a
nonnegative integer k such that the last request for/ has been followed by
selection of k items other than Ii or/.. Now define random variables (r.v.) X<i) and
i) by"

[1 if . lies to the left of , ji,i)

0 otherwise,

X(i)= position of I 1 + i).

If we use E[X] to denote expectation of a r.v. X and P[A ] the probability of an
event A, we have:

E[X]i)]:P[Xi):l]=pj (1-pi-Pj)k:
k=0 Pi +P]’

and

Finally

N

/Z ---/[X(i)] 1 + Z P
=1Pi +P

N

tZ.r* pitzi 1 + Y’, PiPj

i=1 im]Pi

Burville and Kingman [2] note that if Pi >:Pi+l for l_-<i_-<N-1 and m
i ipi, we have m </x < 2m- 1 One can regard m as the expected search time
for the next item demanded if items are kept in order of decreasing popularity.
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Thus ’* at most doubles the expected search time over.this scheme. If the Pi are
known in advance, one would naturally store items in order of decreasing
popularity to minimize . When the pi are unknown, we seek a system which
ultimately organizes itself to give the smallest . In particular, we seek a - such
that/ is minimized regardless of the choice of the p. One of the major problems
in the study and application of self-organizing schemes is to determine whether or
not such a - exists and, if so, what it is. This question prompted McCabe to suggest
that the move-back-one scheme -’ might be more efficient asymptotically than -*
in the sense that, =< ,. Rivest [9] has recently shown this to be true, and we give
a variant of his proof in the next section.

Rivest provides some evidence in support of the conjecture that -’ is indeed
optimal. In extensive simulation studies he has compared, with/, where - is a
family of permutations, each of which preserves the relative order of unrequested
items. For Zipf’s distribution with N 7 and under 5,000 selections of items, -’
proved superior to the other six rules considered. Also, for N=4 and the

4geometric distribution p 5, P2 1, P3 -f2-55, P4 -i5, his simulations showed that
r’, for this distribution of the p, had a smaller/x than any of the r which could
possibly be optimal. To do this, he first showed that an optimal r, if it exists, must
have certain properties; this reduced the number of cases he had to consider.

Another area of investigation of self-organizing schemes in which recent
progress has been made is in the determination of the stationary distribution
N{u}-a given by the equations in (1) and (2). In [4] it was found that for the move-

to-front rule r*, we have u given by (3), where c denotes the configuration
1112"’" IN:

(3) u= II
i=

with analogous formulas holding for other configurations. In [5] this was extended
to the situation where replacement of requested items is always at a fixed position
k, 1 < k _-< N, on the shelf and unrequested items are moved to the right or left as
necessary to vacate position k. The resulting stationary distribution is given as a
product of an appropriate binomial coefficient term and two expressions similar to
(3). We observed that a mechanism for producing expressions such as (3) is to use a
model of sampling without replacement, using renormalized conditional prob-

N
abilities following successive selection of I1, 12 from {//}/-=2,’" ", IN-1 from
{IN-, IN}, and finally IN from {IN}. It would be helpful to establish the precise
analytical connection between this mechanism and the scheme -*.

Another, and more illuminating, derivation of (3) can be given as follows. We
consider the system to be in the state I1, I2" IN and seek the corresponding term
in the stationary distribution. This can be achieved by beginning initially with a
distribution of probabilities among the N! states in accordance with those
assigned by (3) and using the fact that after n transitions, the absolute probability
of being in a given state remains unchanged. Alternatively, but less precisely, one
can suppose that any initial distribution of probabilities was given, that an infinite
number of transitions have been made, and that we are considering the "end
result". In either case we look at the present state, say IlI:z I, and attempt to
reconstruct the past history by looking backwards in time. In order to be in state
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Ili2 IN, the past history (listed from most remote to most recent) of selections
must be"

1. A last selection of IN is made.
2. Selections of items from {Ia, I2,""", IN-l} are made.
3. A last selection of IN-1 is made.
4. Selections of items from {11, I2," , IN-2} are made.
5. A last selection of item IN-2 is made.

2N- 1. A last selection of 12 is made.
2N. At least one selection of 11 is made.

Since the probabilities in step 2j are given by Pl +P2+’’’+PN-j(1--_<f--<N-2),
the desired probability is:

PN" (pl+P2+’’’+PN-1)k’ps-l" , (pl+p2+’’"
k =0 k =0

+PN-2)k
PN-2 P2 p,

k=l

which gives the desired result.
Letac [6] gives an elegant extension of -* to the case N +. In order to

obtain a countable state space, he considers only those configurations of {//}=1
which can be reached from the natural ordering 11 1213 by a finite number of
selections and replacements. Thus we consider only those states whose ordering
agrees with natural ordering from some point, onward. Letac uses generating
functions and a careful combinatorial argument which again involves looking at
time in reverse to obtain the limiting probability of being in a given state. He
shows:

(i) the chain is transient itt

Z Zs,n=l 1

where sn pi;
i=1

(ii) the chain is positively recurrent iff

Pn

and that in this case the term of the stationary distribution corresponding
to Ia 1213"’" is

He also gives examples (in terms of {pi}) of chains of each of the three types"
transient, null recurrent, positive recurrent. Positive recurrence seems to require a
fairly rapid rate of convergence of the Pi; Letac’s example is Pi K e -i" for some
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a, K > 0, whereas geometric type of Pi give rise to either null recurrent or transient
chains.

Nelson [7] has studied the case N= +00 when replacement always takes
place at some fixed position k => 2. He showed, somewhat surprisingly, that under
these circumstances a stationary distribution cannot exist. The difficulty in this
situation arises from the fact that when replacements are at a fixed position other
than the end, it becomes more difficult to obtain a desired ordering. To date, it has
not been possible to establish the transience or null recurrence of chains of this
type.

We conclude this section by giving brief mention of other aspects of self-
organizing systems which have been studied. McCabe [8] gives, but does not
derive, an expression for the variance of the position of the next item demanded
under -*. Nelson [7] calculates the variance of the position of Ii in the stationary
distribution for -*. He then constructs a prediction interval J such that J will, with
prescribed probability, contain Ii. Nelson also obtains a ratio limit theorem for the
n-step transition probabilities, and he calculates the Martin boundary for the
nonergodic chains when N + 00. Finally, he considers a modification of the -*
scheme by allowing for geometric holding times for items which are demanded.
That is, items can be removed from the shelf and returned with probability p < 1
prior to the next demand. In many such problems, the combinatorics become
quite complicated very quickly as N becomes large, but often a pattern does
emerge as cases N 3 or 4 are considered.

3. New results. By way of new results, we begin by finding a fairly manage-
able expression for the stationary distribution for the move-back-one scheme -’
and then give a theorem about the optimality problem.

THEOREM 1. The term of the stationary distribution which corresponds to the
state I1 I2"" In when the scheme is " is given by:

N-iN
Pi

illl AN(P1, P2," ", P/v)’
where iN is defined successively by:

/2(Xl, X2) Xl -- X2

/3(Xl, X2, X3) XlX2(X -Jr- X2) -I- X lX3(X -I" X3)- X2X3(X2 -JI- X3)

/4(Xl, X2, X3, X4)-" E XiXjXkl3(Xi, Xj, Xk),
<--__i <j

Proof. Under -’, the state I1 I2 IN can be reached in one step by starting in
any one of the N states listed below and selection of the item indicated"

11 I2 I3 I4 IN-1 IN select 11,

I2 11 13 14 IN-1 IN select 11,

11 13 12 14 IN-I IN select 12,

I1 I2 14 I3 IN-1 IN select 13,
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I1 I2 13 14 I1 IN_ select IN_ 1.

Number these states in descending order from 1 to N, and let u l, u2,’", uN
denote the corresponding terms in the stationary distribution. By the steady-state
property, we have

(4) Ul --plUl +plu2 +p21g3 +’" +PN-lUN.
We want to show that the ui which are defined below satisfy (4):

N Pi
U 1-I1i= Av(pl, P2,’’’, Pv)’

N N-i
N-lpl-2 P

u2=P2
i=3 Au(p, p," , pu)’

N N-i

U3 p-I N-2 N-2 Pi
p3 P i--4[I xu(p, p, pu)’

N-2 PNu= II p’- IN(Pl, P2," ", PN)"

Since the denominator is assumed to be the same in each of the ui, we neglect
writing it. With the above expressions for ui, the right-hand side of (4) becomes"

N N

II pi-i(pl +pc +"" +PN) 1-I Pi-i.
i=1 i=1

This completes the proof once we observe that E:l ui 1 by virtue of the manner
in which AN is defined.

With these observations, the proof of the following corollary is obvious.
COROLLARY. Let I and I. be any two items, k an integer which satisfies

0 k N-2 and a and fl two configurations of 11, I2," ", IN which satisfy"
(i) Ii precedes I. in

(ii) /. precedes Ii in fl
(iii) c and are identical except for the positions of Ii and I.;
(iv) there are exactly k items between li and I. in c and ft.

Then the terms us and ut corresponding respectively to a and fl satisfy

u,,/ ut (Pi/Pj) + 1,

Remarks. We can again imagine a mechanism at work in the r’ scheme if we
regard (for state 11 I2" IN) 11 as being moved back N- 1 places, I2 back N-2
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N-1 N--2 Nplaces, to give factors Pl P2 ," . For a specific distribution {Pi}i=l, the
quantities/xi and/x are now calculable under -’, but we have been unable to
determine any concise expression for them.

Our second theorem gives a means of comparison of the expected search time
for different self-organizing schemes. For ease of notation, we assume that
Pl-->P2-->’’" -->pv >0. If this condition does not hold, simply relabel the / to
achieve it. Let r be .any self-organizing scheme and by(j, i) the probability (in the
resuliing stationary distribution) that/, lies to the left of/. Let/z denote the
expected search time.

THEOREM 2. Let r and be any two self-organizing schemes and suppose that
]:or any {Pi}fq=l and i, ] such that 1 <-i <] <-N, we have"

(5) bq, i) <= b(j, i)

Then
Remark. If a ? exists such that (5) holds for all possible -, then - will be

optimal.
Proof. First observe that by(i, j)+ b(j, i)= 1. Then use the notation as set

forth in the introduction to obtain

I Z P,E[X’)] Z P, 1 + Z i)

i=1 i=1
j

p 1+ b-(1",i)
i=1

Consequently,

e--,’.lp 1+ Z b(],i)+ Z (1-b(i,]))
j:>i

N, ipi + Z (Pi-pilb(J, i)
i= i<j

N

<- Y ip + Y. (p,-pj)b(], i)= I.
i= i<j

We now obtain Rivest’s [9] result about the relatiVe asymptotic efficiency of
r* and r’.

COROLLARY.
Proof. In 2 we showed that b.q, i)- p/(p +p). Now use the corollary of

Theorem 1 to obtain (when j > i)
N-2

b,(j, i):
k=O

(inner sum over a for which/ precedes I, with exactly k items between/, and Ii)
N-2

E (Pj/pi)k+l(Z"l,)
k=O
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(inner sum as above with positions of/. and Ii interchanged)

<= (pj/pi)(1- b.,(J’, i)),

from which we conclude that

b,(j’, i) <= pj/ (pi +p if j > i.

4. Open problems. We conclude by listing some of the open problems which
arise from this discussion.

1. For a given {p}= 1, find that - (from the finite list of possible z) for which
is minimized.

2. Determine whether or not a - exists which minimizes/x, regardless of the
choice of the {Pi}- 1. Such a - would give rise to an optimal self-organizing scheme.

3. Investigate the stationary distribution and expected search times for
schemes other than z’ and z*.

4. For a given scheme, consider the case N +
5. For a given z, for which the stationary distribution can be found, deter-

mine a mechanism for the process in the stationary state and establish the
analytical connection of the mechanism with the scheme z.

6. Relax on the independence assumptions. That is, if//is selected at time n,
assume its probability of selection at time n + 1 is increased, or perhaps dscreased.

Note added in proof. Letac (U.E.R. de Math6matique, Universit6 Paul
Sabatier, Toulouse, France) has recently written an excellent account of libraries
in the case N +eo. He discusses questions of transience and recurrence, and
poses further problems for study.
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FINDING MINIMUM SPANNING TREES*

DAVID CHERITON’ AND ROBERT ENDRE TARJAN$

Abstract. This paper studies methods for finding minimum spanning trees in graphs. Results
include

1. several algorithms with O(rn log log n) worst-case running times, where n is the number of
vertices and rn is the number of edges in the problem graph;

2. an O(m) worst-case algorithm for dense graphs (those for which rn is f(n 1+) for some
positive constant e);

3. an O(n) worst-case algorithm for planar graphs;
4. relationships with other problems which might lead to a general lower bound for the

complexity of the minimum spanning tree problem.

Key words, equivalence algorithm, graph algorithm, minimum spanning tree, priority queue

1. Introduction. Let G =(V, E) be a connected undirected graph with

wl n vertices and IEI m edges. Given a value c(v, w) for each edge (v, w) e E,
we wish to find a spanning tree T= (V, E’), E’ E, such that v,w_E’ c(v, w) is
minimum. Several efficient algorithms exist for solving this problem [3, p. 179],
[5], [10], [12], [13], [20]. All of these algorithms are based on the following
lemma.

LEMMA A. Let X V. Let {v, w}eE be such that veX, we V-X, and
c(v, w)=min {c(x, y)l{x, y}eE, x eX; and y e V-X}. Then some minimum
spanning tree contains {v, w}.

This paper presents a very general minimum spanning tree algorithm and
studies its running time for various implementations. The paper also gives
relationships between the minimum spanning tree problem and certain data
manipulation problems which may lead to a general lower bound on the complex-
ity of the problem. Section 2 describes the general algorithm, the data manipula-
tion methods needed to implement it, and two "classical" minimum spanning tree
algorithms. Section 3 discusses possible implementations for a crucial part of the
algorithm. Section 4 proves an O(m log log n) worst-case running time for several
variations of the algorithm. Section 5 proves an O(n) worst-case running time for
planar graphs and an O(m) worst-case running time for dense graphs. Section 6
gives relationships with other problems. Section 7 presents conclusions and open
problems.

2. A general algorithm. To find a minimum spanning tree in a connected
graph G, we use the following general method.

First step. Pick some vertex. Choose the smallest edge incident to the vertex.
This is the first edge of the minimum spanning tree.
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General step. The edges so far selected define a forest F (a graph consisting of
a set of trees) which is a subgraph of G. (Isolated vertices, not incident to any edges
selected so far, are regarded as trees with one vertex.) Pick a tree T in the forest.
Select the smallest unselected edge {v, w} incident to a vertex in T and to a vertex
in a different tree T’. Delete all edges smaller than {v, w} which are incident to T
(these edges form cycles with edges in T). Add {v, w} to the minimum spanning
tree (updating the forest by combining T and T’). Repeat the general step until all
vertices are connected.

Cleanup step. (This optional step may be executed after any general step. It
simplifies future calculations by deleting superfluous edges.) Delete all unselected
edges with both endpoints in the same tree of the forest. For each pair of trees
connected by an unselected edge, delete all but the minimum such edge connect-
ing the pair of trees.

It is immediate from Lemma A that this general method correctly finds a
minimum spanning tree. The method requires a mechanism for choosing the tree
T to examine and certain bookkeeping mechanisms for keeping track of the
trees in the forest. To keep track of the vertices in each tree of the forest, we
use a simple, efficient disjoint set union algorithm described in [8] and [15]. Given
a collection of disjoint sets (in this case, sets of the vertices in each tree), the set
union algorithm implements three operations:

FIND(x): returns the name of the set containing vertex x;
UNION(i, j): combines sets and j, naming the new set i;
INIT(i, L): initializes set to contain all vertices in list L.

The worst-case time required for O(m) FINDs and O(n) UNIONs is
O(ma(m, n)), where a is a functional inverse of Ackermann’s function [15]; this
time is bounded by O(n log* n + m), where

times

log* n min {il(og log log n _-< 1}

To keep track of the edges incident to each tree of the forest, we use a
mechanism of priority queues. We maintain queues of all edges incident to each
tree of the forest. We need three operations on these queues.

QUNION(i, j): combines queues and j, naming the new queue i;
MIN(i)" returns the smallest edge in queue which has an endpoint outside

tree i. MIN(i) also deletes this edge and all smaller edges from queue i.
(Note" MIN(i) must use the FIND operation to test whether a given edge
has an endpoint outside tree i.)

QINIT(i, L)" initializes queue to contain all edges in the list L.
Implementation of these priority queue operations is discussed in 3.

An implementation of the general algorithm using these operations as
primitives appears below. We assume that the graph G has vertex set V=
{1, 2,..., n} and that for each vertex v, I(v)= {(v, w)l{v, w}E} is a list of the
edges incident to v. (Note that (v, w) is an ordered pair; the undirected edge {v, w}
is represented twice; once as (v, w) in I(v) and once as (w, v) in I(w).) Each tree
of the forest is represented by a set of its vertices and by a queue of its incident
edges. Initially each vertex v is represented by the set {v} and by a queue
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consisting of the edges in I(v). At all times during execution of the algorithm,
every edge (v, w) in queue k satisfies FIND(v)= k.

algorithm MINSPAN;
begin

for := 1 until n do
begin

INIT(i, {i});
QINIT(i, I(i));

end;
while more than one tree do

begin
execute cleanup step if desired;
pick some tree k;
(i, j):= MIN(k);
add edge (i, j) to minimum spanning tree;
x := FIND(j);
UNION(x, k);
QUNION(x, k)

end
end MINSPAN;

There are two "classical" minimum spanning tree algorithms. One, due to
Kruskal [12], works as follows: initially all edges are sorted by value. Then the
edges are examined in order, smallest to largest. If an edge, when examined,
connects two different trees in the forest of selected edges, it is selected and added
to the forest. Otherwise it is deleted. The initial edge sorting eliminates the need
for a priority queue mechanism; the running time of Kruskal’s algorithm is
O(m log n) for the sorting plus O(mo(m, n)) for the necessary set union opera-
tions. Thus the total running time is O(m log n), and if the edges are initially given
in sorted order, the running time is O(ma (m, n)).

Another algorithm, discovered by Prim [13] and independently by Dijkstra
[5], is a version of our general algorithm in which the same tree is considered at
each execution of the general step. One priority queue is needed for this tree (all
other treeg of the forest F consist of single vertices). In the original implementa-
tion, this queue is represented as a single array, with one (possibly filled) position
for each vertex not in the tree, giving the size of the smallest edge from the tree to
that vertex. A general step requires examination of the entire array and thus takes
O(n) time. After each general step, a cleanup step is executed; this cleanup step
requires only O(n) time because only a single vertex at a time is added to the
unique, growing tree. Thus the original implementation of the Prim-Dijkstra
algorithm runs in O(n) time. If implemented differently, the algorithm runs in
O(m log n) time [10].

To beat O(m log n), we must use a good priority queue implementation plus
a careful selection of the tree to be considered in the general step. Two selection
rules lead to efficient algorithms. One, based on a minimum spanning tree
algorithm of Solin [3, p. 189], is to process the trees uniformly. The uniform
selection rule works as follows. Initially all of the n trees (each a single vertex) are
placed on a queue. At the general step, the first tree T at the front of the queue is
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examined. When this tree T is connected to another tree T’, both T and T’ are
deleted from the queue and the new combined tree is placed at the rear of the
queue. It is easy to implement this selection rule so that the total overhead for
selection is O(n).

An alternative selection rule is the smallest tree rule: always examine the tree
with the smallest number of vertices. This rule can also be implemented so that the
total overhead for selection is O(n) (though the constant of proportionality is
higher than for the uniform selection rule). This is done by keeping track of the
number of vertices in each tree, and by using an array A of size n. The array
element A (i) is a list of all trees with vertices. Since the number of vertices in
every tree is between i and n, and the number of vertices in a tree never decreases,
we can use a pointer which marches along array A to find the tree with the smallest
number of vertices. It is easy to update the array if each tree has a pointer to its
position in the array.

3. Implementation of priority queues. We consider three implementations
of priority queues, ranging from simplest to most sophisticated. Time bounds for
the various implementations are given in Table 1.

TABLE

Time bounds for priority queue operations.
m(i) number of edges in queue (and list L).
s(i) number of sets in queue (implementation (b)).
l(i) number of edges deleted from queue by MIN(i).
h(i) number of delayed merges into queue (implementation (c)).

INIT(i, L) MIN(i) QUNION(i)

(a) Unordered sets

(b) Ordered subsets

of size k

(c) Leftist trees

with delayed

merge

O(m(i))

O(m(i)logk)

O(m(i))

O(m(i))+m(i) FINDs

O(s(i)+l(i))
+s(i)+l(i)- FINDs

( m(i)O((l(i)+ h(i)) log
\l(i)+ h(i)

+ 1))
+O(l(i)+h(i)) FINDs

O(1)

0(1)

0(1)

(a) Unordered sets. The simplest representation of a priority queue is as an
unordered list of items. Then MIN(i) requires O(m(i)) time plus time for m(i)
FINDs, QUNION(i, j) requires O(1) time, and INIT(i, L) requires O(m(i)) time,
where m(i) is the size of queue (and of L).

(b) Ordered subsets ofsize k. Another possibility is to represent a queue as a
list of sets, each set initially of size k, plus possibly some "special" sets, each
initially of size less than k. Each set is in sorted order, but there is no ordering
relationship among the sets. We carry out INIT(i, L) by dividing L into [ILI/kJ
sets of size k plus at most one set of size less than k. We then sort these sets. This
process requires O(IL log k) time. We carry out QUNION(i, j) by merging the
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list of sets in queue and the list of sets in queue ]. This requires O(1) time. We
carry out MIN(i) by inspecting the edges in each set of queue in order, discarding
those that don’t connect two different trees. We then compare the smallest edge
from each set and select the overall minimum edge. MIN(i) requires O(s(i) + l(i))
time plus time for s(i)+ l(i)- 1 FINDs, where s(i) is the number of sorted sets in
queue and l(i) is the number of edges deleted from queue by MIN(i).

A similar priority queue method was used by Yao [20] in the first
O(m log log n) time minimum spanning tree algorithm. However, initialization of
Yao’s data structure requires the use of a linear-time median-finding algorithm
such as [4], which is complicated to implement and requires more comparisons
than the sorting used here for initialization.

(c) Leftist trees with delayed merge. This representation is an extension of one
Cliscovered by Crane [11]. In Crane’s implementation, each queue is represented
by a leftist tree. (A leftist tree is a binary tree such that, given any node v, there is a
shortest path from v to a node with a missing left or right son, such that this path
contains the right son of v.) Each node in such a tree represents an edge in the
corresponding queue. The nodes are heap-ordered (ordered so that the node with
smallest value is at the root of the tree and any node has value smaller than the
values of both its sons).

A basic operation on two leftist binary trees is:
MERGE(i,/’): combines trees and into a single leftist binary heap-ordered

tree named i.
The MERGE operation can be carried out by finding, in each tree, a shortest

(rightist) path from the root to a missing node, merging the two paths into a single
path on which the nodes are sorted by value, attaching the remaining subtrees of
each original tree to the appropriate nodes on the combined path, and switching
left sons and right sons of nodes along the path (if necessary) to make the new tree
leftist. To implement this operation, we must store four parameters with each
node: its value, pointers to its left and right sons, and the length of the shortest
path from the node to a missing node. See 11] for implementation details. Figure
1 illustrates such a MERGE operation. Since a leftist binary tree with m (i) nodes
has a rightist path of at most log (m (i) + l) nodes, the time required for
MERGE(i, ]) is O(log (m(i))+ log (m (]))+ 1). (All logarithms in this paper are
base two.)

Here we extend Crane’s idea. We represent each priority queue by a binary
tree. Some of the nodes in the tree (called queue nodes) correspond to edges in the
graph. The rest of the nodes (called dummy nodes) correspond to previous
QUNION operations. Each queue node is the root of a subtree which consists
only of queue nodes and is leftist and heap-ordered. The dummy nodes define a
subtree rooted at the root of the entire tree.

Each node v requires five associated parameters:
letson(v), rightson(v): pointers to the let and right sons o v;
path(v): the length of the shortest path from v to a missing element (only

necessary if v is a queue node);
c(v): the value of the edge associated with v (only defined if v is a queue

node);
q(v): a Boolean variable true if and only if v is a queue node.
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FIG. 1. Merging two leftist binary trees

To carry out QUNION(i, j) using this data structure, we create a new dummy
node, make the roots of the trees for queues and j the left and right sons of the
new node, and mark the new node as the root of the new tree for queue i.
QUNION clearly requires O(1) time. We call this operation delayed merge of
queue j into queue i.

We carry out MIN(i) in three steps. Suppose there are d dummy nodes in
queue i. First, we explore the binary tree for queue i, starting from the root and
working through its descendants, stopping at queue nodes which correspond to
edges connecting two different trees in the forest. That is, we locate the set of
queue nodes {vlv is in queue i, v represents an edge connecting two different trees,
and no ancestor of v represents an edge connecting two different trees}. We
discard all ancestors of such minimal elements. The number of nodes discarded is
d + l- 1, where is the total number of edges which will be removed from queue
by the MIN(i) instruction.

We are left with d + or fewer leftist binary trees, each rooted at one of the
minimal nodes. We place these trees in a queue, merge the first two trees in the
queue using MERGE, insert the resultant leftist tree at the rear of the queue, and
repeat until only one tree is left. The root of this leftist, heap-ordered tree
represents the desired edge of minimum value connecting two different trees. We
select this edge and convert the root of the leftist tree to a dummy node. (This step
has the effect of discarding one more element from queue i.)

The overall effect of the MIN(i) operation is to discard from tree all dummy
nodes and all queue nodes up to and including the one of minimum value
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connecting two different trees and to combine the remaining nodes into a single
leftist tree with a single dummy node, namely the root. An implementation for
MIN(i) is presented below, in AL6OL-like notation. The implementation uses a
recursively programmed procedure SEARCH, which explores a binary tree to
find the minimal queue nodes connecting two different trees.
procedure MIN(i);

begin
Boolean procedure p(x);

begin
let (v, w) be the edge corresponding to queue node x;
p := (i FIND(w));

end;
procedure SEARCH(x);

comment we assume that the next if statement is implemented
so that p(x) is evaluated only if q(x)- true;

if q(x)/p(x) then add tree rooted at x to L;
else

begin
if leftson(x) 0 then SEARCH(leftson(x));
if rightson(x) 0 then SEARCH(rightson(x));

end;
L :- the empty list;
let r be the root of tree i;
SEARCH(r);
while ILl> 1 do

begin
delete first two trees j and k from L;
MERGE(/’, k);
insert new tree j at rear of l;

end;
tree remaining on L is new tree i;
let r be the root of this tree;
MIN := edge associated with r;
q (r) := false;

end MIN;
Suppose MIN is applied to queue i, initially containing rn (i) queue nodes and

d dummies, and that queue nodes are deleted by MIN. The running time of MIN
is 0(1 + d) plus the time required for 21+ d-1 FIND operations plus the time
required to merge + d or fewer trees formed from re(i)- + 1 <- rn(i) nodes.

During the merging process, the original trees (together containing all the
remaining nodes) are merged in pairs, leaving no more than [(l+d)/2] trees
containing all the nodes. These trees in turn are merged in pairs, and the process
continues until one tree is left. Let b [log (1 + d)]. A bound on the total merge
time is

O( max{2i-J 10g(nk + 1)
j=O k=

’, nk <= m (i), nk 0 for all k
k=l
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The maximum is achieved when all the terms in the inner sum are equal, so
the merge time is

O 2b-j log + 1 O (l + d) log l + d + 1
j=0

Note that d, the initial number of dummy nodes in tree i, is at most one plus
twice the number of queues merged into queue between MIN(i) instructions.
(Here we count all queues merged into queue through a sequence of QUNION
instructions with no intervening MIN instruction.) In the use of priority queues in
this paper, only one MIN instruction is performed on each queue, after which the
queue is merged into another queue. Thus in this case, d =< 2h + 1, where h is the
number of queues merged into queue by delayed merge. Hence the total time for
the MIN(i) instruction is

O (/+2h+l)log
/+2h+l

plus time for 2l + 2h FINDs.

(m(i) 1))+ 1))= O((l+h)log \l+h
+

To carry out INIT(i, L), we interpet each element of L as a leftist tree
consisting of a single node. We place these trees into a queue and merge them as in
MIN. The bound above reduces to O(]L]) in this case.

It is worth noting that the delayed merge idea can be used with other priority
queue data structures, such as 3-2 trees [1] and Sn trees with a heap ordering [19],
to achieve the same time bounds as given above. It is unclear which data structure
achieves the best constant factor in the running time.

By using an idea of Aho, Hopcroft and Ullman [2], we can implement the
following additional operation on queues:

ADD(i, x): adds a constant of x to the value of every queue node in queue i.
To implement this operation, we do not use the value c(v) to encode the true value
of queue node v, but instead maintain the values c(v) so that the true value of
queue node v is Y= c(vj), where r D1,/)2," /)k U is the sequence of (dummy
and queue) nodes on the path from the root r to v in the leftist tree for queue i. To
carry out ADD(i, x), we add x to c(r). Thus ADD(i, x) requires O(1) time. INIT,
MIN and QUNION must be modified slightly (this does not change their time
bounds). The ADD operation is not useful for finding minimum spanning trees,
but it is useful for finding optimum branchings 17].

4. Implementations without cleanup. In this section we analyze the running
time of MINSPAN, implemented without cleanups, for various combinations of
selection rules and priority queue implementations. Table 2 summarizes the time
bounds derived in this section.

MINSPAN is implemented so that after MIN(i) is executed, queue is
merged into some other queue. MIN(i) is executed exactly n 1 times, each time
for a different value of i. Without loss of generality, assume that the vertices of the
graph are numbered so that the ith execution of MIN is MIN(i). Let rn(i) be the
number of edges in queue when MIN(i) is executed. For each i, 1 -< =< n 1, let
T be the tree in F containing vertex when MIN(i) is executed. Let Tn be the
minimum spanning tree constructed by MINSPAN.
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TABLE 2

Time boundsfor implementations withoutcleanup
Uniform selection Smallest tree selection

(a) Unordered sets

(b) Ordered subsets of size

1, log log n, log n

O(m log n)

O(m log log n)
(2m log log n
+O(m log log log n)

comparisons)

(c) Leftist trees with O(m log log n)
delayed merge

O(m log n)

O(m log log n)
(2m log log n + O(m log log log n)

comparisons)

O(m log log n)

Suppose the uniform selection rule is used. For each tree T which ever occurs
in F, we define a stage number stage(T) for T by stage(T) 0 if T contains a single
vertex, stage(T),= min {stage(T’), stage(T")} + 1 if T is formed by connecting trees
T’ and T" by an edge. It is easy to prove by induction that if stage(T) =/’, then Thas
at least 2 vertices, so there are at most (log n)+ 1 stages.

LEMMA 1. With uniform selection, two different trees Ti and T with the same
state number are vertex disjoint.

Proof. Suppose trees T/and T share a vertex. Then either T c_ T or T
_

T/.
Without loss of generality, assume T

_
T. The trees T initially on the queue used

to implement the uniform selection rule have nondecreasing stage numbers.
Furthermore, the uniform selection rule preserves this property as the algorithm
proceeds. Just before MIN(i) is executed, T has a stage number as.small as any
tree on the queue. Thus if T T, all trees T on the queue which are subtrees of T-
have stage(T) >_- stage(T/), which means that stage(T.) _-> stage(T/) + 1. Hence T/
T implies stage(T) stage(T.). ]

COROLLARY 1. With uniform selection,

m (i) <- 2m for any constant k,
stage(Ti)= k

n-1

m(i)<--2m logn.
i=1

Proo] The proof is immediate from Lemma 1, since each edge is represented
twice in the queues, and 0-< stage(T/)-<_ log n- 1 if 1 _---i _<-n- 1 by the proof of
Lemma 1 and the fact that [T/[2stage(T’). [’]

For the smallest tree selection rule, we have similar results, but we must
define stage(T) somewhat differently. For smallest tree selection, let stage(T)=
flog [T[], where [x] denotes the largest integer not greater than x. Clearly there
are at most (log n)+ 1 stages.

LEMMA 2. With smallest tree selection, two different trees T and T. with the
same stage number are vertex disjoint.

Proof. Suppose T and T share a vertex. Then T/c__ T or T c__ T, and without
loss of generality we may assume T

_
T.. After MIN(i) is executed, T is

connected by an edge to some tree T having IT[ =>IT I-Thus if T T., 21TI
and stage(T-) _-> stage(T) + 1. 1-1
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COROLLARY 2. With smallest tree selection,

Y rn (i) _-< 2m for any constant k,
stage(Ti)= k

n-1

Y, m(i)<--2m log n.
i=1

For either selection rule, define the i-th stage of the minimum spanning tree
algorithm to be the time during which the algorithm performs MIN operations on
trees with stage number i. (The ith stage includes time spent combining these trees
via UNIONs to form trees with stage number => + 1.)

With these preliminaries, we can now bound the running time for the
algorithm, assuming no cleanups are performed, for various priority queue
implementations. Suppose implementation (a) (unordered lists) is used. Since
only n-1 UNION operations are ever carried out, and since ’2 re(i) <-
2m log n, the time for priority queue and other operations is O(m log n) plus time
for O(m log n) FINDs and O(n) UNIONs. The time for these operations is
O(m log n) [15]. Thus the total time is O(m log n) (for either the uniform or the
smallest tree selection rule).

Suppose implementation (b) (ordered subsets of size k) is used. Suppose we
initialize the queues at the beginning of the pth stage of the algorithm and that we
use this queue implementation until the qth stage of the algorithm. Since there are
no more than n/2p queues at the beginning of the pth stage, after initialization
there are no more than 2talk+np subsets in all the queues. The queue
initialization time is O(m log k). The time required to execute any stage j is
proportional to m/k + n/2 +L(j), where L(j) is the number of edges deleted
from queues during stage j (see Table 1). Thus the total time required to initialize
and execute from stage p to stage q is O([m/k +n/2P](q-p)+ m).

Now consider the following implementation ofMINSPAN:
Step 1. Initialize all queues as unordered sets.
Step 2. Execute MINSPAN until stage log log log n.
Step 3. Re-initialize all queues as lists of ordered subsets of size k

log log n.
Step 4. Execute MINSPAN until stage log log n.
Step 5. Re-initialize all queues as lists of ordered subsets of size k2 log n.
Step 6. Execute MINSPAN to completion.
The total time required for this process is O(m+m log log logn+

m log logn) for initialization and re-initialization of queues plus
O(m log log log n + m + m) for stage execution (including all UNIONs, FINDs,
MINs, and QUNIONs). Thus the total time is O(m log log n) (for either selection
rule). Furthermore, the running time is asymptotically dominated by the time
required for sorting sets of size log n in Step 5; if all sorting is done using a fast
sorting method [11], then this version of MINSPAN requires 2m log log n +
O(m log log log n) comparisons. Yao’s O(m log log n) minimum spanning tree
algorithm requires at least 6m log log n comparisons if the best median-finding
algorithm known is used; Yao’s algorithm is also more complicated to implement
than ours. The running time of our algorithm is still O(m log log n) (though the
constant factor may grow) if Steps 2 and 3 are dropped.
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Now suppose queue implementation (c) (leftist trees with delayed merge) is
used. For each i, let l(i) be the number of edges deleted from queue during
execution of MIN(i), and let h(i) be the number of queues merged into queue by
delayed merge. Clearly Y.’_-I l(i) <-_ 2m and i"-51! h(i) -< n 1. To estimate the
running time of MINSPAN, we must bound

"- ( m(i) )Y (l(i)+h(i)) log \l(i7--(i) + 1
i=1

This will give a bound on the time required for all MIN operations (see Table 1).
We can break this sum into two parts" a sum over such that l(i)+h(i)<=

)2.m(i)/(log n)2 and a sum over such that l(i)+h(i)> m(i)/(log n The sum is
then bounded by

n--1m(i) + 2 (l(i)+h(i))log((logn)2+1)
i=1 log n i=1

_<- 2m + (2m - n 1)2 log (log n + 1) O(m log log n).

The time for all other operations is also O(m log log n). Thus queue implementa-
tion (c) (with either selection rule) gives an O(m log log n) algorithm.

The time bounds computed in this section are summarized in Table 2.
Though queue implementations (b) and (c) give better asymptotic running times
than queue implementation (a), other factors, such as ease of implementation,
constant factors, and lower order terms in the running time, may govern the best
choice of implementation in practice. Experimental tests of these algorithms have
yet to be done.

5. Implementations with cleanup. The cleanup step is useful for graphs in
which MINSPAN generates many redundant edges when it combines trees. Two
such cases are (i) planar graphs and (ii) dense graphs (graphs for which m/n is
large). This section analyzes several versions of MINSPAN with cleanup. Table 3
summarizes the time bounds derived here.

(a) Unordered sets,

cleanup every stage

(b) Ordered subsets

(c) Leftist trees with

delayed merge, cleanup

every [log (/’)]th
stage

TABLE 3

Time boundsfor implementation with cleanup

Uniform selection Smallest tree selection

O(min(m log n, n2));
O(n) if planar.

O(min(m log n, n2));
O(n) if planar.

log
n log n

if m > n (log n)3"
O(m log log n) otherwise.
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To execute a cleanup, we assign the number to each vertex in set i. Then we
replace each edge {v, w} by a corresponding edge whose endpoints are the
numbers assigned to v and w. (For each new edge {v’, w’}, we remember the
corresponding edge {v, w} in the original graph.) We sort the new edges {v’, w’}
lexicographically, using a two-pass radix sort 1]. We delete all new edges {v’, w’}
with v’= w’, and we replace multiple copies of an edge {v’, w’} with v’ : w’ by a
single copy whose value is the minimum of the values of all the copies. This entire
process requires O(m) time. We then re-initialize the queues and the sets repre-
senting the trees F.

The net effect of these operations is to shrink each tree to a single vertex and
to delete loops and multiple edges. Each vertex in the resulting new graph
corresponds to a tree in the original graph. Subsequently, when selecting an edge
for the spanning tree, we use the corresponding original edge {v, w} rather than
the new edge {v’, w’}.

Suppose queue implementation (a) is used and that a cleanup is performed
after each stage. The time for a cleanup is O(m) (including re-initialization time),
so the total cleanup time is O(m log n) and the total running time is O(m log n),
using the bound from 4.

After stage j, there are at most n/2j+l trees. Thus there are n/2+ new
vertices and (n/2+1)2 edges remaining after the cleanup following stage ]. If m(i)
is the number of edges in queue when MIN(i) is executed, then ’_--1 m(i)<-
i0 (n/2)2= O(n2) Thus MINSPAN, with queue implementation (a) and a
cleanup after every stage, runs in O(min (m log n, n2)) time, and the running time
is linear in m for graphs with m ---n 2. This algorithm, with the uniform selection
rule, is a version of a method proposed originally by Sollin [3, p. 179].

Suppose the problem graph is planar. Any planar graph has m<_-
3n- 3(m <-3n-6 if n >_-3). After a cleanup, the edges remaining must define a
planar graph whose vertices correspond to the subtrees of the minimum spanning
tree so far constructed. Thus, for planar graphs, Yi= m(i) Yi=0 3n/2 <-Gn, and
MINSPAN with queue implementation (a) and a cleanup after every stage runs in
O(n) time on planar graphs. This observation is due to Yao [21].

Now suppose MINSPAN is implemented using queue implementation (c),
smallest tree selection, and with a cleanup before the [log a(])]th stage for

1,. , where a(j) is recursively defined as follows:

nlog n a(J + 1) li--n
where Ix] denotes the smallest integer not less than x. (That is, the ]th cleanup is
performed when the smallest tree remaining contains at least a (]) vertices, if we
ignore the shrinking caused by the cleanups.)

We can bound a q) from below as follows"

a (j) -> (log n)(J),
where f(j + 1)= 2f(j)- 1, hence [(j)- 1 2J-(f(1) 1). Thus if C is the total
number of cleanups, C> 0 implies

n ),<c (log n-->(log n 2C- 1(f(1)- 1)+1

2
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which means C is

log n

By definition/(1) =>2, so C is O(log log n). Also, if (log n)2 <-rn/(n log n),
i.e., n (log n)3 <= m, then

and C is

m

f()__>
log log n

O(log (iog
logn

(.-,img.)))"
The time required for all the cleanups is O(mC) (including re-initialization

time). The rest of the time required by MINSPAN is dominated by the time spent
in MIN. The time spent in MIN is

(,-x ( m(i)
0 = (l(i)+h(i)) log

l(i)+h(i)

where m(i) is the number of edges in queue when MIN(i) is executed, l(i) is the
number of edges deleted from queue by execution of MIN(i), and h(i) is the
number of queues merged into queue after the last cleanup which occurs before
execution of MIN(i). The total time spent in MIN is O(m log log n) by 4. If the
graph is dense, we can get a better bound.

Suppose m>-_n(logn)3. We bound E;=I (l(i)+h(i)) by dividing this sum
among the cleanups. Consider a tree T (in the original graph) corresponding to a
queue io such that MIN(i0) is executed between the ]th and (] + 1)st cleanups, and
such that T is part of no larger tree corresponding to a queue on which a MIN
operation is performed between the th and (/" + 1)st cleanups. We call such a tree
T a ]-tree. Suppose T is formed from b trees existing at the fth cleanup, using a
sequence of b 1 MIN operations, say MIN(il), ., MIN(ib_I).

b--1Then.k__0 l(ik) <= b(b 1) + 1, since after the fth cleanup each of the b trees
making up Thas at most one edge incident with each of the other b 1 trees. Also,

--o h (i) <- b. Each of the b trees making up T has at least a (f) vertices, and T
contains fewer than a(f + 1) vertices, so b <-ITl/(a(/)) <- a(/+ 1)/(a (/’)).

Let T1,’", T, be all the /’-trees. Then Y.{l(i)+h(i)lMIN(i) executed
between jth, (/" + 1)st cleanups} is

OY(a [TI]:/a(/’+l) IT,l)=O(lognn )
A similar argument shows that {/(i)+ h(i)lMIN(i) executed before first cleanup}
is O(a(1) n)= O(m/(log n)).
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Thus Z’ [/(i) + h(i)] O(m/(log n)) and the time spent in MIN is O(m) if
m > n (log n)3. The total time for this implementation is thus

log
log

if rn > n(log/I)3. If rn >-cn 1/ for some positive constants c and e, this version of
the general algorithm runs in O(m log (l/e)) time, and it always runs as fast as the
version without cleanups (to within a constant factor).

6. Relationships with other problems. In this section we consider relation-
ships between the minimum spanning tree problem and other problems, which
might lead to a general lower bound. We show the following. 1. If the edges of the
graph are presented in sorted order, the minimum spanning tree problem is
equivalent (to within a,constant factor) to a special type of disjoint set manipula-
tion. 2. The worst case for finding a minimum spanning tree occurs when the
problem graph is sparse, in particular when all vertices are degree three. 3. If the
edges are not given in sorted order, finding a minimum spanning tree on certain
graphs of m edges requires computing naximum elements for f(m) sets, each of
size 12(log m). This leads to an l(m log log m) lower bound for a special class of
minimum spanning tree algorithms. (Note: O(f(m)) denotes a function which
exceeds cf(m) for some positive constant c and infinitely many m.)

Suppose the edges of the problem graph are presented in sorted order,
smallest to largest. Consider a family of disjoint sets which partition the set
{1, 2, , n}. Let the operation EQUIV(v, w) have the effect of combining the set
containing v and the set containing w into a single set, and returning the value
true if v and w were already in the same set, false otherwise.

Suppose {Vl, Wl}," , {Vm, W,} are the edges of the problem graph, in sorted
order. If we begin with the singleton sets {1},{2},... ,{n} and execute
EQUIV(vi, w) in order for each i, then the edges {vi, w} such that EQUIV(vi, w)
returns false give a minimum spanning tree (this is just an implementation of
Kruskal’s algorithm). Conversely, given a list of EQUIV(v, wi) operations (each
with a different ordered pair {va, w}), to be performed on the singleton sets {1},
{2},..., {n}, the (unique) minimum spanning tree of the graph with vertex set
{1, 2,. ., n} edge set {{vi, wi}}, and edge values c(vi, wi)= contains exactly the
edges {v, w} such that EQUIV(v, wi) returns false.

Thus finding a minimum spanning tree if the edges are presented in order is
equivalent to executing a list of EQUIV instructions. Using the algorithm
described in [8] and [15], m EQUIV instructions can be executed in O(ma(m, n))
time, where a (m, n) grows very slowly. A nonlinear lower bound on the time to
execute a list of EQUIV instructions would give a nonlinear lower bound on the
data-manipulation cost (as opposed to the comparison cost) of the minimum
spanning tree problem.

To study the comparison cost of the minimum spanning tree problem, we
need a simple definition of a comparison algorithm. For our purposes, an
algorithm will be a comparison tree. Each vertex of the tree represents a
comparison between the values of two edges in the problem graph. Depending
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upon the outcome of the comparison, the next comparison to be made is either the
left son or the right son of the previous comparison. We allow a different
comparison tree for each possible graph. Given this model, we want to know the
minimum number of comparisons c(m) required to determine a minimum span-
ning tree for the worst-case graph G of no more than m edges.

We first show that, ignoring constant factors in running time, there are
worst-case graphs which are sparse, in particular regular of degree three. Let G be
any graph. Consider applying the following (nondeterministic) procedure to G.
procedure REGULARIZE(G);

begin
while G has a vertex v of degree =< 2 do

il degree (v)= 0 then
delete v;

else if G has a vertex v of degree 1 do
delete v and its incident edge;

else if G has a vertex v of degree 2 do
begin

let {v, w} be the minimum value edge incident to v;
delete {v, w} and collapse v and w into a single vertex;

end;
while G has a vertex v of degree => 4 do

begin
create a new vertex w;

for half of the edges {u, v} in G do
convert {u, v} to an edge {u, w};

create a new edge {v, w} of value less than that of all other
edges;

end;

end REGULARIZE;
Let G’ be a graph produced when REGULARIZE is applied to a connected

graph G having m edges. G’ is connected, regular of degree three and has at most
3rn edges. REGULARIZE can be implemented to run in O(rn) time (e.g., see
[9]).

A spanning tree for G is characterized by its set of edges. The edges of a
minimum spanning tree for G can be found from the edges of a minimum
spanning tree for G’ by

(i) adding all edges deleted from G by REGULARIZE;
(ii) deleting all edges added to G by REGULARIZE; and

(iii) restoring the original endpoints of each edge converted by
REGULARIZE.

This process requires O(m) time.
Let t(m) be the minimum time required to find a minimum spanning tree of

any connected graph with no more than rn edges. Let t3(m) be the minimum time
required to find a minimum spanning tree of any graph, regular of degree three,
with no more than rn edges. We desire a bound on t(m) as a function of t3(m). It
follows from the preceding paragraphs that t(m) is O(t3(3rn)+m). But we also
know that klrn<=t3(m)<=k2mloglogm, so t3(3m) is O(t3(m)), and t(m) is
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O(t3(m)). Similarly c(m) is O(c3(m)), if c3(m) is the minimum number of
comparisons required to find a minimum spanning tree in a graph regular of
degree three with no more than m edges. (Note: m-1 <c3(m) since finding a
minimum spanning tree for a graph which is a cycle is equivalent to finding the
maximum edge of the cycle.)

Now we derive a special case lower bound. We shall assume that the values of
all the edges are distinct. This guarantees that the minimum spanning tree is
unique. As a comparison-type algorithm proceeds, there will be certain edges
known to be in the minimum spanning tree, called included edges, certain edges
known not to be in the minimum spanning tree, called excluded edges, and other
edges, called unresolved edges. The next two lemmas (which extend Lemma A)
characterize the moment when an edge becomes resolved.

LEMMA 3. An edge {v, w} becomes included exactly when there is a setX
_
V

such that veX, w V-X, the most recent comparison shows {v, w} to have
minimum value in 0 (X) {{x, y}l{x, y} E, x Xand y V-X}, and all edges in
0 (X)- {{v, w}} are unresolved or excluded (just after the most recent comparison.

Proof. Suppose {v, w} is an edge such that a set X exists satisfying the
hypotheses of the lemma. Let T be any spanning tree not containing {v, w}. Some
cycle exists composed of edges of T and {v, w}. Some edge on this cycle other than
{v, w} is in (X). Deleting this edge from T and adding {v, w} produces a new
spanning tree of smaller total value. Thus T is not minimum, and {v, w} must be in
any minimum spanning tree.

Conversely, suppose that after some comparison, edge {v, w} becomes
included. Choose distinct edge values so that, subject to the constraints of the
comparisons made so far, as many edges as possible have values smaller than
c(v, w). Let T be a minimum spanning tree in the resultant graph. Removal of
{v, w} from T breaks T into two parts. LetX consist of the vertices in one of these
parts. ThenX must satisfy the hypotheses of the lemma, since if the value of {v, w}
is greater than the value of some edge in O(X), T can be modified to have smaller
total value by deleting {v, w} and adding an edge in O(X). Furthermore, no edge in
O(X)-{{v, w}} can be among the included edges. 71

LEMMA 4. An edge {v, w} becomes excluded exactly when there is a cycle
containing {v, w} and edges unresolved or included (ust after the most recent
comparison) such that the most recentcomparison shows that {v, w} is the maximum
value edge on this cycle.

Proof. The proof is analogous to that of Lemma 3.
We would like to prove a worst-case lower bound of D(m log log m) com-

parisons for finding a minimum spanning tree in a graph with m edges. Here we
show that this bound holds for a certain subclass of comparison algorithms.
Consider only algorithms which obey the following rule:

Max: Any unresolved or included edge which is used in a comparison must
be a possible maximum among unresolved and included edges.

The following "demon" (sometimes called an oracle or adversary in such
proofs by other authors) generates a bad case for such a comparison algorithm:

(i) If two excluded edges are compared, the demon declares either as
bigger.

(ii) If an excluded and a nonexcluded edge are compared, the demon
declares the excluded one as bigger.
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(iii) If two nonexcluded edges are compared, the demon declares the one
with more edges known to be smaller as bigger.

LrMMA 5. Suppose the demon above determines the results ofcomparisonsfor
a comparison algorithm obeying rule Max. Then at all times during the comparison
process, any nonexcluded edge known to be bigger than k edges must have been
directly compared to at least log k such edges.

Proof. Because of rule Max, rule (ii) of the demon and Lemma 4, no excluded
edge is ever known to be smaller than any nonexcluded edge. Let {v, w} be any
nonexcluded edge. By rule Max and rule (iii) of the demon, any comparison which
adds to the number of nonexcluded edges known to be smaller than {v, w} must be
a direct comparison with {v, w} and can at most double the number of edges
known to be less than {v, w}. The lemma follows. [-1

By appealing to a result of Tutte, we can use Lemma 5 to give the desired
lower bound. The girth of a graph is the length of the shortest cycle in the graph.

LzviM, 6 (Tutte 18], p. 82]). For all n, there is a graph of n vertices, with all
vertices of degree three, having a girth which is O(log n).

THrORZM 1. Any comparison algorithm obeying rule Max requires
O(m log log m) comparisonsforsome graph regular ofdegree three havingm edges.

Proof. Suppose a comparison algorithm obeying rule Max is applied to one of
the graphs given by Lemma 6. Any such graph has exactly m n edges. Thus
m + 1 edges must be excluded before the minimum spanning tree is determined.
For an edge to be excluded, it must be known to be a maximum over a cycle of
nonexcluded edges (Lemma 4), but since any such cycle has length l(log m),
Lemma 5 implies that O(log log m) direct comparisons with the excluded edge are
required. These f(log log m) comparisons are distinct for each excluded edge;
thus a total of f(m log log m) comparisons are required. [-!

This proof of an f(m log log m) lower bound works only for a restricted class
of algorithms. However, Lemma 4 and Lemma 6 together imply that any’method
which computes a minimum spanning tree for one of Tutte’s graphs must compute
the maximum element of II(m) sets, each of size 12(log m). Priority queue method
(b) for implementing MINSPAN in fact works by computing minima over sets of
size log m. This step (of computing maxima or minima over sets of size log m)
seems to be the costly part of finding a minimum spanning tree, and if we could get
a better understanding of the cycle structure in Tutte’s graphs, we might be able to
prove a general iq(m log log m) lower bound for the minimum spanning tree
problem.

7. Conclusions and conjectures. We have presented a general minimum
spanning tree algorithm and studied its worst-case running time for various
implementations and various types of graphs. We have given O(m log log n)
implementations for arbitrary graphs, an O(n) implementation for planar graphs,
and an O(m) implementation for dense graphs (those for which m >cn 1+ for
some positive constants c and e). We believe the algorithms we have presented
are not hard to implement and have constants of proportionality small enough to
make them competitive in practice with older algorithms. (We have not yet
performed any experiments to verify this conjecture.)

We have shown connections between the minimum spanning tree problem
and a set manipulation problem and an ordering problem which may lead to
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general nonlinear lower bounds. It is interesting to note that the problem of
testing whether a given spanning tree is in fact minimum requires only
O(mo (m, n)) time 16]; thus testing a minimum spanning tree may be easier than
finding a minimum spanning tree.

In addition to the problem of lower bounds, another area needs study; that of
average running time. A "random" graph can be defined in several ways [6]; for
any such definition, what is a minimum spanning tree algorithm with a good
average running time? We can show that Kruskal’s algorithm runs in O(n + m)
time on the average if the edges are presented in sorted order. We have devised an
algorithm with a provable O(n log log n + rn) average running time (for edges not
in sorted order) and a related algorithm which we believe has an O(n + rn) average
running time. We also conjecture that MINSPAN, implemented without cleanups
and with queues represented as leftist trees with delayed merge, has an O(n + rn)
average running time. We hope to report on these ideas in a future paper.
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ANALYSIS OF THE OPTIMAL, LOOK-AHEAD
DEMAND PAGING ALGORITHMS*

ALAN JAY SMITH?

Abstract. We express the future behavior of programs that may be described by two common
program behavior models, the independent reference model and the LRU stack model, by a discrete
time Markov chain. Using this Markov chain model, we are able to calculate the theoretical minimum
number of page faults for a program representable by either of these models in either a fixed or variable
size memory. The behavior of optimal look-ahead and optimal realizable demand paging algorithms
are compared, and it is seen that look-ahead paging demonstrates an inherent advantage sufficient to
account for the differences observed between currently implemented demand paging algorithms and
theoretically optimal algorithms.

Key words, paging, virtual memory, memory management, LRU stack model, independent
reference model, Markov chains, MIN algorithm

1. Introduction. A paged virtual memory, implemented as early as 1958 in
the Atlas computer (Kilburn et al. (1962)), has become a common feature of large
modern operating systems. Memory in such systems is divided into fixed size
blocks called page frames and the address space of each process is divided into
pages. The memory consists of at least two levels; a four or five level memory
hierarchy including fast buffer storage (cache), main memory (core), drums, disks
and tapes is common. If the pages are transferred from secondary storage to main
storage only when needed, then the process is called demand paging. Every time
an attempt is made to access a page which is not in main memory, a page fault is
said to occur and this page is brought into memory. A page fault is costly in terms
of lost processing time in two ways: the processor must execute the page
replacement algorithm which removes a page from memory and thereby frees a
page frame for the incoming page and it must execute the page fetch algorithm
which finds the incoming page and initiates the transfer. The processor may also
have to wait, if there is no other process ready to run, while that page is fetched.
Effective operation of a computer system with virtual memory therefore requires
that the amount of processor time wasted due to page faults be minimized.

The choice of a good page replacement algorithm is very important to
minimizing the number of page faults. A poor replacement algorithm would
choose pages likely to be needed again in the near future, thus precipitating
further page faults. It can be shown that given complete knowledge of the future
behavior of the program, the optimal paging algorithm for fixed memory size,
MIN (the one that causes the minimum number of page faults), will remove that
page among those in memory that will be referenced furthest in the future
(Mattson et al. (1970), Pomeranz (1971)). Belady presents an algorithm for
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calculating this minimum number (Belady (1966)) in one pass over a program
trace tape and he extends it to calculating the minimum number of faults for a
number of different memory sizes at once in Belady and Palermo (1974). Mattson
et al. (1970) present an algorithm for calculating the minimum number of faults
(they call their algorithm OPT) in two passes over the trace tape. Lewis and
Nelson (1974) also present algorithms for calculating this minimum number of
faults. We show below that for certain models of program behavior it is possible to
estimate analytically the number of faults generated by the MIN algorithm.

A number of paging algorithms have been proposed, such as working set
(Denning (1968)) and page fault frequency (Chu and Opderbeck (1972)) that are
designed to vary the number of page frames allocated to a process as its memory
needs change. These algorithms assume that the computer system is multipro-
grammed and that page frames may be transferred between processes. Prieve and
Fabry (1975) present an algorithm which yields the optimal variable space
memory allocation for a process when measured in virtual time. That is, this
algorithm minimizes the number of page faults for any given average memory size
when that average size is calculated during the period the process is active. In 4
of this paper we show that it is also possible to estimate the behavior of this
optimal algorithm, VMIN, analytically.

A model for program behavior that has been proposed for its convenience of
analysis is the independent reference model (IRM) in which the probability of
referencing page at time is p for all t. Baskett and Rafii (1975) have shown that
the proper choice of the reference probabilities allows a number of program
characteristics to be accurately captured by this model. Aho, Denning and Ullman
(1971) demonstrate an algorithm A0 which they prove is the optimal demand
paging algorithm for the independent reference model. This algorithm keeps in
memory the M- 1 pages, for memory size M, with the largest values of p. The
remaining page frame is used for other pages that are referenced. King (1971)
calculates the fault rate for the independent reference model when using the least
recently used (LRU), first in, first out (FIFO) or A0 paging algorithms. Franaczek
and Wagner (1974), Cottman and Denning (1973) and Denning and Schwartz
(1972) also consider the independent reference model.

Another model for program behavior which has a number of useful features
is the LRU stack model, which is discussed by Coffman and Denning (1973),
Denning, Savage and Spirn (1972) and Oden and Shedler (1972). In this model,
the sequence of LRU stack distances, D ={d}, (Mattson et al. (1970)) are a
sequence of independent, identically distributed random variables. This model
provides for locality of reference (Denning (1972)), but it fails to represent
changes in the size of the locality or abrupt changes in the content of the locality.
Lewis and Yue (1971) and Lewis and Shedler (1973) reject the LRU stack model
using formal statistical techniques, but as we show in Fig. 5 (see 5), there is
reason to believe it to be a good approximation. If q is the probability of a hit to
level of the stack, and if q => q for =</’, then it can be shown that LRU is the
optimal demand paging algorithm (Coffman and Denning (1973)).

In the next two sections of this paper we show that it is possible to calculate
analytically the behavior of the MIN algorithm when run on a trace of a program
obeying either the LRU stack model or the independent reference model. In 4
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we analyze the behavior of the VMIN algorithm when applied to a program that
can be described by either the independent reference model or the LRU stack
model. Because MIN and VMIN minimize the fault rate for a specific reference
string, they have an inherent advantage over realizable algorithms, ever optimal
ones such as A0, which only minimizes the fault rate on the average over all IRM
reference strings. Measurements and calculations to be presented in 5 (some of
which also appear in Baskett and Rafii (1975)) indicate that the observed
difference between optimal (look-ahead) algorithms and realizable ones when run
on real program traces is similar to the difference found when such a comparison is
made on traces generated from independent reference model or LRU stack model
simulations. In 6, the conclusion, we indicate the applicability of our results.

2. The independent reference model. Let us consider a program B which
consists of M pages using a memory of N page frames (N<M). The reference
string R (r, re, , ri, is the sequence of memory references, listed in the
order in which they occur. We need know only which page is referenced; thus ri
will denote a page number, 1 -< ri <- M. The independent reference model assumes
that the reference string R has the following property: P[ri j] q for all i. We
assume without loss of generality that q > 0, 1 <-j _-< M.

We define the state S of the process B as (F, W) where F is the (unordered) set
of pages currently in memory and W is the set of all pages in the program B listed
in the order of their first future occurrence. It may be seen that the reference string
R is independent of the state of the memory F; thus the sequence of states () for
the future behavior of the process is independent of the memory state also. Except
where it will cause confusion, we will use the word "state" interchangeably to
refer to the state of the entire system, (/7, W), the future reference state W and the
memory state F. We shall also omit super- and subscripts where it causes no
confusion.

A future reference state W is denoted by a permutation of the numbers
w) at time is defined by" w1,. , M. The state Wt (w, we, rt+, and

for j > 1, w= min (r, k > t, such that r (w W-l)). The steady state
probability of state W is

M qwk(1) P[W]= 1-I --k= i=k qw

which may be shown (Mattson et al. (1970)) to be the same as the steady state
probabilities for the LRU stack, as derived by King (1971) and by Coffman and
Denning (1973). This formula may be quickly obtained by noting that the
probability that Wk j is simply qi, the probability that page j is referenced at an
arbitrary time t, normalized by the "remaining reference probability" to be
accounted for, 1-yk=-l qw or zlfl=k qw"

The set of possible successors {Wt+I} to Wt, for W (w 1, ", wt), is

(2)
Ww3, WM), wt2, wt3, W 1, W4, wtM)

w,, .., w,)}.
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For all Wt,

(3) /’[Wt+, W*lWt]=
P[W*]

w’{w,+l} P[ W’]
if W* {Wt+l}

0 otherwise,

where P[W*] and P[W’] are defined in (1) and { Wt+I} in (2). Equation (3) follows
from the simple probability relation P(AIB) P(AB)/P(B) where A is the event
that page w becomes the k th element in the future references state, B is the event
that the remainder of the elements are ordered as (w, w, , w) and AB is the
occurrence of both of these events.

Let St (Ft, Wt) be the state of the process at the time of the tth reference.
Define

(4) Pi,j =p{St+l =]]St= i} for all t;

that is, Pi, is the state transition probability. Let pi, be the state transition
probabilities for the future reference state, W, as defined in (3).

We define the page fault rate, PFR, as

(5) PFR E PISs].
VSi such that F/

We show below that we can calculate the steady state page fault rate given the
state transition probabilities.

The state transition probabilities depend on the paging algorithm. We define
a paging algorithm as follows:

Case 1. rt+ Ft. Then no page fault occurs and Ft+ Ft.

Case 2. rt/ :Ft. Then a page fault must occur. Let F= (fl,""" ,fN). Let
fv maxk (wk such that =lf w). That is,f is that page in memory that will not be
referenced for the longest time. The memory state changes as follows:

(6) Ft+ Ft -tv} --- {Ft+ }.

The paging algorithm we have defined is identical to Belady’s (1966) MIN
algorithm, and it has the property that it is the demand paging algorithm that
causes the minimum number of faults. We note also that our choice of a state space
is such that we are able to specify the behavior of the system when the MIN paging
algorithm is used; a paging algorithm such as LRU would require not the future
state of the system but that the past state of the system be specified (King 1971)).

We may combine the transition information given above for the memory
state F and the future reference state W to get the transition probabilities pi and
matrix P {Pi}) for the state of the system.

(7)

if wl F/, F F/, W. {W} or

if w, F/, F. F {fv} + {wl},
and W. { W;},
otherwise,
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wheref is defined in (6) and { W} is the set of successor future reference states to
W. These state transition probabilities are immediate from the memory transition
specification in (6) and the future reference state transition probabilities in (3).

Let Sj ((f... fN), (w... WM)) and let Si be some arbitrary other state.
Then the following sequence of page references will always serve to take us from
state S through state S:
(8) f, fN, f f, w WM;

that is, we will be in state S immediately after the second reference to fu in the
string given above. We may also enter state Sy by the following reference string:

(9) f fN, f "fN], Wl WM,

where we enter Si after the third reference to fN. From our definition of the
transition probabilities in (7), it is evident that the state transitions depend only on
the immediately prior,state. It can thus be seen that we have defined an
irreducible, nonperiodic, finite state Markov chain.

It was shown in the paragraph above that any state Si is reachable from any
other state S. The number of possible states then is the number of possible future
states, times the number of possible memory states, or:

The steady state probabilities may be found ag the solution of

(11) P,

where is the vector of steady state probabilities, i.e., s P{S}. The elements of
the matrix P were defined in (7). The calculation for the steady state probabilities
thus involves the solution of a set of equations whose number grows as the
expression in (10), which grows more quickly than factorially with the number of
pages in the program.

3. The LRU stack model. We consider, as in the previous section, a program
B which consists of M pages using a memory of N page frames (N< M). The
reference string R is the sequence of page numbers in the order that program B
references them. Let D (d, d2, di, ") be the LRU distance string (Matt-
son et al. (1970)). That is, a distance of d, at reference (to page r,) means that
page r, was, immediately prior to reference t, the dth most recently referenced
page. The LRU stack model assumes that the distance string has the following
property: P[d, j] =qi for all t. We assume qi > 0, j 1,..., M.

The state S of the process B may be defined again as (F, W) where F is the
unordered set of pages currently in memory and W is the set of all pages in
program B, listed in the order of their first future occurrence. We note that the
LRU stack model for program behavior is a probabilistic description that is
independent of the specific identities of the pages. Coffman and Denning (1973)
show, as might be expected, that the equilibrium probability of a reference to page

is 1/M for all and that therefore the mean time between referencing a page is
M.
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We let the future reference state Wt be (w’" w4) as in 2. The set of
successors to W, {W’}= {W,+}, is as defined in (2). Mattson et al. (1970) show
that each LRU stack hit at distance d (at time t + u) is also a future stack hit at
distance d (at time t) where t and + u are the times of successive references to the
given page, so the probability of a page that has just been referenced appearing
next in the future stack at distance/" is qi. Thus for all W, and all t.

(12) P[Wt+=(w ...w)]=q.WjWl.,, WM) Wt (w

It is also possible to obtain this result by direct calculation, as the interested reader
may easily discover. Let (w2" wiw...w) be defined as the fth successor of
(w,.. -w).

It is possible to greatly reduce the state space for this process. Let Gt
g) be the set of pages in main memory at time identified by their position

in the future stack. For example, if the future stack contents are Wt
(4", 1, 5", 2", 6, 3), whereM 6, N 3, and Ft (4, 5, 2), then Gt (1, 3, 4). The
"*" has been used to denote those pages in main memory and thus the elements of
G. The updating of both the future stack and the memory state is independent of
the specific identities of the pages, so that this state space reduction has not
eliminated any useful information.

We now let St (Gt) be the state of the process at the time t. Let pq be the
state transition probabilities, which are defined as

(13) pq e[st+l =jlst i] for all t.

We define the page fault rate, PFR, as

(14) PFR= Z P{S}.
VSi such that

The paging algorithm we will employ is defined as follows:
Case 1. 1 Gt. Then no page fault occurs. Let the page rt next appear at a

distance of k in the future stack. Then G,+ (g/, g+, gt), where

Itgi if k < gi,
t+l

gi gi-1 ifk>-gi and gi # l,
k ifg- 1.

In this case, let Gt+l be the kth successor of G.
Case 2. lG. A page fault occurs. Let r and k be as in Case 1. Let

] =max/(g/. Let G,= G-{j}+{1}. Then the successors of state G are the same
as the successors of state G and occur with the same probabilities. The kth
successor of G is defined as the k th successor of G.

We have, as in 2, defined an algorithm that is identical to Belady’s (1966)
MIN algorithm; i.e., we have always chosen that page to remove from main
memory that will not be referenced for the longest time.

The transition probabilities for the state G for all are defined as"

qk if G is the kth successor of G,(15) Pq 0 otherwise.
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It was shown in 2 that there exists a sequence of page references that will
create any arbitrary state of pages in memory and any arbitrary future state. Since
qk > 0, for all k, it follows, therefore, that any state Gi is reachable from any state
Gj in or + 1 steps, for sufficiently large (but finite) t. By the same reasoning used
earlier, we see that we have defined a discrete-time, finite state, nonperiodic,
irreducible Markov chain. The equilibrium state probabilities, ri, may be

obtained as indicated in (11). The number of states is (), which is M!/

(N!(M-N)!). For a constant N, the size of the memory, the number of states
grows factorially with the number of pages in the program, although not nearly as
fast as the number of states in the independent reference model.

4. The VMIN algorithm.
4.1. The independent reference model. Let q be the probability of refer-

ence to page i, as defined in 2. The time between references to page is
distributed geometrically as

(16) qi(1 _q)t-1
with mean time between references

(17) 1/qi.

The probability that the time between references is greater than - (where z is the
working set parameter (Denning (1968)) is

(18) (l-q,)".

Because the time between references is geometrically distributed, the backward
recurrence distance (Cox(1962)) is also geometrically distributed with the same
mean. Therefore the probability that a given page has not been referenced more
recently than the preceding z time units is also (1-qi)" as in (18). This latter
probability is just the probability that a reference to page will result in a page
fault when using the working set paging algorithm with working set parameter z.
Therefore the fault rate when using the working set algorithm on a program
described by the independent reference model is

M
(19) Z q(1-qi).

i=1

The average memory space occupied for working set parameter z is simply the
sum of the probabilities, summed over the pages, that page is in memory. Page
is in memory if it has been referenced in the preceding z time units, so the average
memory space used is

M
(20) (1- (1-q)).

i----1

The results above in this section have all been presented by Denning and Schwartz
(1972) and Baskett and Rafii (1975).

The VMIN algorithm (Prieve and Fabry (1975)) is that algorithm that
minimizes the number of page faults for given virtual (process) time average



750 ALAN JAY SMITH

memory use. It works as follows: for a fixed z, remove all resident pages that will
not be referenced in the following r time units. By varying z, a (piecewise linear)
curve is traced out in the plane of page faults vs. average memory size. We note
that since VMIN is a demand algorithm, it cannot behave symmetrically with
working set. The time average probability that a page is in memory is the time
average probability that the interreference interval is of length r or less. This is the
ratio of the probability that the interreference interval is -<_r times the mean
length of such an interval to the mean length of all intervals. Thus the average
memory size for parameter - wfien using the VMIN algorithm is:

(1-(1-q)") 2
q(l-q)-t

= (1)(1-qi7 =! q(1-qi)-t
i=1 =1 q (1 q = 2=1 q (1 q)t-1

(21)

M

i=l t=l

i= qi

(1 --qi)(] --(1 qi)-’)]
(1 --(1 qi))2

M

M- Y (1-qi)(1 q""Fqi
i=l

(which, we observe, is less than for working set, as given in (20)). The page fault
rate is given by (19); therefore we have calculated the expected fault rate and
average memory allocation for the VMIN algorithm when using a given value of z
and when the program in question obeys the independent reference model.

4.2. The LRU stack model. Let q be the probability of a hit to level in the
stack, as defined in 3. As discussed earlier (equation (12)), q is also the
probability that the page just referenced will next be referenced when it is at level
in the stack. A page next referenced at level will start at level 1 in the stack and
successively occupy levels 1, 2,. , before it is referenced.

Let 0i i+ qi, and let (j’) be the probability mass function (pmf) for the
duration of time a page spends at level in the stack, given that it is not referenced
at level in the stack. Then f(/’) is geometrically distributed, since all references
are independent and follow the LRU stack model, and it is equal to

(22)

This expression (equation (22)) holds even for 1 if we define 0= 1.
Let gk (/’) be the probability mass function for the time a page spends at level k

in the stack, given that it will be referenced at level k. Then

qk(1 qk )-1(23) gk (j)
1 Ok 1 Ok
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The probability mass function for the time until a page is referenced, given that it
is next referenced at level k, is

where ", denotes convolution and H" means the convolution product.
Summing over all k, we have as the pmf for the time between references to a page"

M

(25) eq) Z hq)q
k=l

and for the cumulative function,

(26) E(/’)= Z e(i).
i=1

The pmf for the time to the last reference to an arbitrary page at an arbitrary time
is simply the backward recurrence time (Cox (1962, p. 61)) and is equal to

(27) M(1 -E(t)).

The probability that an arbitrary page is in core is simply the probability that the
backward recurrence time is less than or equal to -, the working set parameter;
thus we have

(28) M (1-E(t))
t=l

for the probability that an arbitrary page is in core. The mean number of pages in
core is M times the value of (28) or

(29) M2 (l-E(t)).
t=l

The fault probability for a parameter - is

(30) -e(),

the probability that a page has not been referenced in the preceding - time units.
Equations (29) and (30) trace out a fault rate/memory size curve that describes
the behavior of the working set algorithm when executed on a program obeying
the LRU stack model. There seems to be no simple closed form for these
equations although the generating function for e (t) is easily obtained. (In Denning
et al. (1972) a recurrence relation is derived which permits computing e(t) directly
in steps.)
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As in (21), we can obtain an expression for the average memory usage for the
VMIN algorithm when using parameter z. The average memory space used is

E’=I e(t)t
(31) m---- e(t)t.

Et=l e(t)t t=a

5. Calculations and simulations. In this section we present calculations of
the MIN fault rate for two simple examples of the independent reference model
and LRU stack model, and then we use simulation to compare the behavior of the
algorithms discussed in this paper for two larger and more interesting cases. Exact
numerical calculation appears limited, because of the combinatorial growth of the
number of states, to systems with a dozen page frames or less.

Example 1. Consider a three page program obeying the LRU stack model,
where q q2 q3 1/2. We note that a program described by the independent
reference model with the same uniform values of {qg} will have exactly the same
behavior. The state space (where the state G is given in the circles (see 3)) and
translation probabilities are diagrammed in Fig. 1, for a memory size of two page

4 1/2 and P2,3 . Theframes. The equilibrium state probabilities are: P,2--, P,3
probability of a page fault occurring is then just p2,3 or . The probability of a page
fault using any realizable demand paging algorithm is 1/2, so that we observe that the
optimal look-ahead algorithm has a 33% advantage over any realizable
algorithm.

Example 2. We consider a program following either the independent refer-
ence model or the LRU stack model with q q2 q3--q4--.25. Let there be
three page frames in primary memory. The state space and transition probabilities
appear in Fig. 2. After calculation, we obtain as the steady state probabilities:
Pl,2,3- 2, Pl,2,4- 2-62, Pl,3,4- #2 and P2,3,4- 2. The fault probability is then 2 (or
.13636) which is much less than the fault rate of .25 to be expected from any
realizable algorithm.

Because of the rapid growth in the number of states for the analysis of the
MIN algorithm and the complexity of the analysis of the VMIN algorithm for the
LRU stack model, and also because of the availability of an already written
simulation program, we will present simulation results comparing these and other
algorithms. We note that the complexity of our results does not negate their
usefulness; rather it provides an incentive to develop a useful and simple approxi-
mation. In much the same manner that King’s (1971) work provided the basis for

213 113 113

2/ 2/3

FIG.
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.75

FIG. 2

some of the work leading to Baskett and Rafii’s (1975) "A0 inversion model", we
believe that the existence of an exact solution to the fault behavior of nonrealiza-
ble algorithms will permit the development of more tractable approximations.

The values chosen for {qi} for our simulation of both the independent
reference model and the LRU stack model are:

qi=2-i, 1 <i<13,=

qi-- 2-13, 14,

qi--O, i> 14.

The simulations were run for one million references each.
For the independent reference model, the A0, MIN, VMIN, working set

(WS) and LRU algorithms were employed, and the fault rate is shown in Fig. 3 for
each of these algorithms. As might be expected, the A0 algorithm demonstrated
the best performance of any of the demand algorithms, although MIN, which is
unrealizable, did better.

10
-2

b- 10
-3

< -4LL iO

INDEPENDENT REFERENCE blEDEL

6 8 i0 12
MEMZRY SIZE PAGE FRAME

FIG. 3
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The author conjectures that the observed result that working set performed
better than LRU in this case is a general result for the independent reference
model, although the author is not aware of any rigorous proof of this. (A "proof"
by Denning and Schwarz (1972) was withdrawn by Denning (1973)). We do
present the following heuristic argument; a complete proof (which we do not
have) is, in any case, beyond the scope of this paper. We observe that, for the
independent reference model, the reference pattern to any one page is completely
independent of that to all other pages; thus each page may be studied in isolation
for replacement. For both working set and LRU, a reference to a page constitutes
a renewal epoch; that is, in both cases, replacement decisions for a given page are
completely independent of the reference pattern preceding its last reference.
Because of the independent reference patterns, the only measure of the expected
time to the next reference to a page, given the renewal property described, is the
time since the last reference, which is exactly what working set measures. LRU
records the number of other pages referenced since the given one, which is a crude
approximation to the time to last reference. Since the expected time to next
reference is a monotonically increasing function of the time since last reference,
the page to remove is one not referenced for some period - in the past, which is
precisely what working set does. Removal using LRU is somewhat more capri-
cious than with working set, since whether a page is removed is a function of how
many other pages have been referenced since it was last used. Working set thus
uses the best possible estimator for the time to next reference among all
algorithms with the given renewal property, and therefore is the best algorithm for
the independent reference model among the class of such renewal algorithms. A0
and Least Frequently Used, not belonging to this class of algorithms, are clearly
superior.

tO
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LL 10
-4
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10

LRU STACK P18DEL

6 8 I0 12 14
PIENII3RY SIZE (tA@E FRAr’IES

FIG. 4
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FIG. 5. (From Baskettand Rafii (1975))

We also observe, as expected, that VMIN, which varies the number of pages
held in core according to the future behavior of the process, did the best. The
reader should note that the vertical scale is logarithmic and thus vertical distances
represent ratios.

In Fig. 4 we present the results of our simulation of the LRU stack model for
the working set, LRU, MIN and VMIN algorithms. Our choice of {qi} convex and
monotonically decreasing makes LRU the optimal realizable demand paging
algorithm (Spirn (1973)), and, as expected, it performed better than working set.
MIN as the optimal (unrealizable) algorithm can be seen to be significantly better
(by a factor of about 35%), and VMIN is better than MIN by about the same
amount.

For comparison with our simulation results, we show a comparison of
simulated and measured results for the "APL" program, the execution of a
program written in APL and described in detail in Smith (1974). This figure (Fig.
5) is taken from Baskett and Rafii (1975) and is reproduced with their permission.

The APL program was interpretively executed and a trace of the memory
addresses accessed was produced. This trace was used to drive a trace driven
simulation and the number of page faults generated by the trace was measured for
both the MIN and the LRU algorithms. The observed set of LRU stack hit
probabilities was then used to generate a reference string and the number of faults
generated by the LRU and MIN algorithms was measured. The results are shown
in Fig. 5.

Because MIN and VMIN are look-ahead algorithms, they have inherent
advantages over optimal realizable algorithms, such as A0 for the I.R.M. and
LRU for the L.R.U.S.M. which can only minimize the fault rate on the average.
This inherent advantage is apparent in our calculations, simulations and also in
our trace driven simulation. Further, we note that the magnitude of this effect is
approximately the same as the observed difference, in a number of studies,
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between the results obtained with realizable and optimal algorithms. This is most
clearly illustrated in Fig. 5 where the effect of MIN on a simulated reference string,
generated from the LRU stack model, is almost identical to the effect on the real
reference string.

6. Conclusions. We have demonstrated an algorithm for calculating the
expected number of faults when a program is paged using either the MIN or
VMIN replacement algorithm when that program can be described by either the
LRU stack model or the independent reference model. This not only comple-
ments results by Denning and Schwartz (1972) and King (1971) on realizable
algorithms, but it also demonstrates that it is possible to analyze look-ahead
(nonrealizable) algorithms, certainly a nonobvious result. Although the complex-
ity of our formulas makes direct calculation for most programs difficult or
impossible, these exact results provide a basis from which a simple and effective
approximation may be developed.

As noted in the last section, we have also shown that the difference in
performance between realizable and nonrealizable algorithms on reference
strings generated from our models of program behavior is very close to that seen
on real program traces. This is all the more striking by being demonstrated
analytically.
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ERRATA" ON OPTIMAL PROCESSOR SCHEDULING FOR
MULTIPROGRAMMING*

L. J. BASS]"

Modify the definition of processor bound on p. 278 as follows" We say two
programs P1 and P2 are processor bound with respect to each other if

and

and either

n2--

Tl,i Z t2,j forl < <= nl
j=l

T2,i : E tl,j forl < <= n2,
j=l

T1,1 t2,1 or T2, ->_ t,
Intuitively, this definition says that, with the possible exception of one of

the initial compute times, all of the compute times of P are greater than the sum
of the wait times of P2, and vice versa.

Modify the statement of Theorem 2 on pp. 278-279 as follows:
THEOREM 2. Let PI and P2 be processor bound with respe’ct to each other.

Then

Furthermore, if Tad

R(P,, P2) T/,j.
i= 1,2 j<-ni

t2, r2,1 -tl,, then

R(P,, P) R(P,, P).

The proof is as previously stated.
I am grateful to Eike Riedemann of the Universitfit Dortmund for bringing

this error to my attention.

This Journal, 2 (1973), pp. 273-280. Received by the editors October 21, 1975.
-Department of Computer Science and Experimental Statistics, University of Rhode Island,

Kingston, Rhode Island 02881.
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