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SORTING AND SEARCHING IN MULTISETS*

IAN MUNROY anp PHILIP M. SPIRA}

Abstract. In this paper the problem of sorting multisets is considered. An information theoretic
lower bound on the number of three branch comparisons is obtained, and it is shown that this bound
is asymptotically attainable. It is shown that the multiplicities of a set can only be obtained by com-
parisons if the total order is discovered in the process. A lower bound on finding the mode of a multiset
as a function of the actual multiplicity is given, and it is demonstrated that the bound can be achieved
to within a multiplicative constant. The determination of the intersection of two multisets is also
discussed, and partial results, including a generalization of Reingold’s result for determining whether
or not two sets have a nonempty intersection, are obtained.
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1. Introduction. For many years sorting has been extensively studied by
numerous investigators. This work is well-documented by Knuth [4]. In this
paper we consider the problem of sorting a multiset. In this case, the familiar
nlogn' information theory lower bound no longer is valid, and is replaced by a
bound which depends upon the multiplicities of the numbers in the set being
sorted. We show that this bound is attainable to within at most O(nloglog n),
where the set has cardinality n. We also study the problem of obtaining the multipli-
cities—or spectrum—of a set, and show that the set must effectively be sorted to do
this. Related results concerned with obtaining the mode of a set are also given. We
also discuss the problem of determining whether two sets have an element in
common.

2. Definitions and preliminaries. Let S = {x,,---, x,} be a set of not
necessarily distinct real numbers. Knuth [4] and others call such a set a multiset.
Assume the values occurring are y, < y,--- < y,. Then we say that
M = {my,---, m} is the multiplicity set of S where each y; occurs m; times,
1 £i £k, and of course,

k
Z m; = n.
i=1

We shall be interested in sorting and in determining the multiplicity set of a
multiset. We shall also study the complexity of finding the mode—or most frequent
value—of such a set. A number of related questions will be addressed as well.
We will make no attempt to perform stable sorts; that is, in the case that x; = x;
it shall be immaterial which occurs first in the sorted sequence. Our unit operation
will be a three-branch comparison, i.e., two elements x and y will be compared
yielding x > y, x = y, or x < y as an answer.
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3. The results. It is well known that, to lower order terms, a set
S = {xy, -+, x,} requires n log n comparisons to sort and this number is sufficient.
We obtain different bounds for multisets which follow from the fact that in general
there are no longer n! possible orderings, but some smaller number dependent
upon the m;. Paterson [5] has observed that any sorting algorithm can be applied
to a multiset to save comparisons.

THEOREM 3.1 [Paterson]. Let a sorting algorithm be given which uses F(n)
comparisons on a set of size n. Then it can sort a multiset having cardinality n, in

k
F(n) — Y, m;logm; + O(n)
i=1
three-branch comparisons.

Proof. Consider a class of m; equal elements. It is obvious that only m; — 1
comparisons need be made between these elements in order to establish their
equality. Indeed the use of any more such comparisons is necessarily redundant.
Now consider the case in which all elements of such a class are adjusted slightly
so as to be all distinct, yet still lying in the same positions relative to the rest of
the list. Any comparisons made between elements in the class and those outside
contribute nothing to our knowledge of the internal order of this class. Therefore
log (m;!) comparisons must be made between such elements. This implies a savings
of m; log m; — O(m;) comparisons may be made over the case in which all elements
of the given class are distinct. Considering all such classes, we see the sort can be
performed in

k
F(n) — Y m;logm; + O(n)
i=1
three-branch comparisons. Q.E.D.
COROLLARY 3.2. A multiset S = {xy,---, x,} with multiplicities M = {m,,
-, my} can be sorted in

nlogn — Y m;logm; + O(n)

three-branch comparisons.

It does not follow from this that any n log n sort algorithm can be adapted
easily to sort a multiset in the above upper bound without incurring excessive
“administrative costs’” in “‘avoiding unnecessary comparisons”. In the cases of
treesort and mergesort, however, reasonable modifications can be made, as we
now outline.

(An adaptation of mergesort). Suppose S = {x,, ---, x,} has multiplicities
M = {my, ---, m}. Then divide S into sets of size |n/2] and [n/2] (S; and S,
of multiplicities M = {m,,---, m,} and M, = {my,, ---, my,} respectively,
where mj; + mj; = m;, 1 < j < k, noting that some of the m;; can be 0). We sort
S, and §, recursively, and then merge the two sorted lists. Whenever two equal
elements are found, one is thrown away, and a record of the number of occurrences
of the item is kept with the remaining copy. Again, we observe that n — k “col-
lapsings™, or “equal comparisons” will be encountered in sorting the entire list.
We now determine an upper bound on the number of “not equal’” comparisons.
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Suppose S, is sortable in

ol £

“not equal” comparisons and that S, is sortable in the corresponding time
(“0log 0” means 0). To merge the two sorted lists requires at most k comparisons.
Indeed, if I is the number of items present in both lists, at most k — [ compari-
sons resulting in a not equal relation are used, giving a bound of

2

k
nlogn —n— 3. 3 mylogmy; — [gJ + k-

j=1i=1

not equal comparisons. Assume, without loss of generality, that the [ “shared”
items are those whose multiplicities are given by {m;;:i =1, ---,I}. That is,
either m;; or m;, is 0 for i > I, hence

k

2 k

Y mlogm; = Y mlogm;.

j=1li=1+1 i=l+1

If both m,; and m,; are greater than 0, m,;log m;; + m,;log m,; is minimized
(worst case) subject to m,; + m,; = m; when my; = m,; = m;/2. Hence

2 1 1

m;;log m;; = mylog m; — 1).
J J

j=1i=1 i=1

This yields a bound on the number of not equal comparisons as

k 1
nlogn —n— Y mlogm + Y m; — [gJ +k—1
i=1 i=1

k
<nlogn — ) mlogm; — [%J
i=1

13

since
1
nz Yy m+k—I.
i=1

We now show that a treesort type algorithm also is easily adapted to multisets.

The terms “‘treesort” and “heapsort” (see Floyd [2] or [3] or Williams [9])
refer to sorting algorithms, which are of the following general form:

1. Arrange the elements of the list into a (presumably implicit) balanced
binary tree with an ordering such that if x is the father of y, then x = y (i.e. form
a heap). This can be done in O(n) comparisons, and furthermore, the maximal
element is at the root of the tree.

2. Repeat the following section until the heap is empty:

(i) Remove the element at the root, it is the “next largest” element. This

leaves the root “empty”.

(i) While there is an “‘empty node” which is not a leaf promote to its position

the larger of its sons.
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We observe that each iteration through step 2 will use at most log n (the height
of the heap) comparisons and in fact nlog n + O(n) comparisons are used in the
entire procedure. Treesort is usually phrased so that it can be performed in place.
Since this causes an increase in the number of comparisons required we will
confine our attention to the method outlined above which uses an “output
buffer”.

We adapt this algorithm to sorting multisets with three-way branching by
saying that whenever equality is discovered, promote a copy of the duplicated
element together with the number of times it is known to occur. That is, if x has
been found i times and y, j times, on discovering x = y we promote x (or y) together
with its “cardinality”, i + j. We then initiate § 2 of the algorithm which promotes
elements up to the positions x and y had held. An inspection of this procedure and
comparison with the usual (previously described) treesort indicates that exactly
the same comparisons are performed between unequal pairs of elements in the
two cases; however, no “redundant” comparisons are made between equal
elements. It follows from the proof of Theorem 3.1 that only nlog, n — Y m; log, m;
+ O(n) comparisons are used.

These algorithms have the interesting property of approaching a bound
which is not known at the commencement of the computation. Furthermore,
note that sorting a list of length »n having k distinct classes takes longest when all
multiplicities are approximately the same.

We next give a lower bound on the number of three-branch comparisons to
sort a multiset. To lower order terms it is the same as the upper bound.

THEOREM 3.3. Let S be a multiset whose multiplicities are my, - -- , my,. Then
to perform a multisort on S using three way comparisons requires at least

k
nlogn — Y m;logm; — (n — k)loglog k — O(n)
i=1

comparisons on the average.

Proof. The sequence of answers can be viewed as a word over the ternary
alphabet {>, =, <} in which there are exactly n — k occurrences of = in the
word (since any additional =’s are redundant). There are (m, -"- m,) ways to
place the elements of S into classes. Hence, letting s = n — k, we obtain

(f)zT_s 2 (m1 - mk),

where T is the minimum average time for the multisort over all sets with such
multiplicities. Taking logarithms we see that

k T
T=nlogn— Y mlogm; — slog; — O(n).
i=1

Using the fact that T < log(m1 n mk) + O(n), and that the multinomial co-
efficient is maximal when all the m; are as nearly equal as possible we get

k
T=nlogn— ) milogmi—sloglogk—slogg — O(n).
i=1

and the result follows, since s logn/s < n/2. Q.E.D.



SORTING AND SEARCHING IN MULTISETS 5

Next we consider a related problem. We are given a multiset S and wish to
determine its set of multiplicities M. We know that if we are given M, it does not
help much in sorting S; nevertheless we have the following theorem.

THEOREM 3.4. To find the spectrum M of a multiset using ternary comparisons
requires that the total order of S be known.

Proof'. To be able to say that m; € M by ternary comparisons we must establish
that some subset of S consists of equal elements and has cardinality m;. Similarly
in finding that two classes are distinct using comparisons, one will also find
which one contains the larger elements. Thus a sort must be performed. Q.ED.

Note that this result does not imply that some other method for finding the
spectrum would necessarily entail sorting or that it would even find out which
particular members of S were in which class.

We now turn our attention to computing the mode of a multiset. We show
that on the average any algorithm using only comparisons to do this takes at
least n log (n/m) comparisons to within lower order terms.

THEOREM 3.5. Let S be a multiset with cardinality n containing k distinct elements
and in which the mode occurs m times. Then any algorithm to find the mode of S using
only ternary comparisons takes at least

nlog(n/m) — O(n — k)loglogk — O(n)

comparisons on the average.

Proof. The method of proof is to show that, given that the mode has been
found, the set can be sorted from this point without too much additional work.
Suppose that the mode of S has been found and occurs with multiplicity m.
This means that given any m + 1 elements of S we already know of an x and y
in this subset such that x < y. In particular, there are at most m items which have
lost no comparisons in the finding of the mode. Place them at the leaves of a
balanced binary tree of height [log m1, and run a tournament to find the maximum.
Then remove all the maxima from the tree replacing them by items which lost to
only those maxima in the process of finding the mode. The tree now contains at
most m items, and among them are all the second maxima. So extract them and
replace them by the items not on the tree that only they or the maxima beat in
finding the mode. Again there are at most m items on the tree among which are
all the third maxima. Proceed in this way until the sort is complete. We see that

k
Y. m;logm; — O(n)
i=1

(“‘equal’’) comparisons are “saved” as in the proof of Theorem 3.1. The tree has
height [log m1 so an additional

k
nlogm — Y m;logm; + O(n)
i=1
comparisons suffice to sort S. Subtracting this from the lower bound to sort given
by Theorem 3.3 we obtain the result. Q.ED.
This theorem shows that in certain asymptotic situations the mode is
essentially as difficult to find as sorting the set. For example, if m = n'/?, then the
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additional work to sort will be only (nlogn)(1/p). If m = r for some constant r,
then the additional work to sort is linear in n, hence to tell if a set has an element
of multiplicity r requires n log (n/r) — O(n) comparisons.

We now attempt to achieve this lower bound on finding the mode.

THEOREM 3.6. The mode of a multiset S can be found in

3nllog, n/m]

three-branch comparisons where S has cardinality n and m = max {m;}.

Proof. The basic idea is to find the mode by finding the median of appropriate
subsets of S. We shall say a subset of S is homogeneous if all its elements are known
to be equal. Otherwise, it is called heterogeneous. The key step is to take a subset
S’ of S and determineits median. By doing so we partition S’ into two heterogeneous
sets, S~ and S, and one homogeneous set, S™. Let.¥ be maintained as a set of
disjoint heterogeneous subsets of S. Initially, let ¥ = {S} and let m (initially 0)
denote the cardinality of the largest ““class” (homogeneous subset) found thus far.
The algorithm is as follows:

While a member of & (call it S’) is of cardinality >m do
begin

Find the median, »#.e, of S’ and so partition S’ into S~
(those elements less than #ed), S™ (those greater) and S~
(those equal to meed);
Remove 8§’ from% and add S™ and S~
if cardinality (ST) > m then begin

m « cardinality (S7)

mode «— mea/

end
end

On termination of this algorithm, »ce will contain a value discovered m
times in the list. Furthermore, no element will have been discovered more times,
and no heterogeneous subsets of size greater than m will remain. From the nature
of the partitioning scheme, it follows that ».cde is indeed the mode of S.

Paterson, Pippenger, and Schonhage [6] have shown that the median of [
elements can be found in 3/ comparisons. Since we repeatedly subdivide the
original list until no pieceis of size larger than m, it follows that at most 3n [log (n/m)]
comparisons are used. Q.E.D.

At the cost of considerable complication, this constant can be reduced from
3to 6 [6logb6 — Slog5] ~ 1.54. Since this algorithm, which is again based on
“requested medians”, is complicated and not (provably) optimal, we will not
present it, but only suggest the key ideas. The Blum et al. [1] algorithm for deter-
mining the median is based on dividing the list into a large number of short
sorted lists (in their case of constant length). They then find the median of the
medians of these lists, which will lie in the middle half of the original list, and so
can be considered a reasonable approximation of the true median from which to
continue. Using this idea we can take a set of / elements in sorted lists of lengths
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between say r and 2r and find the “median of medians” in O(l/r) comparisons.
Sorted lists lying entirely above, below or equal to this median and lengths between
r and 2r can be reconstituted in roughly | more comparisons. This median of
medians can be seen to lie in the middle 2/3 of the entire set of l elements (see Fig. 1).

If I/r = o(l) then | + o(l) comparisons are used in this basic step. The constant,
1.54, comes from the fact that we are not necessarily splitting the subset at the
true median. The choice of r is clearly one of “optimizing”, indeed it will “grow”
as the process continues and contribute to a lower order term in the “runtime”.

Pratt and Yao [7] have shown that at least 1.75 ] comparisons are necessary
to find the median of I numbers. Our technique is, then, better than any naive
application of a median algorithm to compute the mode by finding successive
medians.

THEOREM 3.7. Let A and B be multisets of cardinality n, and ng and spectra
M, ={my, -, my}and Mg = {mg,, -+, my;; where k < j. Then to determine
whether or not A (1 B = (& requires at least

k
nglogan, — Y mylogy my; + jlog, k — O(nyloglogk + ny)

i=1

comparisons in the worst case.

Proof. Assume we know that A has k classes and that between any two of
them is ordered at least one element of B.

Assume our algorithm eventually determines that A N B = ¢J. Then when
the algorithm has terminated we shall know the 0£dering of A and between which
classes of A each element of B lies. There are (m 4, - -* m ;) ways to choose elements
of A for its classes. If we are given kK — 1 elements of B which separate the classes
of A, there are (k — 1)! such separations, and there are then j — k + 1 classes of
B that are not represented by these k — 1 elements. So there are (k + 1)"7**!
places to put these elements relative to the classes of A. The bound follows by an
argument similar to that in the proof of Theorem 3.3. Q.E.D.
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The next corollary generalizes Reingold’s result [8].
COROLLARY 3.8. Let A and B be sets having cardinality n, and ng respectively
withn, < ng. Thento tell if A N B = & requires at least

(n4 + np)log, ny — O(ng)

comparisons.

This number is sufficient, for we merely have to sort 4 and insert elements
of B.

In closing, we note that the bound of Theorem 3.7 is probably weak, and we
do not have a good algorithm for this problem. In particular, there is no way to
know in advance which set has fewer classes.
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OPTIMAL ALPHABETIC TREES™

ALON ITAIt

Abstract. An algorithm of Knuth for finding an optimal binary tree is extended in several
directions to solve related problems. The first case considered is restricting the depth of the tree by
some predetermined integer K, and a Kn? algorithm is given. Next, for trees of degree o, rather than
binary trees, Kn” log o and n’ log o algorithms are found for the restricted and nonrestricted cases,
respectively. For alphabetic trees with letters of unequal cost, a o°n” algorithm is proposed. We
conclude with a comparison of alphabetic and nonalphabetic trees and their respective complexities.

Key words. algorithms, alphabetic trees, binary trees, optimal trees, probabilistic search, variable-
length codes

1. Introduction. When constructing a code, it is often necessary to minimize
the average message length. There is a natural correspondence between a binary
prefix code and a binary tree, associating with every leaf a codeword. Assuming
that every source word has a fixed probability of occurring, the length of an
average message corresponds to the weighted path length of the tree. Let
(wy, - - -, w,) denote the weights of the codewords and I(w;) the length of the path
from the root to the weight w,. The weighted path length (cost) is defined as
WT = Z?=1 Wil(Wi).

In real time applications, it may be desirable to restrict the length of every
codeword. In the tree representation, this restriction is expressed by limiting the
length of any path from the root of the tree to a leaf by some integer K.

Similar problems arise when organizing files. Each entry of the file has a
certain probability of being requested. There is an order between the entries of the
file which must be conserved. No search can take longer than a prespecified
maximum. Our aim is to construct a file which fulfills all the requirements and
minimizes average search time.

The file is represented as a binary tree with the entries at the nodes. Our aim is
to find, among all trees which satisfy the restriction that no path is longer than a
given integer K and which preserve the order of the file entries, one with minimum
cost.

In the paper, we show that an algorithm of Garey[1], which is an extension of
an algorithm of Knuth [4], can be used to solve several problems of this nature.

The running time is of order Kn?, where n is the number of nodes, K the
maximal depth.

In § 7 we show how to extend the results from binary trees to o-ary trees (i.e.,
trees in which each node may have up to o sons). For this problem, we give
n’K log o and n’log o algorithms for the restricted and nonrestricted cases,
respectively.

* Received by the editors July 30, 1974, and in revised form December 30, 1974.
+ Department of Applied Mathematics, Weizmann Institute of Science, Rehovot, Israel.
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Section 8 deals with alphabetic trees with letter of unequal cost. For this
problem a o>n? algorithm is proposed. Finally, in the last section, we compare the
problem of alphabetic and nonalphabetic trees and their respective complexities.

2. Definitions. A binary tree consists of a distinguished node, called root, and
right and left subtrees of the root. A binary full tree consists of a root and left and
right subtrees, either both empty or both binary full trees. Nodes occurring in the
two subtrees are called descendants of the root. All nodes having a given node as a
descendant are ancestors of that node. If j is the root of a subtree of i, then i is the
father of j and j is i’s son. Nodes which have no descendants are called leaves.
Nodes which are not leaves are called internal nodes. From the root there is a
unique path to every node i. The length of that path is the number of nodes in the
path minus 1 and is called the depth of node i, denoted by .

Traversing a tree in postorder (symmetric order) [3] (visit the left subtree,
visit the root, visit the right subtree), imposes a full order relation on the nodes.
We say that node i'is left of node j (i <j) if i precedes j in that order.

An alphabetic tree for the sequence of nonnegative weights (w, - - -, w,) is a
binary tree with n leaves, each of which is associated with a weight, such that the
leaf of w; is left of the leaf of w;,, fori=1,---,n—1.

The weighted path length or cost of an alphabetic tree T is given by

M=

WT =

w; ll',
1

where /; is the depth of the leaf associated with the weight w..

Given a positive integer K a K restricted alphabetic tree is an alphabetic tree in
which no node has depth greater than K. A K restricted alphabetic tree is optimal
if it has minimum cost. In the sequel, we shall use the phrase optimal tree in lieu of
the cumbersome optimal K restricted alphabetic tree.

3. A dynamic programming solution. We first notice that an optimal tree is a
binary full tree (each internal node has exactly two sons), except perhaps when
zero weights are involved. However, in this case, there exists an optimal tree
which is a full binary tree. Henceforth, we shall assume that all optimal trees are
full binary trees.

Let T be an optimal tree, v an internal node of T of depth [,; then the subtree
of T with root v is an optimal (K —1,) restricted alphabetic tree for its own
sequence of weights.

Let[i, j, k], 1=i=j=n and 0= k =K, denote the subproblem of finding an
optimal tree of depth at most k for (w;, wi_y, - - -, w;). If k < |log, (j—i+1)], then
no solution exists, and we may set WTTj, j, k] = c0. Otherwise set

WTIi, i, k]=0, i=1,---,n,

() WTIi i, k1= 3 w,+min {WTIi, b, k= 1]+ WTTb+1, j, k— 1],

i=1,---,n—1,j=i+1, -, n

The value by, for which (1) produces the minimum, is the last node (in postorder)
of the left subtree and is called the breakpoint. If b, is a breakpoint for [i, j, k], we
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can construct an optimal tree for [i, j, k] by constructing an optimal tree for
[i, bo, k —1]and[bo+1, j, k — 1] and combining these two trees. Solving[i, j, k] for
all k, i, j (looping firston k=1,---, K, thenonp=j—1=1,---,n~1, thenon
i=1, -+, n—p)results in an optimal tree for [1, n, K] the original problem.

After finding the minimum cost, we may reconstruct the tree had we saved
the breakpoints b, for every [i, j, k].

The resulting algorithm requires execution time proportional to Kn®. Gilbert
and Moore [2] proposed a similar algorithm for trees with no restriction on
maximal depth. See that paper for further description and analysis of the
algorithm.

4. An improved algorithm. We may improve the previous algorithm by
observing the following phenomena.

THEOREM 1. Let b, be the breakpoint of an optimal tree for [1, n, k]. Then there
exists an optimal tree for [1, n+1, k] whose breakpoint b;, satisfies b= b,.

Let b[i, j, k] denote a breakpoint of the subproblem [i, j, k]and b'[i, j, k] the
breakpoint of the optimal tree with the smallest breakpoint leftmost tree.

THEOREM 2. There exist optimal trees such that:

(a) bli, j—1, k]=bli, j, k]=b[i+1, j, k]. Moreover, the leftmost trees satisfy

(a); in other words,

(b) b'li,j—1,k1=b'[i, j, k1=b'[i+1, j, k].

We shall prove the theorems in the next section. Let us first see how we can
use these results to obtain an improved algorithm. For fixed k and fixed p=j—1,
the smallest breakpoint of [i,j, k]-b'[i, j, k] lies between b'[i,j—1, k] and
b'[i+1,j, k] (Theorem 2(b)). Therefore, we need only consider b'[i+1, j, k]
—b'[i, j, k] possible breakpoints. Summing over i and substituting j =i+ p, we
find that

N A+b'[i+1,i+p, kl—b'i,i—1+p, k)
i=1

=(n—-p)+b'[n—p+1,n,k]-b'[1,p, k]=2n.

The improved algorithm determines b'[i, j, k] and WTTLj, j, k] using previously
obtained values. The outer loops on k and p introduce a factor of nK. The whole
algorithm takes time proportional to n’K.

Note that the results of Theorem 2(a) are not sufficient since there may be
optimal trees which satisfy b[i, j—1, k]>b[i+1, j, k]. We overcome this diffi-
culty by insisting on the smallest breakpoint. This refinement does not increase the
difficulty of implementing the algorithm and is usually incorporated for the sake of
programming convenience [4, p. 22].

Knuth [4] first proposed this algorithm for the unrestricted case. Garey [1]
extended it to the restricted case when w, = w, = - - - = w,. Here we show that this
additional requirement is superfluous.

5. Proof of Theorems 1 and 2. Let T, T’ be trees of depth not exceeding K.
Let a be anode of T, a’ anode of T'. Both T and T’ are subgraphs of a binary full
tree and can be compared by the ““left of”” relation; i.e., aleftof a’ (a<a'),a=a’
or a right of a’ (a’' < a). Let x; denote the position of weight w; in the tree T, x; the
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position of w; in T'. In what follows, we shall assume k Zlog, (n+1). First we
notice that by adding to the right a new node of weight w,., =0 w, moves to the
left.

LEMMA 3. Let T=T[1, n, k] be an optimal tree for weights (w1, -+, w,).
There exists an optimal tree T'=T'[1, n+1, k] for weights (wy, - - -, w,, 0) such
that x, < x,.

Proof. Case 1. x, is of maximal depth. (i.e., [, = k). In this case, x/,,, = x,, since
X< X, by transitivity x, < x,,.

Case 2. x, is not of maximal depth (i.e., [, < k). In this case, we may obtain an
optimal tree by replacing w, by a node whose two sons are w,, w,.;. The resulting
tree T' satisfies WT' = WT + w,. To show that T" is optimal, assume the existence
of a tree T>=T*[1,n+1, k] which costs less than T', WT*>< WT'. We may
construct a tree T° = T[1, n, k] by deleting w,., from T?. This would enable us to
decrease the depth of w,. We then have

Wr*=WT*—w,<(WT+w,)—w,=WT,

which contradicts the optimality of 7. Q.E.D.

Next we note that w, does not have to move right when w,., increases.

LEMMA 4. Let T=T[1,n+1,k] be an optimal tree for weights
(Wi, * =+, Wa, Warr). There exists an optimal tree T'=T'[1,n+1, k] for weights
(W1, *+ ) Wpy Whi1), Whit > Wi, Such that x, = x,,.

Proof. If the tree T remains optimal for weights (wy, * * * , W, W,+1), We are
done since we can choose T'=T. Otherwise, let T' be any optimal tree for
(W1, * **, whiy). Consider the cost of T and T’ as functions of the (n+1)st
weight, w: WT(w)=wL+ -+ +w b, +wl, =C+1law, WT'(w)=w,li+ -
+w.l,+wl=C'+1,,w. The difference in cost D(w)= WT'(w)— WT(w)
=C'—C+(l,s1—L,+1)w is a linear function of w, and we know that D(w..,) <0
§D(W,.+1).

It follows that I;,.; <l,.,. In particular, the father z of x,., is a node of the
right subtree of the father z’ of x.,. Since x, is in the left subtree of z' and x, is a
descendant of z, we have x, < x,. In both cases we find that x,=x,. Q.E.D.

If we add a new weight w,. to the right, the weight w, moves left, because we
can do this in two stages: First add a node of weight w,., = 0. This enables us to
move w, to the left. Then increase the weight of the node. This may be done
without moving w, to the right. Thus we have the following corollary.

COROLLARY 5. If T=T[1, n, k] is an optimal tree for (wy, - - -, w,), there
exists an optimal tree T'=T'[1, n+1, k] for (w1, * * -, Wa11) Such that x, < x,.

We wish to show that by adding a new node, we form a tree in which none
of the previous weights moves right. It has already been shown that we can
construct an optimal tree in which w, moves left. We shall now show that this
requirement may be extended, and we can find an optimal tree in which no weight
moves to the right.

Some notation follows: For Q a binary tree, let SQ denote the set consisting
of all indices of the weights of Q. WQ as before denotes the cost of Q.

LeMMA 6. Let T=T|1,n, k] be an optimal tree for (wy,- -, w,). There
exists an optimal tree T'=T[1,n+1,k] for (wy,**+, Was1) such that x,=x,
i=1,---,n
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Proof. Assuming to the contrary that no such optimal tree exists, let T’ be an
optimal tree for weights (w,, * -+, w,.;) in which some weights move right. Let
w;-, be the last weight which moves right. (x;_; <xj_, but x;=x; for i=j,-*-,n.)
By Corollary 5, we may assume j = n. Let z be the deepest common ancestor of
x;-1 and x; (i.e., a node z which is an ancestor of both x;_, and xj, and no
descendant of z has this property).

Comparing x;-; and x; to z, there are three possibilities:

(a) wj—, and w; do not pass z (x;-; <xj_1 <z <x]=x;);

(b) w;_, passes z to the right (x;_, <z <xj., <x]=x;);

(c) w; passes z to the left (x;_; <xj_; <x;<z <x;).

(We cannot have xj_, (or x;) equal to z since this would force x; to move right
of x; (or xj-, to move left of x;_,).) z must be a node of T', since otherwise x;_,
would be forced right of z, and so would all its descendants, in particular x; <x;_;.
This contradicts the hypothesis that x;_; <x;=x;.

Let L(z) be the partial tree containing all the nodes left of z in T and the
paths connecting them to the root of T. Define R(z) in the same fashion on the
nodes right of z in T. L'(z) and R'(z) are the analogous partial trees of T".

Case (a). w;-; and w; donot pass z. SL(z) ={1,- - -, j— 1} = SL'(z) (the leaves
of L(z)). Construct T from L(z) and R'(z). The leaves of T* are {1, -, n+1}
the same as of T".

WT?=WL(z)+ WR'(z)= WT'= WL'(z) + WR'(2).

If WT? = WT' we have constructed, contrary to the hypothesis, an optimal tree for
(Wi, * -+, Wa, Wait) in which no weights move right.

Therefore WL(z)> WL'(z). Construct T° from L'(z) and R(z). WT®
= WL'(z)+ WR(z) < WL(z)+ WR(z) = WT. T consists of the same weights as
T, so the last inequality contradicts the optimality of T.

Case (b). w;_; passes z to the right. In this case,

SL(z)={1,---,j—1},  SL'(z)={1,---,i—1},
SR(z)={j, -+, n}, SR'(z)={i," -+ ,n+1},

Let M’ be a tree partial to T', which consists of all the leaves SL N SR’ and the
paths connecting them to the root of T. (SM'=SLNSR'={i,- - -, j—1}is the set
of indices of weights which have moved to the right of z.)

When w;_, moves right it must stay left of x;= x;. x]# x; since we must make
space for w;_;. Consequently, w; moves down left. x;, the old position of w;, is an
internal node of T’; and as it is an ancestor of xj_, it is an internal node of M’ with
all members of SM' belonging to its left subtree.

Construct a partial tree T” consisting of L(z) and R’(z) from which we have
deleted the elements of SM’. This enables us to bring w; up one level. Possibly w;
can be raised by more than that. However, for simplicity we shall raise it by exactly
one level.

WT?= WL(z)+ WR'(z)—w;— WM'=Z WT' = WL'(z) + WR'(z).

i<j.

The inequality arises from the fact that T and T’ are built on the same weights
(ST'=8ST*={1,---,n+1}) and T is optimal.
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In case of equality, T” is an optimal tree in which no weight has moved right.
Otherwise, WT?>> WT'. Construct the tree T° from L'(z) and R(z). The elements
of SM' are still missing. M' is a partial tree whose root is the root of T'. We may
insert M’ such that its internal nodes above x; coincide with the corresponding
nodes of R(z). Node x; of R(z) can be moved down-right one level. This makes
space for inserting the rest of M’ (which includes all of its leaves).

WT’=WL'(z) +(WM'+w,)+ WR(z) < WL(z)+ WR(z) = WT.

As T? and T have the same set of weights, this contradicts the optimality of T.

Case (c). w; moves left of z. This case is analogous to (b), and the proof goes
along the same lines. Q.E.D.

Theorem 1 is now an easy consequence of Lemma 6, since the optimal tree
found in Lemma 6 fulfills all the requirements of Theorem 1.

Now instead of adding a weight let us consider deleting one. The following
lemma will enable us to prove Theorem 2.

LeEmMMA 7. Let Tl1, n, k] be an optimal tree. There exists an optimal tree
T'[2, n, k] such that x|=x, fori=2,- -, n.

The proof is similar and, in some respects, simpler than that of Lemma 6 and,
therefore, will not be pursued here.

We are now ready to prove Theorem 2. The first inequality of part (a),
bli,j—1,k]=bl[i,j, k], is just Theorem 1. The second inequality, b[i,j, k]
=bli+1,j, k], follows from Lemma 7 just as Theorem 1 from Lemma 6.

Part (b), b'[i,j—1,k]=b'[i,j,k], is true since if b'[i,}, k]<b'[i,
j—1, k], then by the second inequality of part (a) and symmetry there exists an
optimal tree T'[i, j—1, k] such that

bli, j—1, k1=b'i, j, k1<b'[i, j—1, k].

This contradicts the definition of T'[i, j —1, k] as an optimal tree with the smallest
breakpoint. The second inequality follows similarly and concludes the proof of
Theorem 2.

6. Applications and related problems. The results of the previous sections
lend themselves to several applications. First consider the K restricted Huffman
problem [1]. Given n source words, each with a predetermined frequency of
occurrence, construct a code with minimum average message length satisfying the
restriction that no codeword has length greater than K. Just as in Huffman’s
original problem, we consider the order between the source words immaterial.
The following lemma enables us to use the previous results to solve this problem.

LEmMA 8. If K=[log, n]| and w,= --- Zw,, there exists an optimal K
restricted tree for (w, - -, w,) such that the leaves associated with the weights
preserve the order (i.e., x; is left of x,.1, i =1, - - -, n—1). The proof is well known

[3].

As a consequence of this lemma, we obtain an algorithm for the K -restricted
Huffman problem:

(a) Sort the weights such that w,Zw,= -+ =w,.

(b) Apply the algorithm of § 4 to the new sequence. This is the algorithm
which was proposed by Garey [1].
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As previously mentioned, a nonrestricted version of the algorithm was first
suggested by Knuth [4]. He used the algorithm to find an optimal alphabetic tree
in which information may be stored in the internal nodes as well as in the leaves.

The extended algorithm may be applied to the K restricted version of
Knuth’s problem; i.e., find a tree of minimum cost in which weights are associated
with all nodes, the order of the weights is preserved and no path has depth greater
than K. The proof is essentially similar to that of § 5 and will not be presented.

Note that Knuth’s original problem may be viewed as a special case of the
K-restricted problem when K is sufficiently large (K = n).

7. Alphabetic trees of degree o>2. Up to now, all algorithms heavily
depended on the fact that we dealt with binary trees. Even though binary codes
are of greatest importance, it is worthwhile to consider codes over an alphabet of
more than two letters. Similarly, there are applications of o -ary search trees for
o>2.

Define a tree of degree o (o-ary tree) as consisting of a distinguished node, root
and at most o subtrees (the subtrees are ordered). Alphabetic o-ary trees are
defined similarly to alphabetic binary trees. Our object is to find optimal alpha-
betic o-ary trees, i.e., such trees of minimum cost. We shall outline how to find
optimal trees of nonrestricted depth. The extension to trees of restricted depth is
straightforward.

Let an s-forest be a sequence of s trees. The cost of an s-forest is the sum of
the costs of all its trees. Denote an optimal s-forest on weights (w;, - - -, w;) by
E[i, j]. Note that Fi[i, j]= Ti, j]. The cost of the s-forest, s >1, is

WFs[i’ ]] = mbln {WFS’[l’ b]+ WF;—;’[b + 1’ ]]}
i=b<j
for any s’ 1 =5’ <s. The cost of a o-ary trees is
WTTi, j]= W, + WE,[i, jl, where W, =Y w..

Using these equations we may extend the dynamic programming solutions of the
previous sections to find optimal trees and optimal forests. When 6 =j—i =g,
there is always an optimal o-ary tree for (w;, - - -, w;) with exactly o subtrees.

For each 6=1,---,n—1, we shall find optimal o-trees and s-forests for
weights (w,, -+ -, w;), j =i+8. The values of s for which we shall find optimal
s-forests will depend on o as follows: First, include the numbers
2,4,8, - ,2% % pext include the sequence (so, " - *, Sm), Where so=o0, 81
=g, —2"#=% and s,, is the last number which is not a power of 2. From the
construction, it is clear that a forest of s; trees can be constructed by combining a
forest of s;,; trees and a forest of 2!°%* trees. As m = |log, o |, we conclude that
we need to consider at most 2 [log, o | values of s.

Applying this extension to Gilbert and Moore’s [2] algorithm yields an
n’log o algorithm.

Given a forest Fi[i, j], let s be constructed as s =s'+(s—s’) in the above
sequence; define the breakpoint as the index of the rightmost weight of the s'th
tree.
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Using this definition, we notice that Theorems 1, 2 hold also for s-forests and
o-ary trees. This enables us to take advantage of Knuth’s observation and cut the
running time down to n’log, o.

8. Alphabetic trees with letters of unequal cost. An interesting problem
arises when we consider constructing an optimal alphabetic tree with letters of
unequal cost. Specifically, for an alphabet of o letters, let (c,, - * *, ¢,) be the cost
of the letters. The cost of an edge (a, b) in a o-ary tree is ¢; where b is the ith son of
a. (In general, the o-ary tree need not be full; i.e., not every node has o sons. For
o =5, anode may have a second and fourth son while lacking the first, third and
fifth sons.) The cost of a node is the sum of the costs of all the edges of the unique
path from the root to that node. For weights (wy, - - -, w,,), an alphabetic tree is a
o-ary tree with weights on the nodes such that if i <j, then w; is left of w;. The cost
of an alphabetic tree is WT[1, n]=Y/-, pw, where p; is the cost of the node
associated with w;.

Our aim is to find, for given weights, an alphabetic tree of minimum cost
(optimal tree). Note that, as the tree is alphabetic, we may not assume that the
costs of the letters satisfy ¢c;=c,= - - =c¢,. (We may well have ¢, <c,, ¢2>¢,.)
We shall consider the case in which the weights are only at the leaves.

Let T, ,[i, j] be an optimal tree for weights (w;, - - + , w;) in which the root has
no son smaller than @ and none greater than B. For every a,8,i,j (1=a =8
=o0;1=i=j=n), we shall find WT,g[i, j], the cost of an optimal tree T, [, j].
(This implies that T, , has at least one edge).

The following equations will provide means to calculate WT, g[i, j1:

WT, . .[i, i]= caws;

the tree T, .[i, i] uses at least one edge, in this case that edge must be a.
WT.pli, i]= min {WT,,[i,il}, ~ a<B;
the root must have exactly one son (edge 7).
) WT.lis 1= caWy+ min {WT,,,[i, b+ WT,1,[b+1, T}, i <.
15y<o

The root has exactly one son (edge «). The son must have at least two sons; let the
first be y. We choose vy and b, the index of the rightmost weight of T, ,[i, b], so as to
minimize the sum of the cost of the two trees—WT,,[i, b]+ WT,.,.[b+1,j].

WT,6li, j1= mbin'{WTaH,B[i, jl, WT.,.[i, b]
isb<j

+ WTa+1,ﬂ[b + 1, ]]’ WTa,a[i, ]]}7
a<pB,i<j.

We should consider three cases: In the first, it is not worthwhile to use edge a at
all, hence the optimal tree is WT,..4[}, j]; in the second, « is truly the first edge,
but there are additional edges. The cost of the optimal tree is WT,,[i, b]
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+ WT,..5[b+1,j]. The last case is when only edge « is used (this might make
some smaller edges available). The cost then is WT,.[i, j]. (Now we shall use (2)
above, where y <o and b <j, and hence we are not led into an infinite loop).

We compute WT, g[i, j]in order of increasing j — i = p, and for a fixed value of
p in order of increasing B — a. This insures that we never reference values which
have not yet been computed.

This algorithm can be improved by use of the fact that adding an additional
rightmost node does not cause any weight to move to the right. The statement and
proof are similar to that of Theorems 1, 2. This enables us to reduce the
computation time by a factor of n to o’n’.

Thus, if we consider o fixed (e.g., o =2), the requirement for letters of
different cost does not increase the known time complexity of the problem.

9. Alphabetic trees and nonalphabetic trees. The problem of alphabetic
trees is closely related to that of nonalphabetic trees (i.e., trees in which the order
of the weights is immaterial). However, the relation between the complexity of the
two problems is unclear. For given weights, there are n! times more nonalphabetic
trees than alphabetic trees. This implies a larger domain for the nonalphabetic
case. However, the lack of the order constraint may help us in our search.

We shall now give a closer look at some of the problems and show the
relationship between the alphabetic and the nonalphabetic cases.

Case (a). Binary trees, weights at all nodes, letters of equal cost. Knuth [4]
considered the alphabetic problem and found an n” algorithm. For the nonal-
phabetic case, there exists a linear solution as follows:

First notice that for weights (wy, - - -, w,,) all optimal trees must satisfy

(i) if w; <wj, then [ =1;
(i) all nodes, except perhaps those of the last two levels, have exactly two
sons.
Without loss of generality, n =2 — 1 (otherwise add weights (W,.1, * - -, woi; =0),
2' <2n, when the tree is found delete those weights). For such n, the optimal tree is
the complete binary tree of depth [ — 1. (The shape of the tree does not depend on
the weights, only on their number.)

We now have to distribute the weights in the tree. This can be done in linear
time by means of the median algorithm [S]. The deepest level will contain all
nodes less than or equal to the median. The second deepest level will contain all
nodes less than or equal the median of the remaining nodes.

Time (n)=CN+Cn/2+Cn/4+ -- - +C1

=Cn(l+i+i+--9)=2Cn.

C is the constant of the median algorithm. The internal order of the nodes at each
level is arbitrary, since it does not change the cost of the tree.

Case (b). o-ary trees, weights only at the leaves, letters of equal cost. The
nonalphabetic case is Huffman’s problem, for which his algorithm yields an
n log n solution. In the alphabetic case with o = 2, the T-C algorithm [6], [7] also
yields an n log n algorithm. For o > 2, we may apply the algorithm of § 7, the time
bound of which is n” log o.
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Case (c). Binary trees, weights at all nodes, letters of unequal cost. For the
nonalphabetic case, as in (a) above, the shape of the tree is independent of the
actual weights. Therefore, we can find a tree of n minimum cost vertices in time
n log n; number the nodes so that cost (node;) =cost (node;.),i=1,---,n—1.

Order the weights so that w,=w,= - - - =w,; then associate with the ith
node the ith weight. The optimality of the tree resulting from this algorithm is
proven similarly to that of (a) above. The time bound on the algorithm s n log n.

For alphabetic trees an algorithm similar to that of § 7 yields an n” solution.

Case (d). o-ary trees, weights only at the leaves, letters of unequal cost. No
polynomially bound algorithm is known—see [8] for an integer programming
solution.

In § 8, we have given a a”n” solution for the alphabetic case. It is not known
whether it is possible to reduce the nonalphabetic case to the alphabetic case since
no result similar to Lemma 8 of § 6 is known to hold.

Case (e). Restricting the maximum depth of the tree to K. For the alphabetic
case, this causes an additional factor of K. For the nonalphabetic case, (a) and (c)
retain their previous bounds, whereas the appropriate variant of (b) requires a
reduction to the alphabetic case (see Lemma 8, § 6).

In conclusion, we may say that in most cases there are slightly better
algorithms for the nonalphabetic case. However, there is a case (d) for which no
polynomially bound algorithm is known for the nonalphabetic case, whereas the
alphabetic case has a polynomial algorithm.
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PARTIAL-MATCH RETRIEVAL ALGORITHMS*
RONALD L. RIVESTt

Abstract. We examine the efficiency of hash-coding and tree-search algorithms for retrieving
from a file of k-letter words all words which match a partially-specified input query word (for example,
retrieving all six-letter English words of the form S**R*H where “*” is a “don’t care” character).

We precisely characterize those balanced hash-coding algorithms with minimum average number
of lists examined. Use of the first few letters of each word as a list index is shown to be one such optimal
algorithm. A new class of combinatorial designs (called associative block designs) provides better hash
functions with a greatly reduced worst-case number of lists examined, yet with optimal average
behavior maintained. Another efficient variant involves storing each word in several lists.

Tree-search algorithms are shown to be approximately as efficient as hash-coding algorithms, on
the average.

In general, these algorithms require time about O(n*~*/¥) to respond to a query word with s
letters specified, given a file of n k-letter words. Previous algorithms either required time O(s - n/k) or
else used exorbitant amounts of storage.

Key words. searching, associative retrieval, partial-match retrieval, hash-coding, tree-search,
analysis of algorithms

QUOTATIONS

Oh where, oh where, has my little dog gone?
Oh where, oh where can he be?
With his tail cut short, and his ears cut long,
Oh where, Oh where can he be?
[Nursery rhyme]

You must look where itis not, as well as where it is.
[ Gnomologia— Adages and Proverbs, by T. Fuller (1732)]

1. Introduction. We examine algorithms for performing partial-match
searches of a direct-access file to determine their optimal forms and achievable
efficiency. First we present a model for file and query specifications, within which
we will analyze various search algorithms. Section 2 discusses the historical
development of the “‘associative search’ problem and reviews previously pub-
lished search algorithms. Section 3 examines generalized hash-coding search
algorithms, and § 4 studies a tree-search algorithm.

We begin with a general outline of an information retrieval system, and then
proceed to define our problem more precisely.

An information retrieval system consists of the following parts:

(i) a collection of information, called a file. An individual unit of a file is
called a record.

(i) a storage or recording procedure by which to represent a file (in the
abstract) on a physical medium for future reference. This operation we call
encoding a file. The encoded version of a file must, of course, be distinguishable

* Received by the editors February 21, 1974, and in revised form February 19, 1975. This work
was supported by the National Science Foundation under Grants GJ-331-70X and GJ-43634X.
t Project MAC, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139.
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from the encoded versions of other files. The medium used is entirely arbitrary;
for example, punched or printed cards, ferromagnetic cores, magnetic tape or
disk, holograms or knotted ropes. There are clearly many possible encoding
functions, even for a given storage medium. To choose the best one for an
application is the encoding or data structure problem.

(iii) a method by which to access and read (or decode) an encoded file. The
access method depends only on the storage medium used, while the encoding
function determines what interpretation should be given to the accessed data. The
encoded version of the file will, in general, consist of the encodings of its
constituent records, together with the encoding of some auxiliary information. If
(the encoded version of) any particular record can be independently accessed in
(approximately) unit time, we say the file is stored on a direct-access storage
device. (Magnetic disks are direct-access, whereas magnetic tapes are not.) The
access time usually consists of two independent quantities: the physical access
time needed to move a reading head or some other mechanical unit into position,
and the transmission time required to actually read the desired data. The
transmission time is proportional to the amount of information read, while the
physical access time may depend on the relative location of the last item of
information read.

(iv) auser of the system, who has one or more queries (information requests)
to pose to the system. The response to a query is assumed to be a subset of the
file—that is, the user expects some of the file’s records to be retrieved and
presented to him. If the user presents his queries one at a time in an interactive
fashion, we say that the retrieval system is being used on-line, otherwise we say
that it is being used in batch mode. We shall only consider on-line systems.

(v) asearch algorithm. This is a procedure for accessing and reading part of
the encoded file in order to produce the response to a user’s query. It is, of course,
dependent, but not entirely, on the choice of storage medium and encoding
function. This algorithm may be performed either by a computer or some
individual who can access the file (such as a librarian).

The above broad outline of an information retrieval system needs to be
fleshed out with more detail in order to make precise the problem to be studied.
We now present some formal definitions required for the rest of this paper. These
details restrict the model’s generality somewhat, although it remains a good
approximation to a large class of practical situations.

1.1. Attributes, records and files. A record r is defined to be an ordered

k-tuple (ry, r2, - - -, i) of values chosen from some finite set =. That is, each record
is an ordered list of k keys, or attributes. For convenience, we assume that X
={0,1, -, v—1}, so that the set £* is the set of all k-letter words over the

alphabet =, and has size v*. We shall generally restrict our attention to the case
v =2, so that the set 2* is just the set of k-bit words. Since any record type can be
encoded as a binary string, this entails no great loss in generality. Furthermore, it
seems to be the case that binary records are the hardest type for which to design
partial-match retrieval algorithms, since the user has the greatest flexibility in
specifying queries for a given number of valid records.

A file F is defined to be any nonempty subset of X,
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These definitions are not the most general possible; however, they do model a
significant fraction of practical applications. A more general scheme, such as that
proposed by Hsiao and Harary [25], would define a record to be an unordered
collection of (attribute, value) pairs, rather than an ordered list of values for a
predetermined set of attributes, as we have chosen here. Making realistic assump-
tions about the frequency of occurrence of each attribute, and related problems,
seems to be difficult, and we shall not pursue these questions in this paper.

1.2. Queries. Let Q denote the set of queries which the information retrieval
system is designed to handle. For a given file F, the proper response to a query
q € Q is denoted by q(F) and is assumed to be a (perhaps null) subset of F.

The following sections categorize various query types and describe the
particular query types to be considered in this paper.

1.2.1. Intersection queries. The most common query type is certainly the
intersection query, named after a characteristic of its response definition: a record
in F is to be retrieved if and only if it is in a specified subset q(£*) of 2, so that

a(F)= FNg(s").

(This notation is consistent since F=3" implies q(F) = q(2*).) The sets q(Z*)
completely characterize the functions q(F) for any file F by the above intersection
formula. Intersection queries enjoy the property that whether some record r € F'is
in q(F) does not depend upon the rest of the file (that is, upon F—{r}) so that no
“global”” dependencies are involved. The class of intersection queries contains
many important subclasses which we present in a hierarchy of increasing
generality:

1. Exact-match queries. Each q(2*) contains just a single record of 2. An
exact-match query thus asks whether a specific record is present in F.

2. Single-key queries. q(2*) contains all records having a particular value for
a specified attribute. For example, consider the query defined by ¢q(=¥)
={rezfn=1}.

3. Partial-match queries. A ‘“‘partial-match query q with s keys specified”
(for some s = k) is represented by a record 7€ R with k —s keys replaced by the
special symbol “*” (meaning ‘“unspecified”). If 7= (F,, - - - . #), then for k—s
values of j, we have 7, = “*”. The set q(¥") is the set of all records agreeing with 7 in
the specified positions. Thus

q(2) ={re3*|(vj, 1=j =k =")VE =)

A sample application might be a crossword puzzle dictionary, where a typical
query could require finding all words of the form “B*T**R” (that is: BATHER,
BATTER, BETTER, BETTOR, BITTER, BOTHER, BUTLER, BUTTER).
We shall use Q, throughout to denote the set of all partial-match queries with s
keys specified.

4. Range queries. These are the same as partial-match queries except that a
range of desired values rather than just a single value may be specified for each
attribute. For example, consider the query defined by
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qEH ={reZ1=n=3)A1=r=4)}.

5. Best-match queries with restricted distance. These require that a distance
function d be defined on =*. Query q will specify a record 7 and a distance A, and
have

q(E*)={reZ¥|d(r,F)=A}).

Query q requests all records within distance A of the record 7 to be retrieved. the
distance function d(r, f) is usually defined to be the number of attribute positions
for which r and 7 have different values; this is the Hamming distance metric.

6. Boolean queries. These are defined by Boolean functions of the attributes.
For example, consider the query q defined by

a(=) ={reZ|(n=0)V(r.= DA(r: #3)}.

The class of Boolean queries is identical to the class of intersection queries, since
one can construct a Boolean function which is true only for records in some given
subset q(2¥) of =* (the characteristic function of q(=*)).

Note that each intersection query requires fotal recall; that is, every record in
F meeting the specification must be retrieved. Many practical applications have
limitations on the number of records to be retrieved, so as not to burden the user
with too much information if he has specified a query too loosely.

1.2.2. Best-match queries. A different query type is the pure best-match
query. A pure best-match query q requests the retrieval of all the nearest
neighbors in F of a record 7€ 2* using the Hamming distance metric d over 2*,
Performing a pure best-match search is equivalent to decoding the input word ¢
into one or more of the ‘“‘code words” in F, using a maximum likelihood decoding
rule (see Peterson [35]). Thus we have

q(F)={re F|(Vr'e F)d(r', ?) = d(r, 7))}.

1.2.3. Query types to be considered. In this paper we shall only consider
partial-match queries. The justification for this choice is that this query is quite
common yet has not been ‘“‘solved” in the sense of having known optimal search
algorithms to answer it. In addition, partial- and best-match query types are
usually considered as the paradigms of ‘“‘associative’ queries. The simpler inter-
section query types already have adequate algorithms for handling them. The
more general situation where it is desired to handle any intersection query can be
easily shown to require searching the entire file in almost all cases, if the file is
encoded in a reasonably efficient manner. (Besides, it takes an average of |2 bits
to specify which intersection query one is interested in, so that it would generally
take longer to specify the query than to read the entire file!) A practical retrieval
system must therefore be based on a restricted set of query types or detailed
knowledge of the query statistics.
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1.3. Complexity measures. The difficulty of performing a particular task on a
computer is usually measured in terms of the amount of time required. We shall
measure the difficulty of performing an associative search by the amount of time it
takes to perform that search.

Our measure is the ‘“on-line”” measure, that is, how much time it takes to
answer a single query. This is the appropriate measure for interactive retrieval
systems, where it is desired to minimize the user’s waiting time. Many information
retrieval systems can, of course, handle queries more efficiently in a batch
manner—that is, they can accumulate a number of queries until it becomes
efficient to make a pass through the entire file answering all the queries at once,
perhaps after having sorted the queries. The practicability of designing a retrieval
system to operate ““on-line” thus depends on the relative efficiency with which a
single query can be answered. That is the study of this paper.

When a file is stored on a secondary storage device such as a magnetic disk
unit, the time taken to search for a particular set of items can be measured in terms
of (i) the number of distihct access or read commands issued, and (ii) the amount of
data transmitted from secondary storage to main storage. For most of our
modeling, we shall consider only the number of accesses. Thus, for the generaliza-
tions of hash-coding schemes discussed in § 3, we count only the number of
buckets accessed to answer the query.

Several measures are explicitly not considered here. The amount of storage
space used to represent the file is not considered, exceptin § 3.3 to show that using
extra storage space may reduce the time taken to answer the query. The time
required to update a particular file structure is also not considered—this can
always be kept quite small for the data structures examined.

1.4. Results to be presented. We give a brief exposition of the historical
development of “associative” search algorithms in § 2.

In § 3 we study generalized hash functions as a means for answering partial-
match queries. We derive a lower bound on their achievable performancg, and
precisely characterize the class of optimal hash functions. We then introduce a
new class of combinatorial designs, called associative block designs. Interpreted as
hash functions, associative block designs have excellent worst-case behavior while
maintaining optimum average retrieval times. We also examine a method for
utilizing storage redundancy (that is, we examine the efficiency gains obtainable
by storing each record more than once).

In § 4 we study ““tries” as a means for responding to partial match queries.
“Tries” (plural of “trie”’) are a particular kind of tree in which the ith branching
decision is made only according to the ith bit of the specific record being inserted
or searched for, and not according to the results of comparisons between that
record and another record in the tree. Their average performance turns out to be
nearly the same as the optimal hash functions of § 3.

The results of § 3 and § 4 seem to support the following.

Conjecture. There is a positive constant ¢ such that for all positive integers n,
k and s, the average time required by any algorithm to answer a single partial
match query q € Q, must be at least

cn (k As)/k’
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where the average is taken over all queries q € Q, and all files F of n k-bit records
which are represented efficiently on a direct-access storage device. (That is, no
more than O(n - k) bits of storage are used.)

2. Historical background.

2.1. Origins in hardware design. Associative search problems were first
discussed by people interested in building associative memory devices. According
to Slade [44], the first associative memory design was proposed by Dudley Buck in
1955. The hoped-for technological breakthrough allowing large associative
memories to be built cheaply has not (yet) occurred, however. Small associative
memories (on the order of 10 words) have found applications—most notably in
‘“paging boxes” for virtual memory systems (see [12]). Minker [32] has written an
excellent survey of the development of associative processors.

2.2. Exact-match algorithms. New search algorithms for use on a conven-
tional computer with random-access memory were also being rapidly discovered
in the 1950’s. The first problem studied (since it is an extremely important
practical problem) was the problem of searching for an exact match in a file of
single-key records. Binary searching of an ordered file was first proposed by
Mauchly [30]. The use of binary trees for searching was invented in the early
1950’s according to [28], with published algorithms appearing around 1960 (see,
for example, Windley [46]—there were also many others).

Tries were first described about the same time by Rene de la Briandais [11].
Tries are roughly as efficient as binary trees for exact-match searches. We shall
examine trie algorithms for performing partial-match searches in § 4.

Hash-coding (invented by Luhn around 1953, according to Knuth [28])
seems the best solution for many applications. Given b storage locations (with
b=|F|) in which to store the records of the file, a hash function h :3*
->{1,2,- -, b} is used to compute the address h(r) of the storage location at
which to store each record r. The function h is chosen to be a suitably “random”
function of the input—the goal is to have each record of the file assigned to a
distinct storage location. Unfortunately, this is nearly impossible ‘to achieve
(consider generalizations of the “birthday phenomenon’ as in Knuth [28, § 6.4]),
so a method must be used to handle “collisions” (two records hashing to the same
address). Perhaps the simplest solution (separate chaining) maintains b distinct
lists, or buckets. A record r is stored in list L; (where 1=j=b)iff h(r) =j. Each
bucket can now store an arbitrary number of records, so collisions are no longer a
problem. To determine if an arbitrary record r € £* is in the file, one need merely
examine the contents of list Ly, to see if it is present there. Since the expected size
of each list is small, very little work need be done. Chaining can be implemented
easily with simple linear linked list techniques (see [28, § 6.4]).

2.3. Single-key search algorithms. The next problem to be considered was
that of single-key retrieval for records having more than one key (that is, k >1).
This is often called the problem of “‘retrieval on secondary keys”. L. R. Johnson
[26] proposed the use of k distinct hash functions h; and k sets of lists Li—for
1=i=kand 1=j=b. Record r is stored in k lists—list L}, for 1 =i =k. This is
an efficient solution, although storage and updating time will grow with k. Prywes
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and Gray suggested a similar solution—called Multilist—in which each attribute-
value is associated with a unique list through the use of indices (search trees)
instead of hash functions (see [20], [36]). Davis and Lin [10] describe another
variant in which list techniques are replaced by compact storage of the record
addresses relevant to each bucket. The above methods are often called inverted list
techniques since a separate list is maintained of all the records having a particular
attribute value, thus mapping attribute to records rather than the reverse as in an
ordinary file.

2.4. Partial-match search algorithms. Inverted list techniques, while ade-
quate for single-key retrieval of multiple-key records, do not work well for
partial-match queries unless the number s of keys specified in the query is small.
This is because the response to a query is the intersection of s lists of the inverted
list system. The amount of work required to perform this intersection grows with
the number of keys given, while the expected number of records satisfying the
query decreases! One weould expect a “reasonable” algorithm to do an amount of
work that decreases if the expected size E(|q(F)|) of the response decreases. One
might even hope to do work proportional to the number of records in the answer.
Unfortunately, no such “linear” algorithms have been discovered that do not use
exorbitant amounts of storage. The algorithms presented in §§ 3 and 4, while
nonlinear, easily outperform inverted list techniques. These algorithms do an
amount of work that decreases approximately exponentially with s. When s =0,
the whole file must, of course, be searched, and when s = k, unit work must be done.
In between, log(work) decreases approximately linearly with s.

J. A. Feldman’s and P. D. Rovner’s system LEAP [13] allows complete
generality in specifying a partial match query. LEAP handles only 3-key records,
however, so that there are at most eight query types. This is not as restrictive as
might seem at first, since any kind of data can in fact be expressed as a collection of
“triples”: (attributename, objectname, value). While arbitrary Boolean queries
are easily programmed, the theoretical retrieval efficiency is equivalent to an
inverted list system.

Several authors have published algorithms for the partial match problem
different from the inverted list technique. One approach is to use a very large
number of short lists so that each query’s response will be the union of some of the
lists, instead of an intersection. Wong and Chiang [47] discuss this approach in
detail. Note, however, that the requisite number of lists is at least |2*| if the system
must handle all partial-match queries (since exact-match queries are a subset of
the partial-match queries). Having such a large number of lists (most of them
empty if |F|<|Z*|, as is usual) is not practical. A large number of authors (C. T.
Abraham, S. P. Ghosh, D. K. Ray-Chaudhuri, G. G. Koch, David K. Chow and
R. C. Bose—see references for titles and dates) have therefore considered the case
where s is not allowed to exceed some fixed small value s’ (for example, s’ = 3).

Then the number of lists required is (f,) v*. This is achieved by reserving a bucket

for the response to each query with the maximal number s’ of keys given; the
response to other queries is then the union of existing buckets. Note that each

. . [k
record is now stored in < ,) buckets, however! One can reduce the number of
s
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buckets used and record redundancy somewhat, by the clever use of combinator-
ial designs, but another approach is really needed to escape combinatorial
explosion.

The first efficient solution to an associative retrieval problem is described by
Richard A. Gustafson in his Ph.D. thesis [21], [22]. Gustafson assumes that
each record r is an unordered list {ry, r,, - - -} of at most k' attribute values (these
might be key words, where the records represent documents) chosen from a very

. . . LAY
large universe of possible attribute values. Let w be chosen so that ( k’) is a

reasonable number of lists to have in the system, and let a hash function A map
attribute values into the range {1, 2, - - -, w}. Each list is associated with a unique
w-bit word containing exactly k' ones, and each record r is stored on the list
associated with the word with ones only in positions h(r,), h(r.), - - -, h(n). (If
these are not all distinct positions, extra ones are added randomly until there are
exactly k' ones.) A query specifying attributes a,, a,, * -+, a, (with t=k’') need

only examine the ( I:v, ;) lists associated with words with ones in positions
h(ay), h(ay), - - -, h(a,). The amount of work thus decreases rapidly with ¢. Note
that the query response is not merely the union of the relevant lists, since
undesired records may also be stored on these lists. We are guaranteed, however,
that all the desired records are on the examined lists. In essence, Gustafson
reduces the number of record types by creating w attribute classes, a record being
filed according to which attribute classes describe it. His method has the following
desirable properties:

(a) each record is stored on only one list (so updating is simple), and

(b) the expected amount of work required to answer a query decreases
approximately exponentially with the number of attributes specified. His
definition of a record differs from ours, however, so that the queries allowable in
his system are a proper subset of our partial match queries—those with no zeros
specified. (Convert each of his records into a long bitstring with ones in exactly k'
places—each bit position corresponding to a permissible key word in the system.)

Terry Welch, in his Ph.D. thesis [45], studies the achievable performance of
file structures which include directories. His main result is that the size of the
directory is the critical component of such systems. He briefly considers directory-
less files, and derives a lower bound on the average time required to perform a
partial match search with hash-coding methods that is much lower than the precise
answer given in § 3. He also presents Elias’s algorithm for handling best-match
queries, which the author shows to be minimize the average number of lists
examined in [40] and [41].

3. Hashing algorithms for partial-match queries. Given a set 2* of possible
records, and a number b of lists (buckets) desired in a filing scheme, we wish to
construct a hash function h : £*>{1, - - -, b} so that partial match queries can be
answered efficiently (either on the average or in the worst case). A record r in our
file F is stored in list L; if and only if h(r) = j, with collisions handled by separate
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chaining. We define block B; of the partition of £* induced by h to be

B, ={re3*|h(r)=j},

so that
L,=B,NF.

If |B;| = |2*|/b for all j, then we say that h is a balanced hash function.
To answer a partial-match query q € Q, we must examine the contents of the
lists with indices in

h(q) ={jl(B; N q(=*)) # null},

or equivalently,

h@)= U _{h().

reqzk)

Here we make the natural extension of h onto the domain Q.
The basic retrieval algorithm can thus be expressed

q(F)= U (LNgq(Z")),

ich(q)

or equivalently in pseudo-ALGOL:
Procedure SEARCH (g, h,{L,," - -, L,});
comment SEARCH prints the response to a partial-match query q € Q, given
that the file FCZX* is stored on lists {L,, -, L,} according to hash
function h . ;
begin integer i; record r;
for each i € h(q) do
for each re L; do
if r € q(2*) then print (r)

end SEARCH;

The difficulty of computing the set h(q) depends very heavily on the nature of
the hash function h. It is conceivable that for some pseudo-random hash functions
h, it is more time-consuming to determine whether i € h(q) than it is to read the
entire list L; from the secondary storage device. Such hash functions are, of
course, useless, since one would always skip the computation of h(q) and read the
entire file to answer a query. We will restrict our attention to hash functions h for
which the time required to compute the set h(q) of indices of lists that need to be
searched is negligible in comparison with the time required to read those lists.

We denote the average and worst-case number of lists examined by
SEARCH to answer a partial-match query with s keys specified, given that the file
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was stored using hash function h, by

A,(h)=|Q™" ¥ |h(g)] and M(h)=r£%§|h(q)l,

qeQs
respectively.

We shall denote the average number of lists examined, taken over all
partial-match queries in Q, by A (h). We denote the minimum possible average
number of lists examined for a query q € Q, by Ain(k, w, s, v) where h is assumed
to be a balanced hash function mapping2* ={0, 1, - - -, v —1}* onto{1, 2, - - - , b},
where b =2", w being a natural number. If v is omitted, v = 2 is to be assumed.

Note that the number of lists examined does not depend on the particular file
F being searched, but only on the hash function h being used.

3.1. Hash functions minimizing average search time. We first concentrate on
the average number of buckets examined by SEARCH to calculate the response
to a partial-match query q. That is, we consider the functions A (h) and A,(h) and
determine for which hash functions h are A(h) and A,(h) minimized.

In §3.1.1 we consider nonbinary records, (that is, where || is relatively
large), and show that a simple string-homomorphism hash function is optimal.

In §3.1.2 we concentrate on binary records, for which a straightforward
(e-free) homomorphism technique would require using an exorbitant number of
buckets (essentially one list per record in £*). A relatively complicated com-
binatorial argument shows that selecting a subset of the record bits for use as
address bits is optimal.

3.1.1. Optimal hash functions for nonbinary records. When k (the number
of letters in each record) is less than or equal to w (the number of bits needed to
describe a list index), then a very simple string-homomorphism scheme will
provide efficient retrieval. This case arises frequently for nonbinary records.

We illustrate the principle by means of an example. Suppose we wish to
construct a “crossword puzzle” dictionary for six-letter English words. Let b = 2"
be the number of lists used. Given a word (for example, “SEARCH”), we
construct a w-bit list index (bucket address) by forming the concatenation:

h(“SEARCH”)=g(“S”) g(“E”) g(“A”) g(“R7’) g(“C”) g(“H”)

of six (w/6)-bit values; here g is an auxiliary hash function mapping the alphabet X
into (w/6)-bit values.
For a partial-match query with s letters specified, we have, in this case,

A(h) = W.(h)=2"9.

This approach is clearly feasible as long as b =2, since one or more bits of the list
index can be associated with each attribute.

A similar technique has been proposed by M. Arisawa [2], in which the ith
key determines, via an auxiliary hash function, the residue class of the list index
modulo the ith prime (see also [34]).

For nonbinary records, the analysis fortunately turns out to be simpler than
for binary records. In this section we prove that schemes that use the above
string-homomorphism idea are, in fact, optimal.
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Let the universe of records be =¥, where £={0,1, -+, v—1}and v > 2. Let
Quin(x, k) denote the minimum possible number of partial-match queries in Q
which require examination of a list L whose corresponding block B has size x. The
following inequality gives a lower bound for Q.

Omin(x, k) Zmin (Quin(max fi, k —=1)+ ¥ Quinlfi, k—1)),
‘ O=i<v

where the minimum is taken over all sets of nonnegative integers fo, - - - , f,—1 such
that Y o<, fi = x. (Here f; denotes the number of records in B that begin with an i.)
The term Qumin(max f;, k —1) is a lower bound on the number of partial-match
queries beginning with a “*”, and Qu(fi, k — 1) is a lower bound on the number of
partial-match queries beginning with “i”’, that require examination. of L.

We can perform the analysis by passing to the continuous case. Define the
function Q. as follows.

(%, K) =inf (Qlan( sup f(2), k 1)+ j Onlf(2), k—1) d2),

0=z=v

where the infimum is taken over all nonnegative functions f(z) such that
§» f(z) dz = x. The appropriate initial conditions in this case are Q/a(x, 0) =1 for
0=x =1 (counting the totally unspecified query), Qni(x, 0) =00 for x >1 (this

’

forces the above definition of Q.. to pick values for f(z) so that all records are
distinguished after all the positions are examined), and Q/,.(x, 0) = 0 otherwise.
The function Ql.(x, k) is obviously a lower bound for Qu.(x, k), since the
definition for Q.i.(x, k) reduces to the above lower bound for Q,.., (with equality
holding) if f(z) is defined f(z)=f fori=z<i+1.

The solution of the above recurrence for QL. is

0 if x=0,
Qlinlx, k) =¢(x"*+1)* if 0<x =0
00 otherwise.

The infimum is reached in the definition of Qu(x, k) when f(z) is the
following function:

x* V% for 0=z =x"*,
f(z)=

0 otherwise.

When x is the kth power of some integer y, 1 = y = v, the lower bound provided by
rin(x, k) is, in fact, achievable.

THEOREM 1. If B is a subset of 2* containing x = y* records, for some integer y,
1=y=v=|2, then the number Q(B) of queries which require examination of the

list L associated with B is minimized when
B=32,XZ,X: X%,

where each =, € X is of size y.
Proof. Q(B) = Qlin(x, k) in this case. 0
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Theorem 1 says that our crossword puzzle hashing scheme is optimal, as long
as the auxiliary function g divides the alphabet X into four equal pieces. This is
not possible for the English 26-letter alphabet (Greek puzzlists are in luck with
their 24-letter alphabet, however); we conjecture that splitting X into four
nearly-equal pieces would be optimal in this case.

3.1.2. The optimal hash functions for binary records. In this section we prove
a conjecture due to Welch [45]: when k >1log, (b), an optimal hash function is one
which merely extracts the first log, (b) bits of each record for use as a list index. As
we shall see later, this hash function is only one of many which minimize the
average number of lists examined, some of which also do better at minimizing the
worst-case behavior as well. Sacerdoti [43] has also suggested that this scheme
may be practical for partial-match retrieval.

We shall only consider balanced hash functions in this section. This elimi-
nates considering obviously ‘“‘degenerate” hash functions mapping all the records
into a single list (costing one list examination per search). Furthermore, if each
record in 2* is equally likely to appear in the file (independent of other records),
then the expected length of each list will be the same. A formal justification for the
restriction to balanced hash functions will be given later on, after we examine
more closely the average search time of optimal balanced hash functions.

The following theorem gives a precise characterization of which balanced
hash functions h minimize A (h), the average number of lists examined.

THEOREM 2. Let h :{0,1}*>{1, - - -, b} be a balanced hash function with
b =2" buckets for some integer w, 1 =w = k. Then A(h) is minimal if and only if
each block B is a q({0, 1}*) for some query q € Q..

The geometry of the sets q({0, 1}*) thus is reflected in an appealing fashion in
the optimal shape for the blocks B.. The set of records in each optimal B; can be
described by a string in {0, 1, *}* containing exactly w bits and k —w *’s.

The following corollary is immediate.

COROLLARY 1. The hash function which extracts the first w bits of each record
re{0, 1}* to use as a list index minimizes A (h).

The proof of Theorem 2 is unfortunately somewhat lengthy, although
interesting in that we prove a little more than is claimed.

Let B;<{0,1}* be any block. Then by Q(B;), we denote [{gq
€ Q|(q({0, 1} N B,) # J}|, the number of queries g€ Q which examine list L.
Denote by Quin(x, k) the minimal value of Q(B,) for any B; of size x, B; < {0, 1}*.
We now note that

A(h=]Q|™"- zolh<q)l
=|{(B, 9)|(g({0, 1}*)N B) # &}| - |Q|™*
= Z Q(Bi) : IQI_I =bh- Qmin(zk—wa k) . IOI‘I.

1si=b

To finish the proof of the theorem, we need only show that Q(B;) = Qni(2*7, k) if
and only if B; is of the form q({0, 1}*) for some g € Q,. The rest of the proof
involves four parts: calculation of Q(B;) for B, of the proper form, calculation of
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Qumin(2¥7", k), the demonstration of equality, and then the demonstration of the
“only if”” portion.

Calculation of Q(B;). For simplicity of notation, we use the symbols x, y, z to
denote either positive integers or their k-bit binary representation. Occasionally
we may wish to explicitly indicate that some number ¢ of bits is to be used; we
denote this string by x : ¢ (so that 9: 5=01001). The length of a string x in {0, 1}*
we denote by |x|. Concatenation of strings is represented by concatenation of their
symbols; Ox denotes a zero followed by the string x. A string of t ones we denote
by 1°.

If x is a string, we denote by x the set of those x + 1 strings of length |x| which
denote integers not greater than x. For example, 011 ={000, 001, 010, 011}. If
x =2"—1, then x : k describes the set q({0, 1}*) for g = 0”+*"*, which is in Q,.
Furthermore, Q(q({0, 1}*)) does not depend on which g € Q, is chosen; this is
always 2”37 (since each * in q can be replaced by 0, 1 or *, and each specified
position optionally replaced by a *, to obtain a query counted in Q(q({0, 1}*))).

Thus Q(B;) =2*3“"" for B, = x : kwith x =2 —1. To show this is optimal,
it is necessary to calculate Q(x) for arbitrary strings x.

Lemma 1. (a) Q(nullstring) =1; (b) Q(0x)=20(x); (c) Q(1x)=20Q(1*)
+Q(x).

Proof. Take (a) to be true by definition. For (b), any query examining x can be
preceded by either a 0 or a * to obtain a query examining Ox. Part (c) follows from
the fact that 1x= 0(1") U 1x; there are 2Q(1") queries starting with 0 or *, and
Q(x) starting with 1. O

The preceding lemma permits Q(x) to be easily computed for arbitrary
strings x; we list some particular values:

x=null 0 1 00 01 10 11
Qx)= 1 2 3 4 6 8 9

x=000 001 010 O11 100 101 110 111
Qx)= 8 12 16 18 22 24 26 27

If x is the string x,x, - - - x, and z; denotes the number of zeros in x, - - - x;
then Lemma 1 implies that

o

Q(l)zzzk_'_ Z xi3k-i2z,~+l'

1=isk

LEMMA 2. Q(x1)=30(x).

Proof. Directly from the above formula for Q(x) or by noting that if g is
counted in Q(x), then q0, g1 and g* will be counted in Q(x1). O

Using p(x) to denote 2* (where z, is the number of zeros in x), we have also
the following.

LEMMA 3. Q(x:k)=Q(x—1:k)+p(x: k).

Proof. The only queries counted in Q(x) but not Q(x —1) will be those
obtained by replacing an arbitrary subset of the zeros in x by *’s [
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Now that we know quite a bit about Q(q({0, 1}*)) for q € Q., we turn our
attention to Qmin.

A lower bound for Quin(x, k). The following inequality holds for Qui.(x, k),
the minimal number of queries Q(B;) for any B, {0, 1}*, |B;|=x:

Qnin(x, k) Zmin (2Quin(x0, kK — 1)+ Quin(x1, k — 1)),

where the minimum is taken over all pairs of nonnegative integers x,, x, such that
Xo+ X1 =X, Xo= X, and x,=2""'. To show this, let B; contain x, records starting
with a 0 and x, with a 1. Then Q(B;) must count at least 2Q..i.(x0, kK —1) queries
beginning with a zero or a *, and at least Q(x;, k —1) which start with a 1.
(Nothing is lost by assuming xo = x,.) For k = 1, we have Qnin(x, 1)=Q(x —1: 1),
by inspection.

Showing Q(B;) = Qumin(2“7™, k) if B;= 2" —1 : k. We will, in fact, prove the
stronger statement that Q(B;)= Qum(x +1, k) if B;=x : k, by induction on k.
Since Q(x : k) = Qumin(x +1, k) necessarily, with equality holding for k =1, as we
have seen, equality can be proved in general using our lower bound for Qui(x, k)
if we can show the following:

(1 Q(x : k)=min 2Q(y : k—1)+Q(z : k—1)),

where the minimum is taken over all pairs of nonnegative integers y, z such that
y+z+1=x,y=zand y=2“". By induction, the right-hand side of (1) is a lower
bound for Qui(x +1, k). The case in (1) of x = y corresponding to x; =0 in our
lower bound for Qui(x, k) holds by Lemma 1 (b). To prove (1), we consider four
cases, according to the last bits of y and z.

Case 1. y:k—1=y'l,z:k-1=2'1, and x : k =x'1. In this case, (1) is
true by Lemma 2, since we know by induction that Q(x') =20Q(y") + Q(z).

Case 2. y:k—1=y'0, z:k—1=2'1, and x : k=x'0. If p(x")=2p(y’),
then (1) is true since it is equivalent by Lemmas 2 and 3 to

30(x'=1)+2p(x)=6Q(y' = 1) +4p(y") +30Q(2)),

but we know by induction that Q(x'—1)=2Q(y’'— 1) + Q(z’). Otherwise if p(x’)
>2p(y'), we use the fact that (1) says

30(x)—p(x)=6Q(y)—2p(y) +3Q(2)
and we know that Q(x') =2Q(y’) + O(z’) by induction.
Case 3. y:k—1=y'l,z:k—1=2'0, and x : k =x'0. Depending on the

truth or falsity of p(x') = p(z’), we use induction and the fact that (1) is implied by
either

30(x'—1)+2p(x)=60Q(y")+3Q(z'— 1) +2p(z)

or

30(x))-p(x)=60Q(Y)+30Q(2) - p(2)).
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Case 4. y:k—1=y'0,z:k—1=2'0,and x : k=x"1. If p(y")=p(z'), we
use induction and the fact that (1) is implied by

30(x)=60(y)—2p(y)+30(z'=1)+2p(z").
Otherwise we use the fact that (1) is implied by

30(x)=60(y' —1)+4p(y)+30(z) —p(2).

This completes the proof that Q(x : k) = Quia(x +1, k).

Showing Q(B;) = Quin(2“™", k) only if B;=q({0, 1}*) for some qc Q,. We
need only that (1) holds with equality for x =2 —1 only if y =z, since this
implies that Q(B;) > Quin(2“7", k) if B; is not of the form q({0, 1}*) for q € Q,. To
see this, let B;=0CU 1D for C, D {0, 1}*"*. Then note that if B; # q({0, 1}*) for
some q € Q,, then either [C|>0,|D|>0, and |C| #|D|; or |C| = |D| but at least one
of C, D is not of the form q({0, 1}*™") for any g € Q,,—,.

Now x : k=0"1*""If y = z, then (1) holds with equality by Lemma 1. To
show (1) holds with equality only if y=z, suppose y=2""+¢t—1 and
z=2""—t—1for any t, 0<t<2*'. Then (1) holding with strict inequality
says:

Q0"1* M <20(: k—1)+0Q(z:k—1)

or

Q01" <20(y: k—w)+Q(z: k—w)
or
Q01" <O(y: k—w+1D+0Q(z: k—w).
Subtracting 2“™*~! from both x and y, we get that (1) means
Q01" " NH<Qt—1:k—w+QR" " '—t—1:k—w).
It is simpler to note that the general statement
Qx:b<Q—1:k)+Q(x—t:k)

is always true; in fact, it is implied directly by (1), Lemma 1 and the fact that
Q(x—t:k) is always positive. This completes our proof that
Q(B)) = Qnin(2¥7", k) only if B; = q({0, 1}*) for some q € Q,,, and also finishes our
proof of Theorem 2. [

While Theorem 2 only counted queries in Q, the same result holds if we count
queries in Q..

THEOREM 3. Let h and b be as in Theorem 1. Then A,(h) is minimal for
0<s <k if and only if each block B; is a q({0, 1}*) for some q € Q..

This can’t be asserted in an “iff”” manner for s =0 or s =k, since Aqo(h)=>b
and A, (h) =1 independent of h.

Theorem 3 can be proved in the same manner as Theorem 2. We note here
the differences, using Q,(B;) and Q,.i.+(x, k) to count queries in Q, rather than Q.
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LEMMA 4. (a) Qo(x)=1, for all x. (b) Q, (nullstring)=0 for s=1. (¢)
Q. (0x) = Q,(x)+ Q._1(x), for s=1 and all x. (d) O,(1x)= Q,(01")+ Q,_,(x), for

s=1 and all x.
LEMMA 5. Q,(x)— Q,(x—1)= (kz_k s)’ where z,. denotes the number of zeros in

x and |x|= k.

LEMMA 6. Q(x1) =2Q,1(x) + Q,(x).

LEMMA 7. Quins(x, k) Zmin (Qumins (xo, K —1) + Quin,s (X0, k = 1) + Opuin,e-1(x1,
k — 1)) where the minimum is taken over all pairs of nonnegative integers xo, X1, such
that xo+x1=x, Xo= x; and x,=2"".

The proofs of these lemmas are omitted here (see [40]). The proof of
Theorem 2 then proceeds along the same lines as that of Theorem 1; with (1) being
replaced by

O(x:k)=min (Qu(y : k=) + Qui(y : k=1)+Qi(z: k=1)).

We omit details here of the proof, as it varies little from the proof of (1). The “only
if” portion of the proof is also similar, except that the inductive hypothesis has to
be applied more than once (for varying s values). [

Calculation of A,(h). Now that Theorems 2 and 3 tell us what the optimal
balanced hash functions h : {0, 1}*>{1, - -, b=2"} are like, we can caloulate
A, (h) easily, using the optimal h from Corollary 1 to Theorem 2 (using the first w
bits of x €{0, 1}* as the hash value). We get

Ak, w, 5) = Ay(h) = (k)_' X (W)(k N W)z***‘ = piovk

s i/\s—i

where the first sum considers the ways in which i of the s specified bits fall in the
first w positions; when this happens 2*~* buckets must be searched. The inequality
is a special case of a mean value theorem [24, Thm. 59]. In fact, b'™** is a
reasonable approximation to A,(h), as long as w is not too small.

A better approximation may be obtained by replacing the hypergeometric

probability
() (D)
s i/\s—i
by its approximation
w . A
(Y)emra=sm

Then we have

Awmin(k, w, $)=Y. ('iv)(s/k)"a —s/k)* 12

= Z (‘:})(s/k)‘(z -2-s/k)"" =2-s/k)".

For example, when half of the bits are specified in a query (s = k/2), we should
expect to look at (1.5)" lists.
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3.1.3. The optimal number of lists. In this section we use the results of the
last section to derive the optimal number of lists (buckets) in a hash-coding
partial-match retrieval scheme. We also give justification for the use of balanced
hash functions.

The basic result of the preceding section was that the optimal shape for a
block B is a “subcube” of {0, 1}*; that is, B = q({0, 1}*) for some partial-match
query q, under the assumption that each partial-match query is equally likely. Let
us now assume that each record re =* is equally likely to appear in F (equival-
ently, every file F of a given size is equally likely). In this case, the expected length
of alist L, is just |[F| - [Bi| - 27

We use the following simple model for the true retrieval cost (rather than just
counting the number of lists searched): @ seconds are required to access each list
L,, and p seconds are required to read each record in L.. The total time to search L;
is then a +p|L:|. Suppose B; = q({0, 1}*) for some q € Q,. The average expected
time per partial-match query spent searching list L; is then just

E((a+p|L) - (2"3“™) - 3% ) =(a+p|F| - |B] - 27) - (2/3)",

since there are 2¥3*™ queries which must examine L; out of 3* possible queries,
and (E|L:]) =|F] - |B:| - 27 To minimize the total average cost (the above summed
over lists L,), itis sufficient to minimize the cost per element of {0, 1}*. Dividing the
above by |B;|=2""", we want to minimize

(2/3)*27[a - 2" +pl fl].
Taking the derivative with respect to w, setting the result to zero and solving for w,
we get that the total expected cost per query is minimized when

—p|F|In (2/3)

o« In(4/3) )Elogz (a'p|F| - 1.408).

w =log, (
(The second derivative is positive, so this is a minimum.)

For example, if p=.001, @ =.05, |F|=10° and k =40, then the optimal
hashing scheme would have w =15, so that 2'* = 32,768 buckets would be used.
The average time per query turns out to be about 6.5 seconds.

Note that the optimal choice of w does not depend on k, due to the fact that
the probability (2/3)" of examining L; when |B;|=2"" does not depend on k.
Since our above analysis only considered a single arbitrary bucket, all buckets
should have the same optimal size determined above. That is, the hash function
should be balanced.

3.2. Minimizing the worst-case number of lists searched. The worst-case
behavior of the hash function of Corollary 1 is obviously poor; if none of the
specified bits occur in the first w positions, then every list must be searched. In this
section we find that other optimal average-time hash functions exist which have
much improved worst-case behavior, often approximately equal to the average
behavior. We also consider a simpler strategy involving storing each record in
several lists.

To obtain good worst-case behavior W,(h) for h : {0, 1}*>{1,---, b =2"},
the hash function h(x) must depend on all of the bits of x, so that each specified bit
contributes approximately equally and independently towards decreasing the
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number of lists searched. We shall also restrict our attention to balanced hash
functions satisfying the conditions of Theorems 2 and 3 so that optimal average
time behavior is ensured. While we have no proof that these block shapes are
necessary for optimal worst-case behavior, the fact that W, (h) is bounded below
by A,(h) makes it desirable to keep A,(h) minimal.

3.2.1. Anexample. Let us consider, by way of introduction, an example with
k =4, w=3. The following table describes an interesting hash function h; row i
describes the query g€ Q, such that B;=q({0, 1}*). Thus h(0110)=6 and
h(1110) =4, each x €{0, 1}* is stored in a unique bucket. (This function was first
pointed out to the author by Donald E. Knuth.)

TABLE 1
A hash functionh : {0, 1}*>{1, - - -, 8}

Bit position
1 2 3 4
10 0 * 0O
211 0 0 *
Bucket 3[* 1 0 0
address 4|1 * 1 0
st 1 * 1
6/0 1 1 #
7% 0 1 1
8§10 * 0 1

This can be interpreted as a perfect matching on the Boolean 4-cube, as
indicated in Fig. 1, since each block contains two adjacent points and distinct
blocks are disjoint. In general, we have the problem of packing {0, 1} with
disjoint (k — w)-dimensional subspaces.

Whereas the hash function of Corollary 1 would have all its *’s in the fourth
column, here the *’s are divided equally among the four columns. As a result, we
have W,(h) =5 instead of 8. For example, we need only examine buckets 1,4, 5,6
and 7 for the query **1*, Table 2 lists W,(h) and [ A,(h)] for 0= s = 4; we see that
we have reduced W, (h) so that W,(h) = [ A,(h)]; no further reduction is possible.

0110 o1

0100 0101 /

7-1111

1000+

i/ . | oon

0000 0001
F1G. 1. Aperfectmatchingon {0, 1}*
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TABLE 2
W.(h) and A,(h)

s|01234

W |8 s 3 2
[AM] 18 5 3 21

3.2.2. Definition of ABD’s. Let us call a table such as Table 1 an “associative
block design of type (k, w)”, or an ABD(k, w) for short. To be precise, an
ABD(k, w) is a table with b = 2" rows and k columns with entries from {0, 1, *} such
that k >w and

(i) each row has w digits and k —w *’s,
(ii) the rows represent disjoint subsets of {0, 1}*. That is, given any two rows,
there exists a column in which they contain differing digits.

(iii) each column contains the same number b - (k —w)/k of *’s.

Conditions (i) and (ii) ensure that A,(h) is minimal, by Theorem 3, since each
row of the table represents a partial-match query in Q,, by condition (i), and by (ii)
the corresponding sets q({0, 1}*) are disjoint.

Condition (iii) attempts to restrict the class of ABD’s to those hash functions
with good worst-case behavior W, (h) by requiring a certain amount of uniformity
in the utilization of each record bit by h. In fact, (iii) implies that W,(h) is minimal
by (i) of Theorem 4, to follow. More stringent uniformity conditions are conceiva-
ble, perhaps involving the distribution of ¢-tuples within each ¢-subset of columns,
but (iii) alone is enough to make the construction of ABD’s a difficult combinator-
ial problem, comparable to the construction of balanced block designs (see [9]).
Furthermore, with the exception of a construction due to Preparata based on
BCH codes for the case w = k — 1, the existence of ABD’s of arbitrary size does
not seem to be answered by any previous results of combinatorial design theory.
(See [40], [41], however, for an interpretation of ABD’s as a special case of
group-divisible incomplete block designs, defined in [5].)

3.2.3. Characteristics of ABD’s. The following lemma gives some additional
characteristics of ABD’s that are implied by the definition.
THEOREM 4. An ABD(k, w)
(i) has exactly b - w/2k 0’s (or 1’s) in each column,

(ii) has (u) rows which agree in exactly u positions with any given record

re{0, 1}, forany u, 0=u=w,
(iii) is such that
. u)2><b)
k <2k —\2/

or equivalently,
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Proof. (i) There are as many records in {0, 1}* having a 0 in a given column as
there are having a 1. A row of the ABD containing a * in that column represents a
block B containing an equal number of each type. Rows containing a digit in that
column represent blocks containing 2™ records of that type.

(ii) Let a, denote the number of rows in the ABD which agree in exactly u
positions with the given record r. We have that a, is nonzero only if 0=u=w,
since any row of the ABD contains w digits (*’s don’t “agree” with digits). Also
ao =1, since the complement of r is stored in a unique list. Furthermore,

e ol
u 0svsu u—v

. k oy .
since of the ( ) records that agree with r in u positions,
u

ol

O=v<u

are accounted for by rows which agree with r in v positions, for some v <u (by
replacing u — v of the k — w stars in that row by digits which agree with r, and the
other k —w —u +v stars by digits complementary to r). Each record remaining
must be in a separate list, since a row agreeing with r in u places can represent at
most one record agreeing with r in u places, and any row agreeing with r in more

w\ . .
than u places can represent none. The formula a, = ( ) is the solution to the
u

above recurrence.
(iii) Between each pair of rows in the ABD there must be at least one column

in which they contain differing digits. There must be at least (12)) such row-row-

column differences. On the other hand, each column can contribute at most
(bw/2k)? such differences by (i) of this theorem. 0O

Parts (i) and (iii) of the above theorem can be used to restrict the search for
ABD’s. Note that (i) implies that bw/2k must be integral, so that no ABD(5, 4)’s
exist, for example. Part (iii) implies that to achieve large (record length)/(list index
length) ratios k/w, we must let w grow to at least 2k/w, approximately. For k =20
the above restrictions imply that the ABD(k, w)’s could only exist for the
following (k, w) pairs:

(4, 3), (8, w) fordsw=7,
(10, 5), (12, 6),(12,9)
(14, 7) (16, w) for6=w=15,

(18,31) for2=t=5, (20, 10), (20, 15).
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By an extension of the reasoning used to show (iii), an ABD(8, 4) has been shown
not to exist, so that an ABD(8, 5) would be the next possible size after our
ABD(8, 4) of § 3.2.1 for which existence is possible. To date, the existence of an
ABD(8, 5) has not been settled; ABD(8, 6)’s and ABD(8, 7)’s are shown to exist
in the following section.

3.2.4. ABD construction techniques. We present here several direct con-
struction techniques which provide infinite classes of ABD’s. The general ques-
tion of the existence of an ABD of arbitrary type (k, w) seems to be extremely
difficult; the positive nature of the very partial results obtained here suggests,
however, that ABD’s are not scarce.

We first present a simple infinite class of ABD’s. The construction here is due
to Ronald Graham. Franco Preparata has discovered another construction for a
class of the same parameters, based on cyclic BCH erro-correcting codes [38].

THEOREM 5. An ABD(2, 2~ 1) exists for t=2.

Proof. We extend our notation for an ABD; a row containing r “~’s will
represent 2" rows of the actual ABD obtained by independently replacing each —
with a 0 or 1. The construction has two parts:

(i) Rows 1to t+1 have ~’s in positions t+2 to k. Row i for 1 =i =¢+1 has
its star in column i, the remaining columns contain digits. (For example, columns 1
to ¢+ 1 of these rows might contain cyclic shifts of *10'™".)

(ii) Row i for t+2=i=2k —t—1 contains digits in columns 1 to t+1,a * in
column ¢+ 1+ [(i—1)/2], and —’s elsewhere. The digits used are arbitrary except
they must satisfy part (ii) of the ABD definition. It is easy to check that this is an
ABD. 0O

We present in Table 3 an ABD(8, 7)(t = 3) constructed this way.

TABLE 3
An ABD(8, 7)

1 23 45 6 7 8
1(** 10 0 - - - -
210 * 1.0 - - - -
3/0 0 % 1 - - - -
411 0 0 * - - - -
510 00 0 % - - -
60 1 0 1 * - - -
710 1 1 1 - * - -
81 01 0 - * - -
9(f1 01 1 - - * -

10(1 1 01 - - * =
111 110 - - = *
1211111 - - - %

Graham has also constructed an ABD(16, 13) with a similar two-part
method. This design is given in Table 4.



40

The ABD’s of Theorem 5, while interesting as a solution to a combinatorial
problem, are essentially useless as hash functions since the number of buckets is
unacceptably large. We wish to have ABD’s such that the ratio k/w does not tend
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TABLE 4
An ABD(16, 13)

#0001 * * ————mm e

#0101 —-**

S} § P L.

1#000 -~ — -~

* 3k

to 1. The following theorem does just that.

THEOREM 6. Given an ABD(k, w) and an ABD(k', w') such that k/w

=k'/w', one can construct an ABD(k + k', w+w’).

Proof. For each possible pair of rows (R, R;) with R, ABD(k, w), R, €
ABD(k’, w'), let the concatenation R,;R, be a row of the ABD(k+k’, w+ w').

This is easily shown to be a legal ABD. [

We can now form an ABD(8, 6) oran ABD(12, 9) from the design of Table 1.

Table 5 gives the ABD(8, 6) so constructed.

12345678

1] 00%000%0
2| 00%0100*
3| 00%0*100
4| 00%01*10
5] 00%011%1
6/ 00%0011%
7] 00%0*011
8 00%00%01
9] 100*00%0
10] 100%100*
11] 100*¥100
12| 100%1%10
13] 100%11*1
14] 100%011*
15| 100**011
16| 100*0*01

TABLE 5
An ABD(S, 6)

12345678

17| ¥10000%0
18] *100100*
19] *100%100
20| *1001*10
21| *10011*1
22| #100011*
23| *100%011
24| *1000%01
25| 1¥1000%0
26 1¥10100*
27| 1*10¥100
28| 1¥101%10
29 1¥1011%1
30 1¥10011*
31] 1¥10%011
32| 1¥100%01

12345678

12345678

33| 11¥100%0
34] 11*1100*
35] 11¥1%100
36| 11%11*10
37) 11%111%1
38| 11¥1011*
39 11*1*011
40| 11¥10%01
41| 011%00*0
42| 011*100*
43| 011**100
44 011%1*10
45) 011*11*%1
46| 011*011*
47] 011**011
48} 011%0%01

49| *01100*0
50| *011100*
51| *011*100
52| *0111*10
53] *01111%1
54| *011011*
55 *011*011
56| *0110*01
57] 0*0100%0
58] 0*01100*
59) 0¥01%100
60| 0¥011%10
61] 0%0111%1
62| 0%01011*
63| 0%01%011
64| 0%010*01
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Theorem 5 allows us to construct an infinite family of ABD’s of type (4¢, 3¢),
for t =1, using the ABD of Table 1. This is approaching utility (an ABD(16, 12) is
conceivably useful, say) but we need “starting” designs with large k/w to obtain a
family with large k/w. On the other hand, we know by Theorem 4 (iii) that designs
with large k/w must have k at least 2(k/w)? approximately. Unfortunately, these
tables get rapidly unmanageable by hand. Computer searches for an ABD(8, 5) or
an ABD(10, 5) also ran out of time before finding any. The question as to whether
ABD(k, w)’s existed with k/w>4/3 thus remained open until the following
theorem, showing that k/w can be arbitrarily large, was discovered.

THEOREM 7. Given an ABD(k, w) and an ABD(k’, w') one can construct an
ABD(kk', ww').

Proof. Each row R of the first ABD generates 2% rows of the resultant
ABD, as follows. The set of rows of the ABD(k’, w') is arbitrarily divided into
equal-sized subsets, A, and A,. Each character x of R is replaced by a string of k'
characters: if x =*, x is replaced by **, otherwise x is replaced by some row in A,.
The w digits of R are replaced independently in all possible ways by rows from the
corresponding sets A, and A,.

This generates a table with 2™ rows of length kk’, each row having
(k—=w)k'+w(k'—w')y=kk'—ww’' *s. Any two rows of the resultant ABD must
contain differing digits in at least one column, since rows replacing differing digits
must differ, or if the two rows were generated from the same row of the first
design, then one of the digits replaced will have been replaced by two (differing)
rows from the second ABD. The number of *’s in each column turns out to be
2" (kk'—ww')/kk', as required, so that we have created an ABD(kk’', ww'). 0O

The theorem allows us to form ABD’s with arbitrarily large ratios k/w. For
example, we can now construct an ABD(16, 9) or an ABD(64, 27) (in general, an
ABD(4', 3") for t=1) from the ABD(4, 3) of Table 1. The following table
illustrates the rows generated for an ABD(16, 9).

TABLE 6
Rowsof an ABD(16, 9)

00*0 - 00*000*0****00*0
00*000*0****100*
00*000*0*****100
00*000*0****1*10
00*0100***#*00*0

100* > 11*100*000*0****
11*¥100%0*100****
11*100%01*10****

0*01 - 00*0****00*011*1
00*0****00*0011*
00*0****00*0*011

ABD(4, 3) rows> ABD(16, 9) rows
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The preceding theorem allows us to construct an ABD(4', 3) for t=1, for
example, from our ABD(4, 3). While this does provide large k/w designs, they are
quite likely not the smallest designs for the given ratio, since by Theorem 4 (iii) we
might hope to have w grow linearly with (k/w), whereas here it grows like
(k/w)" > (k/w)*. At present, however, it is our only way of constructing large
k/w designs.

3.2.5. Analysis of ABD search times. Let us examine the worst-case number
of lists examined W, (h) for hash functions associated with the ABD’s of the last
section.

Consider first the hash function h associated with an ABD(k+k', w+w’)
which was created by the concatenation (Theorem 6) of an ABD(k, w) and an
ABD(k’, w') (with associated hash functions g and g, respectively). Then

W, (k) = max W.(g) - Wa(g)

forO=s=k+k',0=u=k,0=v=k’. For example, the ABD(8, 6) created from
two of our ABD(4, 3)’s has W,(h) as in Table 7.

TABLE 7
Performance of an ABD(8, 6)

s|012345678

W.(h) \64 40 25 16 10 6 4 2 1
[A(h)] 164 40 25 15 9 6 4 2 1

Also shown are the values of [A,(h)], which is a lower bound for W,(h). The
ABD(8, 6) is seen to do nearly as well as possible. The exact asymptotics for the
worst-case behavior of the repeated concatenation of an ABD with itself are quite
simple to figure out for given values of k and w. Suppose we concatenate an
ABD(k, w) with worst-case behavior W,(g) with itself m times, yielding an
ABD(mk, mw). Consider a partial match query g € Q.. Let y; be the number of
k-column blocks which have exactly i specified bits, for 0 =i =k, so that

Y yv=m and ) iy,=s.
O=isk 0=isk
We also have, of course, the condition that
y:i=0 for O0=i=k.
The worst-case behavior W, (h) of the resultant ABD(mk, mw) is defined by
W.(h) = max ng Wi(g)”,

where the maximum is taken over all sets of integers y,, - * + , yx satisfying the three
conditions on the y;’s given above.
Let Wi(h)=log W,(h) for any h and for all s, so that

Wih)=max Y Wig) -y,

O=i=k
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yielding an integer programming problem in (k + 1)-dimensional space. Since we
desire the asymptotic behavior as m — 00, the solution to the corresponding linear
programming problem, in which each y; is replaced by the corresponding fraction
x: = yi/ m, will give us the asymptotic behavior. The problem to be solved is thus:

maximize Wi(h)= Y Wi(g)x,,

O=isk

subject to

Z xi:19

0o=i=k

Y ixi=s/m,

O=i=k

x=0 for O0=i=k.

We must have at least k —1 of the x;’s equal to zero in the optimal solution, since
there are only k + 3 constraints for this problem in k + 1 dimensions. Let x; and x;
be the two nonzero values, with i <j. If W(g) is a concave function, we have

i=|s/m|]=j—-1
and
Wih) = Wig)(j—s/m)/(j—i)+ Wi(g)(s/m—i)/(j—i).

This is the general solution. When s/m is a multiple of 1/k, then only X/, is
nonzero, equal to one. This solution does not apply when Wi(g) is not concave.
(For example, Wi(g) for our ABD(4, 3) is not quite concave, since W(g)=21is a
little too large. This convexity is the cause of the discrepancies of Table 4.) One
can show, by a combinatorial argument, that if W,(g) = A(k, w, s) for 0=s =k,
then W,(h) = A(mk, mw, s) for 0 =s = mk as well. Thus concatenation of ABD’s
can be expected to preserve near-optimal worst-case behavior.

The behavior of an ABD constructed by insertion is more difficult to work
out. It seems the worst case here occurs when the specified bits occur together in
blocks corresponding to the digits of the first ABD (of type (k, w)) used in the
construction.

Under this assumption (for which I have no proof) the worst-case behavior of
an ABD(16, 9) created from two of our ABD(4, 3)’s can be calculated to be as
given in Table 8.

TABLE 8
Performance of an ABD(16, 9)

s 0 1 2 3 4 5 6 7 8

W.(h) |512 368 272 224 176 116 76 56 36
[A,(h)] [ 512 368 263 186 131 91 63 43 30

s 9 10 11 12 13 14 15 16

Wi(h) | 33 24 16 8 5 3
Al 20 14 9 6 4 3 2 1

\S]
—
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We see that while W,(h) approximates A,(h) reasonably well, performance
has been degraded somewhat. We conjecture that better ABD(16, 9)’s exist. (It is
a situation reminiscent of the fact that recursive or systematic constructions of
error-correcting codes tend not to work as well as a random code.) An exhaustive
search by computer for better designs appears to be infeasible, so that a better
construction method is needed. (A sophisticated backtracking procedure was
unable to determine whether an ABD(8, 5) exists or not, using one hour of
computer time.)

While it is not too difficult to calculate W, (k) for small ABD’s constructed by
insertion (assuming that our conjecture about the nature of the worst case is
correct), the asymptotic analysis seems difficult. In any case, the ABD’s so
constructed yield large k/w designs with significantly improved W,(h).

3.2.6. Irregular ABD’s. The difficulty of constructing ABD’s leads one to
attempt simpler, less tightly constrained hash functions. Such ad hoc hash
functions are easy to construct for small values of k and w. For example, consider
the case k = 3, w = 2 (which does not satisfy the divisibility constraint of Theorem
4, so that an ABD(3, 2) can not exist). The “design” in Table 9 yields reasonably
good worst-case performance.

TABLE 9
An “irregular” (3, 2) design

1 2 3

Here bucket 4 contains both records 010 and 101. This hash function has

worst-case behavior as in Table 10.
TABLE 10
Behavior of the previous design

s|01 23

W, (h) | 4 3 21
Concatenating this function with itself will yield larger “designs” having a k/w
ratio of 3/2 and having good worst-case retrieval times. Another “design” yields a
k/w ratio of 2 (Table 11).

TABLE 11
An “irregular” (4, 2) design

1 2 3 4
1j0 0 * *
21 1 % 0
3 111

1 01 *
4/* 1 0 1

1 00 *

The above hash function has worst-case behavior shown in Table 12.
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TABLE 12

Behavior of the irregular (4, 2) design
s | 012 3 4

Ws(h)‘4 4 3 21

3.2.7. Conclusions on ABD’s. Associative designs minimize the average
retrieval time for partial-match queries, since the blocks have the optimal shape
specified in Theorems 2 and 3. In addition, they reduce greatly the worst-case
retrieval time, often nearly to the average time. While the recursive or iterative
nature of our ABD construction techniques lends itself to simple implementation,
the complexity of the hash function computation may be such that using ABD’s is
justified only when the file is stored on slow secondary storage devices.

In summary, ABD’s can be used to minimize the worst-case performance of
hashing algorithms with no increase in either the average retrieval time of the
amount of storage used.

3.3. Benefits of storage redundancy. The perhaps difficult problems involved
in constructing an ABD for a particular application can be circumvented if the
user can afford a moderate amount of storage redundancy to achieve good
worst-case behavior. By moderate I really mean moderate—the redundancy
factor is not subject to combinatorial explosion as in the designs of Ghosh et al.
Furthermore, both the worst-case and average behavior is even slightly improved
over the designs of § 3.1 and the ABD’s of § 3.2.

The technique is actually quite simple, and will be illustrated by an example.
Suppose we have a file of 2°° 100-bit records (that is, each record consists of 100
one-bit keys). The method of the previous section would have required the
construction of an ABD(100, w), for w near 20—a difficult task. Let us instead
simply create five (= 100/20) independent filing systems, and let each record be
filed once in each system. Each bucket system will have 2”° lists. The first system
will use the first 20 bits of each record as its list index, the second system will use
the second 20 bits of the record, and so on.

Now suppose we have a query q € Q.. Atleast one of the five systems will have
at least s/5 bits specified for its list index—so we can use this system to retrieve the
desired records. The number of buckets searched is not more than 22°7™/*,

In general, if b =2" is the number of buckets per system, and we have k-bit
records to store (records with nonbinary keys can, of course, always be encoded
into binary), we will establish m = k/w distinct bucket systems, divide the record
into m w-bit fields, and use each field as a bucket address in one of the systems.

The worst-case behavior of this scheme follows a strict geometric inequality:

M(h) = 2w—(ws/k]'
This surpasses even the best achievable average behavior of hash functions with

no storage redundancy, although not by very much. If half of the bits are given in a
query (i.e., s = k/2), then at most sqrt(b) = 2" buckets need be searched. The
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average behavior of this scheme is difficult to compute, but it seems likely that it
will approach the worst-case behavior, especially if w is large.

The above idea can be generalized further. Instead of taking each of the m
subfields of the record and using it directly as an address, one can treat each
subfield as a record and use an ABD(k/m, w) or some other method (such as the
trie algorithm of § 4) to calculate an address from each subfield. The efficiency of
this composite method will, of course, depend on the efficiency of the methods
chosen for each subfield.

4. Trie algorithms for partial-match queries. The results of § 3, that an
optimal block shape for a hashing algorithm for partial-match retrieval is a
“subcube” of ¥, suggests using tries as an alternative data structure. Since the set
of records stored in each subtrie of a trie is a subcube of =¥, recursively split into
smaller subcubes at each level, tries might perform as efficiently as the optimal
hash functions of the preceding section.

4.1. Definition of tries. Tries were introduced by Rene de la Briandais [11],
and were further elaborated on by E. Fredkin[15], D. E. Knuth [28, § 6.3], and G.
Gwehenberger [23].

A trie stores records at its leaves (external nodes). Each internal node at level
i (the root is at level 1) specifies an |2|-way branch based on the ith character of the
word being stored. As an example, consider the file

F={000, 001,100,101, 111}

of three-bit binary words (that is, ¥ = {0, 1}). They would be stored in a trie shown
in Fig. 2. Here a left branch is taken when the corresponding bit is zero; a right
branch is taken otherwise. A record is stored as a leaf as soon as it is the only
record in its subtree; this reduces the average path length from the the root to a
leaf in a random binary trie from k to about log,|F| (see [28, § 6.3]).

I
[ ' m
000 001 100 101

Fi1G. 2. Atrie
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A link to an empty subtree, such as that for records of type 01* in the figure, is
indicated by the null link “~". Useless internal nodes having but one nonnull link
can be eliminated by storing at each internal node the character position on which
to branch. This refinement, introduced by D. R. Morrison [33], shall not be
pursued further here. Knuth has shown that the number of internal nodes will be
roughly |F|/(In2)=1.44|F|, if k »log,|F|, for random binary tries; here the
number of such useless nodes will not be excessive.

4.2. Searching tries. Given a partial match query ¢ =(qi, - * -, q), where
g eEU{*}) for 1=i=k, and a trie T with root node N, the following
procedure prints all records in T satisfying g. The initial call has the argument level
equal to one. If M is an internal node of T, the M. denotes the root of the subtree
corresponding to the character c € £, or null if no such subtree exists.

Procedure Triesearch (N, g, level);
begin
if N is a leaf containing record r then
begin if r satisfies g then print (r) end
else if Gieve # <™ then
begin if N, 7 null then Triesearch (N, __, q, level+1) end
else for ccX do
if N, # null then Triesearch (N,, g, level +1)
end Trieseairch

4.3. Analysis of Triesearch. We will restrict our attention to binary tries in
this section; the analysis for general |2|-ary tries would be similar. Since for
nonbinary alphabets, record r could be encoded in binary by concatenating binary
representations of each character r, (for 1=i=k), this entails no real loss in
generality; binary tries can be used to store arbitrary data. In fact, Theorem 1
suggests that this might be even a good idea, since we could then branch on the first
bit of the representation of each character of r before branching on the second bit
of each, and thus obtain record-spaces for each subtree more closely in agreement
with Theorem 1. Bentley [3] has examined a similar approach in more detail; we
shall not pursue it further here.

Our cost measure c(n, s, k) shall be the average number of internal and
external nodes examined by Triesearch to respond to a partial match query q € Q,,
given that the trie contains n k-bit records.

Consider an arbitrary node M at level w+1 in a trie. There are at most 2*
nodes at this level. Let m, - - - m,, denote the common prefix of the records in the
subtree with root M; the bits m, - - - m,, specify which w branches to take to get
from the root of the trie to M. Finally, let p(n, w, k) denote the probability thatin a
random trie there is a node M at level w+1 with prefix m, - - - m, (this is
independent of the actual values of m, - - - m,, if each n-record file F is equally
likely). Note that there will be such a node if and only if the number of records with
prefix m, - - - m, is not zero and the number with prefix m, - - - m,_, is not one.

Thus
= () [()-C7 )2 ) 2
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Assuming that n « 2%, we may approximate the latter two terms by the probability
of having zero (resp., one) success in 27" (resp., 2*™*") trials, where the
probability of success is n27*. Using the Poisson approximation to the binomial
distribution, we have

P(n’ w, k)E 1 —ExXp (—nZ—W)—nz‘W exp (_n2~w+l)'

This expression is independent of k, as we might expect, since once enough bits of
arecord are known to distinguish it, it is stored as a leaf in the trie, independent of
the total record length. The function p(n, w, k) is very nearly a step function; it is
approximately 1 for w <log, (n), going very quickly to O for w >log, (n), passing
the value 3 at (log, (n) —.0093), approximately.

Thus probability that a node M at level w + 1 will be examined for a partial
match query q € Q; is just Ani(k, w, s), where A,...(k, w, s) is the function defined
in § 3.12. Since there are 27" nodes at level w + 1 in a complete binary tree, we get
that the total expected cost of Triesearch is

1+ Z p(n’ W, k) * Amin(k’ W, s).

1=ws=k

= Yy (1—exp(—n2™)—n2"exp(—n2"""2-s/k)".

1=sw=k

Substituting w =log, (n) + z, we get that the above is equivalent to

Y (I-exp(-27)-27 exp (2@ —s/k) "H.
—logz(n)=z=k—logy(n)

For z=-1, p(nlog,(n)+z k)=.82, so the sum for negative z is
ck(k—s)"'(2—s/k)°=" for some ¢, .82=c=1.00. For z =0, the sum is max-
imized when s/k = 0. However, even in this case the sum is not more than 1.54
(2—s/k)"®™, by numerical calculation, so that the total cost of the algorithm is
approximately

ck(k—s)"'(2—s/k)"=",

where the constant ¢ of proportionality is less than 2.54.

4.4. Conclusions on tries. Tries are roughly as efficient as the optimal hashing
algorithms for random data for which the number of lists used is [F|. For the usual
situation involving highly nonrandom data, tries are probably the best practical
choice, since the tries will store any data efficiently, whereas a hashing algorithm
which selects record bits to use as a list index might result in a large number of
empty lists and a few very long lists. For nonrandom data, an interesting problem
arises if the branching decision may be made on any of the untested bits; we wish
to choose the bit on which to split the subfile that will yield the best behavior.
(Note that it is the most unbalanced tries which perform best.) For this modifica-
tion, it may also be possible to take into consideration the probability that any
given bit may be queried.

5. Conclusions. The hashing and trie-search algorithms presented perform
more efficiently than any previously published partial-match search algorithms.
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Retrieving from a file of n k-bit words all words that match a query with s bits
specified takes approximately n'°®“"** time, a little more than n'~** our conjec-
tured lower bound on the time required by any algorithm. The main open
problems are the proof or disproof of this conjecture, the existence questions for
ABD’s of general parameters, and the generalization of the results of this paper to
handle nonrandom data with nonuniform query distribution probabilities.
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MACHINE SELECTION OF ELEMENTS IN CROSSWORD PUZZLES:
AN APPLICATION OF COMPUTATIONAL LINGUISTICS*

LAWRENCE J. MAZLACKY

Abstract. This paper reports on the construction of a crossword puzzle generator. After an un-
successful attempt to construct puzzles by whole word insertion, puzzies were constructed letter by
letter. Heuristically determined decision structure was required. The constructor resolved questions
of letter selection, ordering and reordering of the solution sequence, dictionary structure and access,
and decision path selection. The decision basis for letter selection was based on a pseudo-probabilistic
approach.

Key words. crossword puzzles, computational linguistics, heuristic symbolic processing, artificial
intelligence, nonhuman solution method

1. Introduction. The widespread use of computers is a recent phenomenon.
Most machines are essentially used as glorified adding machines. However,
computers are also capable of being symbol manipulators, and this is emerging
as one of the most interesting areas of computer study. Within symbol manipula-
tion, the area of text processing is one of the greatest interest. An application of
text processing that has not been examined in any detail is the special problem of
crossword puzzle construction. Crossword puzzles are presently in nearly every
newspaper in the country, with widely varying levels of complexity. On the level
of symbol manipulation alone, computer construction of crossword puzzles is
an interesting problem.

However, it would also seem to be fair to assert that the construction and
solution of crossword puzzles is an activity requiring direction and some degree
of intelligence. On this basis, an investigation into if and how computers go about
constructing crossword puzzles is a worthwhile endeavor as it can provide us
with clearly defined problem results and hints with regard to the question of the
nature of machine intelligence and its potential.

Additionally, the problems and insights that arise in the construction of
crossword puzzles and double-crostics has a relationship to mechanical language
translation [1] and to a knowledge of the patterns that are examined in linguistic
analysis, both on a micro and on a macro basis.

There are really two different problem areas related to crossword puzzles.
The problem that confronts most people is the completion of a puzzie from a list
of clues. However, before this problem can occur, the puzzle must be laid out by
a puzzle builder.

This paper addresses itself to the development of computer oriented techniques
for the initial building of crossword puzzles. The most directly applicable methods
of rapid puzzle construction were investigated.

The techniques described in this paper center around a mechanism, called a
puzzle constructor, which seeks to build a crossword puzzle within a construction
called a puzzle matrix. This mechanism uses a combination of heuristic rules and
applied probability. The constructor will only produce a filled in crossword

* Received by the editors August 5, 1974, and in revised form February 27, 1975.
+ Department of Computing and Information Science, University of Guelph, Guelph, Ontario,
Canada.
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puzzle. It will not generate clues or definitions. Clue generation is an art form in
itself, and the criteria involved are of a literary nature.

The initial input to the puzzle constructor is a crossword puzzle matrix of
blanks and null spaces with one or more initial words loaded into the puzzle to
initiate the constructor, as in Fig. 1.

FiG. 1. Initial puzzle entry form

The purpose of the initial word is to provide a starting point for the constructor
much like the initiating number in a random number routine. Any word of the
appropriate length may be inserted. The initial word may or may not completely
fill a given word space. More than one initial word may be used.

The puzzle shape to be solved can be of any form. For example, it could be
Christmas tree shaped for use during the Christmas season.

A dictionary of words to be potentially used was developed. Words that were
not in the dictionary being used were considered to be illegal. A dictionary is
defined as the listing of all the words eligible to be used as entries into the puzzle.
In a published dictionary these would be the lexes, or the words that the dictionary
entries define.

A dictionary is a large thing to handle. In the dictionary’s machine readable
form, it must not consume too much space. Dictionary format, storage and search
proved to be a major area of evaluation and development. The constructor ap-
proaches explored were not algorithmic approaches. An algorithmic approach
guarantees a solution, if there is one. The puzzle constructor follows a set of
heuristics to attain a solution. Heuristics may be thought of as shortcuts, or as rule
of thumb approaches. They are used to provide a speedy solution. Complete
enumeration, i.e., successively inserting all possible word combinations, would be
an algorithmic approach to puzzle building. However, such an approach would
require an excessive amount of machine time.

The consideration of the constructor’s solution strategy is different from
puzzle constructor heuristics. The solution strategy of the constructor must
produce a basic approach to the problem. The heuristics take that approach and
apply it in a way that will produce a problem solution.

The constructor was to run on an IBM 360/50 in 212K or less. (212K was
the maximum storage available.) An increase in storage would allow a larger core
resident dictionary. Likewise, a decrease in storage would decrease the maximum
dictionary size that could be core resident. In addition, cards and magnetic tape
were the only storage media available other than the CPU core itself. An extremely
severe restriction was the nonavailability of disk storage.

2. Previous and related work. The subject matter of this paper is largely
unexplored. Mention of one previous constructor has been found [2]. This
program had few points of intersection between words and was solved by complete
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enumeration. Additionally, one simple double-crostic solver [1] and one common
puzzle solver [3] were found.

With these exceptions, no other algorithms were discovered. However, it
does seem plausible that someone had previously developed a trivial exhaustive
iterative solution.

This topic does not immediately drop into any single category. Many of
the techniques used come out of text processing, while the strategies and heuristics
relate to some of the topics in artificial intelligence. Quantitative linguistics
generally deals with the meaningful relationship between words and word groups
[4]. Of course this is not uniformly true; people like Herdan [5] and Dewey [6]
have dealt extensively with phonology as well as with word relationships. None-
theless, most work in the linguistics area that appeared to be potentially beneficial
tended to be either an analysis of existing texts [7], or an abstracting into trans-
formation analysis [8], [9]. The use of the latter type of analysis would appear
to be similar to dealing with a theorem prover like that of Newell, Shaw and
Simon [10]. There are areas of common concern. Techniques used in language
translation [11] were used in the final puzzle constructor.

The strategy followed by the puzzle constructor is abstract in the same sense
as Jacobs’ PERCY [12] was, in that decisions are made without exploring the
course of actions involved in executing these decisions. Instead of fully examining
the implications of any decisions, a set of goals intermediate to the principal task
are evaluated. Another point of similarity is that a strategy component evaluates
and selects goals while other components take responsibility for decision execution.

Many of the techniques eventually used in the problem resolution have a
direct relationship to game programs. For example, Shannon’s [13] concept of
node evaluation, also later applied by Samuel [14], was used in the precedence
ordering of the puzzle constructor. However, their tree search strategies were
not applied. Instead, the process was more like Slagel’s [15] calculus problem
solver.

The techniques used in this work take maximum advantage of previous
approaches to other problems. However, there was little direct application as the
construction of crossword puzzles is an endeavor largely divorced from previous
work.

3. Significant problem areas.

3.1. General considerations. There are several major interconnected problems.
They are dictionary form and compaction, dictionary search techniques, word
construction techniques, solution strategy and overall puzzle constructor heuristics.
This paper will concentrate on word construction techniques and on solution
strategy.

By dictionary compaction, it is meant the compression of a dictionary of
words to be used in the construction of the crossword puzzles into a readily
machine-storable form.

Dictionary search techniques refer to the methodology by which a given word
dictionary is examined to return an answer to a query. The query may be of
several forms. It might ask if a word is in the dictionary. It might ask for the return



54 LAWRENCE J. MAZLACK

of a word of a specified nature, for example, a word of six characters with the last
letter being an “A”’.

3.2. Constructor strategy—Whole word vs. letter by letter. Initially, the
constructor was designed to fit whole words into a given word space, which is
apparently the method used by human puzzle constructors. This technique (not
considered herein) was eventually set aside as it amounted to a solution by com-
plete enumeration. In addition, this method was highly time and space consumptive.

3.3. Dictionary form, search and compaction techniques. It is not really
possible to solve any of the crossword puzzle constructor problem areas by itself.
Dictionary search and compaction are really two separate questions with a high
degree of interrelationship. The way the dictionary is laid out strongly constrains
the search techniques that may be used.

There are four dictionary problem areas that must be resolved. They are:
1. dictionary contents, 2. dictionary organization, 3. what to search for and 4.
search techniques.

It was necessary to compact the dictionary so that it could fit into core, as
system limitations forced the complete dictionary to be core resident. However,
the dictionary must be rapidly accessed after it is compacted.

An extremely fast accessing scheme for one set of conditions might be very
slow for another set of necessary conditions. Or, the search scheme could cause
the dictionary to blow up to unmanageable size. After much investigation (not
considered herein), a dictionary and attendent cross reference table was con-
structed. The dictionary was in a tree form specified in tableau form and allowed
backward and forward travel through the tree.

3.4. Letter by letter approach and heuristics. The letter by letter method fills
in each letter by itself without an immediate reference to a given whole word.
The idea behind this approach is that if each local area of the puzzle is correct,
the puzzle in its entirety can eventually be made to be valid. This approach is
much like solving boundary value problems in heat transfer [16] or electric fields
by relaxation [17].

There are two basic approaches to heuristic search. They are labyrinthic
methods and node evaluation methods [18]. A labyrinthic method proceeds
down a search tree and has an explicit mechanism for deciding direction in the
tree. GPS [19] uses a labyrinthic approach. The whole word approach is largely
a labyrinthic approach.

Node evaluation methods use an evaluation function which assigns a value
to each direction, based upon conditions when the node is evaluated. Samuel’s
checker playing programs [14] are examples of this approach.

The letter by letter method falls largely into a node evaluation scheme. The
whole word method is more like a labyrinthic method. The whole word method
tries to fit words into the puzzle spaces and backs up when it cannot. The whole
word constructor was to start from the initial words in the puzzle and move for-
ward in a determined path. Words fitting into the combination of spaces and letters
existing in the puzzle are sequentially inserted. The letter by letter constructor
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fills empty spaces whose solution order is determined by a precedence stack.
The initial order of precedence may be changed depending on the relative success
of the constructor at filling given spaces. The initial precedence ordering is deter-
mined by a desirability weighting of the empty puzzle spaces. The letters selected
to go into each blank space are determined by a statistical selection scheme.

4. Letter by letter method. When constructing a crossword puzzle letter space
by letter space, a dictionary search is made only when a word is completed to
determine if the word space is filled with a valid word. This approach eliminates
the problem of illegal letter combinations in a word space that can occur when
two whole words are selected and are placed in parallel to each other.

When filling in crossword puzzles letter space by letter space, the con-
structor repeatedly faces the following situation: each letter space to be filled in
is simultaneously located in two words (a horizontal one and a vertical one) in
which one or more letters have already been filled in. Letter spaces (2, 1), (3, 1),
(3, 3), (vertical, horizontal) of Fig. 2 illustrate this condition.

T A R T

F1G. 2. Partially completed puzzle

In degenerate cases, one of the two words vanishes as illustrated by letter spaces
(1,4),(2,4), (3,2) of Fig. 2.

Two basic problems must be solved :

1. In what order should the empty letter spaces in the puzzle be filled in?

2. What letter should be inserted in each empty space?
The method used to solve these problems is discussed in more detail in the next
two sections.

4.1. Letter space precedence establishment. In constructing a puzzle, letter
by letter, there is a question of the precedence in which the blank letter spaces
are to be filled. It is apparent that construction must begin in relation to the initial
or key words (for example, “CAT” is the key word in Fig. 3(a) of the puzzle.
Otherwise, the words constructed may turn out to be incompatible with the key
word(s). If word space 3 of Fig. 3(b) contains the first letter space filled, then the
resulting construction may conflict with the key word and no solution may be
quickly realizable.

Another decision that must be made is whether or not to complete each word
space as soon as possible after any letter space within it is filled, or to fill each
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A T T
c A T word space 1
word
space
2
word space 3
word
space
\ 4
(a) (b)

FI1G. 3. Puzzle with key word of “CAT”

letter space according to a tasking technique. For example,

FiG. 4. Partially filled 3 x 3 puzzle with “CAT” being the key word

in Fig. 4, if letter spaces (1, 1), (1,2), (1, 3) (vertical, horizontal) contain the key
word, and if letter space (2, 2) is the first letter space filled, should the constructor
fill letter space (3,2) next and complete the word, or should it fill some other
letter space?

The advantage in filling (3, 2) first is that we will have completed a word.
However, completion of a word space, per se, does not lead us to Valhalla, as the
word formed may make the valid completion of other word spaces impossible.
In addition, this approach separates from the approach of solution by relaxation.
The end product of the constructor is to fill all the letter spaces as well as all the
word spaces. It was then decided to order the filling of the letter spaces by a tasking
algorithm which is dependent on each letter space’s ‘“‘weight”. Letter space
precedence ordering will be discussed in greater detail later.

When an illegal word is generated in a word space, then the constructor
backs up and deletes the last letter inserted in the word space of the illegally
formed word. If it is possible to insert another letter there, the constructor will
do so; if not the constructor will back up further.

The letters selected to fill each letter space will be done using occurrence
ratios. Occurrence ratios are essentially a set of letter within word positional,
serial, and displacement statistics which were collected for this purpose. They
describe the fraction of all words of a given type (for example, six letter words
beginning with a letter “‘B”’) in which the kth letter has a specific value, such as “S”’.

4.1.1. Letter space precedence ordering. The letter spaces are ordered for
solution by placing them in a letter space precedence stack, henceforth known as
the precedence stack. Not all the letter spaces in the puzzle matrix are initially
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placed in the precedence stack. Initially, only the letter spaces horizontally or
vertically “visible” to the key word(s) are placed onto the precedence stack. For
example, in Fig. 5(a), the letter spaces (2, 1), (2,3), (2,4), (3,1), (3,3) and (4, 3)
are visible to the key word “BOAT”. The letter spaces (3, 2), (4,2) and (4,4)
are not. Note, that letter spaces may be added to the precedence stack by more
than one key word, for example (3, 2) in Fig. 5(b).

(a) (b)
FIG. 5. Initial precedence stack loading (marked by *)

A heuristic weight is assigned to each letter space. The purpose of the weighting
is to attempt to place a numeric value on each letter space to indicate its relative
importance to the solution. The higher the weight, the greater the value. (The
weighting calculations are described in the following section.) The visible letter
spaces are ordered by weight, greatest to the top. The ordered letter spaces are
then placed at the top of the precedence stack. Letter spaces not in the initial
stack ordering are added to the precedence stack as the solution progresses. As
additional letters are selected, any cells not already in the solution stack that are
adjacent to them are placed on the bottom of the solution stack, sorted within the
subgroup, highest first.

The solution stack contains the following information :

1. Vertical position of the matrix cell that it represents.

2. Horizontal position of the matrix cell that it represents.

3. Positional weight of the matrix cell that it represents.

The vertical and horizontal position information provide an indirect reference
to a more complex cell structure which contains information used by the puzzle
constructor in resolving the puzzle.

4.1.2. Weighting. The letter space heuristic weighting was developed by
considering the degrees of freedom and the interconnections of each letter space.
The reasons behind considering these factors were:

1. It is more important to complete long words than short words as the
ratio of valid words to all possible character string permutations decreases with
word length.

2. Letter spaces with letter spaces contiguous to them in four directions,
as letter space 1 in Fig. 6, are more important than more restricted letter spaces,
as letter spaces 2 and 3 of Fig. 6. This is simply because the letter space having
more open directions must occur in more letter strings.
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3. Denser locations should be resolved first. In this context, a denser location
means a letter space that is directly connected through a word space to relatively
more letter spaces. For example, in Fig. 6, letter space Cb is the densest location
as it is directly connected to 5 other letter spaces (Ab, Bb, Ca, Cc, Db) while letter
space Dd is the least dense location, being connected to no other letter space.

a b ¢ d
A
B | 2 3
Cl |1
D

FIG. 6. Letter space weighting relative importance of particular letter spaces

This method of precedence establishment was found to be relatively successful.
Generally the reordering of the relative letter space precedence was not found to
be of great magnitude. When the magnitude of the reordering was large, a pattern
in the reordering was not apparent. One type of systematic variation would be
the forced serial ordering of the letter spaces into either a left to right or a right
to left completion of a given word space. Such an ordering does occasionally
occur, but deserialization occurs as often. Figure 7 shows the reordering required
in the solution of Puzzle 20. Changes occur in the precedence relationship between
letter spaces due to the constructor’s reordering the precedences to resolve con-
struction difficulties.

4.2. Letter selection. The following information is available to the puzzle
constructor faced with the problem of filling in a vacant letter space which exists
in one or two partially completed word spaces:

1. The lengths of the horizontal and vertical words.

2. The position of the intersection-space in the horizontal and vertical words.

3. The positions of previously-filled-in letters (relative to the vacant letter

space) in the horizontal and vertical words.

The dictionary of allowable words can be used to compile statistics from the
dictionary being used for the puzzle (prior to the construction of the crossword
puzzle) on the relative suitability of different letters placed at the intersection.
There are several different statistics that could be used. These statistics can then
be developed into occurrence ratios which indicate the relative suitability of
inserting different letters at a vacant letter space. The following sections discuss
in more detail the statistics used by this puzzle constructor.

Depending on the puzzle geometry and the previously inserted letter spaces,
various statistics may be applied. The applied occurrence ratios determine which
letters are eligible for insertion and the attempted order of insertion. The mech-
anism for controlling the selection process is something defined as a “letter
selection vector”. This is discussed in more detail in the following sections.
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F1G. 7. Final and initial ordering of puzzle 20 (initial ordering/final ordering)

4.2.1. Letter selection vector. A letter selection vector is developed for each
letter space at the particular time that the attempt is being made to fill each letter
space. This vector is to be calculated anew at every fresh attempt to fill a given
letter space because of the potential changes in the letter spaces around it. The
vector has 26 components, one for the calculated occurrence ratio of each of the
26 possible letters.

An occurrence ratio vector’s elements are formed by taking the minimum
occurrence ratio for each letter from the group of different occurrence ratios
that can be ascribed to the vacant letter space under consideration.

After the occurrence ratio vector has been formed, the letter selection vector
is formed by sorting the higher occurrence rates to the top. The heuristic concept
is that the letter with the highest occurrence rate will advance the constructor
more toward the final solution than the one with the next highest occurrence
ratio. A zero letter selection vector element indicates a respective entry letter which
is a letter that cannot validly occur and thus would hinder the final puzzle solution.

4.2.2. Letter selection vector formation.

1. General. The letter selection vector is constructed by examining the local
area surrounding the letter space in question. In this case, the local area is defined
as being all letter spaces extending in a horizontal or vertical direction from the
letter space in question until a null space or an edge is met.
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A set of three minimal occurrence vectors is formed using three types of
occurrence ratios (to be described in part 2). Then the letter selection vector is
formed by taking the minimum at each vector element.

2. Selection of the occurrence ratios used. In selecting the ratios to be used,
several criteria were used. Compactness was considered to be important. It was
decided to have all the occurrence ratios core resident to save lookup time.
Hence, the occurrence ratio tables had to be relatively compact. The ratios chosen
also had to be relatively disjoint. That is, each must supply different information
in order to justify its existence. For example, it would be of no value to separately
accumulate two letter series frequencies from both a right to left scan and a left
to right scan of the same letter group as the statistics are symmetric.

It is implicit that the statistics must be useful. Obviously, when forced to
choose between equally compact and disjoint ratios, the more useful one is to be
chosen.

However, usefulness alone is not enough. For example, the knowledge of
three-letter series occurrence ratios by beginning letter position within words
of a given length would be very useful. But, it would use an excessive amount of
storage.

Four types of occurrence ratios were selected. They were letter frequency by
letter position within the word, two-letter series frequency, three-letter series
frequency, and generalized two-letter series frequency. The nature of these statistics
is discussed in more detail in the following three sections. These consumed the
space available. The use of additional occurrence ratios would require either more
core, the elimination of one of the previously selected ratios, or the use of on-line
storage.

3. Positional minimal vector. The minimal vector coming out of the position
statistics is of the form of (1), assuming n, is the position in the word vertically,
n, is the position in the word horizontally, I, is the length of the horizontal word
passing through this space, and I, is the length of the vertical word passing through
this space.

J

[ occurrence ratio of the "occurrence ratio of the |
letter A in position n, letter A in position n,
in a word of length I, in a word of length I,

occurrence ratio of the occurrence ratio of the
_ ) letter B in position n, letter B in position n,
(1) PMV = min in a word of length I, in a word of length [,

occurrence ratio of the occurrence ratio of the
letter Z in position n, letter Z in position n,
in a word of length I, | |in a word of length [, |

L

(Note for formulas (1),(2),(3)and (4): If U = (uy, - -+, uyg)and V = (v, - -+ , v,6)
are two vectors, then min (U, V) means (min (4, v,), - - - , min (4,4, v,6).)

4. Series minimal vector. The vector coming out of the two-letter and three-
letter series statistics is similar, although it is more complex in derivation. SMV
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is the minimum vector formed from the series occurrence ratio tables.
SMYV is constructed by assuming the placement of letters A through Z for the
location of the blank we are examining for any letter series which are already in
the puzzle which extend vertically and horizontally contiguously away from
the space we are trying to fill. For example, if the puzzle was of the form
_D_AM _,andit was desired to fill the spaces between the “D”’ and the “A””, SMV

would be formed as follows in (2).
[occurrence ratio] [ occurrence ratio™] [~occurrence ratio] W

of the letter A of the letter A of the letter A
following the occurring before occurring before

letter D the letter A the letters AM
occurrence ratio occurrence ratio occurrence ratio

of the letter A of the letter B of the letter B
following the occurring before occurring before

(2) SMV = min

letter D the letter A the letters AM | (-

occurrence ratio occurrence ratio occurrence ratio

of the letter Z of the letter Z of the letter Z
following the occurring before occurring before J
LL letter D 4 L theletter A L the letters AM

Of course, if two letters are contiguously known on the left side as well, the
three-letter series tables would be used. Also, normally, vertical series components
would come into play.

5. Generalized series minimal vector. The vector coming out of the generalized
series statistics is similar to the previous vectors. DMV is formed by taking the
minimum of the occurrence ratios for distance letter combinations not immediately
contiguous to the blank to be filled, but vertically and horizontally exposed to
the blank that is to be filled. For example, assume that we are working on
F D A, and we are attempting to fill the space immediately preceding the

A. Equation (3) shows how the vector is formed.

" occurrence ratio of the] ["occurrence ratio of the 7
letter A following the letter A following the
letter F at a distance 4 letter D at a distance 2

occurrence ratio of the occurrence ratio of the
letter B following the letter B following the
(3) DMV = min [ | letter F at a distance 4 letter D ata distance 2 | | .

occurrence ratio of the occurrence ratio of the
letter Z following the letter Z following the
L letter F at a distance 4| Lletter D at a distance 2 _|

e
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It is not necessary to consider distance 1 ratios. These ratios are redundant
with the two-letter series ratios. In the previous example, these would be the
occurrence ratios of a given letter preceding the letter A at a distance 1.

6. Letter selection vector construction. The letter selection vector is then
formed in two steps. First, the vector minimum is taken of the three ratio vectors.
Equation (4) expresses this in terms of (1), (2) and (3).

@) MV = min (PMV, SMV, DMV).

MYV is the minimum vector. The minimum vector is then placed into a structure
containing both the vector values and the associated letter number (ie., A = 1,
B =2,...,Z = 26). This structure is then sorted, forcing the structure elements
with the highest minimum occurrence ratios to the top. The resulting structure
is then called the letter selection vector.

7. Minimal set of occurrence ratios. It was decided to see if the occurrence
ratios selected constituted a minimal set, i.e., if solutions could be readily attained
without all of the occurrence ratios. In order to perform this test, the puzzle shown
in Fig. 8 was chosen. The constructor was run four times. A different solution

K
Ol R
1| P
K
(a) Solution with all (b) Solution without two
ratios in force, l;g and three letter series

ratios (last matrix be-
fore fail on '900)

(o]

(c) Solution without (d) Solution without
generalized series positional ratios
ratios (last matrix (last matrix be-
before fail on '478) fore fail on I4gq)

FIG. 8. Puzzle 8 solutions excluding various occurrence ratios (* indicates initiating letters)
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progression was developed each time. The first time was with all of the ratios
being used to form the letter selections vector. Then the constructor was run three
more times, eliminating the use of the generalized series ratios, the positional ratios
and the series ratios. A dictionary consisting of 2,000 words with a maximum
word length of four was used. The results are summarized in Table 1. No test
runs were performed with the elimination of two ratios as the elimination of a
single ratio caused failure in all cases.

TABLE 1
Excluded ratio test results for Fig. 8

. Valid words
Ratios excluded Success/Failure Iterations
generated
NONE success 78 16
generalized series failure 478 52
positional failure 480 35
series failure 900 16

4.2.3. Letter selection. When the precedence stack pointer points at the
precedence stack information associated with a given letter space, the letter to
fill the letter space is selected using the letter selection vector. The letter selection
vector is created each time an attempt is made to fill any letter space.

If the present attempt at a given precedence stack level is the first attempt to
fill the letter space, the letter at the top of the letter selection vector will be inserted
into the letter space. The highest occurrence ratio is considered to be at the top of
the letter selection vector. If the letter selected causes an illegal word to be formed,
the letter just inserted will be deleted.

When a letter is deleted, the constructor will lower the pointer in the letter
selection vector element. A cutoff upper bound of retries has been established.
When the pointer in the letter selection vector indicates a zero element, or the
upper bound en retries is exceeded, the constructor will back up and the precedence
stack will be reordered.

4.2.4. Constructor back up. When a word space has been filled, a dictionary
search is made to determine if the developed word is in the dictionary. If the word
is in the dictionary, the constructor continues on to fill the next letter space in the
precedence stack. If the word developed is not in the dictionary, it is not considered
to be a valid word. When a nonvalid word is developed, the last letter inserted
into that word is deleted. This initiates the back up process.

The back up process constrains the selection of a new letter and reorders
the precedence stack. Because of space limits, this paper will not examine the
back up process.

4.2.5. Precedence heuristics. A set of heuristics were developed to reorder
the initial search sequence when construction difficulties were encountered.
These heuristics will not be discussed here.
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4.2.6. Solutions. Several puzzles were completed by the constructor. One
set of the puzzles were those containing word spaces of up to four letters in length.
Various size dictionaries were used. Machine constraints restricted the maximum
dictionary size. The largest dictionary of words of length four or less that could
be accommodated was one of 2,000 words.

CIA|T
[V}
T|O|N
puzzle 1 (1) puzzle 1 (2)
puzzle 2 (1) puzzle 2 (2)
* A|R T* M| A|R]|S
O|R E
T|E|R|N
- BE
puzzle 3 (1) failed puzzle 4 (1,2) failed
puzzle 3 (2)

puzzle 5 (2) puzzle 6 (2) puzzle 7 (2)
failed

FIG. 9. All puzzle constructor attempts (* = original keyword letter, 1 = 1,000 word dictionary
result, 2 = 2,000 word dictionary result)
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puzzle 13 (2) puzzle 13 (2)
failed observed solution, if ODON
in dictionary (constructor
failed to recognize the
solution and claimed a failure).
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Figure 9 (continued)

LAWRENCE J. MAZLACK

puzzie 14 (1)

puzzie 14 (2)

puzzle 16 (2)

puzzle 15 (2)

puzzle 17 (1) failed

puzzle 17 (2)
S
B|A|N
E|N [o)
o] T|A|R
M P|A (o] R]

puzzle 18 (2)
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Figure 9 (continued)

puzzle 19 (2)
AlRIT [ S P T|O 1T T
LIAIW | | S|H|E
I |O|N T|IAIN O|R
Y|D O|R S|U|M
WIR]|A]|P I | E
A E S|{E{A]|R TIE|N|T
o H|E E |
TIE|A|R PIEIN PIAIN
E|D T|O E
H|E R{T PlA|N
L|O AlR|T N A
AL T S|EJ]E L
MJE|O T|HJE|N S|E|E
puzzie 20 (2)

There appears to be a minimal dictionary size which is a function of maximum
word size and the number of words in the dictionary. The dictionary richness
cutoff for words of length four or less appears to lie somewhere between 1,000 and
2,000 words when the words are selected from all the words of from two to four
letters of the Webster’s Children’s Dictionary [20]. A dictionary of 1,000 words
of character four or less is inadequate, and generally fails to produce a valid
solution.
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Table 2 shows a comparison between the number of iterations and valid
words generated between the 1,000 word dictionary and the 2,000 word dictionary
runs. As can be seen, the use of the larger dictionary always produced more valid
words per iteration. Also, if a solution was obtained, the solution was always
faster utilizing a larger dictionary.

TABLE 2
Comparison between 1,000 word and 2,000 word dic-
tionary construction attempts. * Indicates that the
constructor failed while attempting to fill the puzzle

Half dictionary Full dictionary

Valid Valid

Puzzle Iterations words Iterations words
1 6 2 5 2
2 8 3 7 3
3 39* 4 13 7
4 84* 0 101* 1
14 58 19 36 19
17 35% 1 96 35

In generating words, the constructor’s average ratio of (words constructed)/
(valid words generated) for all cases was 0.8438. This means that the basic algorithm
is extremely successful in terms of generating words that did not have to be even-
tually deleted. Only puzzle 5 had a low ratio (0.1852), largely due to a great deal of
difficulty filling one word space due to a lack of dictionary richness.

Table 3 summarizes the puzzies which were successfully generated using the
2,000 word dictionary. Figure 9 illustrates the results for the puzzle constructor.

4.2.7. Failures, misses and difficulties. It is felt that most of the failures were
due to alack of dictionary richness. This can easily be seen in the marked difference
in success and efficiency between the four-letter dictionary cases of 1,000 and 2,000
words demonstrated in Table 2. One case that failed against both dictionaries
is shown in Fig. 10.

F1G. 10. Puzzle 4
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The author does not believe that this puzzle is readily solvable without using a
relatively rich dictionary. Indeed, it is difficult to find any solution to the puzzle
that does not involve both symmetries and proper names. (The constructor never
came close to solving puzzie 4.)

However, the constructor did generate solutions to other puzzles that were
not recognized because of a lack of dictionary richness. In these cases, the
constructor continued on to either find another solution or to constructor
defined failure. In doing this, the constructor’s work effort was often markedly
extended.

It is believed that an interactive facility could markedly speed up puzzle
solution. To simulate such a capability, a short “add” list was attached to the
general dictionary for two of the most difficult puzzles, 5 and 20. (The final solutions
for puzzles 5 and 20 are illustrated in Fig. 9.) Without this capability, the con-
structor initially failed on puzzle 5 after missing the words SEN, SAN and NYET.
However, after placing NYET on the short list, a solution was found on itera-
tion 296. (Puzzle 5 was particularly difficult because of the difficulty imposed by
the requirement for finding two parallel words of length three beginning with
the letter S.)

In constructing puzzle 20, the constructor initially failed to recognize as
valid CRAP, DRAP, GAST, HOAR, ITT, MEO, NON, PLOP, GRAM, PRAT,
PRE and TEE, and was terminated after 1,000 iterations with the majority of the
puzzle unresolved. The words MEO and ITT were placed on the add list and the
constructor produced the solution illustrated on iteration 1045. (This was one
of the least efficient constructions attempted. Its inefficiencies were largely due to
repeatedly constructing and rejecting as valid actually valid words.)

4.2.8. Extensions. Utilizing the constructor in its present form, there are
several things that can be easily done (once computer dollars are obtained) to
improve the constructor’s performance: increase dictionary size, eliminate
duplicate words and increase word size.

1. Increase dictionary size. The key to larger and more interesting puzzles is to
increase the dictionary size. This requires either running on a VOS system and/or
writing a paging routine. As the author is presently running on an IBM 370/155,
this means writing a paging routine to hold the dictionary. The author plans to
do this.

2. Duplicate words. The present constructor has the capability to eliminate
duplicate words. This capability has been disabled because of the extremely small
dictionary used (normally a 300,000 word dictionary could be considered to be
available).

Once a richer dictionary is available, duplicate words will probably not be
generated as often. In any case, duplicate words will not then be allowed.

3. Increase word size. Increased word size will allow the creation of more
interesting puzzles as well as the use of a more symmetric puzzle layout. Until a
larger dictionary may be used, a sufficiently rich dictionary is not attainable to
enable the constructor to construct large word puzzles.

4. Improved performance. Once a larger dictionary may be used, it is expected
that the constructor will become both significantly more efficient and be able to
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solve previously unresolvable problems. A richer dictionary will be more efficient
because:
(i) The constructor will not bypass valid words as often.
(i) The occurrence ratios will be more accurate, and thus more directive
to a fast solution.

(iii) The richer dictionary does not increase computational complexity as the
same number of occurrence ratio tables must be generated regardless
of the number of words in the table.

Therefore, the CPU time should go down markedly for the same problems

(as indicated by the comparisons between the 1,000 and 2,000 word dictionaries
previously discussed.)

5. Summary and conclusions.

5.1. Summary. This paper investigated methods of computer construction
of crossword puzzles. The initial input to the computer is a puzzle matrix with
all the intended null or blank spaces filled in. An initial key word or words is also
provided to establish a beginning point for the puzzle constructor.

A dictionary format and search structure is chosen. The format selected is
that of a letter table. A letter table is essentially a tree construction with the root
nodes of the tree beginning either the first or last letters of the words in the letter
table. For speed of search, a tableau form of the letter table was adopted.

Two different approaches to constructing the puzzles were considered. These
were: filling each possible word space immediately by a whole word, and con-
structing words by filling the puzzle’s letter spaces one by one, in a nonserial
manner.

Upon investigation, it was found that the whole word entry method was not
suitable because it eventually became a solution by enumeration.

The letter by letter approach was successful. It was found that usually when
a word was validly formed by the letter by letter puzzle constructor, it could
remain permanently in the constructed puzzle. In addition, it was found that the
number of iterations per letter space was bounded by a linear function of the
number of letter spaces. This is important because it indicates that the effort
expended by the constructor per space to be filled does not increase in a multi-
plicative manner as the size of the puzzle increases.

The puzzle constructor results described herein were performed using an
IBM 360/50 in a 212K partition. Solution attempts of puzzle sizes from 3 x 3 to
13 x 13 were performed. Whether or not a puzzle was solved depended on dic-
tionary richness and initial puzzle configuration rather than upon puzzle dimen-
sions. CPU time consumption was approximately 2,400 iterations an hour. An
iteration is defined as the generation of a new stage of puzzle completeness. The
average ratio of blanks to iterations was 0.5806.

5.2. Conclusions. The letter by letter approach was a reasonably successful
approach to the machine solution of crossword puzzles. Obvious improvements
in performance lie in the areas of greater dictionary richness and statistics of a
more task specific nature. In addition, it is possible that more effective heuristics
to further prune the decision tree can be developed.
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SCHEDULING GRAPHS ON TWO PROCESSORS*
RAVI SETHIt

Abstract. Consider a directed acyclic graph (dag) D with n nodes and e edges. D represents a task
system ; a node corresponds to a task, and an edge (x, y) means that task x must be finished before task
y can be started. We shall restrict attention to systems in which all tasks require the same processing
time. Coffman and Graham give an algorithm for determining nonpreemptive schedules on two
processors for such systems. The first part of their algorithm assigns unique labels to nodes. The second
part uses these labels to construct a list schedule (in the sense of Graham). The time taken for each part
is O(n?). We give an algorithm to determine the labeling in O(n + ¢) steps. Similar algorithms have
independently been devised to test undirected graphs for chordality. We give a second algorithm to
construct a schedule from the labeling in O(na(n) + e) steps. a(n) is an almost constant function of n.

Key words. graph labeling, breadth first search, nonpreemptive scheduling, list scheduling, set
merging

1. Introduction. Coffman and Graham [2] define the following labeling for

nodes in a directed acyclic graph.

LABELING L. Given a directed acyclic graph (dag) D, we shall assign a label
L(x) to each node x in D.

1. A terminal node in D is a node with no edges leaving it.! The label 1 is
assigned to one of the terminal nodes in D.

2. Supposelabels 1,2, ---, j — 1 have been assigned. Let S be the set of nodes x
such that all successors of x have been assigned labels. (Note that x may have no
SUCCESSOrs.)

For each node x in S define a list I(x) as follows: Let y,, y,, -+, y, be all the
nodes such that (x, y;)is an edge, for 1 < i < k. Then I(x) is the decreasing sequence
of integers formed by ordering the set {L(y,), L(y,), -+, L(y,)}.

Let x be an element of S such that for all x’ in S, I(x) is lexicographically
smaller than I(x’). (Break ties at will.) Define the label L(x) to bej. [J

Lexicographic order is dictionary order, so that (5, 4, 3) is smaller than (6, 2)
and (5, 4, 3, 2). Figure 1 gives an example of a dag labeled using labeling L.

In the scheduling application [2], once the dag has been labeled, a list of
nodes in order of decreasing label is formed. This list is used to construct a schedule
for the dag as follows:

List scheduling (see [6], [7]): Whenever a processor becomes avail-
able, the list is scanned from left to right; the first unexecuted task that

is ready to execute is assigned to the processor.

A list schedule for the task system in Fig. 1 is given in Fig. 4(e) (see § 3). Quite
different algorithms for scheduling dags on two processors may be found in
[3],[13]. See also [1], [15].

In § 2 we give an algorithm for performing labeling L in O(n + e) steps for a
dag D with n nodes and e edges. Section 3 gives an algorithm to determine a

* Received by the editors April 16, 1974, and in revised form February 27, 1975.

t Computer Science Department, Pennsylvania State University, University Park, Pennsylvania
16802. This work was supported in part by the National Science Foundation under Grant GJ-28290.

! Appendix A contains graph related definitions.

3
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schedule from the labeling in O(no(n) + e) steps, where a(n) is an almost constant
function of n. Section 4 considers the relationship of the algorithm in § 2 with
other graph algorithms in the literature.

F1G. 1. A dag labeled according to labeling L

2. A linear labeling algorithm. A terminal node is defined to be at level 1.
The level of a nonterminal node x is given by 1 + max {level of y|(x, y) is an edge} .
The dag in Fig. 1 has been drawn so that nodes at the same level appear on the
same horizontal line.

Examination of the labels in Fig. 1 shows that nodes at higher levels have
higher labels than nodes at lower levels. In fact, the following lemma appears as
an exercise in [1].

LeEMMA 1. Let x and y be nodes in a dag D. If x is at a lower level than y, then
L(x) < L(y).

Proof. Exercise. [

Given Lemma 1, we can make the following statement: Labeling L labels
all nodes at level 1, then it labels all nodes at level 2 and so on. Thus if there are
j nodes at levels 1,2, ---,i — | and k nodes at level i, then nodes at level i are
assigned labels j + 1, j+ 2,---,j+ k. Thus G, H, I and J at level 3 in Fig. 1
will be assigned labels 7 through 10 in some order.

All that remains to be done is to determine how nodes at a given level are to
be labeled. The terminal nodes have no successors so they can be labeled in any
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order. Having started the algorithm, suppose levels 1 and 2 in Fig. 1 have been
labeled. Consider S = {G, H,I,J}, the set of nodes at level 3. Clearly, labels
assigned to nodes in S will depend on the edges leaving these nodes.

We shall not construct the sequences /(x) defined in the specification of
labeling L. Instead we shall examine the destination nodes of the edges leaving
nodes in S and infer the lexicographic ordering information.

Labels 1 through 6 have been assigned, with node D having the highest label, 6.
Consider the edges between nodes in S and D. G, H and I have edges to D. Since
L(D) = 6 is the highest label assigned so far, the decreasing sequences I(G), [(H)
and /(I) must all have 6 as the first element. Moreover, since there is no edge from
J to D, I(J) must start with a smaller integer. Clearly, I(J) is lexicographically
smaller than I(G), I(H) and I(I). Hence J is assigned a smaller label than the other
nodes.

Having partitioned the set S into two smaller sets, we can continue the
process with the smaller sets. Consider S' = {G, H, I}. The next highest label, 5,
belongs to node F, so consider the edges from nodes in S’ to F. There is an edge
from H and I to F, but not from G. Thus the next element in I[(H) and I(I) is 5,
but the next element in I(G) is smaller. Thus G will be assigned a lower label than
H and I. This process can be continued until all labels have been determined.

In order to carry out the process of partitioning the sets or equivalence classes
efficiently, we will do two things: (i) Examine only the edges that play a part in the
partitioning ; and (ii) manage the partitioning so that the cost of keeping track
of the smaller classes is low.

We will do (i) above by creating a stack that contains all edges leaving level
i. Edges will be placed on the stack while the nodes at lower levels are being labeled,
so all edges from nodes at level i to a node y appear closer to the top of the stack
than all edges to zif L(y) > L(z). For level 3in Fig. 1, the stack might finally contain
(G, A), (H,E), (G,E), (I,F), (J,F), (H,F), (G,D), (H,D), (I,D). The top of the
stack is at the right.

For (ii) above, suppose the stack of edges has been created. We shall use a
tree to represent equivalence classes of nodes that have to be labeled together.

Q
e

(a) (b)

F1G. 2. Labels are assigned level by level. Thus nodes at a level start out in the same equivalence class.
The number in parentheses gives the lowest label to be assigned to the predecessors of a node. The equi-
valence classes are partitioned until finally labels can be assigned.
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All nodes in a given equivalence class will be siblings i.e., have the same immediate
successor. Initially, as in Fig. 2(a) all nodes at level i have the same immediate
successor. When the stack of edges is examined it turns out that there is no edge
from J to node D with label 6. In order to partition the original equivalence class
we introduce an auxiliary node that becomes the immediate successor of G, H and I
as in Fig. 2(b). The number in parentheses at the auxiliary node keeps track of the
lowest label that will eventually be assigned to the predecessors of the node.

We shall now give two routines that formalize the above discussion of the
labeling process.

ROUTINE LABEL. This routine starts with a dag D and labels nodes according
to labeling L. A data structure used in the process is a stack of edges leaving level i,
called EDGES(J), for each level i.

1. Determine the level of each node in D.

2. Since all nodes at level 1 are terminals, EDGES(1) is empty. Since no
labels have been assigned, j the lowest label to be assigned is 1. Do 3
with i = 1, j = 1 and EDGES(1) empty.

3. Use Routine Partition to determine the labels for nodes at level i. Do 3.1
for all nodes y at level i, in order of increasing label.

3.1. Scan the edges entering node y. For all edges (x, y), with node x at
level k, place (x, y) on top of EDGES(k).

4. Repeat 3 until all levels have been labeled. [

ROUTINE PARTITION. This routine labels nodes at a given level i. The routine
has three inputs

(a) a level, i,

(b) EDGES(i), a stack of edges leaving level i,

(c) j, the lowest label to be assigned at level i.

The stack EDGES(i) has a useful property. Edges are placed on the stack
while the destination nodes are being labeled. Hence all edges from level i to a
node y appear closer to the top of the stack than all edges to node z if L(y) > L(z).

1. Construct a new node w, such that w becomes the immediate successor
of all nodes x at level i. Call w the tree successor of x in order to distinguish
it from nodes in the dag D. Let LOW_LABEL(w) = j. Note that j is one
of the inputs.

2. While EDGES(i) is nonempty do 2.1. Otherwise do 3.

2.1. Let the edge on top of stack EDGES(i) have y as the destination
node. Do 2.1.1 followed by 2.1.2 with y as the destination node.
2.1.1. While the edge on top of EDGES(i) has destination y,do 2.1.1.1.
Otherwise do 2.1.2.
2.1.1.1. Let the edge on EDGES(i) be (x, y). Let w be the tree
successor of x. Enter x into a temporary list for node w.
Pop (x, y) from the stack EDGES(i). End 2.1.1.1.
2.1.2. For all nodes w such that 2.1.1.1 places a node in the temporary
list for w, construct a new auxiliary node v. Node v becomes the
new tree successor of all nodes x in the temporary list for w.
The edge from x to w is deleted. If there are now k nodes left
with w as their tree successor, then LOW_LABEL(v) = LOW_
LABEL(w) + k.
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3. Visit the nodes w that have been created in steps 1 and 2, in any order.
If j = LOW_LABEL(w), and there are k = | nodes with w as their tree
successor, then assign labels j,j + 1, ---,j + k — 1 in any order.
RETURN. 0O
We shall first demonstrate that the routines label dags correctly. Then we shall
show that the labeling takes linear time.
THEOREM 1. Routines Label and Partition assign labels according to labeling L.
Proof. Nodes at level 1 are assigned correctly since they get the lowest labels.
It is easy to see that all edges leaving level i appear on EDGES(i) when Routine
Partition is called for level i. Moreover, since the edges are stacked in the order
in which the destination nodes are labeled, the edges in the stack are ordered on
the label of the destination node.
In order to complete the proof we need to prove the following statement :

If at some stage in the execution of step 2, nodes x, x,, - -+ , X, have w as
their tree successor, with j = LOW_LABEL(w), then nodes x|, x,, - -+ , X,
(*) are eventually assigned labels j, j+ 1,---,j + k — 1, in some order.

Moreover, if 6(x) = {y|x, y) is an edge}, and S is the set of destination nodes

for which step 2.1 has been executed, then S N o(x;) = S N o(x,) = - - -

=8 N a(x,).

It is easy to prove (*) by induction on the number of executions of step
21. O

Now we shall show that the two routines take time linear in the number of
edges in the dag. We assume that the dag has been specified by giving a list of edges,
or lists of immediate predecessors or successors of each node, as in [16].

THEOREM 2. Routines Label and Partition take O(n + e) steps for a dag with
n nodes and e edges.

Proof. The level of a node can be determined in linear time by visiting the nodes
in any order that visits successors before predecessors. The terminals are at level 1.
During the visit if edge (x, y) is examined, then set the level of x to 1 + level of y,
unless x has already been placed at a higher level. The other steps in Routine
Label clearly take linear time.

Theinteresting step in Routine Partition is 2.1.2 because it introduces auxiliary
nodes and edges. An auxiliary node is introduced only when there is an edge from
a node at level i to a node at a lower level. When an auxiliary node is visited the
cost of the visit can be charged to the edge that caused the visit. It can be shown
that each edge is charged a constant number of times. Thus execution of the two
routines takes O(n + e) steps. The n appears in O(n + e) since a label is assigned
to each node. [

3. Constructing a schedule. Once the dag has been labeled, the next step is to
construct a schedule from the labeling. As Fig. 3 shows, list scheduling as considered
in § 1 may sometimes be inefficient. Consider the list of nodes from which a schedule
for the dag in Fig. 3 is constructed. If the list is scanned from left to right in order
to find the first ready node, then successive scans will have to skip over n — 1,
n — 2, ---, 1 nodes, respectively. The construction of the schedule will therefore
take O(n?) steps.

In the sequel we shall use the terms task and task system interchangeably
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2n+1

2n

(a)

n+3

2n+1| 2n

n+1 n

(b)

F1G. 3. (a) A labeled task system. (b) A schedule on two processors constructed from the labeling.

with node and dag. We shall see that it is possible to construct a list schedule in
almost linear time. The algorithm exploits the following two facts. (i) Each task
has an execution time of one unit. (ii) In the lists we shall deal with predecessors
appear before their successors. Given thelist(7,, T,_ ,, - - -, T}),all the predecessors
of task T; appear before T in the list.

Intuitively, the algorithm builds up a schedule by successively constructing
schedules for the lists (7,), (T, T,,— ), - - - until the schedule for the entire list
(T,,T,_,,---, T)) is constructed.

Consider the task system in Fig. 1. Schedules corresponding to some partial
lists for the task system have been shown in Fig. 4. When the lists (17) and (17, 16)
are considered we get the schedules in Fig. 4(a) and (b), with tasks 17 and 16 on
processors 1 and 2. The next list to be considered is (17, 16, 15). Task 15 is ready to
begin execution during the first time unit, but there is no free processor. Thus
task 15 is assigned in the next time unit. As the next lemma shows, there is a simple
algorithm for constructing the schedule for an augmented list.
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F1G. 4. The schedule for the task system in Fig. 1 is constructed by successively considering the lists
(17, (17,16), ---, (17,16, - -+, 1).

©

A\

LEMMA 2. Let S;., be the list schedule on m processors for (T,, T,_,, -,

T;. ). The list schedule S; for (T,, T,_,, -+, T}) can be constructed from S,Jrl as
Jollows: Let t be the first time unit by which all predecessors of T, have been executed.
Assign T, to a processor during the first time unit u, u = t at which a processor is
available.

Proof. For all time units before ¢, the statement of the lemma assures us that
T; is not ready to be executed. So even if it is reached in a scan of the list (T,
T,_,, -+, T) it cannot be assigned. Thus until time unit ¢, the two schedules will
be the same. After time unit ¢, in constructing schedule S;, task T; will be reached
when there is a processor free and no other task can be assigned. Clearly, this
situation corresponds to the first idle time after t in schedule S;, ;. The lemma
must therefore be true. [

From Lemma 2 it seems that we can trade repeated scans of the list for scans
to determine a time unit during which a processor is free. It turns out that by using
an efficient algorithm for merging disjoint sets we can cut down on the rechecking
of time units during which all processors are busy.

Suppose all processors are busy during time unit i and will remain busy until j.
Then for all ¢, i <t < j, the first time unit at which a processor is available is j.
We collect all such ¢ into a set identified by j. In general we choose names of sets
so that if ¢ is in set u, then u is the first time unit at or after t at which a processor
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is available. In order to construct schedules as outlined in Lemma 2, we therefore
need to be able to determine the set that a time unit is in, and also the first time unit
at which a task becomes ready.

ROUTINE SCHEDULE. Let D be a dag labeled according to labeling L. This
routine constructs a list schedule for the task system represented by D using the
list of tasks in order of decreasing label.

By way of data structures we need a set for each time unit. Initially SET(t)
= {t} for each time unit.

1. All initial tasks in D are said to be ready at time unit 1.

2. For all tasks x in D, do step 3 in order of decreasing label.

3. Consider task x. Let x be ready at time unit ¢. If ¢ is in SET(u), then assign

x to a processor during time unit u. If u now has no free processors, look
at time unit v + 1. Let u + | be in SET(v). Merge SET(4) and SET(v)
calling the new set SET(v).

Examine all y such that y is an immediate successor of x. If all predecessors
of y have now been assigned, then task y is said to become ready at
u+1. 0

In order to show that Routine Schedule is correct, we shall first show that the
set operations are performed correctly.

LEMMA 3. Let time unit t be in SET(u) at some stage. Then u is the first time
unit, u = t at which a processor is available.

Proof. Initially, time unit ¢ is in SET(¢), and all processors are free. Suppose
that for some u, all processors have just been assigned tasks during u. Both u and
u + 1 then have the same unit as the first free time unit. If u + 1 is in SET(v),
the algorithm then merges SET(u) and SET(v), and calls the new set SET(v). The
reader is invited to construct a more rigorous proof based on the number of
executions of step 3 of the routine. [

THEOREM 3. Routine Schedule constructs a list schedule using the list of tasks
in order of decreasing label.

Proof.Since tasks appear in order of decreasing label, when task x is considered,
all predecessors of x have already been assigned. Thus the time unit at which x
becomes ready is known. From Lemma 3 the algorithm correctly locates the next
free time unit. Since schedules are augmented as in Lemma 2, the theorem must
be true. [

We shall avoid the details of how the set operations are performed. The
reader is referred to [9], [17]. We do note that step 3 of the routine looks at each
edge in the task system exactly once. And, the number of set operations is pro-
portional to n, the number of tasks. It has been shown in [17] that n set operations
can be done in time almost linear in n. More precisely, n operations can be done in
O(na(n)) time, where a(n) is a functional inverse of Ackermann’s function.

4. Discussion. In many applications the directed graphs that occur have
relatively few edges. An adjacency matrix requires space O(n?) and hence at least
O(n?) time is required if any algorithm uses an adjacency matrix as a data structure.
A list of edges, or a list of predecessors or successors for each node is proportional
in length to the number of edges. Such a data structure is used in a number of
graph algorithms [8], [10], [11], [16], [18].
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The algorithm in § 2 examines the directed graph representing a task system.
While similar in principle to the linear graph marking algorithms in [8], [16], [18]
it differs in the important respect that the traversal of the graph depends on the
labels assigned. The searches in [8], [16], [18] are such that the property of the
graph that is being determined is independent of the order in which the nodes are
searched. The level of a node is such a property.

The level of each node being independent of the search makes it possible to
construct a linear labeling algorithm. During the labeling, it is possible to collect
all edges leaving a certain level ; and have them ordered on the destination node.
A more direct solution is frustrated by the fact that an edge leaving level j may
be scanned before the nodes at level j — 1 have been labeled.

Similar algorithms have been independently devised [12], [14] to test if an
undirected graph is chordal. A chordal graph has been defined in [4], [5] as an
undirected graph in which every simple cycle v, v,, ---, v,, vy, for n > 3 has an
edge between two nonconsecutive vertices, i.e., there is an edge between v; and v;,
Jj # i+ 1. As shown in [4] polynomial time algorithms exist for problems like
the minimal coloring of a chordal graph.

It has been shown in [14] that a lexicographic ordering policy very similar to
labeling L leads to a simple test for chordality. The ideas in this paper can be
adapted to perform their lexicographic ordering.

Given the utility of lexicographic orderings in two quite different applications,
a natural approach for further study is an investigation of the structure imposed
by lexicographic orderings on directed and undirected graphs.

An interesting type of breadth first search called structured breadth first
search (SBFS) is introduced in [12]. SBFS uses a mechanism similar to the par-
titioning illustrated in Fig. 2 to limit the number of possible breadth first searches
of a graph. SBFS is applied in [12] to test an undirected graph for chordality.

Appendix A. A directed graph is a pair (N, E), where N is a set of nodes and
E is a set of pairs of nodes called edges. An edge (x, ), is said to be from (leave) x
to (enter) y. x is called the origin node and y the destination node of the edge.
y is an immediate successor of x, and x is an immediate predecessor of y.

A sequence of edges S = (x, x,) (x5, X3) - (X4_y, X;) is called a path of
length k, from x| to x,.. If S is a path from x to y, then x is a predecessor to y and
y is a successor of x. A node with no predecessors is an initial node, a node with no
successors is a terminal node. A path from a node x to x is called a cycle. A directed
acyclip graph (dag), is a directed graph with no cycles. A nonterminal node x is at
level kif alongest path from x to a terminal node is of length k. The level of a terminal
node is defined to be 1.
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NEW BOUNDS ON THE COMPLEXITY
OF THE SHORTEST PATH PROBLEM*

MICHAEL L. FREDMANY

Abstract. It is shown that O(N>?) comparisons and additions suffice to solve the all-pairs shortest
path problem for directed graphs on N vertices with nonnegative edge weights. In conjunction with
preprocessing, this result is exploited to produce an o(N?®) algorithm for solving the shortest path
problem.

Key words. graph, shortest path, complexity, sorting, decision tree

Introduction. In this paper, we present two new upper bounds on the com-
plexity of the shortest path problem. Let G be a complete directed graph on N
vertices whose edges are assigned nonnegative weights. Between all pairs of vertices
(v;,v)),i # j, there exists a directed path of minimum weighted length, the value of
which we denote by L;;. The computation of the N(N — 1) values L, 1 Si#j
=< N, is referred to as the all-pairs shortest path problem. The computation of the
values L;, 1 < j < N, is referred to as the single source shortest path problem.
These problems and variations of them have been investigated by a number of
authors. We are concerned here with the all-pairs problem with nonnegative
weights. At least two essentially different approaches to the problem have been
developed, in particular that of Dijkstra [1] and that of Floyd [2]. Dijkstra’s
method solves N separate single source problems, while Floyd’s method is matrix
oriented. All known methods have worst-case running times that are O(N?)
on the random access machine under the uniform cost criterion (memory accesses,
additions, branching instructions, etc., each require unit time). A variant of
Dijkstra’s approach developed by Spira [3] has an expected running time of
O(N?*(log N)?). Regarding worst-case complexity, under the assumption that the
only permissible operations are a + b and min (g, b) in a straight line computation,
it has been shown by Kerr [5] that the O(N?) bound is best possible. If we allow
comparisons between sums of edge costs (decision tree complexity), Spira and
Pan [4] have shown that cN? comparisons are necessary in the worst case to solve
the single source problem, and this certainly applies to the all-pairs problem.
In this paper, we show that O(N°/?) comparisons between sums of edge costs
suffice to solve the all-pairs problem. However, our method does not seem to
readily lend itself to a practical algorithm with a O(N>/2) running time, although
in principle for some ¢ > 0, we can construct for each N a separate algorithm
Ay whose running time is <cN>?. We can however, mildly exploit this method
as a preprocessing technique and construct a single algorithm with running
time o(N?) for all values of N. More precisely, we describe an O(N?

(log log N)!/3/(log N)'/3) algorithm.

These results are primarily of theoretical interest, particularly when con-

trasted with the results of Spira and Pan, and Kerr quoted above.

* Received by editors January 3, 1975, and in revised form March 17, 1975.

t Department of Mathematics, Massachusetts Institute of Technology, Cambridge, Massachusetts
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1. Decision tree complexity. In this section, we show that O(N°?) com-
parisons and additions suffice to solve the shortest path problem. First we show
that O(N>%(log N)!/?) comparisons suffice, using a method which yields an
explicit comparison tree. Secondly, we refine this result and prove the existence
of an O(N>'?) comparison method which we do not explicitly exhibit.

Our method is matrix oriented. We use the theorems of Munro [6], Furman
[7]and Fischer and Meyer [8], which imply (explicitly stated in [12]) that the com-
plexity of the shortest path problem is of the same order of magnitude as the
complexity of min/plus multiplication of N x N matrices. (Given 4 = (a;)),
B = (b;;), the min/plus product C = AB is defined by C = (c;;) where ¢;; = min
lag + by 1 =k £ N}

THEOREM 1. For some ¢ > 0, cN**(log N)"/? comparisons and additions
suffice to solve the all-pairs shortest path problem for directed graphs with non-
negative weighted edges.

Proof. As discussed above, it suffices to show that O(N*?(log N)'/?) compari-
sons and additions are sufficient to compute the min/plus product of two N x N
matrices. Let A = (q;;) and B = (b;;). As will be seen below, all comparisons are
performed between a sum or difference of two items in the set {a;;, b;;;1 =< i,
j = N}. Consequently, we need only to count comparisons to prove the theorem.

We begin by partitioning 4 into N x m submatrices and B into m x N
submatrices (see Fig. 1), where m will be specified later.

FiG. 1

We have AB = min(4,B,, A,B,, -+, Ay/uBy;m) Where the min operation is a
componentwise minimization. Once the N/m matrices A;B; are computed, each
of dimension N x N, this min operation can be computed with N*(N/m) = N*/m
comparisons. Next we show how to compute the product 4,B, with O(m*N log N)
comparisons. By computing the products 4;B;, j > 1, in the same manner, we
will conclude that a total of O(mN?log N) comparisons suffice to compute all
the products 4;B,;.

To compute A ,B,, for each pair of indices r, s, | = r < s < m, we sort the
2N differences a;, — a;;, 1 £i < N, and b; — b,;, 1 £ j < N, with 2N log, N
+ O(N) comparisons. Doing this for each of the pairs r and s requires a total of
O(m?*N log N) comparisons. Having done this, we symbolically form the product
A B without further involvement with the values of the a;;, b;; quantities. (Letting
(¢;j) = A\B,, for each i and j, we can determine a number ¢ = (i, j) such that
¢;; = a; + b,;.) This follows because

(1) a, +b,; < a;,+ b ifandonlyif a;, —ay<b;—b,;.
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Since all inequalities on the right of (1) have been determined, those on the left
can be deduced, and therefore the numbers ¢ such that ¢;; = a; + b,; can be
deduced. This can all be done symbolically once the above sorting has taken place.

We conclude that 4B can be computed with O(N*/m + mN?*log N) com-
parisons. Setting m = N'?/(log N)'/? yields our theorem.

In the remainder of this section, we show how to refine the method of Theorem
1 to obtain a O(N>2) bound. Referring to the proof of Theorem 1, we show that
the product 4,B, can be computed with O(m*N) comparisons, as opposed to
O(m>N log N) comparisons. With this improvement, we can choose m = N'/?
to obtain the O(N>/?) bound.

When computing 4,B, in the proof of Theorem 1, we sort each of the sets,
D, = {a, —ay.b;—b,;, | Si<N, 1< j<Nj for 1 <r<s=<m Let L,
denote the list of 2N items that results when D, is sorted, and let L denote the
concatenation of all these lists,

L=1L,Ly3 - LyyLys---Ly, L

m— 1m*
Each list L,, is clearly restricted to be one of (2N)! arrangements when written
symbolically, and so L is restricted to be one of (2N)!®) = O(c™*¥'°&¥) (for some c)
arrangements. The following lemma, however, shows that the number of realizable
arrangements is in fact much smaller.

LEMMA A. Let T denote the set of possible arrangements that can result when
forming the list L. Then

log |T'| = O(mN log N).

Proof. A well-known combinatorial theorem (see Buck [9]) states that n
hyperplanes partition k-dimensional space into at most

) (g) + ('1') +o (Z) < (k + 1yn*

regions. In the k = 2mN-dimensional space whose coordinates are the 2mN com-
ponents of the matrices A; and B,, the regions determined by the hyperplanes
defined by the equations

a; — Qi = Ay, — Ay, |1Si<i’SEN, 1Sr<s=m
(S) b;—b,;=by —b,;, 1<i<iZEN, 1Z£r<s=<m,
air_aiszbsj_brjv 1§1<N7 léjéN,1<r<sSm,

correspond to the possible arrangements of the list L. The number of planes here

is
m\ [2N
= ) o
2/\2

Substituting in (2) with these values for n and k and taking logarithms yields the
lemma.
We are now ready to prove the O(N>/?) bound. The author’s search theorem



86 MICHAEL L. FREDMAN

discussed in [10] and [11] implies that the list L can be formed with at most

(3) log, [T + 2|L|

m .
comparisons, where |L| = 2(2)N denotes the length of L. Lemma A implies

that when m = N'/2 the quantity in (3) is dominated by the second term, and
therefore O(m?N) comparisons suffice to form L. But we have seen that the deter-
mination of L is tantamount to computing A,B;. As described in the discussion
preceding Lemma A, this is what we require to conclude the following.

THEOREM 2. For some ¢ > 0, cN*'? comparisons and additions suffice to solve
the all-pairs shortest path problem for directed graphs with nonnegative weighted
edges.

2. Preprocessing as a means for constructing o(/V3) algorithms. Along the
lines of the last section, it is possible to construct a branching algorithm or com-
parison tree which operates on inputs consisting of a pair of matrices, one N x m
and the other m x N, and symbolically outputs the N x N product in time
O(m*N). (m = N'/2) Assuming that we have constructed such a tree, we can
utilize it to multiply matrices of much larger dimension. Let A* and B* be M by M
matrices with M much larger than N. By regarding A* and B* as partitioned into
N x N submatrices, we can form their product by performing (M/N)* products
on N x N submatrices. Using our tree, each submatrix product is done in time
O(N*?) (assuming we choose m = N'/?), and so the entire multiplication A*B*
is performed in time

4 O(M?/N'?),

To obtain o(M?) performance, we would want to allow N to grow with M, and
incorporate into an algorithm as preprocessing a mechanism to build the com-
parison tree which would be used for the multiplication of N x N submatrices.
We want to choose N as large as possible, but constrained so that the preprocessing
time doesn’t dominate the overall timing. In Theorem 2, we chose m to grow as
N2 in order to optimize our result. In the context of this discussion, it is con-
ceivable that by choosing m in a different manner, while the time to multiply
N x N submatrices may increase, this is more than compensated for by a sub-
stantial decrease in preprocessing time. In fact this doesn’t happen, and the
m = N2 choice is still near-optimal.

The time to build an explicit comparison tree is at least as large as the number
of leaves it contains. Let us assume for the moment that the comparison tree
implicit in Theorem 2 for multiplying N x m with m x N matrices can be con-
structed in time which is polynomial in the size of the tree, the latter represented
by the quantity |I'| of Lemma A. Then the preprocessing time for our proposed
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algorithm would be less than

(5) eVl N for some ¢ = 2,

and choosing N = (1/log, ¢) (log, M)*?/(log, log, M)*'3, (5) becomes less than
M, and (4) becomes O(M? (log log M)'*/(log M)'3).

To complete our description of this O(M>(log log M)'/3/(log M)'/?) algorithm,
we have to verify that we can build, within the time given by (5), a comparison tree
that multiplies N x N'/? matrices with N'? x N matrices in time O(N?), as
described in the discussion leading up to Theorem 2. We show how to tabulate
all of the lists L enumerated in Lemma A within the above time constraint. Once
these lists are tabulated, the construction described in [10] can be performed in
time which is polynomial in the number of lists. Note that with each leaf of our
tree we associate the N x N symbolic matrix product, which is precomputed
using a conventional algorithm.

To tabulate the lists L, we proceed as follows. In the context of Lemma A,
we form a collection P of pairs of matrices 4, B, of respective dimension N x m
andm x N,m = N'2 For each of the regions discussed in the proof of Lemma A,
the collection P will contain at least one pair of matrices A,, B, in the interior of
the given region. The size of P will be <cV"/*'¢N Using this collection, the lists
L can be tabulated in the following manner. Using conventional sorting techniques,
given a pair in P, we form the associated list L, symbolically as well as numerically.
If some of the quantities within a set D, (see previous section)are equal, we eliminate
the resulting list since it would not have arisen from a pair in P which lies in the
interior of a region defined by the system (S), and there wculd be ambiguity in
forming the list L which is troublesome in the context of forming a comparison
tree. Having constructed the symbolic lists L for each remaining pair in P, we
next remove duplicates. This is easily accomplished by sorting the collection of
lists according to a lexicographic ordering. This completes the tabulation process
once the set P has been constructed. Given P, the time required to perform the
above processing is:

(A) To convert a particular pair in P to a list L can be done in time O(N?
log N). For all pairs, the time is O(P|N? log N).

(B) Having formed the lists described in A, to sort them according to a
lexicographic ordering requires time O(N?|P| log |P|) since | P| log |P| comparisons
between lists need to be performed, each comparison performed in time O(|L}|)
= O(N?).

As we will see, |P| < CN'?1#N 50 that times given in (A) and (B) are

3/2 3/2
g CN logN +O(log N) é CIII log N .

Now we describe a method to form the set P. From the nature of the equations
defining the hyperplanes (S) of Lemma A, each region formed by these planes
contains points with nonnegative coordinates satisfying the following condition.

(C) All of the quantities in any one of the sets D, differ from one another in
absolute value by at least 1.

Our set P will contain one such point from every region. Consider the following
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collection of planes.
Ay — Qg + 1= Ay — Ay,
Ajyp — Qi = Ay, — Ay + 19

ir

bxi - bri + 1= bsi’ - bri’?

, by—b,=by —b.+1, 1Zi<i<N, 1<r<s<m,
() a4, — ax+ 1 =by; — b,
a4, —ay=b,— b, +1,
I<igN, 12N, 1Sr<s<m,
a; =0, ISisN, 1=sj=m,
b; =0, lsism, 1£j<N.

Clearly for each region R defined by the planes of (S), there is a region R’ defined
by the planes in (S) such that R’ < R, and all points in R’ have nonnegative co-
ordinates and satisfy condition (C). The nonnegative requirement ensures that
this region will have boundary vertex points. The set P will contain these boundary
vertex points. We systematically attempt to solve every subset of 2mN equations
of (8"). Since the total number of equations in (S) is O(m>N?), this task can be
accomplished in time < C™N'°eN = CN*?1eN We include in P all the points we
discover that are unique solutions to some particular subset of 2mN equations.

This concludes in outline form a method for computing the min/plus product
of M x M matrices in time O(M;(loglog M)'"*/(log M)'/?). As mentioned pre-
viously, this lends itself to a shortest path algorithm with an equivalent running
time.

Acknowledgment. The author wishes to acknowledge A. Schonhage. An
unpublished result of his on the min/plus convolution of two sequences inspired
the method of Theorem 1.
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ON ALGORITHMS FOR ENUMERATING ALL CIRCUITS OF A GR/ °H*
PRABHAKER MATETIt ano NARSINGH DEO}

Abstract. A brief description and comparison of all known algorithms for enumerating all circuits
of a graph is provided, and upper bounds on computation time of many algorithms are derived. The
vector space method of circuit enumeration is discussed. It is proved that K5, K,, K, — x and K3 5
are the only undirected and reduced graphs which do not have any edge-disjoint unions of circuits.

Key words. algorithms, graph theory, circuits, dicircuits, cycles, circuit vector space, circuit-
graph, adjacency matrix, graph search, backtrack

1. Introduction. Given an undirected graph, the problem of enumerating all
its circuits has received much attention lately. The analogous problem for a
directed graph is to enumerate all its directed circuits. The two problems have
much in common,and we consider them in parallel.

In this paper, we survey all known algorithms for circuit enumeration and
compare their efficiencies. In § 2, we classify and describe the basic ideas behind
these algorithms. It is shown, in § 3, that only four graphs exist that have circuit
vector spaces consisting of all circuits. The algorithms are compared in § 4, and
conclusions are presented. To avoid misunderstanding, we define our terminology.

A graph G is a triple {V, E, > where V is a finite set of vertices, E a finite set of
edges, and fis a function. A graph is either directed (a digraph) whenf:E - V x V,
or is undirected when f : E — {{u, v}|u,ve V'}. Observe that this definition permits
the graph to have parallel edges (two edges e, and e, are parallel if e; # e, and
f(e,) = f(e,)) and self-loops (an edge e is a self-loop if for some vertex v, f () = (v, v)
for digraph or f(e) = {v} for undirected graph). A graph G is simple if it has
neither self-loops nor parallel edges. An edge e of a digraph is said to be incident
out of vertex v, and incident into a vertex v, if f(e) = (v, v,). The edge e s incident
with both vertices v, and v,. The in-degree of a vertex v of a digraph is the number of
edges incident into v, and the out-degree of v is the number of edges incident out of
v. An edge e of an undirected graph is incident with vertices v, and v, if f(e) = {v,,
v,}. The degree of a vertex v in an undirected graph is the number of edges incident
with this vertex, self-loops being counted twice.

Two vertices v, and v, of a directed graph G are adjacent if there is some
edge e so that f(e) = (v,, v,) or (v,,v,). An edge-sequence from vertex v, to v, in a
digraph is an alternating sequence of vertices and edges, voe v e,0, -+ U, €0y,
such that for 1 i £k, f(e;) = (v;_,,v;). This edge sequence is said to pass
through the vertices v;, 0 < i < k. An edge sequence is simple if it does not pass
through a vertex more than once. A dipath from v, to v, is an edge-sequence from
v, o v, where all vertices are distinct, except possibly that v, = v,. When vy = v,

* Received by the editors August 13, 1973, and in final revised form April 2, 1975. This work was
supported in part by the National Science Foundation under Grant GJ-31222.

+ Department of Computer Science, University of Illinois, Urbana, Illinois 61801.

1 Department of Electrical Engineering, Indian Institute of Technology, Kanpur, India. Now at
Computer Science Department, Washington State University, Pullman, Washington, 99163.
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the dipath is called a rooted dicircuit rooted at v,. The rooted dicircuit considered
as a subgraph of G is called a dicircuit. The length of an edge-sequence is the
number of edges in it. By deleting an edge e we obtain a new graph G' = (V, E', f'>
where E' = E — {e} and f" is a restriction of f to E'. By deleting a vertex v from a
graph G we obtain a new graph G' = (V" E', f">, where V' = V — {v} and E’
= {ee E|f(e) # (v,u) or (u,v) for ue V} and f":E' - V' x V' is a restriction of
fto E'. By ignoring the direction of an edge ¢ we mean that the ordered pair
f(e) = (u,v) be considered as a set {u,v}. The corresponding definitions for an
undirected graph follow if the directions of the edges are ignored.

An undirected graph is connected if there exists a path between every pair of
vertices. A vertex is a cut-vertex if it lies on every path between a pair of vertices.
A connected undirected graph is separable if it has at least one cut-vertex. A
maximal, connected subgraph is called a component of the graph. A maximal,
nonseparable subgraph of a graph is called a block of the graph. A directed graph
is strongly-connected if there exists a dipath between every pair of vertices. A
maximal, strongly-connected subgraph of a digraph is called a fragment. The
undirected version G of a digraph D is obtained by ignoring the direction of the
edges of D. The directed version D = (V,Ej, f,> of an undirected graph
G = (V,E, f> is obtained by introducing two edges ¢’ and ¢” into E;, such that
fo(€) = (u,v) and fp(e”) = (v,u) iff eeE and f(e) = {u,v}. A spanning tree of a
connected undirected graph is a maximal subgraph which has no circuits. The
unique circuit obtained by adding a nontree edge to the spanning tree is called
a fundamental circuit (with respect to that spanning tree). The ring-sum of two
circuits C, = (V;, E,, fi> and C, = (V,, E,, f,> of an undirected graph G is an
undirected graph S=C, ® C, =V, E,f'> where E = E, UE, — E; N E,,
and for all ee E', f'(e) = f(e), and V' = {u,ve V| for some e€ E', f'(e) = {u,v}}.
A variable adjacency matrix A of a digraph D = (V,E, f> is an n x n symbolic
matrix in which the (i, j)-element 4;; = Za"ek e,, where e, € E such that f(e,)
= (v;, v;). If there is no such e, then 4;; = 0. The powers of 4, p 2 1, are defined
as follows: A' = A4, and for p> 1, A7 = AP"'- A = A- AP, employing the
usual symbolic multiplication. To obtain a binary adjacency matrix, replace all
nonzero entries 4;; by 1’s.

We shall use n to denote the number of vertices, e the number of edges, and ¢
the number of circuits of the given graph G. We shall refer to an edge-sequence of
length k as a k-sequence. Similarly we use k-dipath and k-dicircuit, etc.

2. Outline of circuit enumeration algorithms. In principle, any algorithm
enumerating all dicircuits of a digraph can be used to enumerate all circuits of an
undirected graph, and vice versa. (However, see § 4 for computational complexity
considerations.) The algorithms are therefore considered together. Every circuit
enumeration algorithm proposed can be put into one of the following four classes,
depending on the underlying approach:

circuit vector space for undirected graphs;
search algorithms;

powers of adjacency matrix ;

edge-digraph.

W=
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In the following subsections, we attempt to describe the basic ideas behind
various algorithms belonging to each class. More details may be found in Mateti
and Deo [19].

2.1. Circuit vector space algorithms. It is well known that the set of all circuits
and edge-disjoint unions of circuits of an undirected graph is a vector space over
GF(2), with the vector addition corresponding to the ring-sum operation on
subgraphs. To obtain all circuits, one can start from a basis for the circuit vector
space. The dimension of this space is u = ¢ — n + 1, for a connected graph of n
vertices and e edges. All the 2* — u — 1 vectors (excluding the basic circuits them-
selves, and the null element) are computed. Since not every vector is a circuit, a
test is necessary to determine if the vector generated is a circuit. Generally only a
small fraction of the 2* — u — 1 vectors are circuits, the rest being edge-disjoint
unions of circuits. In fact, we will prove in § 3 that there are only four undirected
graphs having 2* — 1 circuits, and we will exhibit classes of graphs for which
the ratio of number of circuits to the number of vectors goes asymptotically to zero
as the number of vertices increases.

An attempt to compute only a subset of all vectors and yet enumerate all
circuits was made by Welch [36], and later by Hsu and Honkanen [15]. Gibbs [13]
showed that Welch’s attempt led to incorrect results, and Mateti and Deo [19]
give a class of graphs for which Hsu and Honkanen’s algorithms end up computing
all 2* — u — 1 vectors.

Algorithms belonging to the vector space class are : Maxwell and Reed [20],
Welch [36], Gibbs [13], Rao and Murti [26], Hsu and Honkanen [15], Mateti
and Deo [19].

2.2. Search algorithms. These algorithms search for circuits in an appropriate
search space which is a super set containing all circuits. The efficiency of such an
algorithm depends on (i) the size of this super set, (ii) the effort it takes to compute
an element in the search space, and (iii) a test to find if the element is indeed a
circuit. The algorithms of Char [6], and Chan and Chang [5] have the set of all
permutations of vertices of the graph as the search space.

Several algorithms since Floyd [12] have used backtracking to generate
dipaths of the graphs, and then identified if it is a dicircuit. The algorithm of
Tarjan [32] uses improved pruning methods to decrease the size of the subset
of dipaths generated considerably. Further improvements in this algorithm are
made by Johnson [16], Read and Tarjan [28] and Szwarcfiter and Lauer [31].

The algorithms of Roberts and Flores [29], Floyd [12], Tiernan [33], Berztiss
(2], [3], Weinblatt [34], and Ehrenfeucht et al. [11] are also basically backtrack
algorithms.

2.3. Algorithms using powers of adjacency matrix. Let A be the variable
adjacency matrix of the given digraph. Then a nonzero element 4%, p = 1, is the
set of all p-sequences from vertex v; to vertex v;. Since no dicircuit can be of length
greater than n, we need compute only up to 4". Observe that an edge-sequence
need neither be a dipath nor a dicircuit. The crux of the problem is to avoid such
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nonsimple edge-sequences. It is in this avoidance that different algorithms in this
class vary. Note that all algorithms using this method find rooted dicircuits.

Algorithms belonging to this class are: Ponstein [25], Yau [37], Kamae
[17], Danielson [9], Ardon and Malik [1].

2.4. Algorithm using edge-digraph of a digraph. Consider a digraph E(D)
derived from the given digraph D as follows: the vertex-set of E(D) is the edge-set
of D, and E(D) contains an edge q between its vertices e, and e, iff e, and e, (which
are edges of D) are adjacent in D.

The edge-digraph of a p-dipath is a (p — 1)-dipath; the edge-digraph of a
p-dicircuit is also a p-dicircuit. Thus we see that there is a one-to-one corre-
spondence between the dicircuits of D and E(D). An edge of E(D) will correspond
to a rooted 2-dicircuit. Enumerate and delete all 2-dicircuits of E(D), and call the
resulting graph D'. Now, take the edge-digraph of D'. E(D') has only dicircuits of
length p = 3. Enumerate and delete all dicircuits of length 3; call the resulting
digraph D2, and so on until a D?, for some p, is empty.

An algorithm using this approach is due to Cartwright and Gleason [4].

3. Circuit vector space of undirected graph. All circuit vector space algorithms,
known so far, compute all of the 2* vectors, in the worst case. But there are classes
of graphs for which the ratio of number of circuits ¢ to vectors approaches zero
for large . In fact, there are only four graphs with ¢ = 2* — 1. These four graphs
are shown in Fig. 1. To prove this, it is useful to have the following definition.

o b o PR

F1G. 1. Graphs all of whose vectors are circuits

DEFINITION 1. A graph G is said to be reduced if
(i) G is simple,
(i) G has no vertex of degree 0 or 1, and,

(iii) for every vertex v of degree 2, the two vertices adjacent to v are themselves

adjacent.

LEMMA. Let G be a reduced graph with the number of vertices n = 6. If G has
no edge-disjoint union of circuits, then the number of edges e = n + 3. The converse
is not true.

Proof. Since G is reduced, and has no edge disjoint union of circuits, G must
be connected. No vertex in G can be of degree less than 3; for otherwise, G is
either not reduced or has an edge-disjoint union of circuits. Therefore e = 3n/2
=n+n/2=n+ 3,since n = 6.

The graphs in Fig. 2 have e = n + 3 and yet have edge-disjoint unions of
circuits.
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(a) (b)

FI1G. 2. Graphs with e = n + 3 and yet having edge-disjoint unions of circuits

THEOREM 1. Only the four reduced graphs K5, K,, K, — x and K5 5 have all
vectors as circuits.

Proof. That the theorem is true for graphs with at most five vertices and
seven edges can be seen by enumerating reduced graphs. It is also true for graphs
with n vertices n = 6, and e edges, e < n + 2 by the lemma. For graphs withn = 5,
and e = n + 3, the theorem will be proved by contradiction. We will first assume
that there exists a graph G which has n = 5, is not K 5, and yet has all vectors as
circuits, and then show a contradiction. If G is disconnected or separable, we are
done because every reduced graph which is separable or disconnected will contain
one or more edge-disjoint union of circuits. Therefore G is connected and is non-
separable. Graph G is either planar or nonplanar.

Case 1. G is planar, n = 5, ¢ 2 n + 3; that is, nullity y = e —n + 1 is at least 4.

There are at least 4 finite regions and one infinite region defined by a plane
representation of the graph G (see Deo [10, Chap. 5]). If any two finite regions are
not adjacent, the circuits defining these regions are edge-disjoint. Likewise, every
finite region must also be adjacent to the infinite region; otherwise the circuit
defining the finite region is disjoint with the circuit defining the infinite region.
The dual of G is therefore a complete graph K, ; of u + 1 vertices,and u + 1 = 5
which is impossible. Thus there must exist a pair of regions which are not adjacent,
and hence an edge-disjoint union of circuits.

Case 2. G is nonplanar, and therefore G either has a subgraph homeomorphic
to K3 3, or has a subgraph homeomorphic to K.

Case 2.1. Let G have a subgraph homeomorphic to K. An edge-disjoint
union of circuits of K5 shown in Fig. 3 is homeomorphic to a subgraph of G.

Case 2.2. G has a proper subgraph g homeomorphic to K ;. Since g is a
proper subgraph, there exists an additional path between two vertices u and v.
If u and v correspond to vertices in the same independent set of vertices of K 5,

F1G. 3. An edge-disjoint union of circuits in a complete graph of five vertices
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there exists an edge-disjoint union of circuits (see Figure 4(a)). If u and v correspond
to vertex u' in one independent set of vertices of K; ; and to v in the other inde-
pendent set, respectively, an edge-disjoint union of circuits exists (see Figure 4(b)).

(a) (b)

F1G. 4. Edge-disjoint unions of circuits in a nonplanar graph having a proper subgraph homeomor phic
to Ky 5

Observe that the Theorem 1 does not give us information as to how many
edge-disjoint unions of circuits a given graph can have. In general, a large fraction
of the vectors are edge-disjoint unions of circuits. The ratio of circuits to all vectors
in the vector space for numerous classes of graphs tends to zero. Three such classes
are shown in Fig. 5.

n=n-—1
c=pu—1)+1

(a) A wheel graph

(b) A modified ladder graph
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(c) A complete graph
F1G. 5. Graphs for which lim,., ., (¢/2") > 0

4. Analyses of algorithms. We take as our data unit a single vertex, or an edge.
Other data objects like paths, circuits, or graphs are composed of these basic
data units. The space bounds for various algorithms are given in terms of these
data units. Any operation performed on an edge, between two edges, or between
two vertices takes a unit of time. Thus adding an edge to a partly constructed path,
testing if the label of a vertex is greater than that of another vertex, given e finding
f(e), etc., all take a unit of time. All other operations performed in the actual
execution of an algorithm are assumed to take no time. The time bounds of the
algorithms are given in terms of these time units.

In what follows we give summaries of analyses performed on the algorithms.
Space bounds are rather obvious and are given in Table 1 at the end of this section.
Since the rumber of time units consumed by some of these algorithms depends
intricately on the structure of the graph whose circuits are being enumerated,
the worst-case time bounds given are in general pessimistic bounds. Thus if T,
and Ty are upper bounds on the time required by two algorithms A4 and B, respec-
tively, and if T, < Tj, it cannot be said with certainty that algorithm A is faster
than B. The algorithms 4 and B are often directly compared with each other to
make a statement to the effect that A is faster than B on any given graph. In general,
the worst-case graphs for two algorithms are not the same. For a discussion on
related matters, see Chase [8].

It will be computationally advantageous to perform some initial simplifica-
tions on the given graph which do not disturb the circuit structure of the graph
before proceeding to enumerate all circuits. Self-loops can be enumerated initially.
Then if the given graph is a directed graph, take its fragments, take the undirected
version of each fragment and decompose it into blocks, and enumerate the dicircuits
of the subdigraph corresponding to each of these blocks. A set of p parallel edges
can be replaced by a single new edge. For each dicircuit containing this new edge,
enumerate p dicircuits, each containing an edge from the set of edges replaced.
Vertices v of in-degree and out-degree 1 may be deleted by adding an edge connect-
ing the two adjacent vertices of v. Note, however, that this might result in parallel
edges. Similar editing operations may be performed on undirected graphs. This is
advantageous because all these editing operations have upper bounds of O(n + ¢)
(see Hopcroft and Tarjan [14]). And even the fastest known algorithm (Johnson’s)
has an upper time bound'® of O((n + e)(c + 1)). For the purpose of time analysis,
we will therefore assume that the graph given is an “edited’’ graph.

! For some positive constant K, and given function ¥(-), O(¥(-)) means that the number being
represented by O(‘P(-)) is at most K - W(-); T = O(¥(-)) means that T < K- ¥(-);and ¥(-) = O(T)
means that T = K- V().
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If the size of the input is a and the size of the output is b, then any upper bound
cannot belessthan O(a + b). Weinsist that each circuit be enumerated as a sequence
of vertices or edges. Thus b = O(n - ¢). Johnson’s algorithm approaches this bound.

It may be pointed out that an algorithm A enumerating all the dicircuits of a
digraph may be used on an undirected graph G by taking the directed version D
of G. The digraph D is obtained from G by replacing each edge e of G by two oppo-
sitely directed edges e’ and e”. For each circuit of G, we now have two dicircuits
in D, and, in addition, e 2-dicircuits are created, where e is the number of edges in G.
Thus if ¢, is the number of dicircuits in D, and cg is the number of circuits in G,
¢p = 2¢g + e. (However, an algorithm for undirected graphs, such as a circuit
vector space algorithm, should not be applied on an undirected version G of a
digraph D to enumerate the dicircuits because the number of circuits in G could
be exponential in the number of dicircuits of D.) Thus circuit vector space algo-
rithms should not be used even to enumerate the circuits of an undirected graph
until progress has been made in the pruning methods used to avoid fruitless
computations of noncircuit vectors giving a circuit vector space algorithm having
an upper time bound of O((n + e)c). When this is achieved, the multiplying
constants, which depend on the implementation, may make one algorithm better
to use than the other. Such a progress appears promising if it is remembered that
the backtrack algorithms for digraphs have been improved from exponential
(Tiernan [33]) to polynomial in output (Johnson [16]) in three years.

TABLE 1
Upper bounds on time and space
Algorithm of Time bound Space bound Method used

Ardon and Malik n(const.)" n? Powers of adjacency matrix
Berztiss n(const.)" n+e Backtrack
Cartwright and Gleason| n(const.)" n(const.)" Edge-digraph

n—1
Chan and Chang 2 il n+e Searches permutations

i=1

n
Char > nljn — i) n+e Searches permutations

i=3

Danielson n(const.)" n(const.)” Powers of adjacency matrix
Ehrenfeucht et al. n+n-e-c n+e Backtrack
Hsu and Honkanen n-22* e- 2" Circuit vector space
Johnson (n + e)c n+e Backtrack
Kamae — n(const.)" Powers of adjacency matrix
Mateti and Deo uro2r u? Circuit vector space
Maxwell and Reed n-2 e- 2" Circuit vector space
Ponstein — n(const.)” Powers of adjacency matrix
Rao and Murti e-pu.2¢ u-n Circuit vector space
Read and Tarjan (n + e)c n+e Backtrack
Szwarcfiter and Lauer (n + e)c n+e Backtrack
Tarjan n-e-c n+e Backtrack
Tiernan (RFFT) n(const.)" n+e Backtrack
Weinblatt n(const.)" n-c Backtrack
Welch-Gibbs n-2% e- 2" Circuit vector space
Yau - n(const.)” Powers of adjacency matrix




98 PRABHAKER MATETI AND NARSINGH DEO

5. Conclusions. Of all the algorithms analyzed, the Johnson’s algorithm [16]
having an upper bound of O((n + e)c) on the time is the asymptotically fastest
algorithm. (Szwarcfiter and Lauer [31] give a similar algorithm with the same
upper bound.) The success of this backtrack algorithm is due to a very effective
pruning technique which avoids much of the fruitless search present in earlier
algorithms.

Little has been done in circuit vector space algorithms by way of pruning
unnecessary computations. The algorithms of Hsu and Honkanen [15], and
Mateti and Deo [19] are the fastest among circuit vector space algorithms. It
cannot be said of these two algorithms that one is faster than the other.
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ON THE EVALUATION OF POWERS*

ANDREW CHI-CHIH YAO+
Abstract. It is shown that for any set of positive integers {n,,n,, - -, n,}, there exists a procedure
which computes {x",x", .. ,x"} for any input x in less than IgN + ¢ Y7, [lgn/lglg (n; + 2)]
multiplications for some constant ¢, where N = max; {»;}. This gives a partial solution to an open

problem in Knuth [3, §4.6.3, Ex. 32] and generalizes Brauer’s theorem on addition chains.

Key words. addition chains, Brauer’s theorem

1. Introduction. An addition chain (of length r) is a sequence of r + 1 integers

dg,ay,4d,, -, a, such that (i) a, = 1 and (ii) for each i, a; = a; + g, for some
J=k<i Itis clear that, for any r and any set of integers {n;,n,, -, n,},
there exists an addition chain of length r which contains the values ny,n,, -- -, n,

if and only if there exists a procedure which, for any input x, computes {x", x", - - - ,
x"?} in r operations using only multiplications. A theorem by Brauer [1], [3,
pp. 398-418] states that, for any n, there exists an addition chain of length!
lgn + O(lgn/lglgn) which contains the value n; this implies the existence of a
corresponding procedure to compute x" in Ign + O(lg n/lg Ig n) multiplications.
Furthermore, it was shown by Erdés [2], [3, pp. 398—418] that the above result is
asymptotically with probability 1 nearly the best possible. In an open problem
posed in Knuth [3,§ 4.6.3, Ex. 32], it is asked if there are fast procedures to compute
{x",x", ..., x"} for p = 2. This problem cannot be solved by a direct extension
of the technique used by Brauer in the proof of his theorem.

In this paper we show that for any positive integers n,,n,, - -, n,, there
exists a procedure using only multiplications which, for any input x, computes
{x™,x", ..., x"™} in lg N + constant x Y F_ [Ign,/lglg(n; + 2)] multiplications
where N = max; {n;}. This gives a solution to Knuth’s problem and leads to a
corresponding theorem on addition chains which generalizes Brauer’s theorem
mentioned earlier.

2. Definition. Let ¢;, 1 < i< p, and f}, 1 < j < ¢, be positive integers.
We shall say that {x°, ---, x°#} is computable from {x', - -- | x/9} in r multiplica-
tions (r 2 0) if there exists a set of r positive integers, {f;,, -, f,+,}, such
that
(i) foralli=qg+1,---,q+r,
x/t = x/1.x/ for some j < k < i.

(11) {xel, cee xep} c {xfl, cee qu+r}.

* Received by the editors August 29, 1974.
t Department of Computer Science, University of Illinois at Urbana-Champaign, Urbana,
Illinois 61801. This research was supported by the National Science Foundation under Grant GJ-41538.
!1g is logarithm to the base 2.
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Since the exponents are added when two powers of x are multiplied, the
above definition is a natural generalization of the definition of addition chains
(cf. § 1). The exponents appearing in {x/", - - - , x/4} correspond to a set of numbers
initially available in the chain, as opposed to a single number, 1, in the earlier
definition.

3. The computation of {x", - - -, x"}. The following lemma is well known
(3, pp. 398-418).

LEMMA 1. For any integer i > 0, {y'} is computable from |y} in at most 2|lg i]
multiplications.

Proof. Let the binary representation of i be

(1) i= Y b;-2,
where v = |lgi]. Then,
i 27

Thus, we can first compute y?, y* 8, --- | y?° sequentially in v multiplications
and then compute y* by (2) in no more than v multiplications. The total number
of multiplications is no greater than 2v. (]

THEOREM 2. For any integers m, n where 0 < m < n, {x™} is computable from

{x,x% x* x5 -, x*"*"} in less than clgn/lglg(n + 2) multiplications for some
constant c.
Proof. Assume n = 4. Define the following quantities:
() k = T(glgn)/21,
) D =24,
(5) t= l.logDnJ’

Let the D-ary representation of m be

t

j=0
where
(6) 0<ag;=D—-1 for j=0,1,---,¢.

We partition the set of integers {0, 1, - - - , ¢} into D disjoint subsets S(0), S(1), - - -,
S(D — 1) by letting

S() = {la, =1} fori=0,1,---,D—1.
It follows from (6) that

D-1 D—-1
™ m— zi.[z Df]=_zi.mi,

i=1 1eS(i)
where

(®) m; = z D',

leS(i)
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From (7) and (8), we obtain the following two equations:

9) xm = [] x* fori=1,2,---,D—1,
leS()
D-1 i

(10) x" =[] (™).

Since all the x' in (9) are available in the set {x,x?, x* x5, ... x?"*"},

we can construct a procedure to compute x™ as follows.
Step 1. Fori=1,2,---, D — 1 do the following:
(a) Compute x™ from (9) in fewer than |S(i)] multiplications.
(b) Compute (x™)" in at 'nost 2|lg i] multiplications (by Lemma 1).
Step 2. Compute x™ from (10) in D — 2 multiplications.
Let M be the total number of multiplications in the above procedure. Then,
D-1
M < Y (36) +2lgil)+D -2
(1 l) i=1

D-1
< Y ISG) +2(D—1lg(D—1)+D —2.
i=1
Noting that the S(i)’s form 1 partition of the set {0, 1, - - -, t}, we obtain from (11)
that

(12) M<t--1+2D-1D)lg(D-1)+D -2,
which together with equat ons (3), (4) and (5), implies that

(13) M < 2(gn/ltlgn) + 1 + 4(gn)t?1glgn + 2(1gn)'/2.
It follows from (13) that tl.ere exists a constant ¢ such that

(14) M < clgn/lglg(n + 2).

Thus the theorem is true if n = 4. Obviously we can choose ¢ so that the theorem
is also true forn = 1,2,3. 0O

THEOREM 3. For any szt of positive integers {ny,n,, - --, n,}, {x", x", .-, x"}
is computable from input |x} in less than 1g N + ¢ Y'¥_ [Ig n/lglg (n; + 2)] multi-
plications for some constant ¢, where N = max; {n;}.

COROLLARY. {x"!,x"2, ..., x"} is computable from {x} in less than lg N
+ cplg N/lglg (N + 2) nuwltiplications.

Proof of Theorem 3 and Corollary. First we compute {x,x?, x* x5, ...,
x?!'"8N} from input x in |'g N | multiplications. For each i, according to Theorem 2,
x" is computable from {x, x% x*, .-+, x?"#M} in ¢1g N/lglg (N + 2) multiplica-
tions for some constant ¢. The theorem and corollary then follow immediately. [

In terms of addition chains, Theorem 3 and its corollary give the following
generalization of Brauer’s theorem [1], [3, pp. 398-418].

THEOREM 4. For any positive integers ny,n,, --- , n,, there exists an addition
chain of length less than 1g N + ch;l g ny/lglg (n; + 2) containing the values
ny,n,, .-, n, for some constant c, where N = max; {n;}.

COROLLARY. For positive integers ny,n,, -, h,, there exists an addition

chain of length less than 1g N + cplg N/lglg (N + 2) containing ny,ny, ---, n,.
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4. Conclusion. We have shown that {x"!, x", ---, x"} can be computed in
lgN + cplg N/Iglg(N + 2) multiplications for input x where N = max; {n;}
and c is a constant. On the other hand, it is well known that to evaluate {x",
x", ..., x"} by arithmetic operations, at least lg N operations are necessary.
Thus our procedures for evaluating {x"!, x", - - -, x"*} are nearly the best possible
when p « Iglg (N + 2). It remains an interesting open problem to determine the
complexity of computing {x", x"2, - - -, x"»} for general p.

Note added in proof. (A) By choosing the value of k in (3) more carefully, say
k = [lglgn — 31glglgn], our algorithm in Theorem 3 takes at most lg N
+plg N/lglg N + (smaller terms) multiplications as N — oo. For fixed p, these
leading terms are almost the best possible since, as observed by Larry Stockmeyer
(private communication), the lower bound of Erdés [2] can be generalized straight-
forwardly. (B) Nicholas Pippenger proved the following (private communication):
{x",x", ..., x"»} can be computed from x in min {(p + 2")[lg N/I1| l is a positive
integer} multiplications, and for some ¢, > 0 and every N,p, c,plg N/(IgP
+ Iglg N) multiplications are needed for some set of {n,,n,,---,n,} with
max {n;} < N. For large p (p = 1g N), this determines the worst-case complexity
to be plg N/lg p up to a constant factor. (C) A related theorem on power evalua-
tion may be found in Schonhage [4].
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b-MATCHINGS IN TREES*

S. GOODMANTY, S. HEDETNIEMI} anp R. E. TARJAN{}

Abstract. We develop linear-time algorithms to find maximum weighted and unweighted degree-
constrained subgraphs (b-matchings) of a tree. We use a generalization of an algorithm for finding a
maximum 2-matching in a tree.

Key words. tree, matching, degree-constrained subgraph, postorder numbering, Hamiltonian
cycle

Let T be a tree with n vertices. For any vertex v, let d(v) denote the degree
(number of incident edges) of v. For each vertex v, let a bound b(v) such that 0 < b(v)
< d(v) be given, and for each edge (4, v) € T, let a real-valued cost c(u, v) be given.
If S = Tis a subset of the edges of Tand |{(u, v) € S}| < b(v) for all v, then S is a
b-matching of T. We consider the problem of finding

(i) a b-matching S such that|S| is maximum (S is called a maximum (unweighted)
b-matching);

(i) a b-matching S such that ), s c(u, v) is maximum (S is called a maximum
weighted b-matching);

(iii) a maximum (unweighted) b-matching S such that ), , s c(u, v) is maxi-
mum. Efficient algorithms exist to solve these problems in arbitrary graphs
(3], [7]; we develop O(n) algorithms to solve them in trees by generalizing an O(n)
algorithm for finding maximum 2-matchings in trees devised by Goodman and
Hedetniemi [5].

LetC = Z(W)GT c(u, v) and for each edge (u, v) € T'let ¢'(u, v) = 1 + c(u, v)/(2C).
Then ), 7 (¢'(u,v) — 1) = 3. If S is any b-matching of T, then S is a b-matching
such that )", , s ¢(u, v) is maximum if and only if S is a maximum unweighted
b-matching such that ), ,,.s c(u, v) is maximum. Thus by changing the cost func-
tion we can convert a problem of type (iii) into a problem of type (ii).

Let a:{1,2,---,n} < {v is a vertex of T} be a bijection such that, for all
vertices v, F(v) = {w|(v,w)e T and &~ !(w) > o~ *(v)} has no more than one element.
Such a numbering of the vertices of T may be computed in O(n) time by converting
T into a directed, rooted tree and numbering the vertices in postorder (see [6],
(9], [10]). If [F(v)] = 1, let f(v) be the unique element of F(v); otherwise let f(v) = 0.
Henceforth, assume that vertices are identified by number (i.e., (i) = i).

Our algorithm to find unweighted b-matchings is based on the following
simple observation. If (u, v) is the only edge incident to uin T, b(u) > 0, and b(v) > 0,
then there is a maximum b-matching which contains (i, v). The following algorithm

* Received by the editors October 4, 1974.
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computes a maximum b-matching using this observation. The edges (i, f(i))
such that s(i) = true when the algorithm finishes are the edges in the b-matching.
For each vertex i, COUNT(i) is the number of edges incident to i currently in the
b-matching. To handle vertex n, we set COUNT(0) := b(0) := 0 by convention,
since f (n) is defined to be 0.

ALGORITHM TREEMATCH : begin
initialization: for i: =1 until n do COUNT(i): =0;
COUNT(0):=5(0):=0;
mainloop: for i:=1 until n do
if (COUNT() = b(i)) or (COUNT(f(i)) = b(f(i))) then

s(i): =false;
else begin
s(i): =true;

COUNT(f(i)):=COUNT(f(Q))+1;
inc: COUNT(i): =COUNT(@) +1;
end;
end TREEMATCH;;

To prove that TREEMATCH works, we must show that the edges (i, f(i))
with s(i) = true when the algorithm concludes from a maximum b-matching
S of T. We show by induction on j that there is some maximum b-matching
S(j) of T such that, for all k < j, (k, f(k)) e S()j) if and only if S(k) = true when
TREEMATCH finishes.

The hypothesis is clearly true for j = 0; S(0) can be any maximum b-matching.
Thus suppose S(j — 1) satisfies the hypothesis for j — 1. Consider the iteration of
mainloop having index i = j. If COUNTY(j) = b(j) or COUNT(f(j)) = b(f(}))
when test is executed in this iteration of mainloop, then (j, f(j))¢S(j — 1) and
S(j) = S(j — 1) satisfies the hypothesis for j. (Note that this case includes the case
when j = n, since COUNT(f(n)) = COUNT(0) = 0 = b(0).)

Suppose, on the other hand, that COUNTY(j) < b(j) and COUNT(f(}))
< b(f(i)).If(j, f(j) e S(j — 1), then S(j) = S(j — 1) satisfies the hypothesis for j.
If (j, () ¢S(j — 1), then S(j — 1) has COUNT(j) < b(j) — 1 edges incident to
J, and there is some edge (k, f(j)) € S(j — 1) such that (k, f(j)) is not of the form
(L, f()) for any I <j. Then S(j)=S(j — 1) — (k, f())) + (j, f(j)) satisfies the
hypothesis for j. By induction, the hypothesis is true in general, and TREEMATCH
works correctly. TREEMATCH obviously requires O(n) time and space. The
algorithm will find maximum b-matchings in forests as well as trees. Statement inc
can be deleted without affecting the final values of s(i).

If b(i) = 2 for all i, a maximum b-matching is called a maximum 2-matching.
A maximum 2-matching can be used to find the minimum number of edges which
must be added to a tree so that it has a Hamiltonian cy'cle. (This number, the
Hamiltonian completion number of T, is equal to n minus the number of edges in a
maximum 2-matching of T.) See [1], [4].

Our algorithm for finding maximum weight b-matchings is an extension of
TREEMATCH and is based on the following observation: Let v be a vertex of T
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adjacent to at most one vertex w of degree higher than one. Let u,,u,, ---,u, be
the vertices of degree one adjacent to v, in decreasing order of ¢(u;, v). Then there
exists some maximum weight b-matching containing the edges (u,,v),---,
(Upe)— 1 ) and in addition either (u,,,,, v) or (w, v). Thus, if T" is the tree formed from
T by deleting edges (u,,v), - -, (44, v) and ¢’ is a cost defined on the edges of T”
by c'(w,v) = c(w, v) — c(uy),v) and c'(x,y) = c(x,y) if (x,y) # (w,v), then any
maximum weight b-matching of T’ may be converted into a maximum weight
matching of T by adding edges (u;,v), - - -, (tpp)—1, V), and (uy, v) if (w, v) is not
already in the b-matching.

The following algorithm implements this idea. Let the vertices of T be num-
bered as before. For each vertex i, let A®i) = {j|(i, j)e T and o™ (i) > o™ '(j)}.
The algorithm changes the costs of edges according to the scheme given above.
The program uses the variable CEE(i) to denote the current value of c(i, f(i)).
To insure proper behavior at vertex n, we set CEE(n) = 0. The maximum weight
b-matching consists of the edges (i, f{(i)) such that s(i) = true when the algorithm
finishes. For each vertex v, p(v) is computed to be the vertex u e A(v) with b(v)th
largest value of CEE(u), if this vertex has CEE(u) < CEE(v). Otherwise, p(v) = 0.
Further explanation follows the program.

ALGORITHM WTREEMATCH : begin
initialization: for i:=1 until n— 1 do begin
CEE():=c(, f(i));
p(i):=0;
end;
CEE(n):=p(n):=0;
mainloop: for i: =1 until » do begin
select: find the element j € A(i) with b(i)th largest value of CEE());
order: order the elements of A(#) so that j occurs in the b(i)th
position and any k € A(i) occurring before j has
CEE(k) =z CEE());
check : if (CEE(i) > CEEC(})) then begin
CEE(i): =CEE(i)— CEE());
if CEE(j) > O then p(i):=j;
end else CEE(i):= CEE(j):=0;
flag . =true;
add: for k € A(i) do begin
if (j# k) or (CEE(i) = 0) then begin
if CEE(k) > 0 then s(k): =flag else s(k): = false;
m:=k;
backtrack : while p(m) # 0 do begin
s(p(m)) = —1s(m);
m:=p(m);
end end;
if j: =k then flag : =false;
end end;
end WTREEMATCH;;
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In this algorithm, statement select finds the j € A(i) with b(i)th largest value of
CEE(}), and order orders A(i) so that the k’s in A(i) with the b(i) — 1 largest values
of CEE(k) occur first, followed by j, followed by the rest of A(i). Statement check
updates the value of CEE(}) if there is a choice of whether to add (j, i) or (i, f(i))
to the b-matching. This step also sets p(i) = j so that adding (i, f(i)) to the b-
matching later will force (j, i) to remain out of the b-matching, and leaving (i, f(i))
out will force (j, i) to be added. If there is no choice, then (j, i) must be added to
the b-matching, and statement check sets CEE(i): = CEE(j) = 0. Statement add
decides whether to add (k, i) to the matching for each ke A(i). Add adds (j, i) to
the matching if CEE(i) = 0. After a decision whether to add (k, i) to the b-matching
is made, statement backtrack makes the delayed decisions which are now forced,
by following p pointers. The program never adds an edge of zero or negative cost
to the b-matching.

It is not hard to prove that WTREEMATCH works correctly in a way similar
to that used in the correctness proof of TREEMATCH. We must use a double
induction instead of a single induction to take care of the delayed decisions which
backtrack makes; this is the only complication. WTREEMATCH also works for
forests.

Statements select and order can be implemented to run in O(| A(i)|) time using
a complicated but linear-time recursive procedure (see [2]). If there is a constant B
such that b(i) < B for all i, then it is much easier to implement select to run in
linear time (where the constant factor depends on log B). Each edge of the tree
is examined once in select, once in add, and once in backtrack. Thus it is clear that
the total time and space requirements of the algorithm are O(n).

Wehave presented linear-time algorithms for finding unweighted and weighted
b-matchings in trees. Here are two open questions for future research. Do these
algorithms generalize to (circuit-free) matroid problems? Are there fast algorithms
for finding maximum b-matchings on more complicated kinds of graphs, such as
k-trees [8]7? Is there a linear-time algorithm to find a b-matching of fixed (not
necessarily maximum) cardinality and maximum weight?
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BOUNDS FOR SELECTION*
LAURENT HYAFIL¥

Abstract. In this paper we show that the minimum number of comparisons necessary for the
computation of the kth element of a totally ordered set of size n, ¥(n), is bounded below by n — k
+ (k — 1)[log, (n/(k — 1))1. For 3 < k < n/4, this bound is an improvement on the best lower bound
presently known. A new algorithm which yields an upper bound that is better than the currently known
bound for a large range of values of n will also be presented.

Key words. selection, sorting, analysis of algorithm

1. Introduction. The selection problem is to determine the kth element of a
totally ordered set P of size n. Two efficient algorithms for solving this problem
are presently known. When k is small with respect to n, k < 4n/lgn,' A. Hadian
and M. Sobel’s algorithm [3], which needsatmostn — k + (k — 1)[lg(n — k + 2)]
comparisons, is adequate. Another method, using at most 5.43n comparisons,?
was discovered by M. Blum et al. [1]. This method is more efficient than Hadian
and Sobel’s method for k = 4n/ig n.

Let Vj(n) denote the minimum number of comparisons necessary for finding
the kth element of a set of size n. The exact values of ¥(n) are known for k = 1(V;(n)
=n-—1), and k =2(V,(n) =n — 2 + flgn]) (Schreier and Kislitsyn). For
k = 3,F. Yao [6] has obtained a lower bound which is equal to the upper bound of
Hadian and Sobel for infinitely many values of n. V. Pratt and F. Yao [5] also
showed that:

for k < lgn/2lglgn, Vin)=Zn—k+ (k- 1)[lgn — (k — Dig*n
= 21g(k = DI,
for k < n/3, Vin) = n + 2k — lgn,

forn/3 <k < |n—3/2], Vin) = (Bn+ k)2 —1gn — 0(1),

improving the bound due to Blum et al., except when Ign/2lglgn < k < Ign.

In this paper we first present a new lower bound for Vj(n), namely: n — k
+ (k — 1) (lg(n/k — 1)] £ Vi(n). When 3 < k < n/4, this bound is strictly greater
than the best previously known bound. For instance, for k = 5, this result together
with the best known upper bound enables us to determine the value of Vs(n)
within a gap of at most 8, while the previously known bounds leave a gap of at

* Received by the editors July 17, 1974, and in revised form May 15, 1975.

t Institut de Recherche d’Informatique et d’Automatique, Domaine de Voluceau-Rocquencourt,
78150 Le Chesnay, France.

! 1g stands for log,.

2 M. Paterson, N. Pippinger, A. Schonhage have set up a new method which needs only 3n com-
parisons.
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least 80. Furthermore, this result shows that, for a fixed value of k, the tree selection
algorithm is asymptotically optimal.?

We then present a new algorithm for selecting the kth largest element of a
set of size n which yields an upper bound that improves strictly the previously
known bound when 21gn < k < 4n/lg n and when

24k —2 < n < AUm/--1 4 o

for some integer i. Specifically, for k = 3, the new upper bound is
Vi) <n—3 4+ Tlgn — 1)1+ [g(n — 2'en2h7,

Following the original formulation of the selection problem by Rev. C. L.
Dodgson (better known as Lewis Caroll) [2], we call an element of the set P a
“player’” and a comparison between two players a ‘“‘match” which must be won
by one of the two players. A procedure for selecting the kth largest element will
be referred to as a “tournament” for determining the kth best player.

2. The lower bound. We want to show that for any algorithm that computes
the kth best player among n players, there exists a ranking of the players such that
this algorithm must perform at least n — k + (k — 1) [lg (n/(k — 1)) comparisons.
The idea of using an oracle in our proof is due to Knuth [4], who gave a new proof
of Kislitsyn’s lower bound for k = 2. Here we extend this idea for all values of k.
Our oracle is basically a deterministic process which builds up a ranking among
the players, while the algorithm tries to find out the solution. This ranking, which
must satisfy transitivity and antisymmetry, will force the algorithm to perform
at least Vj(n) comparisons. A correct algorithm cannot stop before the kth player is
uniquely determined by the oracle. As a direct consequence, the set of the k — 1
best players must also be uniquely determined.

We describe the oracle ¢ as an automaton whose states are represented by
ordered pairs. To be specific, the state vector S, before the tth match is (¢,, E,)
where ¢, is a mapping from P to N, and E, is a totally ordered subset of P. The
initial state is S, = (I, &) where I is the constant mapping such that Vxe P,
I(x) = 1. Roughly speaking, the players in E, are the top players, specifically the
ith player to enter the set E, is the ith best player. Candidates for entering E,
are selected according to the values of ¢,.

The input to the oracle at time ¢ is an unordered pair of players {x, y}, who
are engaged in the tth match according to the selection procedure. The oracle
decides the winner of the match and enters state S,, ; according to the following
rules:

R1—Ifxe E,and y € E,, then x wins if and only if x > y (E, is an ordered set).

Moreover, S,., := S,.

R2—If xe E,and y ¢ E,, then x wins and S, , := S,.

R3—If x¢ E, and y ¢ E,, then if ¢(x) > ¢,(y), x wins; and if @,(x) = ¢(y),

an arbitrary decision compatible with transitivity will be made. In both

* This result has been obtained independently by D. Kirkpatrick of the University of Toronto.
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cases, suppose the winner is x; if ¢/(x) + @(y) = n/(k — 1), then
i1 := ¢, E.1 :=E U {x} and x becomes the smallest element of
Eyo If @x) + @(y) <n/k = 1), then E.,:=E, ¢.,0):=0,
¢11(x) 1= @x) + @ (y) and Vz # X, y, 9,1 1(2) 1= @(2).

Being given that x dominates only x at time 1, we say that x dominates y
at time ¢ + 1 if x dominates y at time t, or if x has beaten y in the tth match, or
if x dominates z and z dominates y. Clearly, if x dominates y, x is a better player
than y.

THEOREM. The number Vi(n) satisfies n — k + (k — 1) [lg (n/(k — 1))1 = Vi(n).

We first prove the following lemma.

LeEMMA. Using oracle O, the k — 1 best players will have played at least (k — 1)
[lg (n/(k — 1))1 matches when the tournament is completed.

Proof. The lemma follows from the facts listed below.

Fact 1. The number of matches won by x by time ¢ is greater or equal to
Mg o (x)1.

Fact 2. Let e; € E, be the ith player (1 =i < |E}) to enter E,. Then e; can be
dominated only by e; with j < i.

Fact 3. ), ¢dx) = n.

We denote with W, the set of players x such that x ¢ E, and ¢,(x) > 0.

Fact 4 |E| + (W] >k — L
This is a consequence of Fact 3 and of the fact that Vx e P, ¢(x) < n/(k — 1).

Fact 5. At the end of the tournament, |E,| = k — 1.

Since the players in W, can be dominated only by the players in E,, if |E,| < k — 1,
then any player in E, or W, can be one of the k — 1 best players. Contradiction
results from Fact 4.

Fact 6. At the end of the tournament, the k — 1 best players are the k — 1 top
players in E,.

This is a consequence of Facts 2 and 5.

Since x entering E,,, by defeating y implies ¢/(x) + ¢{y) = n/(k — 1) and
@{x) = @), the result is a direct consequence of Facts 1 and 6. [

Proof of theorem. According to the lemma, the k — 1 best players have played
at least (k — 1) [1g (n/(k — 1))]1 matches. Clearly, any player who is not among the
k best players has lost at least one match against a player which is not among the
k — 1 best. Thus there are n — k additional matches which were not included
in the count of the matches played by the k — 1 top players. This completes the
proof of the theorem.

3. Improving the upper bound. Since Hadian and Sobel’s algorithm needs at
most n—k + (k— 1)[lg(n — k + 2)] comparisons, the new lower bound
presented above enables us to determine V(n) to within a gap of at most (k — 1)
[lg (k — 1)1 comparisons. The new algorithm we present reduces that gap when
lgn < k/2 and when

20+ k—2<n g2 4 QKM= for any integer i.

We describe the algorithm in a pseudo-ALGOL dialect including set operations
(U, N, —) and list operations (first, last, ”, > for concatenation).
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We first describe the procedure BEST(i, S), which is a tree selection algorithm
used to determine the ordered list of the i best players of the set S. The set S is
initially divided into two disjoint subsets S; and S,, such that S = S, U S, and
|S,| = 2"eIS1=1 Fyrthermore, each set is associated with a list TOP(S), which is
initially empty.

list procedure WINNER(list L, list L,) := if last (L,) > last (L,)
then L, else L,;
comment: WINNER uses one comparison except if one of the two
lists is empty;
list procedure BEST (integer i, set S);
begin if S # J then
begin for j = |TOP(S)| + 1 until i do
begin W:=WINNER (BEST (1, S;), BEST (1, S ,));
if TOP(S,) = W then
begin TOP(S,):=F; S;:=8;— W; end;
else
begin TOP(S,):=; S,:=S,—W; end;
TOP(S): =TOP(S), W,
end;
end;
TOP(S);
end.

This tree selection algorithm performs at most |S| — i + (i — 1)[lg|S|] com-
parisons (see, for instance, [4] for further details). The new algorithm is an extension
of this tree selection algorithm. Let P be the initial set of players which is divided
into two disjoint subsets P; and P, such that P, U P, = P and |P,| = 2/'s!Pl1=1,
The procedure BEST applied to P selects top players one by one in P, and P,.
The new algorithm uses two sequences of positive integers {u,} and {v,}, and a
characteristic step is to select either the u,, top players of P, or the v; top players of
P, , according to the results of previous comparisons.

list procedure SELECT (integer k, set P);
begin h:=1;j:=1; A:=u, + vy;
while 4 < k do
L1: begin W:=WINNER(BEST(x,, P,), BEST (v;. P,));
if TOP(P,) = W then
begin TOP(P,):=; P,:=P; — W,
h:i=h+ 1;4:= A+ uy;
end;
else
begin TOP (P,):=; P,:=P, — W;
Ji=j+1;4:=4 +v;
end;
R:=k—A+u,+v;;
TOP(P): =TOP(P), PICK(BEST(R, P;), BEST(R, P,));
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comment: TOP(P) contains the k best players of P, furthermore
the kth element of TOP(P) is the kth player of P;

end.

list procedure PICK (list L, , list L,)

comment : selects the top R players from the ordered lists

L, and L, of length R using R comparisons;

Remark : It is possible (and sometimes more efficient) to use the procedure
SELECT recursively instead of the procedure BEST. In that case, since the result
of SELECT is not an ordered list, it is also necessary to replace the procedure
PICK.

Analysis of the algorithm. An exhaustive analysis of the algorithm to determine
the best possible choices of {u,} and {v,} for given values of n and k being quite
tedious, we restrict our study to particular values of {u,} and {v,}.

A comparison performed when line L1 of the algorithm is executed, or a
comparison performed in the procedure PICK, clearly determines at least one new
element of the pool of the k best players. Such a comparison will be referred to as
an active comparison.

Case 1. u, = v, = a, ae N, for all integer a. Assuming that k = ta, te N,
a + t — | active comparisons are performed and at most n — 2 + (k + a — 2)
(Mg n1 — 2) inactive ones. So the difference between the number of comparisons
performed by tree selection and the number of comparisons performed by this
algorithm is clearly equal to

k—[(a— D(Ngn]— 1) + k/a].

The choice a = 2 shows that this algorithm strictly improves on tree selection if
k > 2 ([lgn] — 1). In fact, there is an optimal manner of choosing a which is the

closest integer to
Vk/(Mgn] = 1).

For instance, suppose we are to select the 90th player among a set of 2048.
The choice u, = v, = 3, for all «, in our algorithm will save 39 comparisons over
tree selection.

Case 2. We want to choose {u,} and {v,} such that, in the worst case, the num-
ber of inactive comparisons is equal to n — 2k + (k — 1)[lgn]. Such a choice
guarantees that the algorithm is not worse than tree selection.

Assume that n = 2 + 22, with i, > i,. The values of {u,} must satisfy
the relation

n—2—(l— Y ua)(il—l)+(k—1—- Y u,
iSash iSash

Gb—D=n-2k+ (k-1 +1);

that is,
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The choice v, = 1 for all integer « appears to be always convenient, and a simple
calculation yields that the algorithm improves strictly on tree selection if

. (k=2 +1
<

For instance, for k = 7, using the sequence u, = 4, u, = 2, u; = 1, saves 3 com-
parisons on tree selection if

2t < p 20 4 QUL
For k = 3, using u, = 2 and u, = | saves one comparison on tree selection if
2it « p < it 4 2[(i1+1)/2]—1’
and the new upper bound for V;(n) is

Vin) < n — 3+ Mg(n — 1)1 + [lg(n — 208m/2hy71,
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ON FINDING LOWEST COMMON ANCESTORS IN TREES*

A. V. AHOfY, J. E. HOPCROFT] anp J. D. ULLMANY

Abstract. Trees in an n-node forest are merged according to instructions in a given sequence,
while other instructions in the sequence ask for the lowest common ancestor of pairs of nodes. We
show that any sequence of O(n) such instructions can be processed ‘“‘on-line”” in O(n log n) steps on a
random access computer.

If we can accept our answer ‘“off-line”, that is, no answers need to be produced until the entire
sequence of instructions has been seen, then we may perform the task in O(no(n)) steps, where a(n) is the
very slowly growing inverse Ackermann function defined in [14].

A third algorithm solves a problem of intermediate complexity. We require the answers on-line,
but we assume that all tree merging instructions precede the information requests. This algorithm
requires O(n log log n) time.

We apply the first on-line algorithm to a problem in code optimization, that of computing im-
mediate dominators in a reducible flow graph. We show how this computation can be performed in
O(n log n) steps.

Key words. algorithms, computational complexity, graphs, trees, first common ancestor, code
optimization, dominators

1. Introduction. Suppose that we are running the following genealogy service.
During the course of a day, we receive new information concerning the ancestry
relationships among a fixed set of men. (E.g., “Bis a son of 4.””) We also receive
requests asking for the closest common male ancestor of pairs of men. (E.g., “Who
is the most recent common male parent of C and D?”’) Our problem is to process
each new request in turn using the most current information.

We can abstract our problem as follows. We have n nodes in a finite set of
trees (see [1] for definitions), hereafter called a forest. We receive a sequence of
instructions to execute. The instructions are of two types:

1. The instruction LINK(u, v) makes node u a son of node v. We assume
that at the time this instruction is received, nodes u and v are on different trees
and that u is a root. Thus, after executing this instruction, the nodes will remain
a forest.

2. The instruction LCA(u, v) prints the lowest common ancestor of nodes u
and v.

Example 1. Suppose that we initially have a forest consisting of eight isolated
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nodes u, , u,, - - -, ug and we receive the following sequence of instructions.

LINK (4, , u,)
LINK((u3, u,)
LINK((us, ug)
LINK (i, ug)
LINK(u,, u,)
LINK (ug, ug)
LCA(us, u;)

LINK (i, ug)
LCA(u,, us).

When the instruction LCA(us, u,) is received, the forest is as shown in
Fig. 1(a). Thus ug, the lowest common ancestor of u5 and u, is printed.

u/u‘,\us u/ug\u

ul uS

F1G. 1(a). Tree structures after LCA(us, u,) instruction

Fig. 1(b) shows the forest when LCA(u,, u5) is executed. This instruction causes

AN
aN
aN

U,

F1G. 1(b). Tree structure after LCA(u,, us) instruction

In this paper we shall consider the problem of executing a sequence of O(n)
LINK and LCA instructions on a forest with » nodes. We shall hereafter refer to
this sequence as o. If we execute O(n) LINK instructions, trees with paths of
length n — 1 can develop. Consequently, if we execute the LCA instructions in

the obvious way, we could spend O(n) time on each LCA instruction, or O(n?)
time in total when there are O(n) LCA instructions.
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We shall first give an on-line algorithm that requires O(n log n) steps to
execute 6. We shall also provide an asymptotically faster off-line algorithm and
an algorithm of intermediate complexity which solves an intermediate problem.
We then apply the on-line algorithm to compute the immediate dominators of an
n-node reducible program flow graph in O(n log n) steps.

2. A useful data structure for forests. In our on-line algorithm, we define two
forests with information attached to the various nodes. These two forests are used
together to find the least common ancestors. To distinguish these forests from
the actual forest that would be constructed by the LINK instructions, we shall
refer to the latter forest as the implied forest.

The first defined forest, which we call the A-forest, has the same structure as
the implied forest. For the A-forest we shall maintain an array ANCESTOR[u, 1],
where u is a node and i an integer such that 0 < i < logn.! At all times,
ANCESTOR([y, i] will be either the (2)th ancestor of node u in the implied forest
or will be undefined. ANCESTOR[, {] could be undefined even though u has a
(2)th ancestor, since we shall not compute ancestor information until needed.
Maintenance of ancestor information will be discussed in § 4.

The second forest, called the D-forest, has nodes grouped into the same trees
as the implied forest, but the internal structure of corresponding trees will in
general be different. The sole purpose of the D-forest is to keep track of the depth
of nodes in the implied forest.

In what follows, we shall refer to a node in the A- and D-forests merely by
its name in the implied forest. We trust no confusion will result. It should be borne
in mind, however, that “the depth of u”’ always refers to the depth of u in the
implied forest or, equivalently, to the depth of u in the A-forest.

3. Maintaining the D-forest. Our first algorithm uses the D-forest to compute
the depth of nodes in the implied forest. We attach an integer WEIGHT[u] to
each node u in the D-forest. To find the depth of a node, we find the representative
of the node in the D-forest and trace the path from this node to its root, summing
the weights of the nodes along this path. Then, except for the root, we make each
node along this path be a son of the root, updating the weights of the nodes
appropriately.

ALGORITHM 1.

procedure DEPTH(u):
begin
1. Find the path from node u to its root in the D-forest. Suppose
Uy, U1, * -, Ug is that path, where u, is the root and u, is u.
2. sum « WEIGHT[u,] + WEIGHT[u,] + --- + WEIGHT[u,].
3. Make each of u,, u;, - - -, 4, a son of u, in the D-forest.
4. for i = 2 until k do
WEIGHT[%,] « WEIGHT[x,] + WEIGHT[y;_,];
5. return sum
end

! All logarithms in this paper are to the base 2.
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The root of each tree in the D-forest also has an associated COUNT, giving
the number of nodes in the tree. Initially each node in the D-forest is in a tree by
itself, having a COUNT of 1 and a WEIGHT of 0.

We now give an algorithm to merge the two corresponding trees in the D-
forest when a LINK (u, v) instruction is executed.

ALGORITHM 2 (Merging trees in the D-forest).

1. Find the roots x and y of the trees holding « and v, respectively, by executing
steps 1, 3 and 4 of Algorithm 1.

2. Compute DEPTH(v) using Algorithm 1.

3. If COUNT[x] £ COUNT[y], then make x a son of y in the D-forest and
do the following:

COUNT[y] « COUNT[y] + COUNT[x];

WEIGHT[x] « WEIGHT[x] + DEPTH[v] + 1| — WEIGHT[y].

4. Otherwise, if COUNT[x] > COUNT[y], make y a son of x in the D-forest
and counts appropriately.

COUNT[x] « COUNT[y] + COUNT[x];

WEIGHT[x] « WEIGHT[x] + DEPTH[v] + 1;

WEIGHT[y] « WEIGHT[y] — WEIGHT[x].

In steps 3 and 4 we merge the smaller tree into the larger, adjusting the weights
and counts appropriately.

LEMMA 1. Suppose Algorithm 2 is used every time trees must be merged by a
LINK instruction and Algorithm 1 is used every time we wish to compute DEPTH[u] .
Then

(a) each value DEPTH[u] found in Algorithm 1 is correct, and

(b) if O(n) tree merges and O(n) depth computations are done, the total time

spent in Algorithms 1 and 2 is O(na(n)).?

Proof. Observe that Algorithm 1 does not change the sum of the weights along
the path from any node to its root. In particular, step 4 of Algorithm 1 adds the
sum of the weights of u,, u,, - - -, #;_ to u; for each node u; moved in step 3.
This adjustment corrects for the fact that the path from u; to u, no longer passes
through w,, u,, - -, u;_.

Algorithm 2 adds the value DEPTH(v) + 1 to paths from nodes in the tree
containing # and does not change other paths. Since u is the root (in the A-forest)
of its tree, we may conclude (a). For part (b) observe that the number of steps
taken by Algorithm 1 is proportional to that of the set merging algorithm of [2];
[14] shows this algorithm takes O(na(n)) time. []

It is important that the weights in the D-forest do not grow too large since
we are assuming that arithmetic on integers can be accomplished in one step.
Should numbers grow larger than say O(n), we would have to consider the cost
of multiple-precision arithmetic. The following bound, however, justifies our
ignoring the cost of arithmetic.

LEMMA 2. No weight in the D-forest exceeds n in magnitude.

Proof. Suppose that u is a node in the D-forest and u, v, v,, - - -, v, is the

2 a(n) is the inverse Ackermann function defined in [14].
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path from u to its root. Then the difference in the depth of nodes v and v, is easily
seen to be WEIGHT(#]. Since no depth exceeds n, the difference of two depths
cannot exceed n. Also, the depth of a node represented by a root in the D-forest
is never greater than n. Thus [WEIGHT[u]| < nforallu. [

4. Computing ancestor information. Maintaining the structure of the A-forest
is easy, since a LINK (u, v) instruction can be executed by attaching an additional
pointer to node u, i.e., setting ANCESTOR[«, 0] to v. What is difficult is the
maintenance of the ancestor information. We shall define a recursive routine
INSTALL(x, i) which inserts the (2°)th ancestor of u into the ANCESTOR array.
This routine will be called at various times when ancestor information is needed
to execute an LCA instruction. It is written under the assumption that
ANCESTOR[u, 0] # undefined for any u to which the routine INSTALL will be
applied.

procedure INSTALL(w, i):
begin
if ANCESTOR([u, i — 1] = undefined then INSTALL(u, i — 1);
if ANCESTOR[ANCESTOR([u, i — 1], i — 1] = undefined then
INSTALL(ANCESTOR[u, i — 1],i — 1);
ANCESTOR[y, {] « ANCESTOR[ANCESTOR[u, i — 1],i — 1]
end

Given the assumption that ANCESTOR[o, 0] is correctly defined for all v and
that u has a (2°)th ancestor, a straightforward induction on i = 1 shows that
INSTALL(w, i) correctly computes ANCESTOR[u, i].

We shall also define a procedure FIND(u, v, i, d) which takes as arguments
two distinct nodes u and v of equal depth d such that 2'~! < d and such that the
(2)th ancestors of u and v are the same or neither exists. The result of
FIND(u, v, i, d) is the lowest common ancestor of u and v; FIND works by
repeatedly halving the range in which the length of the path from u to the lowest
common ancestor of ¥ and v is known to lie.

procedure FIND(u, v, i, d):

if i = 0 then return ANCESTOR[y, 0];

else

begin
if ANCESTOR[u, i — 1] = undefined then INSTALL(w, i — 1);
if ANCESTOR[v, i — 1] = undefined then INSTALL(v, i — 1);
if ANCESTOR[u, i — 1] = ANCESTOR[v, i — 1] then return
FIND(u, v, i — 1, d)

else
begin
jemin(i — 1, [log(d — 2""Y) ));
return FIND(ANCESTOR[u, i — 1],
ANCESTOR[v,i — 1], j,d — 2" 1)
end

end
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It is straightforward to show that FIND works correctly given that 2~ < d.
The selection of j on the next to last line of the procedure insures that
2t <4 — 21,

We can now give an algorithm to compute the lowest common ancestor of an
arbitrary pair of nodes.

ALGORITHM 3 (Lowest common ancestor of # and v).

1. Use Algorithm 1 to compute DEPTH(u) and DEPTH(v) . Assume without
loss of generality that DEPTH(«) = DEPTH(v).

2. Find the ancestor a of u having the same depth as v by the following
procedure:

begin
a<« u;
d « DEPTH(v) — DEPTH(v);
while d # 0 do
begin
J« llogd];
if ANCESTOR[a, j] = undefined then INSTALL (q, j);
a <« ANCESTOR[q, j];
de—d—-2
end;
return q
end

3. If a = v, then a is the lowest common ancestor of u and v. Otherwise,
execute FIND(a, v, i, d), whered = DEPTH(v) and i = [logd].

5. An on-line algorithm. We now utilize Algorithms 1, 2 and 3 to execute the
sequence ¢ on-line, that is, providing the answer to the ith instruction in ¢ before
the (i + 1)st instruction is read.

ALGORITHM 4 (On-line execution of ).

1. Initialize the D-forest with all nodes in separate trees, having counts of 1
and weights of 0.

2. Initialize the A-forest with all nodes in separate trees and with
ANCESTOR[u, i] = undefined for all u and i.

3. Execute an LCA(w, v) instruction by applying Algorithm 3 to u and v.
Print the resulting lowest common ancestor.

4. Execute a LINK(u, v) instruction as follows:

(a) Set ANCESTOR[u, 0] = v.

(b) Use Algorithm 2 to merge the trees in the D-forest holding » and v.

THEOREM 1. If Algorithm 4 is applied to execute o, the execution of the algorithm
requires at most O(n log n) steps of a random access computer.’

Proof. Algorithm 4 results in O(n) calls of Algorithm 2. There are also O(n)
calls to Algorithm 3, which result in O(n) calls to Algorithm 1. By Lemma 1, all
calls to Algorithms 1 and 2 are handled in O(na(n)) steps.

Exclusive of calls to FIND and INSTALL, Algorithm 3 clearly requires

3 See [1] for a discussion of the formal “RAM” model.
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O(log n) steps per call, for a total of O(n log n) steps. Since FIND calls itself with
the third argument decreased by at least 1 each time, at most O(n log r) calls to
FIND may be made. Since each call of FIND requires constant time exclusive of
calls toitself or to INSTALL, the total cost of FIND exclusive of calls to INSTALL
is O(n log n).

Since INSTALL(y, i) is called only if ANCESTOR[x, §] = undefined, and
ANCESTOR[u, i] will be defined after this call to INSTALL(x, i), we see that no
more than O(n log n) calls of INSTALL can occur. Since each call of INSTALL
requires constant time exclusive of calls toitself, the cost of INSTALL is O(n logn).

Thus Algorithm 4 requires at most O(n logn) steps on any sequence of
O(n) LINK and LCA instructions. []

One might argue that the “obvious” method of executing ¢ has an expected
time of O(n log n), since a random sequence of LINK instructions might produce
paths of length O(log n), rather than O(n). In this case, however, it is easy to
bound the expected (not worst-case) time taken by Algorithm 4 at O(n log log n).
In fact, if the expected path length in trees is f (n), then our algorithm will run in
O(max {n log f(n), no(n)}) steps. In § 7 we shall see that in the case where all
LINK instructions precede all LCA instructions, O(nloglogn) is an upper
bound on the running time of a modified algorithm, as well as its expected time.

6. Anoff-line algorithm. Algorithm 4 produces an answer to the ith instruction
in o before the (i + 1)stis read. If we are willing to wait until all of ¢ has been seen
before producing any answers, however, we can do better than O(n logn); an
O(na(n)) algorithm exists.

To begin, we use the O(na(n)) set merging algorithm of [2] to check that no
LCA(u, v) instruction in ¢ has u and v on different trees. Having thus assured
ourselves that we have a legal sequence of instructions, we may build the forest
required by the LINK instructions in ¢. If there is more than one tree in the final
forest at the end, we can make all roots be sons of a new node, so that exactly one
tree T results. For each LCA(«, v) instruction in o, the lowest common ancestor
of u and v in T will be their lowest common ancestor in the forest built by the
LINK instructions preceding that LCA instruction in o.

We shall number the nodes of T so that if we visit them in preorder, we visit
theminthe order 1,2, - - - . For example, the nodes in Fig. 1(b) would be numbered
as shown in Fig. 2.

/N,
.

3/2 7
N

]
5

F1G. 2. Preorder numbering
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The construction of T and the preorder numbering of the nodes can clearly be
done in O(n) steps.

Note that if @ and b are preordered nodes, then @ < b if and only if

(i) a is an ancestor of b, or

(ii) a is to the left of b.

We shall now identify each LCA(u, v) instruction in ¢ with a distinct object X
with which we shall associate the integer pair (i, j), such that i < j, and i and j are
the numbers associated with nodes ¥ and v. Let L and R be the projection functions
such that L(X) = iand R(X) = j.

We wish to generate the answers to the LCA instructions in ¢. To do this,
we shall first derive from the tree 7" a sequence t of new instructions ENTER(X)
and REMOVE(i), where X is an object and i an integer. We can think of these
instructions as entering and removing objects from a “bin’’ which is initially
empty.

1. The instruction ENTER(X) places object X in the bin.

2. The instruction REMOVE(i) removes from the bin all objects X such
that L(X) = i. In addition, for each object X removed, we set A[X] = i, where
A is an array indexed by the objects. We shall see that i is the lowest common
ancestor of the pair of nodes associated with the object X.

We shall subsequently show that the execution of the sequence T can be
simulated in O(na(n)) steps, off-line, by the O(na(rn)) set merging algorithm of [2].
To begin, we show how the sequence 7 is generated from the set of objects and
the tree 7.

ALGORITHM 5 (Generating 7).

1. For each node i, list those objects X for which R(X) = i.

2. Process each node of T in postorder. That is, node i is processed before
nodejif and only if i is to the left of j or a descendant of j. The nodes in postorder
for the tree of Fig. 2 are:

546 3 7 2 8 1.
When at node i, do the following:

(a) Generate the instruction ENTER(X) for each X such that R(X) = i.

(b) Generate the instruction REMOVE().

We shall now prove an important property of the sequence 1 of ENTER and
REMOVE instructions generated by Algorithm 5.

LEMMA 3. Object X is removed from the bin by the instruction REMOVE(a)
in © if and only if a is the lowest common ancestor of L(X) and R(X).

Proof. If. Let X be an object such that a is the lowest common ancestor of
L(X) and R(X). Object X will be placed in the bin by the ENTER(X) instruction
generated when node R(X) is processed. Because the nodes are processed in
postorder, all nodes processed between R(X) and a must either be ancestors of
R(X) and descendants of a or they must be descendants of a to the right of R(X).

L(X) is not the descendant of any node between R(X) and a in the postorder.
Thus L(X) < u for all nodes u processed between R(X) and a. Since L(X) = a or
L(X) is a descendant of a, we must have L(X) = a. Thus object X is removed from
the bin by the REMOVE(a) instruction in 7.

Only if. Suppose object X is removed from the bin by the instruction
REMOVE(a). Then R(X) must precede a in the postorder, L(X) = a, and for
any node u between R(X) and a in the postorder, L(X) < u.
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Suppose R(X) is not a descendant of a. Then R(X) is to the left of a (since
R(X) precedes a in the postorder) and R(X) < a. But then L(X) also must be less
than a, a contradiction. Therefore R(X) must be a descendant of a.

Let u be a descendant of @ and an ancestor of R(X). That is, u is a node
between R(X) and a in the postorder. L(X) cannot be a descendant of u since
L(X) < u. However, either L(X) = a or L(X) is to the left of R(X). In addition,
we know L(X) = a. Thus L(X) must be a descendant of a (or a itself) . Hence, a
is the lowest common ancestor of L(X) and R(X). [

We shall now give an algorithm that will simulate the execution of the
sequence 7.

ALGORITHM 6 (Simulation of ¢) . We note that all instructions in ¢ are distinct,
and that the last instruction in ¢ is REMOVE(]).

1. Suppose that there are k nodes in the tree T, so for all objects X, we have
1 £ L(X) < k. (Note that £k < n + 1, where n is the number of nodes in the
original forest.) For each i, 1 < i < k, make a list OBJ[{] of those objects X for
which L(X) = i.

2. Create an “‘atom’ ey for each ENTER(X) instruction in 7 and an atom r;
for each REMOVE()) instruction in 7. Also create an initially empty set named
S; for each REMOVE()) instruction in . Place ey in S; if R(X) = i. Place r;in S;
if REMOVE()) is the first REMOVE instruction in 7 to follow REMOVE(i).

3. Fori=k,k — 1, ---, 1in turn do the following:

(a) For each X on OBJ[i]. find the set S; of which ey is currently a member.

Then do (b) and (c).

(b) If i = j, place X on list REM[j], which will hold all objects that are
removed from the bin when the instruction REMOVEY()) in 7 is executed.
Consider the next X in step 3(a).

(c) Ifi < j, merge set S; with that set S, such that r;is in S),. Call the new set
S,. Return to step (b) with j set to A.

4. Examine each REMOVE() instruction of 7 in turn from the beginning.

List those pairs (X, i) such that X is on REM([{].

In step 1 of Algorithm 6 we create the list OBJ to sort the objects in terms of
their first components. In step 2 we enter the atoms representing the objects into
sets indexed by the second component of the object. We also include in set S; the
atom r; corresponding to the instruction REMOVE() if node j follows node i in
the postorder. In step 3, for each object X in set S;, we locate via the r-atoms the
first ancestor a of node j such that L(X) = a. Node a is the lowest common
ancestor of nodes L(X) and R(X).

The motivation behind Algorithm 6 is that each REMOVE(i) instruction in
7 is presumed to remove from the bin all objects X such that the instruction
ENTER(X) precedes REMOVE(i) in 7. If we are working on some X for which
L(X) > i, however, then we will have already found all those objects which will
be removed by the instruction REMOVE(). We therefore “‘get rid of”’ the
instruction REMOVE(i) by merging the set S; with the set for the next remaining
REMOVE instruction.* The atom r; allows us to find the next REMOVE instruc-
tion, since r; will always be in the set associated with that instruction.

4 Note that the last instruction, REMOVE(1), can never disappear, so step 3(c) can always be
carried out.
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A formal proof that Algorithm 6 works correctly is quite similar to the proof
regarding the “INSERT-EXTRACT” instructions in [2], and we omit it.

We now summarize the off-line LINK-LCA algorithm.

ALGORITHM 7 (Off-line simulation of the sequence ¢ of LINK and LCA
instructions).

1. Test that when an LCA(u, v) instruction is encountered in o. u and v are
on the same tree, using the O(no(n)) set merging algorithm of [2].

2. Build the forest as dictated by the LINK instructions in ¢. If necessary,
add one root to make the final forest a tree 7.

3. Number the nodes of T in preorder.

4. For each LCA(u, v) instruction, create an object X = (i, j), where i and j
are the preorder numbers of u and v.

5. Use Algorithm 5 to generate the sequence t of ENTER and REMOVE
instructions for T and the set of objects created in step 4.

6. Use Algorithm 6 to simulate the sequence <.

7. Scan the output of Algorithm 6. For each (X, i) in the output, set
AlX] = i

8. Scan the LCA instructions in the original sequence a. For each LCA(u, v)
instruction, determine the corresponding object X'; A[X] is the lowest common
ancestor of u and v.

THEOREM 2. Algorithm T requires O(na(n)) steps on a random access computer.

Proof. Step 1 can be done in O(na(n)) steps. Steps 2—4 are each easily seen to
be O(n), and the sequence of ENTER and REMOVE instructions generated is
O(n) in length.

Since k in Algorithm 6 is at most n + 1, steps 1 and 2 of Algorithm 6 can be
done in O(n) time. In step 2, O(n) atoms (of the forms ey and r;) are created. As
step 3(c) of Algorithm 6 can apply only O(n) times, step 3 involves at most O(n)
operations of merging two sets or finding the set containing a given node. Thus
step 3 can be performed in O(na(n)) steps if we use the O(na(n)) algorithm of [2]
for the set merging and name finding operations.

Finally, steps 7 and 8 are clearly O(n). Thus the aggregate time required by
Algorithm 7 is O(na(n)). 0O

7. An intermediate problem. Let us return to the on-line processing of o, our
original sequence of LINK and LCA instructions, but now assuming that all
LINK instructions in ¢ precede all LCA instructions. In this case, we may build the
implied forest first, and then process the LCA instructions without changing the
forest. Before executing the LCA instructions, however, we shall modify the
implied forest so that all paths in the forest are bounded by O(log n) in length.
Then we can process each LCA instruction in at most log log n steps.

Given a tree T in the forest, we shall construct from it a virtual tree V which
has the same nodes as T but in which nodes have different fathers. The father of a
nodeu in Vis thelowest ancestor of uin T havingat least twice as many descendants
in T as does u. As a special case, if no such ancestor exists and u is not the root of
T, we then make the root of 7 the father of win V.

Example 2. A tree T is shown in Fig. 3(a) . Its virtual tree is shown in Fig. 3(b).
For example, node 9 has three descendants (we are assuming a node is a descendant
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of itself). Node 8 has four, but node 7 has six, so node 7 becomes the father of
node 9 in the virtual tree.

1 1
2/ N 2/4/ \8\7
/N /N1 /N /\
3 4 8 12 3 5 6 9 12
5/\6 9I /\
/\ 10 11
10 11
(a) Tree (b) Virtual tree

F1G. 3. Tree and its virtual tree

LEMMA 4. Let T be a tree with n nodes and V its virtual tree. No path in V is
longer than log n.

Proof. The ith node in a path beginning from a leaf has at least 2'~ ! descend-
ants in T, provided the ith node is not the root. If the path is longer than log n,
T would have more than n nodes, a contradiction. [J

LeEMMA 5. Let T be a tree with n nodes and V its virtual tree. Let u and v be two
nodes and let node a be their lowest common ancestor in T. Assume u, v and a are
all distinct, and suppose v has at least as many descendants as u. Then f, the father
of uinV,is a descendant of a in T (possibly a itself). Thus, in T, a is also the lowest
common ancestor of f and v.

Proof. Suppose not. Then node a would have fewer than twice as many
descendants as u, a contradiction, since a has more descendants than u and v put
together. [

An efficient off-line method for determining whether one of two nodes in a
tree T is a descendant of the other is to preorder the nodes of T and to attach
to each node i (that is, i is its number in preorder) the value HIGH[7] which is the
highest numbered node that is a descendant of node i. Node i is a descendant of
J if and only if j < i and HIGH[;] = HIGH[i]. It should be clear that HIGH
can be computed for a tree with n nodes in O(n) steps.

We also observe without proof that in O(n) steps we can compute COUNTT[u],
the number of descendants of node u, for all nodes u. Furthermore, in O(n) steps
we can find for each node u, a son of u having the largest count.

We shall now outline an O(n) algorithm to construct a virtual tree from a
tree T with n nodes. The heart of the algorithm is a procedure BUILD(x) which
finds fathers in the virtual tree for all nodes in the subtree 7, of T with root .
Theresult of BUILD is a queue Q of those nodes v in 7, such that 2* COUNT[v] >
COUNT[y].

A queue is a list of elements from which elements are removed from the front
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and added to the rear; front(Q) is the first element of a queue Q.

procedure BUILD(u):
begin
construct a list of nodes u, , u,, - - -, , such thatu, = u, u, is a leaf, and
u; ., is a son of u; with the largest count, for 1 < i < k;
Q « u;
fori = k — 1 step — 1 until 1 do
begin
while COUNT[u,] = 2 * COUNT][ front (Q)] do
begin
make u; the father of front (Q) in the virtual tree;
delete front (Q) from Q
end;
add u; to the rear of Q
end
fori = 1 until ¥ — 1 do
for each son v of u; other than u;, , do
begin
R « BUILD(v);
for each w on R do
make u; the father of w in the virtual tree
end;
return Q
end

ALGORITHM 8 (Constructing the virtual tree).

1. Execute BUILD(u,), where u, is the root of 7.

2. For each node v # u, on the resulting queue, make u, the father of v in
the virtual tree.

Example 3. After applying BUILD to node 7 of Fig. 3(a), Q contains nodes 8
and 7.

LEMMA 6. Algorithm 8 requires O(n) steps and correctly builds the virtual tree.

Proof. For the linearity of the algorithm, it suffices to observe that BUILD
takes time proportional to the number of nodes on the path u,, - - -, u, found
in the first statement of BUILD, exclusive of recursive calls to itself. However,
no node in T will be on the path created by two distinct calls of BUILD, except
the first node of the path.

For the correctness of the algorithm, it is easy to determine that each node
on thepathu,, - - -, u, is given its correct father if that father is on T, . Moreover,
ifvisasonof y;and v # u;, ,, then COUNT[y,] is no less than twice COUNT[v],
sov’s father in T, is u;. The same is clearly true of any descendant w of v remaining
on the queue R when BUILD(v) is called. That is,

COUNT[y] = 2 * COUNT[w] > COUNT[v]

We shall use the following strategy to simulate ¢. After all LINK instructions
in o have been seen, we shall build the implied forest F and then from F a virtual
forest V. Then, when we see an instruction LCA(u, v), we choose the one of u
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and v having the smaller count, say u. We find the |(log #n)/2 Jth ancestor of uin V,
say a. Ifa = v, LCA(u, v) is clearly v. If a is a proper ancestor of v in F, we repeat
this procedure, finding the [(log #)/4|th ancestor of u in V. If a is not an ancestor
of v in V, we repeat the procedure, assuming the instruction was LCA(a, v) and
beginning with the |(log #)/4 Jth ancestor in V' of the one of a and v having the
smaller COUNT.

In log log n steps we shall converge upon a node a in V which is an ancestor
of one of # and v in V. Since we are effectively following paths in F from u and v
toward a root, and since we always move from the current ancestor of u or v
having the smaller count, Lemma 5 guarantees us that a is the lowest common
ancestor of u and v in F.

To implement this strategy, we shall use a procedure LOCATE(«, v, i, j)
which finds the lowest common ancestor of ¥ and v on F, given that

(a) the (2)th ancestor of u on V either does not exist or is an-ancestor of v in

F, and
(b) the (2/)th ancestor of v in V either does not exist or is an ancestor of u
in F.

In what follows, we assume that COUNT and HIGH refer to the implied
forest F and ANCESTOR[p, i] to the virtual forest . We assume that this in-
formation has already been computed.

(1) procedure LOCATE(uw, v, i, j):
(2) without loss of generality assume COUNT[u] < COUNT[v]
(3) otherwise (u, v, i, j) < (v, u, j, i) in®

4) if i = 0 then return ANCESTOR[x, 0]
else

begin
%) a «— ANCESTOR[u, i — 1];
6) if v = a then return a
) else if a = undefined or (v > a and HIGH[v] < HIGH][a))
8) then return LOCATE(u, v, i — 1,))
) else return LOCATE(a, v, i — 1,))

end

We now summarize the entire algorithm.
ALGORITHM 9 (On-line execution of ¢, assuming all LINK instructions in o
precede all LCA instructions).
1. As the LINK instructions are read, build the implied forest F in the
obvious way.
2. When the first LCA instruction is encountered, do the following steps.
(a) For each tree in F, build a virtual tree by Algorithm 8. Call the resulting
virtual forest V.
(b) Use the procedure INSTALL of § 4 to compute ANCESTOR[x, 7] for
allnodesuand 0 £ i < (log(l +1logn)].
(c) Preorder the nodes of F and compute COUNT[u] and HIGH[u] for all
nodes u.

5 This statement is a compile-time macro. See [1].
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3. Now process each LCA instruction in turn. To compute LCA(u, v), we
check whether one of u and v is a descendent of the other using the HIGH informa-
tion. If so, the response is obvious. If not, we execute LOCATE(u, v, k, k), where
k = [log (1 + log n)] and print the result.

THEOREM 3. Algorithm 9 correctly simulates o, assuming that if the instruction
LCA(u, v) is encountered, u and v are on the same tree. (This condition can be
checked in O(na(n)) time, as in Algorithm 7.)

Proof. The crux of the proof is showing that LOCATE works correctly. To
do this, we shall show by induction on the sum i + j that LOCATE(«, v, i, j)
produces the lowest common ancestor of  and v, given that:

(a) the (2)th (resp. (2/)th) ancestor of u (resp. v) in V¥ is undefined or an
ancestor of v (resp. u) in F, and

(b) COUNT[u] < COUNT(v],

(c)i=0andj= 0.

Basis.i = j = 0. Let fbe the father of uin V, and let a be the lowest common
ancestor of u and ¢. By hypothesis, fis an ancestor of v, and hence of a. By Lemma
5, fis a descendant of a, so f = a. Since line (4) makes the result of LOCATE be
fin the case i = 0, we have the basis.

Inductive step. If i = 0, the argument is the same as for the basis. If i # 0,
let a be the (2'~!)st ancestor of u in V, and let b be the lowest common ancestor
of u and v. If a = v, then b = v and this relationship is reflected in line (6) of
LOCATE.

If a is a proper ancestor of v in F, or is undefined, then by the inductive
hypothesis, LOCATE(«, v, i — 1, ) invoked on line (8) correctly produces b. If a
is not an ancestor of v in F, then the lowest common ancestor of the pairs (u, v)
and (a, v) are the same. Moreover, in F the (2)th ancestor of u is the (2'~')st
ancestor of a. Since @ must be a descendant of b, and the (2)th ancestor of v, if it is
defined, is an ancestor of b, it follows that the (2/)th ancestor of v is an ancestor
of aifitis defined. Thus the inductive hypothesis tells us that the result of LOCATE
(a, v, i — 1,)) invoked on line (9) produces the correct result.

THEOREM 4. Algorithm 9 operates in O(n log log n) time.

Proof. Steps 1, 2(a) and 2(c) are O(n) . Step 2(b) is O(nloglogn) . Step 3 requires
O(nloglogn) time since a call to LOCATE(u, v, k, k) can result in at most 2k + 1
additional calls to LOCATE.

8. Dominators and reducible graphs. We shall now apply Algorithm 4 to a
problem in code optimization. This section presents the basic definitions.

A flow graph is a triple G = (N, E, u,) where N is a finite set of nodes, Eis a
subset of N x N (the set of directed edges), and u, in N is the initial node. There
is a path from u, to every node.

If each node has no more than two successors, we call G a program flow
graph.

We say that node d dominates another node u if every path from u, to u passes
through d. That is, if uy, u,, - - -, ¥; is a path with u; = u, then there exists an
integer j, 0 < j < i such that u; = d. We say d immediately dominates u if d
dominates u and every other dominator of u also dominates d. There are several
interesting properties of the dominator and immediate dominator relations. The
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following lemma is taken from [3].

LEMMA 7. (a) Every node except the initial node has an immediate dominator.

(b) We may construct a tree (called the dominator tree) in which u is a son of d
if and only if d immediately dominates u. The ancestors of u in the tree are precisely
the dominators of u.

Information about the dominator relation is useful for certain compiler code
optimizations, such as those involving the detection of “loops”. See [3], [4] for
elaboration. By Lemma 7(b), the dominator information can be stored in a tree
constructed knowing only the immediate dominators. If, as in [3], only a small
number of dominators—the lowest ancestors in the tree—are used, we may not
even need to construct the complete dominator relation.

Algorithms to compute the dominator relation are given in [3] and [5]. Each
requires O(n?) steps for program flow graphs, where n is the number of nodes in
the graph. O(n?) algorithms for program flow graphs are found in [4] and [6], and
these appear to be optimal, as it can take O(n?) time just to print the answer. To
our knowledge, no one has developed a faster algorithm to compute only the
immediate dominators. Here we do so for the important special case of reducible
program flow graphs.

Reducible graphs were defined in [7]. They form a large class of graphs. For
example, every rooted directed acyclic graph is reducible, and the flow graphs of
gotoless programs are reducible. In fact, experiments have shown that the flow
graphs of most programs written in practice are reducible. Moreover, any flow
graph can be made reducible by judicious node splitting [8]. While this process
could be expensive, those flow graphs which come “from nature’ but which are
not reducible readily yield to the node splitting technique. As a result, many code
optimization algorithms such as

(i) eliminating common subexpressions [9], [10],
(i) propagating constants [4],

(iii) eliminating useless definitions [4], and

(iv) finding active variables [11]
have been couched in terms of reducible flow graphs.

We shall give a definition of reducible flow graphs taken from [12]. This
involves two transformations on directed graphs illustrated in Fig. 4 and defined

-> ->
T, T
(a) Transformation T, (b) Transformation T,

FiG. 4.
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as follows:

T, : Delete a loop.

T,: Letnode u be the lone predecessor of node v, where v is not the initial node.
Merge u and v into a single node w. The predecessors of u become pre-
decessors of w. The successors of ¥ and v become successors of w. Note
that w has a loop if there was formerly an edge to u from u or v. If u was
the initial node, w becomes the new initial node. In this transformation
we say v is consumed.

It is known that if T, and T, are applied to a given flow graph until no
longer possible, a unique flow graph results. If this flow graph is a single node,
we call the original graph reducible.

Example 4. Fig. 5 shows a sequence of reductions by 7; and T, . The initial
node is u,.

T, Ty T

F1G. 5. Reduction of flow graph.

In the first step, T, is applied to u, with lone predecessor u,. At the second
step, T, is applied to u, with lone predecessor {u,, u,} . There is a loop introduced
since {uy, u,} is a successor of u,.

A region R is a subset of the nodes of a flow graph such that there is a node
in R, called the header, having the property that every node in R — {A} has all of
its predecessors in R. Thus, the header dominates every other node in the region.

Example 5. Any node by itself is a region. In the previous example, {u,, u,}
is a region with header u,, but {u,, u,} is not since both u, and u, have a pre-
decessor, u,, outside the set.

Following [10], we may observe that as we reduce a flow graph by applying
T, and T,, each node of each successive graph represents a region in the following
sense.

1. Initially, each node represents itself.

2. If weapply T, to anode, it continues to represent the same region as before.

3. If we apply T, when node u is the lone predecessor of node v, the resulting

node represents the union of the regions represented by u and v. The
header of the region represented by u is the header of the new region.
The following lemma is a restatement of the definitions of “‘dominator tree”” and
“region.”
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LemMA 8. (a) If u is a node in region R and u is not the header of R, then the
immediate dominator of u is a member of R.

(b) If T, is applied to nodes u and v, with u the lone predecessor of v, and u and v
represent regions R, and R,, respectively, then the immediate dominator of the
header h of R, is the lowest common ancestor (on the dominator tree of R,) of the
predecessors of h in the original graph.

9. Dominators of a reducible flow graph. As a consequence of Lemma 8§, the
following algorithm may be used to construct the dominator tree for a reducible
flow graph. The algorithm generates a sequence of LINK and LCA instructions
for each reduction by T,. These instructions will place u,, the header of the
region consumed by T, in its proper place on the dominator tree. Thus, if the
flow graph is reducible, every node except the initial node will be the header of a
region consumed by 7, and its immediate dominator will be known. The details
of the algorithm are as follows.

ALGORITHM 10 (Construction of dominator tree).

1. List the predecessors of each node of the original graph.

2. Use the algorithm of [13] to reduce the graph. Keep track of each region
represented by the nodes of the ““current”” graph. Each time a node is consumed
by T,, create the sequence of instructions

LCA(u,, u,)
LCA(, , u3)

LCA® -2, w)
LINK (g, 04— 1)

and simulate them by Algorithm 4. Here u,, is the header of the consumed region,
uy, - - -, uare all its predecessors, v, is the lowest common ancestor of u, and u,,
and v; is the lowest common ancestor of v;_; andu,, , for2 < i < k. Ifk = 1, the
sequence is just LINK (i, #;) . (Note that neither Algorithm 7 nor 9 is sufficient.
Direct on-line simulation is required.)

3. The desired dominator tree is the final A-forest (which must be a tree,
since only one root, the initial node, remains).

THEOREM 5. Algorithm 10 correctly constructs the dominator tree and requires
O(e log e) steps on a flow graph with e edges.

Proof. The correctness of the algorithm follows immediately from Lemma 8.
By Lemma 8(a), the nodes of each region may be formed into a dominator tree
with the header as root. By Lemma 8(b), when T, is applied, the dominator tree
for the new region is created by making the header 4 of the consumed region a son
of the lowest common ancestor of the predecessors of 4 in the original graph.

Step 1 requires O(e) time. The reduction of the graph may be accomplished
in O(ea(e)) time by [13], and the sequence of instructions generated clearly has
length O(e). Thus step 2 requires O(e log e) time by Theorem 1. [
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COROLLARY. Algorithm 10 requires O(nlogn) steps on an n-node program
Sflow graph.

Proof. An n-node program flow graph has no more than 2n edges. [

COROLLARY. Algorithm 10 requires O(eloge) steps on a rooted directed
acyclic graph with e edges.

Proof. A rooted directed acyclic graph is reducible. []

After this paper was written, Tarjan [15] developed an O(max (n log n, €))
dominator algorithm for general graphs.

10. Conclusions. We have defined a problem that involves merging nodes
into trees while retaining the ability to determine the lowest common ancestor of
any two nodes. We have offered an O(n log n) algorithm to solve the problem
on-line. We have shown how this algorithm provides a fast way of computing
the dominator tree of a reducible flow graph. If an off-line solution is sufficient,
the LINK-LCA problem can be solved in O(na(n)) steps. An on-line solution in
the case where all LINK instructions precede all LCA instructions can be achieved
in O(n log log n) steps.

REFERENCES

[1] A.V. AHo, J. E. HOPCROFT AND J. D. ULLMAN, The Design and Analysis of Computer Algorithms,
Addison-Wesley, Reading, Mass, 1974.
[2] J. E. HOPCROFT AND J. D. ULLMAN, Set merging algorithms, this Journal, 2 (1973), pp. 294-303.
[3] E.S. Lowry AND C. W. MEDLOCK, Object code optimization, Comm. ACM, 12 (1969), pp. 13-22.
[4] A.V.AHOANDJ. D. ULLMAN, The Theory of Parsing, Translation and Compiling. Vol. 2: Compiling,
Prentice-Hall, Englewood Cliffs, N.J., 1973.
[5] M. SCHAEFER, A Mathematical Theory of Global Flow Analysis, Prentice-Hall, Englewood Cliffs,
N.J., 1974
[6] P. W. PURDOM AND E. F. MOORE, Algorithm 430: Immediate predominators in a directed graph,
Comm. ACM, 15 (1972), pp. 777-778.
[7] F. E. ALLEN, Control flow analysis, SIGPLAN Not., 5 (1970), pp. 1-19.
[8] J.CockEAND R. E. MILLER, Some techniques for optimizing computer programs, Proc. 2nd Internat.
Conf. on System Sciences, Honolulu, Hawaii, 1969.
[9] J. CockE, Global common subexpression elimination, SIGPLAN Not., 5 (1970), pp. 20-24.
[10] J. D. ULLMAN, Fast algorithms for the elimination of common subexpressions, Acta Informatica,
2 (1973), pp. 191-213.
[11] K. KENNEDY, 4 global flow analysis algorithm, Internat. J. Comput. Math., 3 (1971), pp. 5-16.
[12] M. S. HEcHT AND J. D. ULLMAN, Flow graph reducibility, this Journal, 1 (1972), pp. 188-202.
[13] R. E. TARJAN, Testing flow graph reducibility, J. Comput. System Sci., 9 (1974), pp. 355-365.
[14] , On the efficiency of a good but not linear disjoint set union algorithm, J. Assoc. Comput.
Mach., 22 (1975). pp. 215-225.
, Finding dominators in directed graphs, this Journal, 3 (1974), pp. 62-89.

(15]




SIAM J. CompuT.
Vol. 5, No. 1, March 1976

A FAST ALGORITHM FOR FINDING AN OPTIMAL ORDERING
FOR VERTEX ELIMINATION ON A GRAPH*

TATSUO OHTSUKIY

Abstract. This paper gives a graph-theoretic approach to the problem of finding an optimal
ordering for Gaussian elimination on a sparse matrix. A set of new “fill-ins” produced by Gaussian
elimination on a matrix A is characterized by a triangulation induced by vertex elimination on a graph
associated with A. A triangulation T is minimal (minimum) if there exists no triangulation T such that
T < < T(T| <|T|), where = < denotes the strict inclusion, and an ordering o is optimal (optimum)
if a minimal (minimum) triangulation is generated by o. An optimum ordering is necessarily optimal
but not conversely. An efficient algorithm for finding an optimal ordering in O(M - N) time is presented,
where M is the number of vertices and N is the number of edges of the graph being considered.

Key words. algorithm, sparse matrix, vertex elimination, optimal ordering, triangulated graph,
minimal triangulation, backward ordering scheme, search

1. Introduction. The problem of solving a large sparse system of linear
equations arises in widespread applications. Since, in many cases, coefficient
matrices have a fixed sparseness structure in the course of entire computation, it
is crucial to a priori find a good pivoting order for Gaussian elimination on such
matrices.

Whenever the coefficient matrix is structurally symmetric and diagonally
dominant, the pivoting procedure can be characterized by the vertex elimination
process on an undirected graph [1]. Recently, Rose introduced the concept of
“triangulated graph” [2] and showed that an optimal pivoting order of a matrix,
which produces a minimal set of fill-ins, can be obtained from a minimal triangu-
lation of the graph associated with it [3]. This pioneering work is extended by
Ohtsuki, Cheung and Fujisawa, who first gave a systematic method of finding a
minimal triangulation, ie., optimal vertex elimination ordering of a graph [4].
The word “‘optimal’” should not be mistaken to mean “optimum’ as in some en-
gineering literatures. In terms of a set, “optimal’ refers to a set property, whereas
“optimum” refers to the size of the set.

It turns out, however, that the algorithm presented in [4] requires O(M2N)
time for finding an optimal ordering, where M is the number of vertices and N is
the number of edges of the graph being considered. This paper presents a new
algorithm for finding an optimal ordering, in which only O(M - N) time and
O(M, N) memory space are required. The efficiency of the algorithm presented is
based on the following strategy : Suppose the vertices of a graph are to be eliminated
in the order v,,v,, - -, vy. Then the algorithm determines v, first, vy _, next, and
so forth. This ‘“‘backward ordering scheme’ with extensive use of the “search”
technique of graphs [5] gives the remarkable improvement in running time.

2. Preliminaries. For our purpose a graph is a pair G = (V, E), where Vis a
finite set of M = |V| elements called vertices and

E < {(u,v)lu,ve Vand u # v}
* Received by the editors December 20, 1974, and in revised form April 8, 1975.
+ Central Research Laboratories, Nippon Electric Co., Ltd., Kawasaki, Japan.
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isaset of N = |E| unordered vertex pairs called edges. In order to avoid trivialities,
we shall assume that the graph G is connected.
Given a subset A < V, the set

Adj(A) = {beV — Al(a, b) € E for some ae A}

is the set of vertices adjacent to A. If A consists of a single vertex a, the abbreviation
Adj (a) will be used instead of Adj({a}). A clique of a graph is a subset of vertices
which are pairwise adjacent. For a subset 4 = V, the section graph G(A) is the
subgraph

G(A) = (A, E(A)), E(4) = {(u,v)€ Elu,ve A}.

A separator of a graph G = (V, E) is a subset S = V such that the section graph
G(V — S) consists of two or more connected components.
For a pair of distinct vertices a,b € V,an a, b chain C is an ordered set of vertices

C={DI’UZ""’DL}

such that v, = q, v, = band (v;,v,+,)€E; 1 =1,2,---, L — 1. An a, b separator
S < V — {a,b} is a separator such that a and b are in distinct components of
GV —S).

Given a vertex ve V of a graph G = (V, E), the vertex elimination of v is the
operation of (i) deleting v and its incident edges and (ii) adding edges so that Adj (v)
becomes a clique. Consider, for a subset A < V, the graph obtained from G by
successively eliminating all the vertices in V' — A. It is clear that the result is in-
dependent of order in which the vertices are eliminated. The resultant graph is
denoted by G{A) and called the elimination graph determined by A.

For a graph G = (V, E) with |V| = M, an ordering of V is a bijective map

a:{1,2,---, M} > V.

Thus o indicates that the vertices are eliminated in the order o(1), a(2), - - - , t(M).
Let E?;i=1,2,---, M, be the set of edges of the elimination graph

G{{a(m)}m=>-
Then the set

=

i=

Trg(G;a)= U EY — E
1

is the set of edges added in the entire course of vertex elimination corresponding
to the ordering «. The supergraph of G obtained by adding edges of Trg (G ; a) is
denoted by G[«], i.e.,

Gla] = (V,E U Trg(G ; a)).

For a graph G = (V, E) which is not necessarily triangulated, consider its
supergraph G = (V,E U F); EN F = (J. Then the set F is called a triangulation
of G if G is triangulated. Rose [3] has shown that G[a] is triangulated for any order-
ing a. Thus Trg (G ; a) is called the triangulation induced by o. A triangulation Fis
said to be minimal if there exists no triangulation F such that F = < F, where
< < denotes the strict inclusion. Similarly, an ordering & is said to be optimal for
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G if there exists no ordering a such that Trg (G ;«) = = Trg(G ;4&). Concerning
minimal triangulation and optimal ordering, Ohtsuki, Cheung and Fujisawa [4]
have obtained the following results.

THEOREM A. A triangulation F of a graph G = (V, E) is minimal if and only if
there exists an optimal ordering o such that Trg (G ;o) = F.

THEOREM B. A triangulation F of G = (V, E) is minimal if and only if, for each
(x, y) € F, there existsno x, y separator S of G such that S is a clique of G = (V, E U F).

THEOREM C. Let x € V be a vertex of a graph G = (V, E). Then there exists an
optimal ordering a such that a(1) = x if and only if, for each pair of distinct vertices u,
ve Adj (x), there exists a u, v chain in the section graph G(V — S), where S = {x}
U (Adj (x) — {u, v}).

3. Backward ordering scheme. The following result, due to Rose [6, p. 198],
plays a fundamental role in the proposed optimal ordering algorithm.

THEOREM D. For any clique C of a graph G = (V, E) with M = |V|, there exists
an optimal (optimum) ordering

a{l,2,--- , M} >V

for G such that the vertices of C are ordered last.

As a corollary of Theorem D, it is seen that, for any vertex ve V, there exists
an optimal ordering o such that o( M) = v. It should be noted in comparison that
there may not exist an optimal ordering o such that a(1) = v for a given vertex v.
Thus, if we are to determine vertices in the order a(1), a(2), - - - , ®(M), a nontrivial
operation to select a vertex in each elimination step must be involved. This con-
sideration highlights the ‘‘backward ordering scheme”, i.e., the strategy to deter-
mine vertices in the order a(M), o(M — 1), ---, a(1). In this respect, the present
algorithm is quite unlike the one given in [4], and unlike any existing heuristic
ordering schemes such as minimum degree scheme and minimum valency scheme [7].

In order to establish the ‘“‘backward ordering scheme”, we shall first of all
generalize Theorem D as follows.

DEFINITION 1. Let P be a proper subset of V for a graph G = (V, E) and G(X)
be a connected component of G(V — P). Then P is said to satisfy Condition </
with respect to G(X) (denoted by P e o/4x(G)) if there exists a u, v chain in G(V — X
— Adj(X) U {u,v}) for any distinct vertices u, ve Adj(X). Furthermore, P is
simply said to satisfy Condition o/ (denoted by P € </(G))if the condition holds with
respect to every connected component of G(V — P).

Remark. From the inherent property of the vertex elimination process, it is
clear that

Pe o/(G)= Pe oA (G(P)),

for any elimination graph G{P) of G such that P = P c V.

THEOREM 1. For a graph G = (V, E), let P be a proper subset of V such that
P e o(G). Then there exists an optimal ordering of V such that the vertices of P are
ordered last.

Proof. Let G(X,),k = 1,2, ---, K, be the connected components of G(V — P)
and G = (V, E U F) be the supergraph of G obtained by adding the minimum set
of edges so that Adj (X,) becomes a clique foreach k = 1,2, -- - , K. Furthermore,
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let Go = G(P) and G, = G(X, U Adj (X)), k = 1,2, ---, K. Since Adj(X,) is a
clique of G,, Theorem D implies that there exists an optimal ordering of X,
U Adj(X,) for G, such that the vertices of Adj(X,) are ordered last. Let S,
k=1,2,---, K, be such an ordering. Furthermore, let §, be an optimal ordering
of P for G,. We shall prove the theorem by showing that the ordering o of V is
optimal for G, where « is determined as follows:

a(l)=ﬁl(l)a i=172"”’|X1|a
Z|X|+1) Bi(i), i=1,2,-,IXd, k=2,3,---,K,

o ZIXj|+i)=ﬂo(i), i=1,2,-,|P.
j=1

The triangulation of G induced by « is given by

K
Trg(G;a) = kl=JO Trg (Ge; B) U F.

Due to Theorem A, it suffices for the proof to show that Trg (G ; «) is a minimal
triangulation of G. Assume that Trg (G ; «) is not minimal. Then as Theorem B
says, there exists, for at least one vertex pair (x, y) € Trg (G ; a), an x, y separator S
of G such that S is a clique of G[a]. We have three cases to consider.

Case 1. (x, y) € F. Without loss of generality, we assume that x, y € Adj (X,).
Then S must contain a vertex (say z) in X, since G(X,) is connected, and another
vertex (say w)in V — X; — Adj(X,), since there exists an x, y chainin G(V — X,
— Adj (X,) U {x, y}). Furthermore, (z, w) € Trg (G ; «) since S is a clique of G[a].
This contradicts the property of ordering o.

Case 2. (x, y)eTrg(Gy;Bi), ke{l,2,---, K}. According to Theorem A,
Trg (Gy; Bi) is a minimal triangulation of G,. Also, there exists no pair of distinct
vertices u, v € Adj (X,) such that S is a u, v separator of G, since otherwise it causes
the same contradiction as in Case 1. Therefore S N (Adj(X,) U X,) is an x, y
separator of G, and, simultaneously, is a clique of G,[f,]. Then, as Theorem B
says, Trg (G, ; Bi) cannot be a minimal triangulation of G,, which is a contradiction.

Case 3. (x, y)e Trg(Gy ; Bo). This case also leads us to a contradiction with
an obvious modification of Case 2.

Now we have shown that « is an optimal ordering of V for G.

Remark. This theorem can be viewed as a generalization of the ““if”” part of
Theorem C.

The basic idea of the proposed algorithm for obtaining an optimal ordering
of V for a given graph G = (V, E) is to decompose V into a number of disjoint
subsets V°, V!, ... V!in a sequence such that

U Ve .(G), i=0,1,---,1—-1.

j=0

Then, as Theorem 1 indicates, the sequence provides us with a set of optimal
orderings such that the vertices in V! are ordered first, those in ¥/~ ! next, and
so forth. Here we confront another problem, that is, to determine the local
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orderings of V¥’s which constitute an optimal ordering of V for G. To solve the
problem, we shall present a scheme for decomposing V in such a way that the
local ordering of each V¥ can be determined arbitrarily.

DEFINITION 2. Let P and Q be disjoint subsets of V for a graph G = (V, E).
Then the ordered pair (P, Q) is said to satisfy Condition % (denoted by (P, Q) € #(G))
if (u,v) € E for any distinct vertices u and v such that ue Q and ve Q U R, where
E is the set of edges of G(P U Q) and R is the set of vertices adjacent to Q in
G(P U Q).

Remark. It is clear that
(P,Q)e #A(G) = (P, Q) e BA(GCU)Y)

for any elimination graph G(U) of Gsuchthat PUQ <« U < V.

Suppose the set of vertices V of a graph G = (V, E) has been decomposed into
disjoint subsets V°, V!, ... V! which have the following properties:

(i) V°is a clique of G (of course, V° e .#(G));

(i) Uiso Ved(G),i=1,2---,1—-1;

(i) (U2 v, VD) e B(G), i = 1,2,---, I (this implies that V' is also a

clique of G).

Then the problem of obtaining an optimal ordering is easy. To be precise, we can
simply order the vertices in V! first, those in V™! next, ---, those in V° last,
while the local ordering of each V¥ j = 0,1, - -- , I, is arbitrary. Note that property
(iii) above implies that the local orderings make no difference in the triangulation
of G.

4 ) e \

Vo _ ,’_\VZ /__\V-t
(g ig i
1

FIG. 1. Backward ordering scheme

Example 1. Consider the graph G = (V, E) shown in Fig. 1, and decompose
V=1{a ~g} into five disjoint subsets: V° = {a, b}, V'={d}, V> ={c],
V3 = {f g}, V* = {e}. Then the ordered sequence {V°, V' V2 V3 V*} satisfies
the desired properties and determines optimal orderings as {a(6), a(7)} = {a, b},
a(5) = d, a(4) = ¢, {a(2),x(3)} = {f, g} and «(1) = e. The corresponding minimal
triangulation is

Trg(G: @) = {(c, /), (a, d)}.
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The actual procedure to decompose the set of vertices V of a graph G = (V, E)
into the desired form is initiated by taking an arbitrary clique, which is assigned
for V°. The key problem to determine V!, V2, ... V! one after another is as
follows: for given set P = V such that P € o/(G), find another set Q < V — P such
that (1) P U Q € </(G) and (ii) (P, Q) € #(G).

The following theorems combined lead to a systematic method to find such
a set Q. In the case where a vertex g of a connected component G(X) of G(V — P)
is adjacent to all the vertices in Adj(X), Theorem 2 below says that @ = {g} is a
desired set. Whenever this is not the case, Theorem 4 below guarantees the
existence of a subset Q of V — P satisfying all the conditions of Theorem 3 below,
which says that Q possesses the desired property.

THEOREM 2. For a graph G = (V, E), let P be a proper subset of V such that
P e (G), G(X) be a connected component of G(V — P) and q be a vertex in X.
If Adj (X) = Adj(q) N P, then (i) P U {q} € #(G) and (ii) (P, {q}) € B(G).

Proof. The section graph G(V — P — {q}) consists of connected components
of G(V — P), exclusive of G(X), and those of G(X — {g}). With respect to a
connected component G(X') of G(V — P — {q}) of the former type, it is clear that
q ¢ Adj (X') since G(X) is a connected component of G(V — P). Thus the assump-
tion that Pe 2/(G) implies that P U {q} € #x(G). Let G(Y) be a connected
component of G(V — P — {q}) of the latter type. Then Adj(Y) = {q} U Adj(X)
and, furthermore, the assumption that Adj(X) = Adj(g) N P implies that any
vertex p e Adj(X) is connected to g by an edge, i.e., by the simplest p, g chain.
Therefore P U {q} € o#y(G) as long as P € o/x(G). Hence part (i) has been proved.

Part (ii) is obvious since the set {g} consists of a single vertex.

THEOREM 3. For a graph G = (V,E), let P and G(X) be as in Theorem 2.
Furthermore, let Q be a proper subset of X, S be a nonempty subset of Adj (X) and
G(Y) be a connected component of G(X — Q). If

(@) (¢,5)€e E,VqgeQ and Vse S,

(b) Q = Adj(Y),

(c) Adj(Y)N S = & and

(d) Adj(Y)N P U S = Adj(X),
then (i) P U Q € «/(G) and (ii) (P, Q) € B(G).

Proof. Allthe verticesin Adj (Y)areeitherin Por Q. Then,aslongas P € 2/4(G),
it follows from (a) and (c) that P U Q € #/,(G). Let G(Y'), if any, be another con-
nected component of G(X — Q), and consider a pair of distinct vertices u, v
€ Adj(Y’). The existence of a u, v chain in G(V — Y' — Adj(Y’') U {u, v}) can be
confirmed in the same way as with respect to G(Y) whenever u, v € P or whenever
at least one of {u, v} is in S. Thus we can assume that one of {u, v}, say u, belongs
to Q and the other vertex v belongs to either P or Q. Since Y’ is a subset of X,
(b) and (d) imply that u, ve Adj (Y), while the connectivity of G(Y) guarantees the
existence of a desired u,v chain in G(Y U {u,v}). Hence P U Q € .#,(G). Let
G(X'), if any, be a connected component of G(V — P) exclusive of G(X). It is
clear that Q N Adj(X’) = . Thus the assumption that P € o/y.(G) automatically
implies that P U Q € «/;(G). Now part (i) has been proved.

Let E be the set of edges of the elimination graph G{P U Q) and W be the
set of vertices adjacent to Q in G(P U Q). Then, as long as Q < X, any vertex
in W is adjacent to X in the original graph G. Also it follows from (d) that W
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= Adj(Y) N P US. Let (4, v) be a pair of distinct vertices such that ue Q and
veQ U W. When veS, (a) implies that (u,v) € E, ie., (u,v)e E. When veQ U W
— S, (b) and connectivity of G(Y) imply that (u, v) € E. Hence (P, Q) € #(G), ie.,
part (ii) has also been proved.

LemmaA 1. For a graph G = (V, E), let P, G(X), Q, S and G(Y) be as in Theorem
3. Suppose (a)}(c) of Theorem 3 as well as

e) Adj(YYNPUS < = Adj(X)
are satisfied. Then there exists a nonempty subset Q* of X — Y, i.e., proper subset
of X, and a nonempty subset S* of Adj (X) such that

(@)* (¢,5)€ E, Vge Q* and Vse S*,

(b)* Q = Adj(Y™),

(c)* Adj(Y*) NS* = & and

(e)* Adj(Y)NPUSc <cAdj(Y* NP U S*
where G(Y *) is the connected component of G(X — Q%) including the vertices of G(Y).

Proof. The algorithm which will be described in § 4 provides a constructive
way of finding Q*, S* and Y*. This is essentially a proof of the lemma.

THEOREM 4. For a graph G = (V, E), let P be a proper subset of V and G(X)
be a connected component of G(V — P). Then there exists a proper subset Q of X
which, for some nonempty subset S of Adj(X) and for some connected component
G(Y) of G(X — Q), satisfies (a}(d) of Theorem 3, if there exists a vertex ye X
such that Adj(y) N P = < Adj (X).

Proof. Let p be a vertex in Adj (X) — Adj(y) N P. We set S = {p} and

Q = {xe Adj(p) N X| there exists an x, y chain in G(X — Adj(p) U {x})!.

Since G(X) is connected, the set ¢ must be nonempty. Now let G(Y) be the con-
nected component of G(X — Q) which contains y. Then it is clear that (a)-(c)
of Theorem 3 are satisfied. We assume that (d) of Theorem 3 is not satisfied, which
implies that (e)* of Lemma 1 is satisfied. Then we can take another trio of a proper
subset Q* of X, a nonempty subset S* of Adj(X) and a connected component
G(Y*) of G(X — Q%) so that (a)*(e)* of Lemma 1 are satisfied. Since the given
graph G is finite, we can obtain, by repeated use of Lemma 1, a desired trio of
0, S and G(Y) which satisfies (d) of Theorem 3.

Remark. Theorems 3 and 4 and Lemma 1 combined suggest a recursive
procedure for finding a desired set Q of vertices.

4. A search technique. Suppose we have obtained a proper subset P < V of
vertices of a given graph G = (V, E) such that P € &/(G), and we are to obtain
another subset Q < V — P such that (i) P U Q € #(G) and (ii) (P, Q)€ 4(G). In
this section we shall present a specific search technique for obtaining such a set Q.

Initially all the vertices of G are considered to be ‘“‘unreached”. We start a
search from some vertex, say v, € V. The unit step, say kth step, of a search is to
choose an edge ¢, = (v;, v) € E, i < k, which connects a vertex v; already ‘“‘reached”
with a new vertex v,. Once a new vertex has been found, we mark it “reached”.
Such a process is called a search of G [5].

For our purpose, a search of G is started from some vertex, say v,, in
Adj(V — P), and then an edge e; = (vy,v,) such that v; e ¥V — P is selected. It
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should be noted that v, identifies a connected component, say G(X), of G(V — P).
The search is continued subject to the following edge selection rule.

Rule 1. Let e, = (v;, vy), | < k, be an edge to be selected. Then the vertex v,
already “‘reached’ must be taken from those in X, while the new vertex v, must
be taken from those in P whenever it is possible. An edge ¢, = (v;,v,) With v, € X
may be selected only when all the vertices in Adj(v;) N P are “‘reached”. This
rule is imposed until a new vertex in P is “reached”. Note that this procedure
generates a chain {v,,v,, -, v, = p} joining v; and some ‘“‘unreached” vertex
peP such that (i) v,eX, |=1,2,---,L — 1, and (ii) for any ‘‘unreached”
vertex ge P,(q,v)¢ E, | =1,2,---, L — 2.

Once a new vertex pe P is “‘reached,” the set of vertices in Adj (p) is identified
and the search is continued subject to the following edge selection rule instead
of Rule 1.

Rule 2. Let ¢, = (v;, v3), i < k, be an edge to be selected. Then the vertex v;
already “‘reached’’ must be taken from those in X — Adj (p), while the new vertex
v can be either in X or in P. This rule is imposed until no more edges can be
selected. Let G(Y); v, € Y be the connected component of G(X — Adj(p)). Then
this procedure finds all the “unreached” vertices in Y U Adj (Y).

Let T be the set of vertices which have been ‘“‘reached’ by the time when the
restriction of Rule 2 is expired. Then the set Y = T — P — Adj (p) has the key
property that G(Y) is a connected component of G(X — Adj (p)). Once Rule 2 is
expired, the search is continued applying Rule 1 again. In general, our search is
processed by alternating use of Rule 1 and Rule 2. The whole process is ter-
minated when the search subject to Rule 1 finds no new vertex in P, i.e., when all
the vertices in X U Adj (X) have been ‘“‘reached’.

Now we shall show how a desired set Q is obtained by means of the specific
search described above. Let e; = (vy, v;), with vy € P and v, € V — P, be the first
edge selected in the search. If v, is adjacent to another vertex, say v,, in P, the edge
e, = (vy,v,) is selected next due to Rule 1. Then Rule 1 is replaced by Rule 2. But
it yields no edge to be selected, so Rule 1 is again applied. In this way, the vertices
in Adj(v;) N P are found first. When all these vertices are found, the search is
continued by applying Rule 1. If no new vertex in P can be ‘‘reached,” then v, is
adjacent to all the vertices in Adj (X). Thus Q = {v,} is a desired set as Theorem 2
says.

When a new vertex pe P is “‘reached,” the vertices in Adj (p) are identified,
and the search is further continued subject to Rule 2. Consider the stage when
no new edge can be selected in this phase of the search. Let T be the set of vertices
which have been ‘“‘reached” by that time, Y be the set defined by Y=T— P
— Adj (p), and let Q be the set defined by Q = T N Adj(p) — P. Then it follows
from the key property of our search that G(Y) is a connected component of
G(X — Q) such that Q = Adj(Y). And it is clear that p¢ Adj(Y). Hence the set
Q satisfies conditions (a)—(c) of Theorem 3 for S = {p}.

Now condition (d) of Theorem 3 is also satisfied if T ) P contains all the
vertices in Adj (X). Otherwise a new vertex in P can be “reached” by continuing
the search subject to Rule 1. This phase of the search starts from some vertex in Q,
since no vertex in Y is adjacent to new vertices, and finally finds a new vertex, say
s, in P. Then the vertices in Adj (s) are identified instead of those in Adj (p), and
the search is continued subject to Rule 2 until no new edge can be selected. Let
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T* be the set of vertices which have been ‘‘reached” by that time. There are two
cases to be considered.

Case 1. Adj (s) N Q = Q. In this case, it is clear that T* = T U {s}. Hence
conditions (a)*—(e)* of Lemma 1 are satisfied if $* =S U {s}, 0* = Q and
Y* =Y.

Case 2. Adjs) N Qe <=Q. Let Y¥=T*— P — Adj(s) and Q*
= T* (1 Adj(s) — P. Then G(Y*) is the connected component of G(X — Q%)
such that Q* < Adj (Y*). Itis also clear that s ¢ Adj (Y*). Thus the set Q* satisfies
conditions (a)*~(c)* of Lemma 1 for S* = {s}. Furthermore, it follows from the
assumption that S = Adj(Y*), which implies that Adj(Y) N P U S = Adj(Y*)
N P. Hence condition (e)* is also satisfied.

As described above, the search enables us to obtain a proper subset Q* < < X,
which satisfies, for some nonempty subset S* = Adj(X), all the conditions of
Lemma 1 whenever Adj(Y) N P U S = = Adj(X). Repeating this way, we can
finally obtain a desired set Q which satisfies all the conditions of Theorem 3.

Example 2. As shown in Fig. 2, consider a proper subset P < V of vertices
of a graph G = (V, E), where a,c, f,j,he P,

Figure 2(a): Initially we choose an edge (a, b); then b identifies a connected
component G(X) of G(V — P), where X = {b,d, e, g,i,k, [}. By means of the
early part of the search, we find all the vertices in Adj (b) N P, which in this case is
{a, c}.

Figure 2(b): The search applying Rule 1 finds a new vertex f € P.

Figure 2(c): The vertices e, g € Adj (f) are identified and the search applying
Rule 2 determines the set Q = {e, g}, which satisfies conditions (a)-(c) of Theorem
3for § ={f}and G(Y), Y= {b,d}.

Figure 2(d): The search applying Rule 1 finds a new vertex h e P.

Figure 2(e): The vertices g, k, [ € Adj (h) are identified, and the search apply-
ing Rule 2 determines the set Q* = {g, k}, which satisfies conditions (a)*—~(c)* of
Lemma 1 for S* = {h} and G(Y*); Y* = {b,d, e, i}.

Figure 2(f): The search applying Rule 1 finds no new vertex in P. Therefore
it is seen that Q* satisfies all the conditions of Theorem 3 for $* and G(Y*).

5. Computer algorithm. In this section we shall give an algorithm based on
the search technique described in the previous section.

A given graph G = (V, E) with |V| = M and |E| = N is represented as a set
of lists of vertices. Each list consists of the set of vertices which are adjacent to a
single vertex. The set of lists are packed in a one-dimensional array E(-) of length
2N. A one-dimensional array V(- ) of length M is used to locate, for each vertex,
the corresponding lists in E( - ).

Let P be a given proper subset of V. Then the vertices in P must be dis-
tinguished from others throughout the search. At each step of the search, it must
be known whether each vertex is “reached” or not. Furthermore, the vertices in
Adj (p) must be identified at each stage when the search applying Rule 1 finds a
new vertex p € P. In summary, three-bit storage is needed for each vertex in order
to classify vertices.

As temporary storages, two one-dimensional arrays VP(-) and VX(-)
consisting of N pointers are used to find ““‘unreached” vertices in P and those in
(V — P), respectively, by scanning each adjacent vertex list from the top to the
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(a) (b)

(© (d)

(e) ()

F1G. 2. Search for obtaining a desired set Q

bottom. For example, let me {1,2,--, M} represents a vertex. Then the vertices
adjacent to m are stored in E( - ) from the (V(m))th position to the (V(m + 1) — 1)st
position. VP(m) = n, V(m) £ n < V(m + 1), means that the search is at the stage
where the vertices E(V(m)), E(V(m) + 1), ---, E(n) are known to be either in
V — P or to have already been “reached”. V X(-) is used in a similar way. This
facility enables us to avoid duplicate search of vertices.
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We prepare two more temporary storages. A one-dimensional array of length
M is used to accumulate vertices which constitute a candidate for the desired set
Q < V — P. A stack of depth M is used to update the set of “reached’ vertices
whose adjacent vertices are necessarily tested. To be more exact, a vertex ¢ is
deleted from the stack once all the vertices in Adj(tf) are known to have been
“reached”.

The data structure consists of several one-dimensional arrays, a stack and
three bit-strings. Among them, E( - ) is of length 2N, while all other one-dimensional
arrays including the stack and the bit-strings are of length M. In summary, the
storage requirement is bounded by k;M + k,N for some constants k; and k,.

Now the following algorithm written in ALGOL-like notation obtains a desired
set Q < V — P for a given subset P = V of a graph G = (V, E).

begin

empty stack ; comment initialization;

SO: pick a vertex v, € P and another vertex v, € V — P such that (vy, v;) € E;
mark v, and v; “reached”;

Q = {v,}; put v; on stack:

while stack is not empty do

begin comment search subject to Rule 1;
S1: delete the top vertex x from stack ;
S2: if there is an ‘“‘unreached” vertex p e P
such that (p, x) € E then
begin comment Rule 1 is expired;
S3: mark p “reached”;
S4: mark all the vertices in Adj (p) “‘p-adjacent”;
S5: Q= {x};
while stack is not empty do
begin comment search subject to Rule 2;
S9: delete the top vertex y from stack;
if y is “p-adjacent” then
510: Q=0 U {y};
else begin
S11: while there is an “unreached” vertex r € P such that (r, y)e E
do mark r “reached”;
S12: while there is an ‘“‘unreached” vertex ve V — P such that
(v, y) € E do mark v “‘reached” and put it on stack;
end;
end comment Rule 2 is expired;
S6: remove “‘p-adjacent” marks of the vertices in Adj (p):
S7: put all the vertices in Q on stack;
end;
S8: else while there is an ‘“‘unreached” vertex u € VV — P such that (u, x)e E
do mark u “‘reached” and put it on stack;
end

end;

To estimate running time, we shall examine the data structure and the flow
of the algorithm. Statement SO may require examination of all edges to find v,
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and v, ; time bound is O(N). In statements S2 and S11, the vertices in Adj (x) and
Adj (), respectively, stored in E( - ) are checked one by one. Since duplicated check
of the same entry in E(-) can be avoided by the use of VP(-), the total number
of required checks is bounded by 2N. The time required for statements S8 and
S12 is estimated in the same way. In statements S3, S8, S11 and S12, the number
of operations of marking vertices “‘reached” is bounded by M (< N + 1), ie., by
the number of vertices. In statement S4 or S6, the number of operations of attach-
ing or removing ‘‘p-adjacent” marks of vertices is bounded by the total sum of the
degrees of the vertices in P, which is less than 2N. The total number of vertices put
on Q is not greater than the number of the edges which connect between the vertices
in P and those in ¥V — P. Thus time bound for statements S5, S7 and S10 is O(N).
The running time for statements S1 and S9 is determined by the total number of
entries put on the stack. Going through statement S8 or S12,at most M (< N + 1)
entries are put on the stack. Going through statement S7, at most N entries are
put on the stack. In summary, a desired set Q can be obtained in O(N) time, ie.,
an optimal ordering can be obtained in O(M - N) time.

The algorithm presented here is much more efficient than the minimal tri-
angulation (optimal ordering) algorithm in the previous paper [4]. The former
requires only O(M - N) time, while the latter requires O(M?- N) time. In the
previous algorithm, we chose a vertex, which satisfies the condition of Theorem C,
at each stage of the vertex elimination. If the test of this condition is properly
implemented, the running time is proportional to N. In the worst case, however,
M(M + 1)/2 tests may be required to find an optimal ordering. Thus the total
running time of the algorithm [4] is estimated by O(M? - N).

Remarks. 1. The running time O(M - N) of the proposed algorithm is no
worse than the minimum degree algorithm [6], [7], which is widely used for the
reason that relatively simple operations are involved to determine a good order-
ing. The minimum degree algorithm requires O(M?) time as far as a conservative
upper bound is concerned.

2. Recently, another fast algorithm for obtaining an optimal ordering was
presented [8]. This algorithm requires O(M - N) running time, rather than
O(M - N), where N is the number of edges of the resultant triangulated graph. But
it can obtain the corresponding minimal triangulation simultaneously.

3. More recent work [9] presents another O(M - N) algorithm to find an
optimal ordering, together with a O(M, N) algorithm to calculate the triangulation
for a given ordering.
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ON THE NUMBER OF ADDITIONS TO COMPUTE
SPECIFIC POLYNOMIALS*

ALLAN BORODINY anp STEPHEN COOK}

Abstract. The number of addition-subtraction operations required to compute univariate poly-
nomials is investigated. The existence of rational coefficient polynomials of degree n requiring ~(/n)
+ operations is established using an argument based on algebraic independence. A more analytic argu-
ment is used to relate + complexity to the number of distinct real zeros possessed by a given real
coefficient polynomial.

Key words. arithmetic complexity, algebraic complexity, additions, polynomial evaluation,
algebraic independence, real zeros

1. Introduction. It is well known from the work of Motzkin [5], Belaga [2]
and Pan [6], that “most” nth-degree polynomials p € R[x] require about n/2 x,
+ operations and n + operations and that these bounds can always be achieved
within the framework of preconditioned evaluation.! More precisely, if p can be
computed using less than [(n + 1)/2] x, + or less than n + operations, then the
coeflicients of p are algebraically dependent.

However, it can be argued that only polynomials in Q[x] are of any computa-
tional concern. Moreover, one would like ‘“‘practical tests” to determine the com-
plexity of a specific polynomial. With respect to nonscalar * operations, Paterson
and Stockmeyer [7] are able to show that approximately \/;z such operations are
required for “most’’ nth-degree polynomials in Q[x]. Also they show that every
nth-degree polynomial can be computed in about ,/2n nonscalar * operations. In
QO[x], the scalar * operations can be simulated by (an unbounded number of)
+ operations. Strassen [9] uses a careful analysis of the Motzkin—Belaga argument
(and also of the corresponding development in Paterson—Stockmeyer) to exhibit
specific polynomials in Z[x] whose required complexity is nearly that obtainable
by general preconditioning methods. For example, any program for

p(x) _ Z 22in3xi

i=0
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! See Knuth [4] for a review. We use the following notation: R, Q, C for the field of reals, rationals,
complex numbers, respectively, Z and N denote the integers and nonnegative integers, respectively;

Fly,, -+, yn]is the ring of polynomials, F[[y,, -- -, y,]] is the power series ring and F(y,, - - -, y,,) the
field of rational functions in y, - - -, y,, over F. We will also use * operations to denote either a x or
-+ operation.
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requires

(i) either n/2 — 4 x operations and n — 4 + operations or at least n?/log n
total operations,
(ii) at least ﬁ nonscalar % operations.

That is, if one chooses to trade off + operations to reduce the * complexity of p(x),
then it can be done but only with an exorbitant cost of at least n?/log n + operations.

The situation when counting + operations with the potential of unlimited
* operations is not as clear. In fact, we are not aware of any previous results which
show that not all pe Q[x] are computable in (say) 4 + operations. A ‘“‘usable”
characterization of precisely which polynomials are computable in 4 + operations
is more than a tedious exercise. Does an analogue of Paterson—Stockmeyer hold?
That is, can the output of a program (which is computing an nth-degree poly-
nomial) using k + operations but an unbounded number of * operations be represen-
ted by Y7_, g0y, -+, o)x’ for some fixed rational functions {g;}, where the
number ¢ of parameters {«;} is bounded by some function of k? We shall show in
§ 3that thisis the case witht ~ k2. But unlike the situation in Paterson-Stockmeyer,
we do not yet know if the use of unlimited * operations can in general reduce the
+ complexity of polynomials in Q[x].

While the arguments based on algebraic dependence provide us with our
best lower bounds thus far, a different approach of independent interest is taken in
§ 4. Namely, we are able to show that the number of + operations required to
compute any p € R[x] is bounded below by a function of the number of distinct
real zeros of p. The potential (e.g., for producing nonlinear lower bounds) and limi-
tations of this approach will be discussed.

2. The model and a review of results based on algebraic independence. We
follow informally the notation of Winograd [11] and say that we are interested
in computing p € F[x] over G(x) given G U {x}, where F = G and G is a field.
That is, we think of a program P as a sequence of statements {s;, - - -, S,,»; €ach
s; is of the form “p; operation ¢;”, where operation€ {+, —, X, +} and each
operand p;, g; is either

[YPULL)

(i) in G U {x};ie., a scalar constant or “x”’, or
(ii) a previously computed s; (j < i).

P computes p € F[x]if p = s,, (as elements of F[x] < G(x)). When =+ is not allowed,
we say that we are computing p € F[x] over G[x] given G U {x}.

In this section and in § 3, the choice of F and G is not that essential, but for
definiteness we can take F = Q and G = C. Section 4 will depend essentially on
the choice G = R.

DEeFINITION 1. Let H be an extension field of F = Q. u,,---, u, € H are
algebraically dependent (over Q) if there exists a nontrivial f e Z[y,, - -+, y,] such
that f(uy, -+, u,) = 0.

LeMMA 1 (Van der Waerden [10]). Let py, -+, pn€Qoty, - -+, ). If m > t,
then py, -- -, p,, are algebraically dependent.

For the sake of completeness and motivation, let’s briefly sketch the lower
bound of Patersonand Stockmeyer. Assumingno <+, we can constructa ‘“‘canonical”



148 ALLAN BORODIN AND STEPHEN COOK

program using k nonscalar x operations; namely :

s_y«1
Sg ¢« X
’ ”
S; « (Z aj’iSj X Z aj,,iSj
Jj<i Jj<i

Sk+1 < Z i k+15)-
sk

Then s,y = ) ;_, pfo)x’, where r < 25, and o0 = <o’y 1, 00,1, 0% 1 1, < > Gk 1)
= {oy, -+, 0,p, Where t is approximately k*. With a little care, it can be shown
that t < k2 + 1.

THEOREM 1 (Paterson and Stockmeyer). If n + 1 > k? + 1, then there exists
an n-th-degree polynomial in Q[x] which is not computable over C[x] in k nonscalar
multiplications.

Proof. Assume p(x) = )I_ a;x’ is computable in k nonscalar multiplications.
Then p(x) = }1_, pj(@1, -, &)x’ for some choice of oy, - - -, «, with t = k? + 1.

But py(@), - - -, p.(@) are algebraically dependent if n + 1 > t, and hence there
exists a nontrivial fe Z[y,, ---, y,+1] such that f(py(e), - - - , p.@)) = 0. If every
p € Q[x] were computable in k nonscalar multiplications, then f(gq, - -, g,) = 0
for all {gq, -+, g,y in Q"*'. Hence f = 0 because Q"*! is dense in R"*! and f is
continuous. This contradicts the assumption that f be nontrivial.

As Paterson and Stockmeyer observe (in extending the result to allow +),
if we can produce a finite number, say [, of canonical programs for some measure
(rather than just one), then the same type of results will follow ; for the ‘“algebraic
dependence of each program” is characterized by some f; e Z[y,, ---, y,+1], and
hence the coefficients of any nth-degree polynomial computable in k operations
will be zero of f = [[\_, fi-

From these observations, the following fact follows directly.

Fact 1. Let y : N — N be any function.

(a) There are n-th-degree polynomials in Q[x] which either require [(n + 1)/2]
* operations or more than \y(n) + operations.

(b) There are n-th-degree polynomials in Q[x] which either require n + opera-
tions or more than (n) = operations.

In either case, once (n) is given, there are only a finite number of canonical
programs each having the appropriate number of parameters.

3. A lower bound for + operations based on algebraic dependence. We shall
now consider the situation when the number of » operations is not bounded by any
function of the degree. One might argue that this is a totally impractical hypothesis,
but we believe that the questions arising out of the developments in §§ 3 and 4 are
more than academic. The difficulty in trying to bound + operations is suggested
by the simplest example. Let s « (x + )" represent the first 4 step (say u e N).
If we treat u as a parameter, then s = o + ua* 'x + (4o 2x% + ---.

We cannot immediately view s as ) i=0 pj(@)x’ with the p; being polynomials.
Norcanwetreateacha, a?, 3, - - -asa parameter, for then the number of parameters



ON THE NUMBER OF ADDITIONS 149

will not be a bounded function of the number of + operations. We might want
to argue that u cannot be too large without introducing some inefficiency ; but
this is just the sort of question we cannot yet answer.

Let’s first define a ‘“‘canonical program’ having k + operations.

LemMa 2 (Belaga). Let f in G(x) be computed by a program over G(x) given
G U {x} using k + operations. Then f is computed by the following *‘program” for
some appropriate choice of y;, -+, Vx4 in G and {m;;} < Z:

To‘—l

SO4—x

i<i

k

i

-] S}
1

IA
IIA

Sievn+ T,

Mmj i+ 1
Tiv1 < Virr H S, .

jsk

A proof can be found in Borodin and Munro [1, § 3.2].

Allowing negative exponents accounts for + and also allows a simplification
in the number of parameters introduced. On the other hand, we will have to view
the computation as taking place over some power series ring G[[x — 6]] as in
Strassen [9] in order to accommodate the negative exponents.

We want to express T, as a polynomial in x whose coefficients are in some
H = Z(a,, -, o). Let’s concern ourselves only with the computation of nth-
degree polynomials. Suppose P computes p over G[[x]]. Then P correctly computes
p over G[[x]] (mod x"*1), i.e., with all higher order terms dropped throughout the
computation.

The example s « (x + a)* illustrates the approach to be taken. We can con-
sidern + 2cases: u =0, ---, u = n, u > n. Itis clear that for eachu = i (i < n)
we can represent s (mod x"*') as some ) |_, p{a)x’. For u > n, we have

u

n
s=a"+u Ix + oo ( )Ot"—"x" = Z rj(“,ﬁau)xj,
j=0

n
where = o and r; e Z(a, B, u); ie.,

B _(“ﬁ
=5

rola, Bou)y =B, rilo, f,u) =u—, -
o nl o

For this simple example, the cases u < n could be subsumed by the case u > n,
but in the proof of Theorem 2 this need not always be true.

If ue Z (rather than N) we would have 2n + 3 cases: u < —n,u = —n, ---,
u=0,---,u=n,u>n. Consider u < 0 and assume « = 0. (If « = 0, we would
have to consider power series in x — 6 rather than x, for some appropriate 6.)
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Then
se1/(a+x)""=[1/(a« +x)]7*
1 1 1 1 T
= [&‘&f”?x“aﬁ * ] :
Again, the cases u = —i (i £ n) could be handled separately. For u < —n, we
have

s (mod x"*1) = [1 o (- x"]

THEOREM 2. Consider computations over C(x) given C U {x},and letn = (k + 2)*.
Then there exists an n-th-degree polynomial p(x)in Z[x] which cannot be computed in
k + operations.

The proof shows that in fact, “most’ nth-degree polynomials in Q[x] cannot
be computed in k + operations.

Proof. Let p(x) = Y"_, a;x" be an arbitrary nth-degree polynomial, and let P
be a k + step program which computes p(x).

(A) Convert P to a program P’ over C(6, X) given C U {6} U {X} which com-
putes p(X) = p(x), where 0 is a new indeterminate and X = x — 6. Specifically, let

and then
Using Lemma 2, we have
SO = X « i + 0

Tl <« S'(;'O,l

P = Sien+T

s
Tiv1 < Vesr |1 STokert

jgk

(B) P’ introduces v = (k + 1)(k + 2)/2 exponents {m;;}, all of which can be
treated as parameters. For every exponent, thereare 2n + 3 choices to be considered
(namely, m;; < —n,m;; = —n,---, m;; = n,m;; > n),or (2n + 3)" cases in total.
Each case will determine a canonical program. For each of these (finitely many)
programs, we are able to algebraically characterize the program statements
(subresults) and the target polynomial.
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(C) Claim. Having chosen any one of the (2n + 3)” cases, there are rational
functions {pi} over Q(6) such that for 0 < i <k,

Si = Z p;(al s T OQ(z‘))ij (mOd )Z"“)
j=0

foran appropriate choice of parameters {;} = Cwith(i) < (i + 1)>. Consequently,
plx) = d"_o P Moy, -+, o+ 1))%’ for some appropriate choice of the parameters.

For each of the (2n + 3)° cases, we can prove the claim by induction on k.
For the basis of the induction, S, « X + 6 and thus #(0) = 0. Now assume

S; = Z P;(O‘1, T, O‘m‘))ij (mod g"+l),
j=0
with t(i) < (i + 1) for 0 < i < r. We want to show that
S,v1 = Z p;+1(061, tey, “,(r+1))3zj (mod 32"+1)
ji=0

and thatt(r + 1) £ t(r) + 2(r + 1) < (r + 2)%
We have

m; r+ 1
Ty < l_[Sj“

Jsr
Spv1 < Ver1 + Tay.

Introduce new parameters (and rename by &+, - -, % +1)) tO represent

yr+1am0,r+1’ s Myt 1 [p(l)(alv R O(1(1)):|ml’r+ l’ ) [:p'(‘)(ala B at(r))]mr,wr h

We have thus introduced 2(r + 1) new parameters. Now it remains to show that
S,i1 = Zp;‘+1(°f1, Ce, Oy 4 1))XY(mod ). Spv1= n;':O STt Y
Look at any

n mir+1
Sperrt = |:Z P;'(O‘l st “,(i))fj:l (mod %"* 1)~
=0

We must consider the 2n + 3 cases m;,,; < —H, M, 11 = —H, -+, M, q > N
Let us just outline the case m;, ., > n.
The coefficient of £ (I £ n < m;, 4 ,) is

Z (mi,r+1) (mi,r+1 - ml) (mi,r+1 — My — e =My
myrl+me2+-tmen=1\ My m, my,

G | STED LA (0

And as in the simple example (x + )", the expression can be written as a rational
function g(aty, -+, %y Mips1, [PH)™ Y. So it follows that []S7or' + v,.,
(mod %"* 1) can be represented as desired.
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(D) So for each of the (2n + 3)° cases, we are computing Y '_, p§* (o, -+ -,

%+ 1))% with rational functions p§*! over Q(6); alternatively, we have

j
n

k+1 i
Z qj+ 0,04, -, at(k+l))xl
j=o

with g¥** over Q. Now recall the assumption that n = (k + 2)2 = t(k + 1) + 1.
Using Lemma 1, we know that for each case ¢ there is a nontrivial polynomial f,
over Z such that f(g6*", -+, gk™") = 0. Let f = [[2"}" f.. By exhausting all

c=1

the cases, we have shown that if p(%) = -0 d;%, then f(do, -+ -, @,) = 0.
Recalling that a; = ) _ (a0 7, we can view f(d,, - - - , @,) as a polynomial
in 0 which must be identically zero. In particular, the constant term of f (G, - - - , @,),

which is f(aq, - - -, a,), must be zero. 0

(E) Summarizing, we have shown that there is one fixed nontrivial polynomial
f over Z such that if p(x) = }"_ axx' is computable in k + operations and n
= (k + 2)% thenf(ay, - - - , a,) = 0. Now we can complete the argument just as in
Paterson and Stockmeyer [7]. The nontrivial polynomial f cannot be zero on
any dense subset of 0", so that the + complexity of “‘most’” nth-degree poly-
nomials in Q[x] is at least \/n — 2 (i.e., the exceptions {a,, - - -, a,> are nowhere
dense in Q"*'). Since any polynomial p(x) in Q[x] can be viewed as g - z(x) with
g in Q and z(x) in Z[x], it follows that there are polynomials in Z(x) which are
difficult to compute. [

COROLLARY 1. There exist n-th-degree polynomials in Q[x]| which require
\/Z — 2 + operations even if we do the computation mod x"*!, i.e., chop off high
order terms without cost.

We remark that by calculating upper bounds on the degree and weight of the
polynomials {pi(a;, - -- )}, we can exhibit, as in Strassen [9], specific polynomials
(with integer coefficients) which require ~\/ﬁ + operations.

Whether or not a \/% upper bound on + operations can generally be obtained
remains an open question. We suspect that while it may be possible to achieve a
saving (in + operations by the unlimited use of * operations) when computing
mod x"*?, the additional requirements imposed by the cancellation of high order
terms will preclude any such saving. That is, + operations in computations over
Q(x) cannot in general be reduced by * operations.

We state the following conjecture: there is a function y(k, n) satisfying the
following property—if p is an nth-degree polynomial (say in Q[x]) and p is compu-
table in k + operations, then p is computable in k + operations and no more than
y(k, n) * operations.

Finally, we can note that if a general saving in + operations can be achieved
for any fixed degree n, (say fi(no) + operations), then a proportionate saving can
be achieved for all n = n, (i.e., only need about f(n,) - n/n, + operations). More
precisely, if p(x) has degree n = d(n, + 1) — 1, it can be written as

+1
(Coy + =+ + X F+ (Coa + -+ F €y 2X")X™

+ .- 4 (Co,d 4+ -+ Cno,dx"o)x(d—l)(no+ 1),

which could then be evaluated in [df(ny) + (d — 1)] + operations.
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4. A lower bound based on the number of real zeros. In Strassen [§], we see the
first significant results concerning nonlinear lower bounds for arithmetic com-
plexity. Algebraic geometry provides the proper notion of “degree” for a set of
(rather than just one) polynomials in several variables. The geometric formulation
of degree is “‘correct” from a complexity point of view, since Strassen is able to show
that the degree can at most double after a » operation and is unchanged after any
+ operation. In this way, one can prove for example that any nth-degree poly-
nomial evaluated at n arbitrary points requires n log n * operations.

For + operations, we do not yet have an appropriate concept or property
(such as degree) which can be used to derive nonlinear lower bounds. For example :
is polynomial multiplication nonlinear with respect to + operations? Does there
exist an nth-degree polynomial which requires n log n + operations for computa-
tion at n arbitrary points? One type of property that may be relevant is to look at
the zeros associated with the polynomials computed during a computation. Such
a property could also provide a constructive means for analyzing the complexity
of specific polynomials. If we look at all complex zeros, then we can obviously
generate an nth-degree p € R[x] which has n distinct zeros in one + operation (of
course, these zeros have a nice structure).

The approach of this section is to show that the number of distinct real zeros
in any polynomial p in R[x]is bounded by a function of the number of + operations
required to compute p. Unfortunately (unlike degree with respect to » operations),
it is not true that if p, and p, have =<r distinct real zeros, then p; + p, has Z¢(r)
distinct real zeros (for some function ¢ : N - N).

We consider again the canonical program given in Lemma 2 with G = R.
Throughout this section, S; and T; are defined as in Lemma 2, and are to be viewed
as rational functions in R(x). We want to bound the number of distinct real roots
in T, as a function of n. To do so, a more general induction hypothesis seems
necessary.

Notation. If f is in R(x), then f” denotes df/dx.

DErFINITION 2. Let f be in R(x).

#f = the number of distinct real zeros + the number of distinct
real poles in f.

If fis in R[x], then #f is just the number of distinct real zeros.

The main theorem of this section is motivated by the following lemma.

LemMa 3. If f in R[x] has k nonzero terms, then #f < 2k — 1. Also, there
exists an f in R[x] having k nonzero terms and #f = 2k — 1.

Proof. The proof proceeds by induction on k.

k = 1. f(x) = ax" and x = 0 is the only possible zero.

Induction step. Let f(x) = x"-g(x) = x"(a;, + -+ + a;x*). #f <1+ #g
=1+ #g + 1 (By Rolle’s theorem). So #f <2+ 2k —1)=2k + 1) — L.
The polynomial f(x) = [[¥Z} x(x*> — i) achieves the bound. [

Since we will be dealing with rational functions, we need a generalization of
Rolle’s theorem.

LEMMA 4. Let f = p/q be in R(x). Then #f < 2#f' + 1.

Proof. The proof is in two cases.
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Case 1. #q = #p. Since every pole of f is a pole of f, it folows that #f
S2#q9 S 2#f

Case 2. #q < #p. We claim that the number of zeros of f” is at least #p
— (#4g + 1), since fis a continuous function except at its poles. Hence #f' = #p
—(#q+ 1)+ #q=#p— 1.So2#f Z2#p—2> #f—2. 0

We need one more lemma before proceeding to the main theorem.

LEMMA 5. Recall the meaning and notation for S; from Lemma 2. Then

S_;l _ pn(S09 ) Sn)

S, SoSy---S,
where Pn€ R[yO’ R} yn]’ and deg (pn) é n.
Proof. The proofis by induction on n. When n = 0, take p, = 1. Whenn > 0,
we have
n—1 S(
S, =T, = Tn[z m.-n—'].
i=o S

Hence one can check that
n—1

pn(SO’ R} Sn) = (Sn - 'yn) Z mi,nSi+1 T Sn—lpi(SO" Y Si)’
i=0
by dividing both sides by S, - - - S, and applying the induction hypothesis. [
THEOREM 3. Let

N
f= % Sgre Sr0(Sos e, S,
i=1

with each Q;in R[yo, - - -, y,] having deg < M, and r;;€ Z. Then #f < ¢(n, N, M)
for some function ¢ : N*> — N.

Note. The function ¢, which will be defined by the induction proof, is inde-
pendent of the exponents r;; in Z. Our interest lies in the bound ¢(n, 1, 0).

Proof. The proofis by induction on n, with the induction step being established
by induction on N.

n=0.

N N N
f= Zl S604So) = Zl x"Qyx) = x' Zx x"Qi(x),

where t is chosen so that each t; = 0. Since deg (Q;) < M, the total number of terms
in the polynomial represented by the sum is at most N(M + 1). Hence, by Lemma
3, we have

#f <1+ 2NM + 1) — 1 = 2N(M + 1).

Thus (0, N, M) = 2N(M + 1).
n>0N=1

f= l_[ S;j‘lQl(SOa ) Sn)
Jj=0

J

#fé #( S;'j,l) + #QI(SOa Y Sn)
=0
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So j=0
#11-, ,n<<pn~120)

(b) Let Q, =Zk 0 @S0, -+, Sy_1)Sk with deg(q)) <M — k, and let y
= S, — ya = [[}Z¢ Son. Then
M
Ql = kzo k(SO’ Y Sn-l)(y + ’})n)k
M M n-1
=kz qk(SO"”’ kzol_[Ska”qkSO,"',S_),
=0 J

with deg (G,) < M. We have thus established that #0, < ¢o(n — 1, M + 1, M).
Then @(n, 1, M) = ¢(n — 1,2,0) + o(n — 1,M + 1, M). End N = 1.
n>0 N> 1

N n
f = ‘Zl ']__[0 S;‘j’iQi(SOa ) Sn)
i=1j=

Write

f= H S710,(Sos - » S)gl,

where

g=1+ Z H S;“Q’i(SOa -+, 8,) and Qi = Q;/Q;.

i=2j=0

Thus #f < ¢(n, 1, M) + #g. Using Lemma 4, #g < 2#g¢ + 1. It remains to
analyze g'.

::
VJ

oq
Il

finsoa]

Sl v s Sk Qi @100 — 010
I P

™M=z M=
~.
i}
o

[}
8]
-

1]
(=}

1 N n . n . k ) )
B @{;2 'I=_[o S;j,([k;o rk,iS_leQi + 0:Qi - QlQi:l}
-5 L [ vt

1li=2j=0
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Using Lemma 5 and observing that

n aQ
0= Y =S,
=0 08,
we see that
~ pi . N
0=+ with deg (p;) = n + 2M.
nk=0sk
Therefore N on
#e s r0 0+ {3 1570
i=2j=0

é @("al,M) + (P(naN - l,n + ZM)

So #f < on, N, M), where o, N, M) = ¢(n, 1, M) + 2[o(n, 1, M)
+ o(n,N — 1,n + 2M)1 + 1. 0O

Unfortunately, the bound obtainable from this induction is not very useful.
Let p(k) = max {#plp is a polynomial computable in k + operations}. Then
pk) = ok, 1,0).

Because ¢(n, N, M) is defined in terms of ¢(n, N — 1,n + 2M), we are ex-
ponentiating the third argument M in order to reduce the second argument N to 1.
Therefore, since ¢(n, 1, M) is defined in terms of p(n — 1, M + 1, M), we ex-
ponentiate the third argument M in order to decrease the first argument by one.
That is, our induction will result in a bound for ¢(n, 1, 0) which grows (very roughly)
like

If o(n, N, M) were defined in terms of ¢(n, N — 1,n + M) rather than ¢(n, N — 1,
n + 2M), the result would be a bound for ¢(n, 1,0) which grows (very roughly)
like n?". We are hoping that p(n) < ¢" for some constant c, but we do not believe
that our induction can be used to yield such a bound.

Facr 2. p(k) = 3%

Proof. By induction on k, we can exhibit a suitable polynomial p, having 3*
distinct simple real roots.

k = 0. po(x) = x.

Induction step. Choose ¢ sufficiently small that

Pr+1(x) = ([Pk(x)]2 - 82) - pilx)

is as desired. [0

If indeed p(k) were bounded by c* for some constant ¢, we would feel more
justified in thinking of p as a “4+ analogue for degree”. For consider u(k)
= max {deg (p)|p is computable in k * operations}.

Facr 3. u(k) = 2~

Proof. u(k) < 2*follows from Kung [3] or Strassen [8] and py(x) = x2“ trivially
establishes u(k) > 2*. 0O
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The scenario we would like to see developed is that a simple exponential
bound on p(k) is derived and then extended to (sets of) multivariate polynomials.
The goal is to establish a nonlinear lower bound. We conclude with some sugges-
tions for further research along these lines.

1. Can we redefine the bound by changing the definition of # p? For example,
consider # p = number of integer zeros in p and p(k) = max { # p|p computable in
k + operations}.

2. Can we derive bounds for computations over C(x) rather than just R(x)?
Theorem 2 does not apply because Rolle’s theorem (or Lemma 4) does not apply.
For pin C[x], we might consider # p = min {deg r|r # Oin R[x, y]and z = x + yi
is a zero of p implies r(x, y) = 0}. This definition is motivated by looking at those
polynomials computable in one + operation.

3. Can we extend the development to multivariate polynomials? For example,
consider #p = number of isolated zeros in p. We say (x;, - -, X,,» i an isolated
zero if there is a sufficiently small neighborhood around {(x,, ---, x,»> containing
no other zeros. Here we are motivated by the fact that if g(x) has n distinct zeros,
then p(xy, -+, X)) = q(x1)*> + - + q(x,,)* has n™ isolated zeros.

Acknowledgment. We would like to thank Zvi Kedem and Ludmilla Revah
for many helpful discussions.
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A COMPARISON OF TWO ALGORITHMS FOR
GLOBAL DATA FLOW ANALYSIS*

KEN KENNEDYt

Abstract. The problem of determining the points in a program at which variables are “live” (will
be used again) is introduced and discussed. Two solutions, one which uses a simple iterative algorithm
and one which uses an algorithm based on “Cocke-Allen interval” analysis, are presented and analyzed.
These algorithms are compared on “self-replicating” families of reducible program flow graphs. The
results are inconclusive in that the interval method requires fewer bit-vector steps on some graphs and
more on others. If n is the number of nodes in a program flow graph and the number of edges is linearly
proportional to n, then both algorithms require O(n?) steps in the worst case.

Key words. optimization of compiled code, compiler, flow graph reducibility, interval analysis,
live variables, algorithmic complexity

1. Introduction. When analyzing computer programs for the purpose of code
optimization, there is a class of problems which require the construction of data
flow information from the control flow graph. One such problem is that of deter-
mining which variables are “‘live”’—i.e., which variables will be used again—at any
given point in the program.

An algorithm that uses “Cocke—Allen interval” analysis [1]-[5] to solve this
problem was presented by the author in [6]. An alternate iterative method has
been described by several authors [7],[8],[9]. This paper attempts to compare these
two methods for complexity. The results, although inconclusive, provide some
insights into the general nature of these methods and of the problem itself.

2. Background. The flow analysis of a program usually begins with the
program expressed in some intermediate text which is scanned and subdivided into
basic blocks, sequences of instructions which are always executed in order. If the
first instruction of a basic block is executed, every instruction in that block will be
executed. After the last instruction in a block, control may transfer to any one of a
number of basic blocks called the successors of the block just executed.

For the purposes of the analysis in this paper, it is convenient to consider
extended basic blocks as blocks. An extended basic block is just a tree of blocks:

The use of such blocks will usually reduce substantially the size of the problem
to be dealt with by global analysis algorithms.

* Received by the editors August 9, 1974, and in revised form April 21, 1975.
+ Department of Mathematical Sciences, Rice University, Houston, Texas 77001. This work was
supported by the National Science Foundation under Grant NSF-OCA-GJ-40585.
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We may represent the program in question by its control flow graph (or flow
graph) in which each node stands for an extended basic block and each edge repre-
sents a possible branch from such a block to one of its successors; that is, if y is a
successor of x, then there is a directed edge from x to y in the flow graph. A flow
graph is therefore a triple G = (N, E, n,), where

(i) N is a finite set of nodes,
(ii) E is a finite set of edges (a subset of N x N), and
(iii) n is the program entry node—the unique node which is the successor of
no other node in N.
The inverse of the successor relation in a flow graph may also be defined. Node x
is a predecessor of y if and only if y is a successor of x, i.e., if and only if there is
an edge (x, y) in E. We define the following two notations:

S(x) = {yeN|(x,y)e E} and P(x)= {yeN|(y,x)eE}.

Thus S(x) is the set of successors of x and P(x) is the set of its predecessors. If N,
is a set of nodes, N; = N, then

SIN,]= U P(x).

xeN

That is, S[N,] is the set of successors of nodes in N, . Similarly,

P[N,]= U P(x)

xeN

A path from x, to x, is a sequence of nodes (x;, - - -, x;) such that (x;, x; ) is in
E for 1 £i < k. The path length of (x,,---, x;) is k — 1. We say that the path
aboveisa cycleif x; = x;, k > 1. A simple path is a path which contains no cycles.

2.1. Intervals. Let G be a flow graph and 4 a node of G. The (maximum)
interval with header h, denoted by I(h), is constructed by the following algorithm
due to Cocke and Allen [3].

ALGORITHM A (Maximum interval construction).

Input. Flow graph G and designated node h.

Output. The set of nodes I(h).

Method.!
begin
I(h) = {h};
# Iteratively add nodes that have all their predecessors in
1(h) #

while 3x e S[I(h)] — I(h)
such that P(x) < I(h)
do
I(h) = I(h) U {x}
od
end [

We note here that the order in which nodes are added to I(h) will be important

! Pound signs (#) are used to delimit comments.
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later and is called interval order. Interval order is by no means unique (in fact,
it depends on the order in which successors of I(h) are considered); however, it
imposes a total order on the nodes of I(h) — {h} which preserves the partial order
defined by the successor relation. The result is that if we process the nodes of
I — {h} in interval order, we will process a node only after we have processed each
of its predecessors in I, and if we process in reverse interval order, we will process a
node only after we have processed each of its successors in I — {h}.

From Algorithm A we can proceed directly to a second algorithm, due also
to Cocke and Allen [3], which partitions the entire flow graph into a set of disjoint
intervals.

ALGORITHM B (Interval partition).

Input. Flow graph G = (N, E, n,).

Output. The set of intervals INTS(G).

Method. We use a set H of interval headers.

begin # The program entry node is a header #
H :={no};
INTS(G) = & ;
while H # J # there are more headers #
do
X == an arbitrary node in H;
H:=H — {x};
Find I(x) using Algorithm A ;
INTS(G) :== INTS(G) U {I(x)}
# Successors of I(x) which cannot be added are
headers #
H:=H U (S[I(x)] — I(x))
od
end [J

As an example of this process, consider the flow graph in Fig. 1. The interval heads
chosen by Algorithm Bwill be 1,2, 5 and the intervalsare {1}, {2, 3,4},and {5, 6, 7}.

If G is a flow graph, then the derived flow graph of G, denoted by I(G), is
defined as follows:

(a) The nodes of I(G) are the intervals in INTS(G).

(b) If J, K are two intervals, there is an edge from J to K in I(G) if and only if

there exist nodes n; € J and ng € K such that ny is a successor of n; in G.
Note that ng must be the header of K.

(c) The initial node of I(G) is I(n,).

We call G the underlying flow graph of I(G).

The sequence (Gy, Gy, - - - , G,,) is called the derived sequence for G if G = G,,
G+, = I(G), G,,—1 # G,,,and I(G,,) = G,,. G, is called the derived graph of order i
and G,, is the limit flow graph of G. A flow graph is said to be reducible if and only
if its limit flow graph is the trivial flow graph, a single node with no edge ; otherwise,
the flow graph is nonreducible.

Let I(h) be an interval of flow graph G. We classify the edges which branch
out of nodes of I(h) three ways.

1. Those edges which branch from nodes in I(h) to h are called latches of I(h).
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F1G. 1. A flow graph

2. Those edges which branch from nodes in I(h) to nodes outside the interval
are called exit edges of I(h).

3. All other edges are called forward edges of I(h). All forward edges branch
from nodes of I(h) to nodes of I(h) — {h}.

2.2. Live-dead analysis. A path in a flow graph G is said to be definition-clear
with respect to a variable X, or X-clear, if there is no assignment to X in any node
on that path. A variable X is live at a point p in the flow graph if there exists an
X-clear path from p to a use of X. If there is no such path, X is said to be dead at
p- Thus X is live at p if its value at p may be used before it is redefined.

Our aim is to compute, for each node b in the control flow graph, the set L(b)
of all variables which are live on entry to b. The global sets L(b) can be defined in
terms of two sets which contain strictly local information. Given an extended
basic block b in the flow graph:

1. IN(b) is the set of variables X such that there is an X-clear path from the
entry of b to a use of X within b; ie., a use of X appears in b before any
redefinition of b.

2. T(b, y), defined for every successor y of b, is the set of variables X for which
there is an X-clear path through b; i.e., the set of variables which are not
defined in b on the path from b to y.

THEOREM 1. Let G = (N, E, ny) be a flow graph. For any be N,

1) L(b) = IN(b) U I (T(b,y) NN L(y)).
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Proof. There is an X-clear path from the entry of b to a use of X if and only if

(a) there is such a path to a use within b, i.e., X € IN(b), or

(b) there is an X-clear path through b to some successor y € S(b) and there is
an X-clear path from the entry of y to a use of X. This can be expressed
X € Uyese (T(b, ) N L(y)).

The “or” of conditions (a) and (b) is expressed by union. Thus

XeLb)=Xe(NbB)U U (T(b,y) N L)) O

2.3. A simple, iterative bit propagation algorithm [7], (8], [9], [10]. We now
present a simple algorithm for computing the sets L(b). This algorithm uses bit-
vectors to represent the requisite sets—where each bit-vector has one bit position
for each possible variable X. The bit for X is on if X is in the set and off otherwise.

Let LVIN(b) be the bit-vector for the set L(b), INSIDE(b) the bit-vector for
IN(b), and THRU(b, y) the bit-vector for T(b, y). The following relations hold:

1. By analogy with Theorem 1,

LVIN(b) = INSIDE(D) Vv (THRU(b, ») A LVIN()).
Ye

2. For exit blocks of the program (blocks with no successors), the equation
reduces to

LVIN(b) = INSIDE(b).

The following algorithm, adapted from [7], computes these bit vectors by iterating
until a steady state condition is detected.
ALGORITHM C. (Compute LVIN vectors).
Input. 1. Flow graph G = (N, E, n,), |N| = n. The nodes are numbered from
1 to n in some strategic way. Each node is referred to by its number.
2. Bit-vectors INSIDE(j), THRU(j, k), 1 <j < n, k ranging over
successors of j.
Output. Bit-vectors LVIN(j),1 £j < n.
Method.
begin # Initialize LVIN vectors #
for j from 1 to n
do LVIN(j) := INSIDE() od;
# Iteratively apply the equation for LVIN(j) at each node
until no more changes are detected #
change = true;
C1: while change
do change = false;
for j from 1 to » do
oldLVIN := LVIN(j);
LVIN(j) == LVIN(j) V V ics5; (THRU(j, k) A LVIN(k));
if LVIN(j) # oldLVIN then
change := true fi
od
od

end [
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Termination and correctness of Algorithm C have been shown in [10]. A
backward branch of a reducible flow graph G is an edge which becomes a latch in
some interval of the derived sequence for G. Let d be the maximum number of
backward branches in any simple path within G. The following theorem is from
Hecht and Ullman [7].

THEOREM 2. If the numbering of nodes in G (where G is reducible) is chosen
suitably (by a method defined in [7]), the body of the while-loop (labeled C1) in
Algorithm C will be executed at most d + 2 times.

COROLLARY 2.1. Ife = |E| is the number of edges in G (where G is reducible),
then Algorithm C requires at most 2e(d + 2) bit-vector operations.

Proof. Each time the body of the loop is executed, two bit-vector operations,

LVIN(j) V (THRU(j, k) A LVIN(k)),

are executed for each edge (j, k) in the program, for a total of 2e such operations.
But the loop is iterated at most d + 2 times. [

The upper bound presented in Corollary 2.1 is different from that derived by
Hecht and Ullman [7] because we assume that we are dealing with extended basic
blocks to facilitate the comparisons of § 4. If simple basic blocks are used, then the
THRU vectors have only one exit, and the computation can be performed in
(d + 2)(¢’ + n'), where e’ and n’ are the number of edges and nodes, respectively,
in the flow graph G’ in which nodes represent simple rather than extended basic
blocks. Clearly ¢ = e and n' = n, so the Hecht-Ullman bound is not necessarily
less than the Corollary 2.1 bound ; however, this assumption may favor the interval
algorithm to be presented in the next section.

Note also that neither of these upper bounds is “tight”” unless we assume that
truly global data flow is present in the graph. By this we mean that the estimate is
exact if we assume that any simple path in the graph is the shortest X-clear path
from anode where Sislive to a use of X for some variable X. We use this assumption
implicitly in the comparisons of § 4.

3. The interval method. An alternate method which uses interval analysis on
reducible flow graphs was presented by the author in [6]. The method consists of
two parts. First, the sets IN and T are computed for intervals of the derived graph,
then for intervals of the next derived graph, and so on until these sets are available
for the trivial limit graph. Then (1) (from Theorem 1) is applied first to the highest
order derived graph, then to the nodes of its graph, and so on until L(b) has been
computed for each node in the original flow graph. Thus there are two passes
through the nodes and edges of the derived sequence. We treat these passes separate-
ly.

Pass 1. The purpose of pass 1 is to compute, for each interval in the sequence
of derived graphs, the sets IN and T. The following bit-vector algorithm computes
these sets for an interval, given their values for the nodes of that interval. Note that
it passes through the interval in interval order.

ALGORITHM D (INSIDE and THRU for an interval).

Input. 1. The nodes of an interval I numbered from 1 to n; in interval order.

2. Successor and predecessor information for each node in the interval.
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3. The set of successor intervals J of I (successors in the derived graph)
along with their headers h;.

4. INSIDE(j),1 £j £ n,.

5. THRU(j, k), 1 £j < n,, k ranging over all successors of j.

Auxiliary variables.

1. PATHOUT(j, k), 1 £j < n;, k ranging over all successors of j
which are not the header of I. PATHOUT will be a bit vector
representing the set of variables X such that there is an X-clear
path from interval entry through node j to the exit from j leading
to k.

2. PATH()), 2 £ j < n;. PATH(jj) will be a bit vector representing the
set of variables X such that there is an X-clear path from interval
entry to the entry of node j. PATH(1) is not needed because it would
consist simply of the vector with all 1’s.

Output. INSIDE(I) and THRU(I, J) for each successor J of I in the derived
graph.
Method.
begin # Initialize INSIDE(I) and PATHOUT #
INSIDE(I) := INSIDE(1);
for all ke S(1)
do
D1: PATHOUT(1, k) .= THRU(l, k)
od;
# Iterate through I — {h} in interval order #
for j from 2 to n;
do
D2: PATH(j) = V kcp PATHOUT(K, j);
D3: INSIDE(]) := INSIDE(/) V (PATH(j) A INSIDE()));
D4: for each m e S(j) — {1}
do
PATHOUTY(j, m) = PATH(j) A THRU(j, m)
od
od;
# Compute THRU vectors for I #
for all J € S(I) with header h;
do
D5: THRU(I, J) == V yepn,y .t PATHOUT(k, k)
od
end [J

THEOREM 3. Algorithm D terminates and is correct.

Proof. Termination is trivial since the loops can only be executed a finite
number of times.

Correctnessis shown by three lemmas. Note that we write ““X € BITVECTOR”
when we mean “‘the position for X in BITVECTOR is 1™

LemMA 3.1. For every j, 2 < j < n;, X € PATH()) if and only if there is an
X-clear path to j from interval entry.
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Proof of Lemma 3.1. The proof proceeds by induction on j.

(a) Basis. j = 2. The only predecessor of node 2 must be the interval header,
node 1. Therefore, PATH(2) = PATHOUT(1, 2) = THRU(1, 2) because of steps
D1 and D2. But X e THRU(1, 2) if and only if there is an X-clear path from the
header’s entry, which is identical to the interval entry, to node 2.

(b) Induction step. Assume that the lemma is true for 1 < j < p — 1 where
p < n;. By step D2, X e PATH(p) if and only if X e PATHOUT(k, p) for some
predecessor k of p. But this is true (step D4) if and only if X € PATH(k) and
X e THRU(k, p). Since we are processing in interval order, k must have been
processed on an earlier step so k < p. Therefore X € PATH(p) if and only if, for
some predecessor k of p, there is an X-clear path from interval entry to k (by the
induction hypothesis) and there is an X-clear path through k to p. But this can be
true if and only if there is an X-clear path from interval entry to p. [

LEMMA 3.2. After execution of Algorithm D, X € INSIDE(!) if and only if there
is an X-clear path from interval entry to a use of X within L.

Proof of Lemma 3.2: X € INSIDE(J)if and only if X € INSIDE(1) (initial state-
ment) or for some j, 2 < j < n;, X € INSIDE(j) and X € PATH(j) (step D3).

If X € INSIDE(1), then there is an X-clear path from interval entry to a use
of X within I—the path from the entry of node 1 to the use within 1. Assume X
¢ INSIDE(1); then for some j,2 £ j £ n;, X € INSIDE(j)and X € PATH(}j). These
are simultaneously true if and only if there is an X-clear path to the entry of j (by
Lemma 3.1) and an X-clear path to a use within j, but this is equivalent to the exis-
tence of an X-clear path to a use within 1.

LEMMA 3.3. After Algorithm D is executed, X e THRU(I, J), where J is a
successor of I, if and only if there is an X-clear path through I to J.

Proof of Lemma 3.3. Let h; be the header of J. By step D5, X e THRU(U, J) if
and only if h; has a predecessor ke I such that X e PATHOUTI(k, h;). But by
step D3, X e PATHOUT(k, h;) if and only of X € PATH(k) and X e THRU(k, h,),
which s trueif and only if there is an X-clear path from the entry of I to k (by Lemma
3.1) and there is such a path through k to h;. This last is equivalent to the existence
of an X-clear path through I'to h,. 0O

Lemmas 3.2 and 3.3 establish the theorem. [

Recall that n is the number of nodes in the interval I. Let e; be the number of
edges leaving nodes of that interval, ef be the number of forward edges of I, e$ be the
number of exit edges of I, and e be the number of latches of I. Note that e; = e}
+ €9 + €b. Let Ny be the number of successors of I in the derived graph.

THEOREM 4 (Complexity of Algorithm D). Algorithm D requires at most

2(61“6?)"‘"1_1\]1_2

bit-vector operations.

Proof. One operation to compute PATHOUT is required for each edge leav-
ing a node of I except those edges which leave or branch back to the header.
Except in the trivial case that the header is an exit node, at least one edge must
leave the header, so at most e; — e? — 1 operations are required for this compu-
tation. At each node other than the header, the computation of PATH requires
one less bit-vector operation than the number of edges entering that node. The
number of edges which enter nodes other than the header is ef, so ef — n; + 1
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operations are required to compute PATH. At each node other than the header,
two bit-vector operations are required to compute INSIDE(I) for a total of 2n; — 2.
For each successor interval J, the computation of THRU(I, J) requires one less
operation than the number of edges entering J from I or a total of ¢ — N7 opera-
tions. Summing these, we get

(e — el — 1)+ (ef —ny+ 1)+ (2n; — 2) + (ef — NY)
=(e;—ep) + (ef +e) + n — Ny — 2.
Using the identity ef + e} = e; — e? yields
2(e; — e?) + n; — N{ — 2. 0

Pass 1 of the live analysis merely consists of applying Algorithm D to the
intervals of each derived graph starting with the first order derived graph and end-
ing with the limit flow graph. This will be incorporated into Algorithm F below.

Pass 2. Pass'2 will use the THRU and INSIDE vectors computed in pass 1
to compute the vectors LVIN for each block in the program using a bit-vector
analogue of (1) in Theorem 1. If G,, = (N,,, E,,, n3) is the limit flow graph of the
reduction sequence, consisting of the single node nf with no edges, clearly LVIN(ng)
= INSIDE(ng). Thus we know the input LVIN vector for the interval represented
by ng.

We now present an algorithm which, given the LVIN information for an
interval I and all its successor intervals J, computes the LVIN vectors for each
node within that interval.

ALGoRrITHM E (LVIN Computation using intervals).

Input. 1. An interval I with nodes numbered from 1 to n; in interval order.
LVIN(I).

All successors J of I with their headers h;,
LVIN(J) for all successors J of I.
INSIDE(j),1 £j £ n,.
. THRU(j, k), 1 £j £ ny, k ranging over all successors of j.
Output. LVIN(j),1 <j < n;.
Method.
begin # LVIN of the header of an interval = LVIN of the interval #
E1: LVIN(1):= LVIN();
for each J € S(I) with header h;
do
E2: LVIN(h;) :== LVIN(J)
od;
# Iterate through I in reverse interval order applying the
LVIN equation #
for j from n; to 2 by —1
do
E3: LVIN(j) := INSIDE(j) V V s (THRU(j, k)
A LVIN(k))

VPN

od
end [
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THEOREM 5 (Termination and correctness of Algorithm E). Algorithm E ter-
minates and is correct.

Proof. Termination follows from the finiteness of I.

LEMMA 5.1. Whenever step E3 is executed, LVIN(k) has already been computed
for each successor k of j.

Proof of Lemma 5.1. A successor k of j must be one of three possibilities

1. The header h; of a successor interval J, in which case LVIN(k) was com-
puted in step E2.

2. The header of the interval I, in which case LVIN(k) was computed in step
El.

3. Another node in I — {1}, in which case LVIN(k) was computed on a
previous execution of step E3. This follows because step E3 is applied to
the nodes of I — {1} in reverse interval order which assures us that E3 will
be applied to successors of j before it is applied toj. [

Lemma 5.1 and Theorem 1 are sufficient to prove Theorem 5. [0

THEOREM 6 (Complexity of Algorithm E). Let e, be the number of edges leaving
nodes of 1. Algorithm E requires at most 2(e; — 1) bit-vector operations.

Proof. Step E3 is applied once to each node except the header. For each edge
leaving such a node, there is one bit-vector operation to compute LVIN(k)
A THRU(j, k) and one to “or” the result with INSIDE(j). Thus 2 bit-vector
operations are required for each edge leaving a node of the interval except those
leaving the header. There must be at least one edge leaving the header, so 2(e; — 1)
steps are required. [0

3.1. The complete algorithm. We now present the complete algorithm to
perform live analysis using the interval method.
ALGORITHM F (Live analysis).
Input. 1. A reducible flow graph G = (N, E, n,).
2. The derived sequence (G,, G4, - -, G,,) for G, where G = G, and
G,, is the trivial flow graph. G; = (N,, E;, n}).
3. INSIDE(b) for every be N.
4. THRU(b, k) for every (b, k)€ E.
5. An interval order listing of the contents of each interval in the
derived sequence.
Output. LVIN(b) for every be N.
Method.
begin # Iterate through the derived sequence in inner-to-outer order
applying Algorithm D #
for i from 1 to m

do
F1: for each node x in G; # x is an interval #
do
Apply Algorithm D to compute INSIDE and THRU
vectors for x
od
od;

# Compute LVIN for the whole program #
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LVIN(ng) := INSIDE(ng);
# Iterate through the derived sequence in outer-to-inner order
applying Algorithm F #
for i from m to 1 by —1

do
F2: for each node x in G; # x is an interval #
do
Apply Algorithm E to compute LVIN vectors for the
nodes contained in x
od
od

end [

THEOREM 7. Algorithm F terminates and is correct.

Proof. Termination follows from the finiteness of m, which follows from the
reducibility of G.,

Correctness follows from Theorems 3 and 5 and the following observations:

1. Instep F1, whenever Algorithm D is applied to an interval, the THRU and
INSIDE vectors for nodes of that interval have been computed, because F1 is
applied to the derived graphs in increasing order.

2. In step F2, whenever Algorithm E is applied to an interval LVIN vectors
have been computed for entry to that interval and its successor intervals because
F2 is applied to the derived graphs in decreasing order (i.e., the limit graph first,
then its underlying graph, and so on). [

Consider a derived sequence (G, G,, - -+, G,,) for flow graph G = (N, E, n,).
Lete; = |E| and n; = [N],1 < i £ m. Let e be the number of edges in the original
flow graph and n be the number of its nodes. Finally, let /; be the number of latches
in G—i.e., the number of edges in E; which branch to headers when Algorithm B
is applied to G;.

THEOREM 8 (Complexity of Algorithm F). Algorithm F requires at most

m—1 m—1
de+n—4+3% (,—n)—2% 1
i=1 i=0
bit-vector operations. ‘

Proof. Let us consider the derived graph G; = (N;, E;, ny) where i > 1. Each
node in this graph represents an interval I. The nodes contained in I are nodes of
the graph G;_,. Let ¢; be the number of edges in E;_,; which leave nodes in I.
Then

Z € = €y

IeN;

because the nodes contained in all I € N; comprise all nodes in N, _; . For the same
reason, if n; is the number of nodes in I then

Z np=mn;_y,

IeN;

which is the number of nodes in the underlying graph. Let e? be the number of
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latches within I € N;. Then
Z ellj =1y,

IEN,‘

the number of latches in the underlying graph. If N7 is the number of J € N; which
are successors of I, then

Z N{=eia

IeN;

because this sum merely counts the predecessor-successor pairs in G;.
Trivially,

Z 1 = ni.
IeN;
These summation identities will be used in our evaluation.
Recall that by Theorem 4, each execution of Algorithm D requires
291"23}’+”1"N{—2

operations. Step F1 calls Algorithm D once for each I € N;, so each execution of
step F1 requires

2Y e —=2Y e+ Y m— Y Nf-23 1
IeN; IeN; IeN; IeN; IeN;
=2y =2y +n-y — e —2n

bit-vector operations. Step F1 is executed once for each i, 1 < i < n, so the execu-
tion of the first pass requires

Y ey — 2Ly +n_y — e — 2nm)
i=1

bit-vector operations.

By Theorem 6, each execution of Algorithm E in step F2 requires 2¢; — 2
bit-vector operations. Since Algorithm E is called once for each I € N; in step F2,
that step requires

22 61—22 1=2€i_1—2ni

IeN; IeN;

bit-vector operations. Step F2 is repeated once for each i, m = i = 1, so the second
pass requires ™ (2¢;_, — 2n;) bit-vector operations.
Adding these two sums, we get

Z (4e,~_1 - 4ni + n,»_‘ - € — 215_1).
i=1

If we note that 4e, + n, = 4e + n, the bound becomes

m m m

de+n+ Y (e +n_y)— Y @Gni+e)—2 I_.
i ; i1

i=2 i=1

Renumbering the first and third summations, combining terms and using n,, = 1
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and e,, = 0, we get
m—1 m—1
de+n—4+ Y (Be;—3m)—2 3 I,
i=1 i=0
which is the desired result. [

We note here that we have used a subtle restriction on graphs in proving
Theorems 4, 6 and 8. The restriction is merely this: no exit node may be self-
looping; that is, no node in the graph may have itself as its only successor. This is
not a serious restriction since self-looping nodes will not appear in any derived
graph and a self-loop on an exit node will have no effect on the live analysis—in
fact, such self-loops can be ignored with no change in the results.

4. Comparison of algorithms. We wish to compare the number of bit-vector
steps required by Algorithm C and Algorithm F. However, this is difficult since the
upper bounds are expressed in ways that are not strictly comparable. To accom-
plish the comparison we introduce the concept of form. A countable class of graphs
(Go, Gy, G,, ---,) have self-replicating form if

(1) I(Gp) = Gp—l;
(ii) each interval in G, is either G, or G, (of the same class);

(ii)) G, is the trivial flow graph.

We call G, the level p graph of the given form. We shall see that it is usually possible
to construct functions f,, f., and f; such that if (G, G, G,, - - - ) is a sequence of
self-replicating graphs, f,(p) is the number of nodes in G,, f,(p) is the number of
edges, and f(p) is the number of latches.

LEMMA 9. Let G = G, be a level p self-replicating graph. The length m of the
derived sequence for G, is just p, and the derived graph of order i is just G,_;.

Proof. By property (i) above of self-replicating graphs, the derived sequence
for G, is just (G,,G,_1, -+, Goy). Both conclusions follow trivially from this
observation. [

LEMMA 10. Let e; be the number of edges in the i-th derived graph of G,, and
let n; and I; be the number of nodes and latches, respectively, in that derived graph.
Let ., f, and f; be the edge, node and latch functions for graphs of the same form as G,,.
Then if m is the length of the derived sequence for G,

Y o= m) =3 ()= A

and

m—

1 P
L= £
0 j=1

i=

Proof. Note that e, is just the number of edges in the ith derived graph, which
isG,_;byLemma9. Thuse; = f(p — i). Similarly, n; = f(p — i)and [; = fi(p — i).

m—1

p—1
Y, (e —n)= _; (Jlp — D) = fulp — 1)),

i=1
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which, if j = p — i, becomes
p—-1
3 () = Sl

Jj=1

Similarly,
m—1 p—1
Yo lhi= Y flp -
i=0 i=1
Letting j = p — i, we get

S ). .
j=1

In the comparisons below, we will informally define graphs of several different
forms (through examples). As a notational convention we use T(F) to represent
the number of operations required by Algorithm F and T(C) to represent the
number required by Algorithm C. The ratio r,, is defined as

r, = T(F)/T(C)
for a level p graph of the given form.

4.1, Seashell graphs. The “‘seashell graph” arises from nested computation
loops with no loop exits other than the standard one. Its form is shown by the
example in Fig. 2. It is clear from this example that the seashell graph has p + 1

FIG. 2. Seashell graph of level p = 3

nodes, 2p edges, and 1 latch. The longest simple path with a backward branch
has at most one such branch for any p, so d = 1. Thus Algorithm C will require

T(C)=2e(d+2)=12p

bit-vector operations.
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To evaluate Algorithm F, we need to evaluate the two summations

p
L= 1=p (by Lemma 10),

p—1

(e; —my) = ;1(21'*]’—1)

. R (=20 -1
—j;(J—l)—j;J— > :

The estimate for Algorithm F is

3(p—2)(p—1
T(F)=4(2p)+(p+1).~4+£’Ag<Pf>_2p
2_
2
_3P2+5p_3p+5
SW A _whS,

The ratio r, of T(F) to T(C) for a graph of level p is

Thus, in this case, r, = O(p), and for large values of p, Algorithm C will be much
better than Algorithm F. However, let us consider small values of p:

— 11 — 1
, T2 =2z, T3 =13

W=

r1=

In fact, a simple solution of (3p + 5)/24 < 1 shows us that whenever p < 7,
Algorithm F will require fewer bit-vector steps than Algorithm C.

It is interesting to note here that in tests on 50 randomly selected FORTRAN
programs [11], Knuth found that none had more than 6 derived graphs (the aver-
age was less than 3). A seashell graph of level 7 or more has at least 7 derived
graphs (Gg, Gs, - -+, Gy), so such graphs are probably rare.

4.2. Spiral graphs. While the seashell graph arises from deeply nested loops
which involve only computation, nested loops with tests and loop exits will often
result in “‘conditional seashell” or “‘spiral”” graphs, whose form is shown in Fig. 3.
The spiral graph has 2p + 1 nodes, 4p edges, one latch and p backward branches.
Since there is a simple path from the core to the exit which includes all backward
branches, d = p. Thus

T(C) = 2e(d + 2) = 8p(p + 2) = p(8p + 16).
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core

exit

F1G. 3. Spiral graph of level p = 3

To evaluate Algorithm F (using Lemma 10),

m—1
W
i=0 J

M=

1 =p,

T le-m)= 3 -2 =D=2F j-( -1

=pp-D—-(p-D=p*-2p+1,
T(F)=4@p) +2p+1—4 +3p> —6p+3 —2p
= 3p? + 10p = p(3p + 10).

The ratio r, = T(F)/T(C) is

, _3p+10
P 8p+16

o(1).

Note that r; = 33,7, = }, and r, is asymptotic to 3 for large p. Thus Algorithm C
requires approximately twice as many operations on this type of graph.

4.3. Hecht-Ullman binary graph. This example is taken from Hecht and
Ullman [7]; hence the name. Its form is shown in Fig. 4. This graph has 2? nodes,
2P*1 — 2 edges, and 27! latches for p > 0. Hecht and Ullman have shown that
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FiG. 4. Hecht-Ullman binary graph of level p = 3

d=1,s0
T(C) = 6(2P*! — 2) = 12(2F — 1).

For Algorithm F (using Lemma 10),

m-—1 p p—1
i1 .
L=Y 2=y d=02r 1,
i=1 j=1 j=0
m—1 p—1

(e; —ny) = Z @t —-2-12)

1 ji=1

p—1 p—-1
=Y @-2)=2Y @ '-1
j=1 j=1

14

-2
= 2"2 P —1) =221 — 1) =2p— 1) =20 —2p,

j=o0
T(F) = 42°%1 — 2) + 2P — 4 4+ 322 — 2p) — 2027 — 1)
=10-27 — 10 — 6p.
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The ratio is

1022 —1) — 6p
P e —on o

Note that r; = 4,7, = 3,73 = 13, and the ratio is asymptotic to £ for large p.

4.4. Double-chain graph. The double-chain graph can be produced by a
series of nested while-loops. Its form is shown in Fig. 5. This graph has p + 1 nodes,

F1G. 5. Double-chain graph of level p = 3

2p edges, and p latches. Clearly, d = p, so

T(C) = 8p + 4p> = p(4p + 8).
For Algorithm F (using Lemma 10),

m=—1

i=0 j=1
m—1 p—1 p—2
(el_nl)_zzj_]_—1=z‘]
i=1 Jj=1 ji=0
_=-Dp-2 p*-3p+2
B 2 B 2 ’

3p> —9p + 6 3p+5
T(F)=4(2p>+(p+1)—4+L+—2p=_(P; ».

The ratio is

2
_ 4S5 3+ 3

T8 116 8p+2 8

Thus the ratio is always less than . Algorithm C always requires at least twice
as many operations on this graph. Note that essentially the same effect is achieved
by the spiral graph for which r, is also asymptotic to 3.
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4.5. Diamond graph. A diamond graph, whose form is shown in Fig. 6, arises

F1G. 6. Diamond graph of level p = 2

from if-then-else clauses within loops which are themselves in if-then-else clauses,
etc. The reader can verify that a diamond graph has 3-25 — 2 nodes, 5-27 — 5
edges and 27! latches for p > 0. Clearly, d = 1, so

T(C) = 6(5-27 — 5) = 30(2* — 1).
For Algorithm F (using Lemma 10),

m—1 12 . p—1

Y = Y2 l=Y 2=00_1,
i=0 ji=1 j=0

m—1

) (ei—ni)=pf(5-2f—5)—(3'21—2)
. P

p—1 p—1
=YY -3p-)=2F 2-3p-1
i=1 i=1
p—2
=4 Y 2 _3(p-1)=42""1 - 1) =3(p - 1)
j=0
=2°r*1 — 1 — 3p,

T(F) = 20027 — 1) + (327 — 2) — 4 + 327" — 1 — 3p) — 22 — 1)
=27.2° — 27 — 9p,

2722 — 1) — 9p

= -1 oW

Note that r, = 2, and r, is asymptotic to 5 for large p.
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If we make one small change to the diamond graph, we get the “‘skewed
diamond” graph in Fig. 7. The analysis of Algorithm F for this graph is exactly the

FIG. 7. Skewed diamond graph, level p = 2
same, but now d = p. Thus
T(C)=2(p + 2)(5-2? — 5) = (10p + 20)(2* — 1).
The ratio becomes

. 27(2* — 1) — 9p
P (10p + 20)(22 — 1)

which is O(1/p)! Thus Algorithm C may blow up badly while Algorithm F remains
stable. But there is a major difference between this case and the seashell graph,
where r, was O(p). For diamond graphs with p = 1, r, will always be less than 1.
In factr, = 2,7, = 3%, and r, is monotone decreasing.

4.6. Fan graph. The fan graph (see Fig. 8) is a form which can be produced
only by unstructured programming using goto’s, so it should be considered rare.
The fan graph has 2°P*' — 1 nodes, 2°*? — 4 edges, and 2” latches for p > 0.
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F1G. 8. Fan graph of level p = 2

Clearly, d = p, so
T(C) =2(p + 2)(2°*% — 4) = (8p + 16)(27 — 1).
For Algorithm F (using Lemma 10),
m—1 P . p_l .
Y =) 2=2 20 =227 — 1),

i=1 j=0

e—nm)=Y (U7 —4)— @ — 1)

1 j=1

i=

- O

1

m

p-1 p-2
= Z (2t —3)=4 Z 2 -3p-1)
j=1 j=0
=42P" ' —1)—3p+3=2°"1 _ 1 - 3p,
T(F) =4(2*"2 —4) + (2**1 - 1) - 4
+3.(2P* — 1 —3p) — 2127 - 2)
=20-27 — 20 — 9p = 20(2* — 1) — 9p.
The ratio is

20020 —1)—9 5
= — >
Gl 1 <6 Pl

Once again the ratio is O(1/p) and always less than 1.

5. Summary and conclusions. We have derived an upper bound for the number
of bit-vector operations required by the interval method (Algorithm F) for live
analysis and compared this with the upper bound for the simple iterative method
(Algorithm C) on several self-replicating graphs. The results (summarized in Table
1) are inconclusive since they show that r,, the ratio of the number of steps required
by Algorithm F to the number required by Algorithm C on a level p graph can be
O(p), O(1), or O(1/p) for graphs of different forms. However, in all examples,
Algorithm F required fewer steps for graphs of level p < 7.
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The reader is cautioned on three points. First, the estimates obtained herein
are based only on bit-vector operations; other costs have not been considered.
For example, the costs of interval bookkeeping in Algorithm F and bit-vector
testing in Algorithm C have been ignored. These costs could substantially affect
performance. Second, the estimate for Algorithm C is exact only if there is global
data flow. If all the data flow is confined to local regions, Algorithm C will converge
more rapidly. Third, Algorithm C works on all graphs while Algorithm F works
only for reducible flow graphs.
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MULTIDIMENSIONAL SEARCHING PROBLEMS*

DAVID DOBKIN anp RICHARD J. LIPTONY

Abstract. Classic binary search is extended to multidimensional search problems. This extension
yields efficient algorithms for a number of tasks such as a secondary searching problem of Knuth,
region location in planar graphs, and speech recognition.

Key words. binary search, secondary search, efficient algorithms, planar graphs, finite element
methods

1. Introduction. One of the most basic operations performed on a computer
is searching. A search is used to decide whether or not a given word is in a given
collection of words. Since many searches are usually performed on a given
collection, it is generally worthwhile to organize the collection into a more
desirable form so that searching is efficient. The organization of the collection—
called preprocessing—can be assumed to be done at no cost relative to the cost of
the numerous searches.

One of the basic searching methods is the binary searching method (Knuth
[1]). For the purposes of this paper, we can view binary search as follows:

Data: A collection of m points on a line.

Query: Given a point, does it equal any of the m points?

Binary search, since it organizes the points into a balanced binary tree, can answer
this query in |log m] +1 “steps”, where a step is a single comparison.' Note the
preprocessing needed to form the balanced binary tree is a sort which requires
O(m log m) steps. For the algorithms under consideration here, we will define a
step in an algorithm as a comparison of two scalars or the determination of
whether a point in 2-dimensional Euclidean space lies on, above or below a given
line. For notational simplicity, we will define g(m) as the number of steps
necessary to perform a search through a set of m ordered objects: Thus,
g(m)=llogm] +1.

This paper generalizes binary search to higher dimensions. Throughout, it is
assumed that data can be organized in any manner desired at no cost. Thus our
cost criterion for evaluating the relative efficiencies of searching algorithms will be
the number of steps required to make a single query into the reorganized data.

The search problems considered are specified by a collection of data and a
class of queries. These problems include:

1. Data: A set of m lines in the plane.

Query: Given a point, does it lie on any line?

2. Data: Asetof mregionsin the plane.

Query: Given a point, in which region does it lie?

3. Data: A set of m points in the plane.

Query: Given a new point, to which of the original points is it closest?

4. Data: A set of m lines in n-dimensional space.

Query: Given a point, does it lie on any line?

* Received by the editors October 4, 1974, and in revised form June 14, 1975.
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5. Data: A set of m linear varieties of dimension® k in n-dimensional
space.
Query: Given a point, does it lie on any of the objects?

6. Data: A set of m hyperplanes (linear varieties of dimension n—1) in

n-dimensional space.
Query: Given a point, does it lie on any hyperplane?

These example problems form the basis for some important problems in
diverse areas of computer science. Problems 1, 2 and 3 are fundamental to certain
operations in computer graphics [2] and secondary searching. In particular,
problem 3 is a reformulation of an important problem discussed by Knuth [1]
concerning information retrieval. Problems 4, 5 and 6 are generalizations of the
widely studied knapsack problem.

The main results of this paper are that fast algorithms exist for problems 1-6.
In particular: problems 1-3 have O(log m) algorithms; problems 4-6 have
O(f(n) log m) algorithms, where f(n) is some function of the dimension of the
space (f(n) is determined more exactly later). The existence of these fast
algorithms is somewhat surprising. For instance, lines in the plane (problem 1) are
not ordered in any obvious way; hence, it is not at all clear how one can use binary
search to obtain fast searches.

2. Basic algorithm in E>. All of our fast algorithms are extensions of a fast
algorithm for computing the predicate:

Al=i=m((x,y)ison L],

where L, -- -, L,, are lines and (x, y) is a point in a 2-dimensional Euclidean
space (E?). This predicate merely consists of querying whether a point in the plane
lies on any of a given set of lines. Therefore, we begin with a proof that this
predicate can be computed in O(log m) steps.

THEOREM 1. For any setof lines Ly, - - -, L,, in the plane, there is an algorithm
that computes A1 =i=m [(x, y) is on L;] in 3g(m) steps, given that the lines have
been preconditioned.

Proof. Let the intersections of the lines be given by the points z,, - -, z,
(n=m(m—1)/2) and let the projections of these points onto the x-axis be given
by p1, - * *, p.. These points define a set of intervals I, - - -, I,,; on the x-axis such
that I, = (—00, p)), , =(p;,—1, p;)), i =2, - -, n, I, .1 = (p,, ©), and within the slice of
the plane defined by each of these intervals, no two of the original lines intersect.
Thus we can define the relation <; (1=i=n+1) as follows:

L <.L, iff VxeE'[if p=x=p,.1, then L,(x)=L,(x)].

(Note that L(x) is equal to the value of y such that (x, y) € L, and we set p, = —00,
Pn+1=00.) By a simple continuity argument, it follows that each <; is a linear
ordering on the lines L, - - -, L,,. We can thus define foreachi (1=i=n+1)a
permutation (i, 1), - - -, w(i, m) of 1, - - -, m such that

L-n-(i,l) <iL-rr(i,2) <; <iL-rr(i,m)

% A linear variety of dimension k is the intersection of n—k distinct hyperplanes having a
nonempty intersection.
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fori=1,---,n+1. An algorithm consisting of a binary search into a set of at
most m(m—1)/2+2 objects (the points {p;}) and a binary search into a set of m
objects (the lines L ;1) * * * , L ..m) for the proper choice of i) requires at most
g(m)+g(m(m—1)/2+2) steps, and since g is a monotonically increasing function
with g(m?®) =2g(m), this quantity is at most 3g(m). Degeneracies which may be
introduced into the above algorithm by lines perpendicular to the x-axis may be
removed by a rotation of the axes to a situation where no line is perpendicular to
the new x-axis. 0

Before studying applications of this algorithm to the problems mentioned
above, it is worthwhile to examine its structure in more detail. What we have done
is to find a method of applying an ordering to a set of lines in the plane. For a set of
lines in the plane, no natural ordering exists, and thus it is reasonable to assume
that any search algorithm which is “global” (i.e., considers the entire plane at
once) must use a number of steps which grows linearly with the number of lines.
The algorithm presented in Theorem 1 defines a set of regions of the plane in
which the lines are ordered. In this sense, the algorithm is ““local”, and the two
steps consist of finding the region in which to search and then doing a local search
on an ordered set. The orderings are found during preprocessing of the data. The
projections of intersection points (i.e., {p;}) define the local regions into which the
plane can be subdivided, and the permutations (i.e., {w(i, - )}) define the orderings
within each of the subdivisions of the plane. Moreover, it is clear that the
algorithm not only determines whether the point lies on any line but also between
which lines the point lies, if it does not lie on any line. Using this information, we
can determine in which region of the plane determined by the given lines the point
lies. Thus we have the following corollary.

CoRrOLLARY. Given a set of regions formed by m lines in the plane, we can
determine in 3g(m) steps in which region a given point lies, given that the lines have
been preconditioned.

This algorithm forms the basis for what follows. We proceed by studying
extensions of this algorithm to higher dimensions and applications of our basic
algorithm and its extensions to some interesting problems of computer science.

3. Extensions to E". We have seen that searching in a set of m 0-dimensional
objects in 1-dimensional space can be done in g(m) steps and that searching in a
set of m 1-dimensional objects in 2-dimensional space can be done in 3 g(m) steps
given that the original objects were preprocessed before any searches are under-
taken. In the present section, we extend the search question to seek methods of
searching in a set of m linear varieties of dimension k in n-dimensional space. In
order to provide a clearer exposition, a series of lemmas will be presented, each of
which can be viewed as a generalization of Theorem 1.

LemmMma 1. For any set of lines Ly, - - -, L,, in n-dimensional Euclidean space
(n =2), there is an algorithm which computes 31 =i =m [x is on L;] for x a point in
E" in (n+1)g(m) steps, given that the lines have been preconditioned.

Proof. The proof is by induction on n and follows from Theorem 1 for n = 2.
Now, suppose that n > 2. It is possible to find a hyperplane H such that none of the
lines is perpendicular to H and such that no two of the lines project onto the same
line in H. Projecting the lines onto H yields a set of lines L1, - - -, L}, on H, and
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projecting x onto H yields a point x’ on H. Furthermore, if x lieson L;, then x' lies
on L. By the induction hypothesis, we can determine on which lines of the set {L 1,
-+, L} x'lies,in ng(m) steps. If x’ doesn’t lie on any L/, then x doesn’t lie on any
L. Andif x"lieson{L;,, -+, L]}, thelines L, - - -, L, are linearly ordered at x’
with respect to the projected coordinate, and with a logarithmic search we can
determine if x lies on any of {L,,, - - -, L; }. Since i, = m, this search requires at
most g(m) steps, and m lines in E" can be searched in (n+1)g(m) steps. 0

LEMMA 2. For any set of hyperplanes Hy, - - -, H,, in E" (n=2), there is an
algorithm which determines, for any point x, whether x is on any hyperplane or which
hyperplanes it is between in at most (3:2" >+ (n—2))g(m) steps, given that the
hyperplanes have been preconditioned.

Proof. Let h(m, n) be the time required to do the search. From Theorem 1, we
know that h(m,2)=3g(m), and we will show here that h(m, n)=
h(m?, n—1)+g(m). Let K be a hyperplane which is not identical to any of the
original hyperplanes. Then we proceed by forming the set of (n —2)-dimensional

objects J;, - -+, J, formed as intersections of pairs of the hyperplanes we
considered. Thus, for example, Jy,=H,NH,,-*,Ji=H,,_ NH, and k=
m(m—1)/2 < m*. From these hyperplanes, we form their projections J}, - - -, J,

onto K. If the point x projects onto x’, we can by the induction hypothesis
determine in less than h(m”, n—1) steps in which region of (n —1)-dimensional
space x’ lies. With respect to each of these regions, the hyperplanes Hy, - - -, H,,
are ordered and can be searched in g(m) steps. Thus if x" doesn’t lie on any J;, the
lemma holds. And if x’ lies on a hyperplane J;, a search requiring less than g(m)
steps will determine in which region of E" the point x lies. This proves that
h(m, n)=<h(m?* n— 1)+ g(m). Solving this recursion yields h(m, n)=
h(m**, n—k)+kg(m) or

h(m, n)=h(m*" ", 2)+(n—2)g(m)=3 - 2" 2 +(n—2))g(m). 0

Combining the results and proof techniques of Lemmas 1 and 2 yields the
following general theorem on searching k-dimensional objects in E".
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